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PREFACE 

lnol.bl it» Of b",,~"'O 0' . « <10 .... Io.od .... ""'. """1 .... ' . m_ 
ol OI"""u ... 1 "'om.na ... ''''' .... od .ll ........ ;" , .. ",,$I .. vo,al dee>.do. 
la, b. ,ond 1M' <><eor<Iod lpw;iouoIy. AftOOugh L_fd Eul ... lLldied 
ba, bucldOlg in It>o m;;"' 700&,~. ""'" 'oOU !lO' 'a ,"" ... iouoIy ..,.1, .. 
1 soo.. e._ ,~. It>o p'rn.. 'Y b""k~.g pwbIom. w ... _-"0",0<1 "i;~ 

oolum n' ;" b<Jlldln9' . "" pIo'oa;. .o lp nu" . T .. """. n! 01 tho .. ...-. 
..... ...,,1.0."0 ;" tho ,000, p!'<I>'_ """'" ""po, .. to tho _.101""." 
01 ""oft buckt;nQ ."'Iy ..... Mo .... ""onll\' , bal iol.ic mlMilo •. '"""''Y ve· 
!>Id .. , .,... ...." . ""'. apace . ,pIo<o, .... vollO::l .. 110 .. _ .... ,0<1 o, . n 
mot. <O!nj)I/I' ba •• 0I0'0, ~"" "".1 buoldOlg . MIy .... A _ on b"""· 
~og ... ","",mo '''''''1)1 .... "". ,~ io Q""'''''' ou,""M. I., • • ,0'-1'.00 
.og;r..omg, mao .. ..,. , oog;r..""nQ . . ... i O"g"'-'ing, .,... "'no. 0l..:Il .. 
01 .. ruel .... 1 mo<~.na b\t ""lOV .. ,,"mo , T_ .,... Goro', 
Th«><y 01 EIo"., S04IlIII!y;, oc<o,_ "'" _ion 01 being ,~. p,ima'Y 
rele ... """ boo, in 1Ir. lield. How .... , o. ;" ""en tI>e OIl .... " .. I .moun .. 
10 , ...... reo OO<'VdoPtd;o • a' .. ~"., 01 • d-..-a ..... g . in ' .. 
o .. _m. Mor..",.,. mO"J Impononl """tompor.l'Y """king '~ oro 
,... " .. ,od Oeeauso 01 tno dato (1 061) 0I1itroOChonko 000 G ..... 1-0<.00 
od~ion , Tm. book wo. writton in r • .".,..... 10 tho ... ,..-. 

n o _ .. 01 10" _ " ., .,mxIuo. IifOOUO" otudento .00 
",ao"'ing . n~ ... 10 Ih. b .. ., """".pl. 01 olobiity 01 """""'.I '~ 
mo"IO .... "hO" I~ ~UC .... a. ... , ~ka'." .rId "fr',,"" c-;r""'icltl .., . .. 
a re .. od as , ... , ... 01\< oimpN . , omplos 10 i"'",,,,' o 1110 fundo", onl. ' 
CO!>Cep\S, a. ... wi' b. _IOn 10 coff)', Of ...... in.;.... .bou' "'" bto:k'Or\g 
load once bucklin ~ ~ •• 0CCUfT0<I, P"toa. ", ... n 10 coff)' mu<~ moto 
IhAn , ho bu<kJ;n~ to. d. r n.l)I, oome .. 'Y cam """, __ undo , ..,..o 
loo<Wt1g oondol .... , off)' .,,,,h "' .. , ... 'ho b""k .... ~ load 0110' buc~ihg 
OCC"'S, Suet. oon,p.,,"'" olin. Io.ad-dolotma'ion ba/>ov"" . Ir>CluQng ' ho 
~1dOlg _.io" 01 ' hoM <om""", .. ruc1 .... I • ..,""'nlO yiolds 0 ", . 
lie". .. '0' dol .. _ O 1110 ",ocf;co ' . 001""' ... 01 . <>-"."Iod bucldOlg 
"""'. _ , ouch Wffil"_ <fl •• ' wiry bucl<lin9 01 .,..,..,,1 .... 
monlo con ba ,h. pR-n''Y ..",.,.,.", many . 'ruelura! ,oppIOooliono. 

It .,in",,"m ",oroqu ;,'" to< oddtoooin9 tho m. 'oriol in ..... book ;' 
on o<tianeod _""'. 01 material. """"" in wh"~ . ",,;cit>' , pIolO'" 
and sh.h a, • .,,'-0<1. Moto ..-1.""". «> • •• 01/0 oIlh . .. IhIM 1OpI::o 
in ...,.,al. «>"0$" ._'>It, b.T "'" . .... "'." '" _Jon, •• _. 
10 ._90' m ........ h'I a ppiod m"" .. nl!:-t """'" ... 'O",luI. oot t .. 0'l(Il1-
v.tod .. udon! can I I in , .. 1l"P";' 1Ir . a ut"""" pr_ IOtion ot oM<f1l 
oo""opt> by • • 1 " Lldy. 01 "". "" , Iho ""' '* b.o<kWO"ndlhot 0 ,*ado, 
110 • ., 1tHI ... ~ ... 1I1. mot. ""IUr" wi be I~o .. ,uct",ol """' .. ";C" 
be", ond ,he."". "". r. " por""",,"''' 1M ! be r._ ~.oo l/IIined 

, , • 



" .,-
Th. pri .... ,.,. a:>P<ooeh to tho _ ot b.>:;IdIno ptObIom. In t"b 

_ .......... ,h. 00"""" or .,"'!Jo"o , l_<t1 E""', _"".DI;/ 
<Jw%ped ItO. ~"..tos or vam'""" In til. 17000 '" .wy ~,d«liH:lion 
~DI;/ _ring prnb~1 Th ... , u .. ot Iho """u .... of • • riotio"" In thio 
book • • • m. to too a "","rot. hilto<ic monn. r in ""ieh to opproac!r tho 
_9 p_om ... n no ..... F"" Il>Mo ... odorS """ do "",..wr '0 pur · 
.... Iho do,,,,o'ion 01 tire lIO"",ning "'ofefltiol """"tioM .nd .. ooc:iatl'd 
bcHrnd>,.,. """'"'""" by uso '" tho "",,"Ius of ..... 'io ... t b p" .. 1>10 '0 
SlWy only tho In~Md .. 1 buckln~ prOOl."" in.""" .~Iico.'io"" """'ion. 
Th ... , ..... """'k Is "o.1uI ""'" '" Il>Mo "ho ... nt '0 kno," "h ... th' 
",,""O:rr\s o""..-s Co_ f<Om (''''' how to riff .... IMmI ond 10 thou 
""'" wan' to k"" .. on~ how to u"" tt>o """""ions.nd ........ 

Th. ,,,tr_ion, c .. pt. , (>no, _ •• ""rnp,.h.,w.. do''''"'''" 
'" Ix.drIing of OI_u",1 . _.n"'OO . brlof O<I""Y '" h_ricol do" l· 
""m. nto In """'<i'9 'M~"', Bu<irlIng ot "' .. 10 . ddo..-In CMp'" 
T,..,. NUmofOU' I>oundo,.,. condiiono of tho ,_I Eu,"" """Ung prnb. 
10m oro " .... d. b'" ,..ny .".....'" loft '0 bo " I ... od '0 In Tmooho"M> 
aOO (l.e,," f ino b<ooI<. Lo'll" _bono 01 o><iall\' 100_ bo,. a rt in· 
,,$1'11',0<1;" oftlo, to """"",,,. tire practical oIgnilie.oc. of tho Eulor 
_g Iood, 01,,", topico 5U<h ••• "'1Il' owroac:"''' .llecI '" oM",_ 
iniIia l OnpM""'ions. ,..".!nod ''''''''01 .~, pIo>r" dolor"..,,,,,. 
000 "'sign or ".,,. O\lOInst D<.rckring eo""".,o CfrOp' tr r ..,. In C,,"l>1or 
TIu ... D<.rcl<lln<; 01 plot .. "' introd"eod Ill' ,Ir. "wroaclr 01 _ dorNing 
"'0 OO1uo. .. " d inorontio' oo1""o;on 0'" .... n , .. D<.rc"ing .... rontia, 
"'I""'''''''' by . 'o n .... ~nt . n" IIl'-basod 0PProoct>. '" thio ""'''''''', m""h 
'" 'h. myOloI)' in 'he _.,"" '" buckJ"'9 ." ... 'Iorur "' •• ,,;dod, CIaa_ 
oico' "''''tion •• Iorgo·<IoI __ .",.. ro"",;"od thormo' .. po"o"". 
pIMIic <1010''''''_. a"" <Iooign 01 pil' •• 4!1" .... bucklin~ """,plot. 
Chaplor Th, .. , In Chopier Fo..-. Ouocking '" Cir<u40, Cytndricol Sholl-, 
in anak>\ly '" Choplor Th """ """""errt <quimrium and btrlling dl!e~ 
.... ial ",,""iona 4,. der .. ed in rrddiIion to \hit • __ ",ed __ '"I con
dOlono , 00 grworning orro'lJ\' intog rolo. Tho 0fI""'_ ,ro 5p<I'Ciolzod 
to, olassic-o' ~", 'IinO tr...,-y . "" _o,a' """'Ion. >to """ .'0(1, I no 
posIbuckling bo"'vior is ,..., in •• "..,.tod, tolowod Ill' "', oh"," of 
p'. bkl<kling del",","'''''' ~"" I" .jal ~rl""'ion. T .. """""""''''1)' 
topio. 01 011"'" 01 o<>con";,, otill" . .. , to""",od ,t>or·roInfQr<od """' . 
po'" ""'t .. Wo, ...... !nod "" "",I " p' "';"'. ond p .... ic dolo"""" • 
• re 'non ""' . ..... 'oIowod by doolgn 0' oh ... '1/0;"01_0. F ... II\'. 
AI """", ... b"'u~M In,o P' '"!'oct'" 'hrOU<Jlr "'" maehmnlsm '" """ . 
pa,ing tho to. d-dol""""t"" bohovio, '" 'ho tlrroo oj,,,,,lrrral , " m. nt. in 
tlHI Summ.,.,. ond OIno, Topj<:s. ClIo",., F",,_ _.need 'opics 01 
.,,""'u,~1 ",.WIIy .,. briO!~ dtO<,1tred '" " M' I'" r_f. in,,,,.,,, in 
advancing beyond "'is _ . Suggor ...... aro modo for trow to progr . .. 
trorn 'ho _ .. Ieot _. , nd ~ ... 'n ", book Ie tt>o_ 
" 'it,' more (\IJm..n.::.1iy orio.,orI approaclles to more I/Onorol prlIru:.1 
p'oble<n. "".0 """''''''0,.. '-0· , tho ""iI. ol.mont _hod_ 

rio! a Li 0' _ Y"" wilt ... Or Ctroplor On . .. ill nrmodiotoly .... , "" . 
V"" wilt 1O>d • • • yO« " p . ,ia"", ."odic bucklng and poo,r"l<idO-.g ..... 

, , 



....... .d 

Iywo in -" <ftaI>Ior, Iha, go.io'>g ...,. and ' . .. ><kIo CM~" 0.>. "'~ 
_ _ lop and""Nmco Y""'~. of ", • •• , ...... . Iom • • ,. ., Wok· 
log. W, on)'<>OJ ," eh C"p'o, F",. , _'" """". pt< .. 1 ""'0 .""", . ",. 
go'ho' .., ' h. ')'<>OJ . .. ""'''Y '0 bo~ to _ "",II. 1M .'''''cu.on . .. 
d OO.M MW coneoo" ao an . . .. ""'"' of , .... book. You "'oul:l '''''. 
1>0 «ady ., II" I>oyond "'" topic. in ttl:. booic 

C<>!ltio'''''1y 0"",""'''' tI'I~ 1M "'"'" • , •• eo""",rloon of 
, ,,,,,, •• Ucal .. suls .. "" . , pori..,.."., m . . ... om. nts. N. IIl. , ''''''' .... nor 
o,polimo., Is ony ... T t1I>Od wi ""ut ,h. O1h". Or.,. my t1I>Od ,fiend, ,flo 
10'. D,. Jam .. 1< . Sa mo •• J, .. ~ I : ' f ,OU e.n~ ~t lit_ ~'. 
Tho.)'<>OJ don' u""", .... nd .• .• Ho fi.MIy bo..., ... in " eomll.,... """'_ 
tiC4, ond " O.,imont. , _eh to d . ","",u.o' _nics pmblom •. 

Stwont o .. rct>o •• ," !li>'on 'fvoughouI ,h. booic 'e:xpooc' gI..w.t. 
oIoo.n"" ..... ". ' 'h. ·" ..... d ' Q"'''';'''' '' oac> •• 0""'. No"' . Iy. 
"""', '" "" ...... '''. noo of "" '""'(') _.Ift"".nd ""'" c.n'~ u .. 
' ''''" '""'" in .. prac\iI:., ."..nn. r1 Mo,..".r,,~ a,. 0'00<1'" to 
_ _ \Iof>o, "'0, Io.m"': ~.po pO>< ' ho ....,rts., loam...,... o .. n 
~ no' """,'''ony ,oquo ..... in '00 problom 01>'0 _ .. : a nd . dd Iholt ob· 
.. "'. ,., .. 800 o:on<I".ions. Tha, ia, tI>o sto"" ... ", iN . . ... bUI Iflo 
!>eon or INs';': """slion '0 b. _re=od in tile Ior<gong mor. eo""" .. 
""n""'. _nno, ,Ita, ....... to On .,40",. " __ fId;.~ 01 ..... o<>n<:oo\$. 

'n T_ "" a nd Ge .. •• ",""" tI>o .ood o. " lit find. """ "-". 
mont of ","_a' bor. "am-column, and 'mmo """"., .. for m.ny 
IOa<Iinll' "nd .. ""''''''' ' ""n';go .. ..", • . Th • • !»o ' .. " .. a . .... .....,.. 
"" . , . .... 10< """'" who 0;10., will> ....., .. , problomo 01 trx- ... """",,,1 
conliguration • . Th • • ~.o"".o' 01 pD, •• 411<1 ..... , .. .. ""' .... 11"00'0"' 
.. tholon ba ... boom co",,"no, ond I",m ... ltotO , w. ,.,,,,,,.<>t'alo on 
INs, tru<Jding . nd 10 fun<Jamonllll ol" emon'" 01 b""kI"";J « ie"" .. _ 
., ,.. ... """"'" lor 'flo mot. coo' omP<""'Y 1<rfI"" d plo,. ond "'0 _ 
__ ling I<>ck>ding 'ibo,· .. inlorcOd 10m","'''' pIo' • • • 00 _Is, 'Mrntol 
bucl<ling . .. I io' _"",,,Ie impo ~ocrio"". oIfocl 0' __ .... cond . ...... 
pia"''' 1>u<:IdO>g • • to "_om, ouch .. '.....",. 1 ~ 01 bo,,,,, • 
• ram o .... biI":/. 0I'Id milor I""blo"" 0" ""' lloa' od .. . M. book. Akoo. 
problem. that .oquiro ",,00 .. 1 numeflc&' locllniQLIO' """h dO f .... rill.,· 
..,.,. . nd linlto ...... '" met_ " ' IMoren'ly ,omptro.,od ",,""T;"" • ...,n 0$ 'hO ...... "","""" ..... , .. (II Io! """. _,a' .., ... ~ ... ,00ded. 
Bcoll c ia .... <lI neglO<I " 0 consioIo nt wllh ,ho b.".o:: Plo"'" d 'no" boo • 
.... , It>o (undo"""",, ~ ol_ling ,,,'ho m,in out>joct. 01 .... 
pro~"""' ''oo """,,101 """' • ..,." """ " """" Oon ""',' 'pproprio •• 1y 1>0 
inv . ... 9it .... "ortho _ COnoepl' o.r."'" in Mod. Tho ollll"" 'it",1y 
.. H •• ",M, tho _ Oh*,-hy d conllOotinv boor" ... ,.,. and "" ... 
1>0" .. 50"" tho ~ 01 ;a,ol,.t:ng INs'" cono::epto tM" _ . """

cO""""" "" """ ,10 .. 01 p«rOIom. , "'0" """ ... """ """""' buckling 
01 .... "nd lta--. A broad ..... 0\ "fIdorr.Iand;no" bullt LIP by coo· 
, .... in!l ,he .......... 01 b.",. "",t. " . and _ , WI>a, " loft ., .. """ 
''''''U "to '0 ."..,10' ""OK ond 01'" prot>lom" 'Ilat .,"'~o .... ",kalf 
"""""""'OP'''' "" .... Tho P'o" ", !»ok .. lIMitod to " hOI z;.SjIo' 'o,m, 



_rosoopk: cons.",.,"" ov.,.mo. "'""'" i"nport.n, e lo .. '" pr0b
lem. 'rom, p,..,.""" ".nd~~. 

lh. oIljecl .... o,!I>o ~n Mel ........ ,h. 000 "'''''''h '" t .... bus. 
~1n •• 00""" .... p ...... to p_ ..,m. o1lho ," ___ talo 01 
MIa! .. . """"n'~r<>d in dooign. O<Ioign <letails \WJ.~ 10lJ.-.l in dooign 
oodo. a .... ft to _ oodo. _a" .. 'h*l" dtt .. ..,., .... nti>lty f«lm ap. 
picolion • • fM '0 . ppliealiono ........ g .. b<lilding <:ONi<uction as con· 
"" .. 0<1 ... h ~I""aft d"9> 0' """"8, po,,", plan' <IosqI. W. ea" '''''''h 
Oft the na'",e 01 design __ b9I<.I Ov"""h<l"" ed by on " "",d .. 
_ .. e<. Iho 0li:l _log""T .... "","W .. in 'ho <Ie .. I .. • appf; •• most <101;' 
~ .... '0 11",",",01 <IOtiII"f ,..,")' struc'u"'ll~;ou, •• ....". """"'roW"... ... 
!!>o ~ ..... 1Hoea..so 01 "o~ 01 anontiorl '0 crucial <letallo. 

n . .... , ... ' in I .... """" .. ... y>od to ". _"'0<1 in • __ 
most .. COlI ... on.\f. H _ _ /;aIlion. ,,,,,,,,, .,. """,,«1. T.a, '" 
""'''Y mo,. "",",0 ... ~ ..... " COn b . _ .. _ .. . "" . ........ , .. 
00<IfH. Th .... t .... ..... ruclo' mol! 'Pick and c_ .. • _ 00p4c. th., .,. 
01 pri"n.ry int. ", .. to eaoh 01 ... . For , hoM ",_10 on a qu",,"," OVOl. m. 
"""". nj""",,, "" Chapt.rs 2 _ 3 (b ... a nd pia, .. ) .. rocomm. nded 
""'" Cha p'" ~ (011."1 being oov.,0<1 in !ho f . .. ""n of • 1000,,·on 
"""",. on .ct.-.noed conc..,ts 01 51,,",,"'01 "'obilly. TM"', & """" such 
as Z~t. PrifIc;pln 01 SI"",""ol S .. bAi)' Of _103 ~.tN. 
P..-ms 0' m. T'-'Y 01 E .. .,1c SII>b/lfy """~ 1>0 uSOd " ._"'" to 
til. pr . ...... _"- Boca " .. ...". than ...... .. on wonh 0I1Opb; .. 
"""'_ in 'hi. _ . oom. 0' ..... ~ 'opos Mellon. oan 1>0 ot"""",, 
Iodopondonli)" 01 .. en ""or, T"", ... t ...... 0<10< can c!K>W .. hicl> 01 ,h. 
ttIfHo • ...,h ao ....... _ ..,...",.1 ' ''''''''"'''", . "".,.,,'" obII." ... ~, or plio." b""""hg ,. _ _ __ ,O<\diny tt>o 0111 . .. _'OM NOh "". 
piod 1Opic. """""' .. comP"1e """ugh ,. SIan<I on it> "",n. _,v" . 
0""" '.f .... r>OJlg "" "" n _,ion> aoo cl>opl ... i. """'_, Tho, cro .. 
(Of ... """'II" pen<lfall' to speclle pago. in orde,","'- '"" ,. odot. 
oeo ... '0 _"""_, 

n . major educa'iona l OOfo<!iYo 01 this boo~ .. ,. m.~. , oader> 
awa,. 01 .1 Iht I._"'onlal prll'lO",'" " __ 'I' '0 ""'. , ... t"otv 
sim plo buckling "_ .. 0 ... complolO manno, ,,",h lUI u_,standing 
01 .. , .... <onc."", " .. ,0<1. r.f",o com" .. , b"Okw.g pm ... ",. atO boyo"" 
,,.. """'" 01 ,~" boo~, , . , It'" ro.'" rnuot be .... ' pr.p.rs<! 10 _ ... 
!!>om. S..,h OO"t. mpo" .... _ "" .... f,,. .. . Iorn. n'" .. ... . .. I ... . 
_"""" ca n"'" l>O .. ooibIy .ppied "00"1 lui u __ .o;,.g oj Ih. 
fu"""",,,nIol bucking proI>Iom_ Thus ..... "","". h~.,. 0" tho f.o<Io",on· 
.... ond ...... th' delitibo1 mar. complo.~ ... for lat .. SIud\' , 

eoo'emporory b""klng problem. a,. most c:ommontv u.ot<>d "ith 
""",.,,,.1 .. ,o,oat'" ""'h • • finite ....","" """"tiS or flnlo dtfo,.n< • 
• ""tv~s __ ,or, I>Ofor •• ""clN . .... 01 CUmin! compu'", "oo;,om. 
10 poo$IbIt. t .... f.""""",, .. 1 .... tu,. 01 buckiolQ a nalyoio mo", bo '00'
<KJghIy ._",ood Without .IOCh "_"'a'-g, comp"'o, poo; .. m. 
";1. io taot, b. _ .... and .to ........ dor>g4loouo to u ... ("" t • • • "" 
.. n.o<lu," '" rno""'" IIH<, no' th •• ,,*ot~. Computer programs ... ~ I I>O 
do"q,.d In ,hlo 0001< in 0<'<10, to irnpIom"'" !>On. 01 va ",,," oin>plo 

, , 



....... . ~. 

oou ....... HO",""",. _h <om""", , n~ .",,!y,1o _ ,,, pm
"."" • • OIASTI'AN". PATRAOI ... ' mp>ah',,1I\' ,." be .<1<0 .. _ In 
th .. _, .... lur>dam<lnlaloducatiooaliosuo. o1 t , 

,. 
(2) 1o""n, ... IP'I. 

Th"""ll ho", 11"00.. .. -"0<1 to o..ol,do 
tI>o l. mOO. good" , 00 .~ilcio' .po,..,.. O<H1ol,,,,,tiono . ro r><>t .-. 
Ref" .",," rom"'", "'. g"'~n ", "'I""" b ,"""" .. 10' '"""" <it.Uon. AtJ· 
11>0(. ""mil, .", c~"" ' , 00I!y •• ..,,11101'1 In tho "'iII"",1 w<lrlo.. 00l.Jt>i
trlOriIy lrunc.olod ' 0 In~iolo 10, oo-eohd _"iInC)'" (which wookl oc1u.ty 
be a • .,.._ 01 'ho qL>Ol. ot "., .u1ll<>r'< nam ... publ$l1od) FId 
;oo""" .. Ios .", c~od Io<.-s "" ... In obIonlng "'" _od ,.t.,· _ ""pol"'''' _ ,n. dirt"uII'" ,n., I had. 

1 0 m ,,.;, b'-<l lo ''''''''fOU, do . ... . l Th. A..-o",.';o COIJ>O"""". 
SouIh. ,n M. thod ... Un"" O«Y. ond V"'9in1o. Toch tot ' ''"!IIlliog IhrO"iIh 

, , 



.... . ...... 
t!>o ,""oh ..... ""100 and in<:omr>leto ..... '" 'h • •• rio .. " "',,",h, 0' '010 
book .• 0\00 .. ani to aoktIowltd!lt hum....,... "" ..... 'e<""leaI dio<u,*,,,. 
...,." s..m B._ . .... noy 5''' • • 60 A""lOth ~nd rna.., 0100n 0 • • ' ,h. 
pa" k>ny Y"''' 'h panic" "" . Ea~ Thorn' .. , Em.mu. Pro'''''''' 01 
A"",. poco En~ at , .. Un"',.ity '" V ... ond on <>Id <I .. .."., . 
01 m'" in ''<00-61 ., ' '' ' U"""' ''''Y 01 11_ ( ..... n ~ h. _ ... ,,.. 
mom"", m.'), kind~ ' '''''wed!he 111. "".1 bucu"g ""II< on .... , pIo, .... 
and oh ... ....... .. Ch~",. On. and T ..... """ .... ongagod in mony 
im.,oll"g .,.,.,. ..... ""no in 'ho Fd 01 ' WI""" .,. ~ aow;! S"",,,-
012000, In _inn. Dr, "'duo.1 P. N.molh 01 NASAlong1oy A_arch 
Cen'" 10.0 most I>o\lful "Ih tof.""",*", ooMinn • . • tId , . ... to I""" hio 
'"""" "' Ih. ""., b!!OOJiog during"" Spmv, Summer .• nd Fa. 0' 200 •. 
a nd h. con';n"~s to p«Wido ,.1 .. """... H •• 100 pro._ .... e""'"'na'l\" 
thoIrgMul, .... 1uI , ' ''''''''''' , otld,~ com","",. on ,h. Ii'" ,h, •• 
ehop! .... which Iod to olv<I'I""", ;"P"",_",,", " ..... oornen' a .... ~.
po;",.,in"" 'om.1oo _Od to D,. Orlan w._ <>I , .. M • ..-n" .. 1tO 
...... ut. oI Tochrology for a p"""ni!od _ •• <>I ..... <beu ....... on , .. 
_, .. ""h .... ri< l"In., bucto;nQ OOM,," In s.e"'n s.e. , .. , _ 'oon 
"" . ....... h by _vy u .. . 1 . moi .Ion., an ... mp .. . , ,h. communi· 
colion. 'kilo n<t<><Iotd by . ng_ .. 10 """0 contomporory problom ... 
OIJ1o, briol., oo,w .. ","'" _ Prof ........ Cn. rIo. B. n "' ... Un" .rsity 
'" ou,oomrr, ......... l ..... 01 O~., S"t. U""'. rsity , . ow;! n_. 
T~ucho~ "' ... U""'sj!y of K. ntucky __ ..- " !pI ul. Thoir conti· 
do"", and • .m"""", .,. doq>~ ",,~tod_ 

F .... IIy. I mull . ""' . ... ""Y oinc.,. """,,,,, .. , ion to tho Compulor 
Cent., 01 !h. U .......... , of Connt!ctit:ut for booing abIo 10 uso thoir Docu· 
mont ComPO"''''' Fr>eiMj (DCF) ", ".<po,e mue" of !he m.n"""Op' 01 
tM. book, I ~.~h",~" t!>o UCONN <.apa~~Iy " 2000 . He< VA Te<h 
aboll<looMd ~ •• t.'. -d-'h . .. ~ DCF oa_1Iy in ' !1911. _ .... _ .. 
Bloc...."u~. Vi!v ..... 
S"", ... , 2OOIi 

, , 



Chapter 1 

INTRODUCTION TO BUCKLING 

Wo <>ef ..... t~o to,ms otobiliry, "otobilil)', "nd b""Uing 01 oInlcl ... , .. 
under oIo"My apptiod _ (nH ntioly 010'" 10-';', "", dyMmio toDd· 
inIIl to ... "'. ""go !or "'" booI<- Thon. 11>0 OO_. t _ con", ... nd 
pfOIo_~r .,. ""_, w. <00 • .,.,. tile (."""""'n"" buol<lin<;I tie
I .... ..", ot ,h .... baoio .Ir""'ura' "'m~nIS, bolO, pIo t.s, . oo .... 'Is ... ;., 
figoro ,., 0tJ, objod,,- ",10 modo! 'OOH SlrUClurot 010_"" w, 
cOO pt_ t t ... I0O<I 0' """h "'Y """Ill, lond .". """'" ' hoP' into """'" 
\l>ty ",,"~"), wr..n t~, Whov;OO- of t!>OM ""'" 0'","'",. ' 0'0...,,1s IS 
.... 11 -'IOod, ... wilt '"' p._,od 10 DOOOIdo, more com""'" ",,,,,,. 
, . .... In this _pt.,. ,.. olso ciossty 'n, p"s'- typos oIl>Ucldinll ond 
in~ ;. ' ~"'''I>''''~ ~" o~ .. '~o "'p"rt.""" 0' .. perin. on", ' 
, .. "~O;" tho dovolopm, " of bL>Ckling t"oorios, aoo <Iucft>o ... me im · 
p"rIa'" distinction. "'"' "'Not 1>0 "",do in ongin •• ting .",ry . .. 

a • • d. io.od I ..... !he • ..y bogim"og 01 II> .. boo. "'"' IIw buc_~ 
prot._;. .""" nll)' nonJ .... r! S_~",""' , f!Cnlirl •• _ . in til, .,,~ ... 
~C'''."' ,.I,lI;oO" .,"" bo Indodod .. 0","' '" tigorouo/y doti .. • ho 
P'OPO' IN,.<.-u.r~ </1I_n,;,,1 ............... .bn>I .. ~h Iho;' 0""""",'-"_ 
~ry oordIion. ond "' ci<o,1y dislinpuiM ,Item /rom 'ho r>q<Jilbriom oquo. 
rIMs ood._ bo",,,ltry ~ tndoed. """'. "l""OOno o r. ~'. 
but '""" .t. do''-od in. ""' ..... n' manno' only I""" """' .... ' conoid
.,,,,,"" thot ""_ on.., Igoor. '" ... """"' .. , _""""g 10 Obioin ~ . 
• ng oquation" thol ""n"'" bo . , toodod to ~mo,.;o, p,ob""kling do· 
!orm a60ns. "'loo, 'no pt_ lI1l nficanc. 01 tho bLoCiding 10001$ """,.,.,. 
bo do'o",,_"'hour _ing. "",,'M .. "lui"""" ~m. 

... ""',,, 

, , • 



. ..... .................. -""-
1.1 FUNDAMENTAL DEFINITIONS DF 

MECHANICA L SYSTEMS BEHAVIOR 

W. d _fO .. t .. .,.,_. 0/ "'''''.Y. ",_lily. bucI<""V_. 
a OO ma,im"", k>ad ptu& t .. g~n~ralload·<IOlormatlon ana~oio~. 

I,,, ,"""rionCal "Y".''''. ;",,~ 0Iru< ..... . 000 """"u ... 1 " Iom.n'" 
All _ 1000. OTO fOf. ronc«llrom ttlo oq'-Iob ';"m .tot. or conIigo .. oon 
io whioh ttlo ",""no""'" oy ... m io Itt , .... T"" """~''''''''n ot ...... 
ehoo"'" oy .. orn io Ihq ~.Iric "'"",;,,1K>n 0/ tt.o m u"" noo .. pr>Oi6on 
0/ ~I I Ill . l"'~icIo. '" ·m .. ~1 point.· t'" .,.,.",.~"'. tho ..,.ot. m. ","y 
"""' .... '" 01 matorio l point. 01 a moeh.n>:al sv"om . i .• .. on~ e ... ngo io 
conll{/" ,o' '' • . <orI.~tut •• • ~c."","'. To lutIi' doocnbo u,. dlOfI""-· 
... nto 0"" _ • • t ... ccnc'p' 01 on im ...... "'" COMI<o"''''' Iho sv ___ 
'om ,,"c11 os ., 'ho . _ 01 • ba, or 11>0 odvM 01 • pia,. '" ," d . 1.0 .. • , 
tt>o _tit. 0/ I ... m""",nb' sv .. ~m. or """0 "" •• , . ... . "n,......,. 
In Ih. ",""""o;co' oYO'_ . 1"1>0 10t<'fl 0" OOr\Sl •• in, <10 .... <10 " Ott<. 
A <»ord<l<I' o oy .. .", '" ,01."'''''0 , ..... io . .... "' .. , 10 • • t .... (jo. 

""""lion •. Wo """""" , 0.,.,. m",,"" nal O)""~m. '~'.n> COJtS<In'aw.. 
1.0 ., Il'1O M ," (10 • • "t!(>(C" <IOpt OO. ""~ On .... ""''', 0"" I ... , """" 
'~u .. '''", 01 ,h. "I"'. m. "'" on "'0 1""" _n ,lie ' ''''' contigu",'1ons. 

1.1.1 Stobllity 

Dolinition: J\n oqu_ "" 0 Of configu""io1! 01 ~ "NCIur~/ 010· 
m6.1. " rue""". ot m...m.v.;c.,/ 'y"6m ... ~IW t 6""1)' lorn. r _ Ott>
. "". 0/ /tIo ~m ,...., .. orr!y .. .. • ...,..M" '"_ .n., wIl'='h tho 
.. 1UCIure olw~y .. ' 0"''''-' '" h orlginal . quilibri<tm _10. Tho/Ofm ....... r 
.. .. rold,'" ' '''''' /Q ~te tIl .. , /tIo NltavJot "'m ...... In /tIo ;'tmodio, • 
• ""'if 01 lho f<I""_ ""'0. 

T ... simplo" . ' 8 mplo 01 . .. ~". mocha...,..1 sySIO'" 10 0 "gid ••• 
in 0 ,aI., o. '" F~",o 1_2. Tho ball can bo di"..rood oIig!\'~ ouc!I .. 
tty ' "",,",0 on ~ . ou' ,n. ba n 0"'0)0 t"",," 10 'h. _ 01 ...... 0'-"1 
_ , . ..... ".~ is in .... to '" _ ~*,rkrm. I-Iowev O!. I wo ~o. 

bjg disturb. n<:. '0 , .. w," 'n"" wo <0."'" 
" 1 pteCiu ~ "'~, ... nopp o. ""III , .. 
• kOlctl '" Fy.,re 1·2. P. m.po t ile ~II 
could .... on b. diopla.cod 0"' 01 , II .. " " Y. 
but _ """"'" u y b .... u .. ... .., not 
know o.ytI1in\j . bout ,II. _,.ptIy oj 

tho """"",-.;iO--,g nilbo . nd v~l lo~ 
Tno _ple>l o,a...,.. 01 • $lObi> 

.,""",,,'" . -..., 10 a p.~o<:'~ .. ,a~. 
a,,, ' ~ _, .,.,'*'"-_ 00' .... ' ,. 
"",Ins OIraigI>t. bur """"'''' in , .. ","" 
diroctlon by • • a"",u.'.~ . •• ,h. load. P. 
io FI$I"'o HI In<_ ... ..,....,., I .• .• " a 
quo","_ ",onn. ' . Th • ... ppo~ moeh· 
. ....... tor , ho pinned . nd . , tho top 01, .. 
ba, m ... """'. <IOwn ao load ir<:, . . ... (~ 

r_ , 
c 

pin ,1\0., co.""' move in , ... vo"",,,,1 <It..,. "9Ko ' ·3 AmIy l oodod B" 

, , • 



.. _ .. - , 
"on 0' ,ho 'op or ",. ba , wookl no' ,,",mK Ioad 'o bo in'roWce:l in,fIo 
ba"1 ,.., ....... " 'hl$ .!>bIt bo n ..... ol ba , in wh"n ,h • ... , """,'n • 
..... Ign, ., ... "'"" ~ ",. 1(>aO", .",.1 0"""11" . a . ...... _. 

Th. ""'d , p •• or ..... """" ""'1ocI00, .1, boh4I.'" "" 'flo .".y. 
. . .. , ~ _ 1>0, in FigoJ '& 1·3. i.o" _ ~n~ <liotLMl>o"" ... """"" 
t po_ ""'."""", " . ""wn •• , flo .... hod .... in Fig",. 1_'. Eooh 
poin' on .. d, <u"'o fO p _ _ on oq"iIiIl,;um oI.to. '" "'0 <.IV .. . ' 0 
oquiIibrlrJm p.rJrM. Whon ..,m. form 01 a ..,al .. ,or.' d"'.rbo""o" op. 
ph d'" tho bo," _,"0" '0 tno qu.>o! .... 1ir: i,« .. sing .. ,,' ",. d. tho 

Ir>ad-doflocli<>n "'0'''''' .., mo ~ 
oquill>OOm po'" 11M' tho pu,e .. • 

, , 
''-.~, ......... <o 

10' load bo""."" _ ... " a. "'" 
ootd line in FiI/U .. I~. ThII'''. 
' flo 0"0<1 0( " 0 Io'ora' <Ii ....... 
..... .. 0<\Iy • """I pMurllO
lion on tho ""' UfO 0( .fIo u.-· 
W"'<O "" .. , ,,,"<1-<10l\000i,,," ... -
"", .... ThO ., .. ,~ _ ~., .. 

..,blo ond ",'um< to .. ""'ilI" 
"o ,IIguto""n alto , boing dI ....... • 
od ~ • • 10 0 1>01 in f 9>ro , ·2 
,"W"sI0 1110 Ix>Itom 0( ,flo val · 
'-\' .ft., I>oing _"mod. Fy... ,.. '"' AI"', ~ So, """', ....... D."' __ • 

O'IIn" .... ' An Oquilbnum .W. '" """'!gu"''''''' '" • ",,",,,,,,,,, ."'_ 
m. nt oIfUC1W., <X mocn.n.icrol 5)' .. ~m io um,atJlo t any 'sm~" _uri>."'" '" ,h. ")'SI'om , • • ub in a S<.OdOOn chang<! .. dol'''' .... '''''' modo '" 
di.rpl.>oomont .-.1.w . n .. wh;ah "'" "Y""'" _. f1O/ ,","m ., ito otigItvt! 
oqui/ihri<>m ,,,/00. 

Th. -wn p .... oxamplo 01 4" """,.bJo m. · _"""".y%m .. . ';9<1 .. , po"' .... 0'''''''"' 
""oft on ,Oo lop or " hll ao in F;g,uro ,·5. K ' Oo 
110.1 ~ ""U<bt<I >Ii<./I1t1y (an i, !inlos"'"' dis- Fig' ''' ,., Sol on. ~ 
lu""'""" 0"";"'1, , .. ""'" -..1. "" mOd"'o~ lOll 
dO"" Ino "'I • .., ";''''''' 'eI,'" '0 Ino 'OP or 'ho "" . n Ul, I .. bO' ~ 
.. 0 ... ,. 0( ""_ ~ium .r Ih. ''''' 01 ,flo 1IiI. 

K Il1O bam "Of' in oquilorloom . , ' flo bOnom 01 a . ..... ' v.hy om· 
",,_,;""".,. ,. .. and "'on loy ~ .... y • • • in Figor .. '·f. ' '' on 
.... ot.~iily of , flo ba, <lopondrr 0' rh. magnitOOo 01 "'" Io' or. ' disnJrb· 
.""" opp'I..:I to "'" ..... 
K ' ''0 "".rb.n,," 10 Io, !/" 
"'"""111 ~.o " • ..,.""'. ,,, 
IAfIl'" "'.n <imoMk>n d in 
Figor!O 1-6), Inon ®>i. 
"""'" th. Dal ~ """_ 
in , .. "",.1 •• ..,. ..... on 

• .l , 

~~f t!:~" Qi};:';a,t,r"",,,,:; F9;ro H Boll '" • .......,. p,-""" P",,-

, , • 



· ....................... -""-
" . 0, . H 'ho <l5n.<I>Ioce is..".1 <r>OU\l" ('.0 ..• m.,.,,,,,,'" ..".10, 'hao 
dim ... .."., d .. F'~"'. H) ...... n "'~ ... 1 10 oratllo .. 'ho equoibrltJ", p<>-
ol ..... Tnu • . w. oo l'ho"'l a"", O<1u_m P<>$iIIon a"", 110""", 01 
, ........... 11oy ... 1>10" u .. .."d , bol ......,.1>10 .. I~. "'~. Suoh o n 
oquiibrilJm po,",,,,,, io oo",,"imo. "",1<1<1 m ...... ~". 

Th •• imp ..... ' ''''"'P'' 01 an """,,,No .. ructu",'.""'.,,' io m. PO'_ 
foct>t 'mUgilI .,io"l _ ",,, .. Fig,Ire ,·3 ..... n 'h • ."... .. ",., high 
10' , ... SIIUct",o to a .... 41. , . m" ... in rho "'aig~ conIiguration ""own. 
Th.:t,;s. I'" boo, """k! bo dolormng .. io otro.;gh' (onstoblo) oqui!bt..", 
o.n, igu .. H. n. bUI 'h. oIi¢>I ... dOt"",""". ";1 "" .... , ... bO' to oud<Io..ty 
boO<l 1o"" '1y into ,110 .,.bIe buckled ~ib"", <o""!IU,alion joOl •• , ... 
".1 "' F;gur. 1-5 ,olio ,,~ rho hl ~"" 

1-10,. '''''' .... <101..-..;0", 01 bOth ... ~ 0"" .,...WII, oro "10001 
dol .. lOO. -... .... they _0<1 only on "ho. MDpeoo .. IIIe imm_ •• 
".;g,tlbo,hood 01 .ho oqul lbrium ... ,. (SlJrrouoded by an .. "nM ....... ' ,.· 
gion). "rhus. .... dO, .... an ;"}nJluImaI,hO<N)' 01 sratoi/(y"' .... _. 
or <011_, ..... ' . '.uk! bo orho, m";"'a or mo . ... fYa llOyS or hlllOpS) 
. , ..,.,.0 _ . -."". owo, from th. O<\uibrUlo ... , .. ... lng ........ ,. 
~'od. To 0IUCIy OIJon ea ... ,'" ~ ...... I;M. """"y 01 sral>M<l)o. 
1M 'hot io U"""o:y not noco_,,'1 to, moot onginoo"'Q P"'""''''' Ou< 
"..,.. , 01>;"" ..... io 10 doIo ... ino ..... bod ., which rho prim.ry 0' I ... , oq'" 
Iib .. m ..... _om .. un .... tI .. only bocau .. ol . "",,,dioIuJbo,,,, . .. 

For. i>o,"Y ..... mlmg on . on""''''. tind."'ing ..... .., • • th. 'ot. 1 
potonlia' ..... ,11)". V. io pr<I!>OI1iono' to ..... . I .. .,ion 01 "' 0 ..... 000.0 
.,>1". ,.I.,o",,~ pion. IpI"" on orbittO>")' <CIWan') To QMotoliz. ,ho 
... bilily .,.,"" .... __ od til", Ta, in ,,.. _.,"'" 10 'hroe dimon
...... well o. in .... _rop!r; o! n ~ •• 0<1 .. 'Ioy • . conoid. , 'ho thr •• 
"'I""",,,"m ,"',., in Figure ,·7. Th. Io<:.';"n 01 tI>o 1>01 in trOd> 011110 
'hroe 00 ..... on oq ulbt .... ooonligul. tiotl, , .. .. A ... t""' .... " . ... ot V 
...... 'ho r •. Tho """,."Hoelng 110'" in Figur. '·7. '011''-'' • •••• Y 
oUIroundod on •• odo,ju by hils. Tn. .... at rho bonom 01 IIIe . oIey ;s 
"""..,.....,. in .....,.. oqu lliMum (., ...... 1n Il>t ."",r ,. and ,n. !>O'''''''' 
""'-111' is ... ",""um. Tho _nw.rd·laclng bowl in F9J1O '·7b ,.· 
pr .. .,,'" a nl oUlfOOnOod on aI _by •• Ioy .. Tho ball on tllo top 
01 tn o nil io otl.iously", un""llIo oq"ilibrium. 00<1 'no potonh., o...-gy 
io • ma'''''"m. TOo th"" """,,';"" . ho;r"", .. F~ ' · 7< '011' • ...,' .. .. ~ 
olio", point on . long ridge in tho ,.<1_ "Mon I3IIs 011 in _ tllo 
".,..;.. 00<1 . ogo"" y·ditoctiono. Tn .. oil ... ,.", .. ,''' oo·oolod ",ho!!u 
Of ""_ <>oioI boca ..... V""". " •• 0 m"""'m in 1110 Iof9n,,;.. (. , .. -
..,lion ",tno ...-.r><! .... ,hn_sIy .011 ......... maxim"m" tho 0",... 

, , 



.. _ .. - . 
"'" (y) arKOion '" , 11.0 ~lo. Thjt.t is .~.,.. V .. the """. ' iDn-Ol' 
.,,_ o:oordIo .... ';Vi;" > 0 and 3""v "" ~ 0 a' ,h. uddIo point "' lI.ore. 
;" _0. <f'/. it< . O ' nd iNl~ . O al. u,,, to "-''''.",. .. '''''' po;r.t. 
C",.rty. ,11.0 boll a, the .. """ pOint is "' u _ _ '''lulu .. ~,"""~ ;. f>OI 
aa:ompooii>d 1>1 • ... _um 0/ poI""''''_ (.«0lIl in tho y-dt O<1io>n 
..t.I<h kr; " ..... a .... ,,,. """,in>"", "' "". dlo"oorion. b-ur "'" an .0"""". 
"'.,,""u"' "' 01 direcOOns ), Convo_iy, .... """ CO"""",," rn., on oq" · 
Iib,;"m ",,",lion'" • """"'IVa' " , mod>anio:., syS10m is no' still", , ,11.0 
tota, pot.otiol . n.,~ 10 "'riono'Y, oLd no' 0 ..... i'num 

1.1.3 Buckllna Load 

Do"nI'"",: Tn. "uckllng _ 10 "'- IoIld . t which "'. curronl 
"'1""- ... ,. 01 • "'J1K"'~ ' _ 01 or "'rue"',.. _"Ii <11.009" 
I«>m __ to "".,. blo, 000 io. sim __ u>ly, 'ho '-I lOt w/>icIr Ih. 
tJqUi/ibrirJm ""8 suddfilIy ~ I""" ""', ,,,, .. <><dy "'db", roM'll" 
""''''0 to onolhr>, <flab/. <oN'9""" .... ,.;u, or will>o,,' on 0=..-.1;"9 
" "" "'_ (do_"'o or <101l000i ..... ). Th~. dJo _""9 ".d ;. ,h. 
",1f/<51 _ /of M,d _biIty 0/ ~m 0/ • MUClum l olrrMn' '" 
Sltuet",. • • ;". ;" b orlfIli>oJ (or _to~1 oqailobrium conligu,.,iorr 

For "'mo .. ,oot",., ... .,.,. ... 
!I>o load v. "us """klinl/ dellecliDn 
bell.ovio, cl>arves WIidoniy . t tho 
bucUng load ''''''' a .... bIt oq .... -
, .. '" "'""Iiu",''''' ju .. bolDw point 
A", Figlm. , .. oI!own ",,""matico.,. 
lor 0" ' " 00 "''''''''"'te.')' adjoo. nt __ ("""ktod) __ ;to.",,", 
ooolio"",' io n juot to til. rig " '" A. 
Tho botd-dollocliDn bohovior .. con· 
tin"",," wlh th . ioodny po'h, O-A-O. 

. , 
, , 
, , 

• " 
being ,et,,,,," in 'ho <>p<>OOM dI· F~", t ... """'''''' ,h\o .. ~ 
rO<tioo , 8·A·0 . .mon ,11.0 .. 'od .... ' s ...... E"" ............ 
...."."' Ii unIoo<lod. 

O\~., .. ruotu ,o' ._.n!> miglt' ~., •• load vo.- 6OItoctior> ba
M'1or o! ,h. ty~ ...... "', .. '" Figur. ,.\1 in..-hi::/> , 11.0 iood ""h loY .. . 
""" 'mu,,, . t poin( C. oallod • 1m. polo'. b-ur ,~ _locIion ~.".,Ior 
I. ',. 0" I",", C to D, >0) 11.0 ",,,,,,,,,,,,, ,"'''00\ -pmP"',o", C '0 E u_ 
a I","" .... , oIlo~g. p, 1M' s , , 11.0 """'""'"' . Iom. n' "","".Irom OlIO 

'-9'" , .0 ""''"''9 '''' 0 """ . .tqa<o<>< .to ... E"""","", "to .. 

, , • 



. ..... .................. -""-
.18blo equ' lbrium coofig''''''lon \0 one 'M' is no< ..J~, .nd """_ 
.."blo _rnalion <><Cut" _p.ln~ ~ a ...... Pllng' 0' 'oil oanrhng' 
.. und , Tho'". 'h. Io>a<l-dt!loctlon bona, ... " disco",;"""". from C to 
E. ,"'" ... ""'g.". I0&O<I ''''0' ""' .. P to t"'" al • .. y. pO"" F is pOAlIllo 
Upon U"_II 1rom F .• _h .... limit point .. ,""'*"'<I at G. so tflo 
"""",u",t .10.,. ., jumf'" t""" G 10 H ... ga. .... a "'''''' '''''''' "" • ..-
-"Iu, t>rium "",,~gu,.Iio" to . "",fIo,. t>ut d ..... t, . t.",. -"I""""um """ . 
'''",atlo •. Fo, b<>th tlpe' 01 OIt\J"",,,l e~.mont. in Figure. 1·8 aod ,.g. 
-9 <>CO . .. suddonlj'. bu' in <Wi 'he lato, «I .. _. Iho .. ruclura' 
M mon' oct .. 1y ;...., I""" """ ..,.... .... ",,;on 10 ._' . 

"" a """"ifo:, ",acbc.o' ... mpIo •• perlocl'" ' lnIigIll, axially 10._ 
bo, • .., ..... in ,~ • • ,101 dio",,''''' 8' load Incr ..... ond ~ .. . Io,~ • 
... _n, b<>t~ Iol.r~'.nd ..... , ,."""" .. to Iho -'Il"." 10<, ..... in load 
"""" ,~. Docki.g I0&O<I .. ,e",,1I<!d ., In F"ure 1-10. TM'is,.' ,~. 
buo:+Jing load, "'e -"Iuiobrium of , flo .. might "'r berom .. ..., ... 1>10 , 00 

tt>o l>ar m"51 _ . _ I",," stablo) OQuI"",iuM eon'i'lorotlon. n.",.'" 
• ttowOd ba, """ _ ..... 1 .. , do""".,d mO . . ... nt of lh. _ Ond. 
F ... . . omplo. ftIOOl no .. you co. buckle • '10_11' (""". rotic~J by 
"'''''"'11 • "" .. rtlca l ~ .,. ......... aM """'''''''~ '''''IOO''ng ''''' .....,. 
YOu e,.~ "" 'he top of'~ . yard$';c " Thi. bo"..ior 10 qu~. m ilo' to Itl.." 
of a 00 1 ", 11K> lop of. h~ wltdl lOlls ott "'~,. • • "'m~ a.turb. "" o Or 
_ IOd. T"" only <>fl ... "". Or 'nat witn tno ,._"k w. ca • ... "'''. 
11>. 1>0, dolo"" . '" .ch;'" oquiM'>riom. wno, • • • w. _~ !<now ","" .. 
Iho boll/OO5 wn. " ~ Ieo.o. tho lop 01 tho nil. 

.... oootho, .,a.."lo. w .... , .... lot., tn., an in ·pla"" _ 110, 
~te <h. nltO. "'luilil>rium >I.te •• t Iho t>ud<Jin~ load, Ho .... ' . ' , 11>0_ 
-"I"iobr;"'" .... t ••• , •• djoc.nt 10 one a oothe" so.., ""11" ,e"""" .. in 
doi.,m.lion <><ou". Mo,,,,,,,.r, w, W .. ~ Io'et 'Mt iu_ b",,~ of 
a plol. """''" a,lo>ad •• _ . "' 0 III ... b<>:~ load. i .• .. ""'''Y buc~ling 
-. • • iOI ., ~ho, I0&0<I. tflll. II,. Iowo" load and do ""' ..... bucU"g 
(unl1<. , flo nIiIno, buddir>g "*I. lor boIS, orjy """ 01 wIUc1'o oau, .. 
_g _.u .. 01 (1tjOt",., .... """.".into) 

Tn;" """igltt Of I1a1 Of d'CUlo r q , ,,,,",,. 1 """"u,,1 0""'0." u-.. 
_I)' _ •• sing _ 1ypic.1y ,o"",in .. ",,,Itt Of II>, Of cil",,", cylinm· 
co, in an_ u.IL' tho buc,l ng load Or "'''''nOd. Al,n.t Io>aO, Iho -.0.. 

• 
~.''----" ,...,. .. _ .. 
/ '. '--"""""' ....... ...,.. 

''''''' '"'0 flo"""" . 01 on ...... , lo ... d ..... ., tho ......... l <-' 

, , • 



, 

• 

.. _ .. - , 

, .,,--,-,-"', , - "" -- , 
\ L ........ . .... """~ __ 

"---..""". _ _ '''"' .. fH 

- " .... "---"'" 
'-,,~ oro....., 00 ......... .,. 

, 
Fp ,_" lJ>oO-O. ___ '"' on N."'~ lo< ... !!.oJ 

, , • 



. ..... .................. -""-

!la, plo' ... , ,_);.~ . • long «1t1l tho postbuc''''; bt",10< (I .• .. load-
""''''''''''m b. tJ,o. ..... no, _king tJ,o.o """"'odl 'h., wo .. I de ..... in 
CIIapI. ro 2 000 3 , .... "'" ""d, P . incro . ... . ,h. ba, cIofo,mo In ,flo 
Slablo . .,,,,,19'" oq";'lDrium ooflligutat"'" in Figo" ,." " ntit,... book"'; 
Iood is .. oe.od, Thon, ,h . dofa<m. 'ion poth b '.""" • • will1 tflo ba, not 
'"king Ii'Io "nSlabIo. ot"' ig h' CM!;gu,.';"n. bo! in. ",a.o:f '"0>91110 ... blo. 
_ _ Iood <>O'1Iigo.>r.ot;"" . a.",,",. of 'h. wdd. n. 10,11" ~''' t lII>ortoning 
c ...... by Iot ... t bonding ., ~g in F;gu.. '· 11 . w. can .... tho, ,h. 
E.-., bucki ng lOad !Of • boo,. P 0, PE, .. t,,,,,,,,,,, , .... ond olll>e praot>:a l 
useluin .... ot a oolumn in. boikllng. 1.0" 'ho 10,,,,, .. Pf.ctie.1 1ood , flo 
00"""0 ca n .. " . HOw ........ the E .... ' ~ ~ to< ~ ""',. , 'I '" 
NE, in F;gu,. 1·,2 con Nilily bt .. ~ wi. ",,~ • ..".1 ""n.1ry 01 
"""'0 • ..., ..... <W" ('h. """'" 01 ,no Io.d , ......... t .. k>rfT>;o'"n ""rII'l. 
Nolo ",.1 _oral d .... ' . nl tmo"",. ,"," buckotnv ""'do •• Iot '.( 0 plo'o , or>d 
.. en bL>C""II load flo. a diff., .. , b""klng modo. For b<II. an ,,'''\Iv 
ohoq.t ba, o r>d 0" 0Vti01y llot p\.>'" n.. fo rm. ", opplOoahlo oq " _ 
pa'" i. _ ....... a w ....... 1m. ._. tho bdurct.';"n buclding Iood (01 
.. I>i<h Ih.". or ....... fIy ., Iou' .... o I., plot •• !), s.,.". of til .. Wr..on;.o.,;'" 
_; phenomenon wil be ........ o po""""' .... of bo,I1 , he po,a>uck· 
In; btho,'" o nd ,flo off"", 01 in~1oI .....,meI 'lc Imprrrloction. in Soc,lo. 
f ,3. CIooslfi«ll ... 01 Type> 01 Bucliling a nd ""stbucUng bo_lor. 0Iher 
__ '" moot aw •• dolin . ..... dovolopm .... 01 ' flo ,"-'" ondotIyin; 

po$II>L>C1ding ...... Io'.nd "'" .n"", '" 'o l io' """,,,o\rIC ""pori""'''''', 
W. domified ' ho imponanlonrib"' oo 01 tho ~ing ~""monon as 

ChongO in ""' Itcf'<>n mod. Sf>opO 
. s.-n oo::u"o""o (0' . spoclllc load) 
• CM ngO In pa' " o. 'h' """'""Of<>,m."," """" 

Tho, is, """,.how "'" "JUClo,"1 ,""'.n' 5<KIdonIy cI\anoOs its modo 01 
dolo, ... tlo • • _ ,,,,, ... ,~"'_ "''11'<1 t><-. f <>< , • • mo,", ~ b""UOd ... to 
_rrninII .. ..,~ in o no _ 0110.0 along ,11 0 load_locIioo <:<.<Yo 
.-. j;j .. F;gu.. ' · '2 mlgl'll. " ..,m • ..,odio load. b"" ' 10 into .""""' 
"""'" oh<opo. ,h ••. moto ""'n on. b",, ' ling load CO" ooeur •• til. load 
on 0 .. """"" I . Iom .... 10 ..." ...... , i .•.• """'. """"'""" . 1001 • • ," co.n 

, , • 



.. _ .. - , 
I>ucl<Io ""',. ,1Ia" ooc.. Ollie,. _ only 0<1<0 , ond some oI"""u,,,1 
Mm""," 1>0"" many po>SOiIllo boeki n; loads buI . ueklo a' only tho klw_ 
... _ . "'0 klad '''' ~.n dol_kln eo. strano • . No'o topte"'" ' .. ' 'n" 
dolinh • ., '" buc~ _ "'" ,eq.~. ~rl.", in""" Ip~1 gOon1. 
0I'l' (in' '''' .. raign_ of a bar. 1\0, ..... of a pia' •. or porl<>e' roundn ... 
'" a 0....,.10, "I_' ""*"l_ 

'-1 .4 "' .. Im. m l<>ad 

, , 

ou> d •• 1gt> t 

'ti" "...:><10 \10'10"" <10&>\0". 

buckIir>g ""'" ,. 'no 
o. ""~..., by • ,. 

, , 



'0 ............... ___ • 

1.1 .5 CIono,ol L.o.d-CIoIo,matkl" P,oh~m Incfudlnll Bu<~lnll 

Foo-. dt1lnO<l """,'"" 0!1. ""J<1",.'.lom.", 00-. "1lJ<1"'O, w, 'itsl 
<IOf. ". ... ",. tq<,""rium oonbll""'''O, Thai is. Wt esI.b ..... ,~ . ""I",. 
0111,. oq""ibrium oonliglJF.I'ior1 ••• 1"nc1OO 01 'no a~Md load. TIIa, 
"'lu' ibri.n1 'o"'ig""""'" ... tablo up "' . oo.w. Iood. Tnon, wo .. k ' ho 
q1I"'''n· 000 • • "",h. , ... h .. oquihbrium oonIigJ,.tion • • is< ., """. 
!oed? AAd ...... , is ,,,., oq~n1 ,onlig.uatOO? n., Iood is ' no buck· 
~n~ Iood. 01 """,,"". Ih . ..... 000. "' . n,., . ..... ...... ul~ """Jig"" 
. ' ion "",an. ,hal I .... 01:1 oq"*,,ium conIigOJrlIh,,, .. no Io"go' ""b". 
Thi> P'''''''so 01 PO up , .... Iood·dolo,,,,,,'ion w ..... ""n, "', .. m. Sltue
lural ... ""'", •• "" " ,,,,'''u",, be ".,ried <><II i"dOf",j, ~, 01 """"". _ 
01>1. '." ilo,lo .. 00 Ihe !HI ..... ;" 0 ' ••• ry"'\10 "",Iudo II) """" 0/ pia .. " 
dolo,ma,lon """ ,_It,. _"'''''''00 01 ,~. _.'n~ oqua' _ , I~I 
comb"""ion. '" 111,. _ _ ,"'" ""' .. ".ct"., (JI ~.oo_. rtt!I..,_ 
tl1a'limit. ,1>0 practieal uwILlin ... 01,,, •• tfU<1u"' , (.) dam. \IO KeU""" 
10'00 ,1\0, • ..., Iim~. , .. "H'Llin ... o/ ll1. ' ''''''''''0 . 010 . So_""oo ' .. 
;,.ill. , OG"i",""m <,<,,,t;gu,"I;""" __ ~ ,,,;,",1. 0 ,11,,' ..... ighl "" . 0 
110, pIa' o, "'0. In _Of ""OK. , ...... 1 oqu_iorm oon/igufation is more 
00"'1'10<. o.g., a ..,oI ,M, dolo ,,,,. ""nu"lorm~ alo ng ItJo " ngIh 

"br buci<JO-,y. ~ In. Ioo~ io d"", ... _ below ",. ~ Ioo>d , a n 
undiIm.o.god .lastic ",""'UI. will """m 10 ito p<obuclding oquiiIl,ium con· 
!lg,,"'OO. o.g.. on oliofy .. ,.igh' b .. ll1.t bucl<lo. MIl , . ,"", 10 oIt.yo,· 
no ... 01 ""'-"SO, I I ......... ~ liml ..... been . " eodo<l in """I pon 01, .. 
""UC!u'. during rookkll/, '~on ,.,uming I<> ,h. ot;glno.l O«IIilibtiu", «>n. 
!~ur.l.m it ""I -.. "'" '1'10 ... po might De '0,., 0" .. 10 II,. 01<1 
"'opo ""_ SIIb""n1iol inolosl" dofomt._ or <10"'"1/0 0<0"',. 

T" fut>do"... ... 1 tIo!~;",. ,'''I """"_ .to ot>~ . .... in , .. 
do, .. j;'" '" 1>uC"~ '" $I"",""" , "mon,", Many _ "11 P'''''''''' ' ' 
001I00I De <1000_ .. Il>o ''''pit , ...... ..- in ...... introduclory OhaplOf 
aod a,. ittt '" Ia,., in ""' _ as .. ",_d"' tno nu' _n 

,.2 BOOK CONC~NTRATION AND PHILOSOPHY 

1.2.1 .. ,to<I""''''''' 
Tn",. """'u",I . .. """". wi! De _ 0_1. '~ I!r book, ba.a, pia'." 

ood "'0", W. will P"'ll' . .. lrom "",,_on.., .. 1 b.,o to ~. 
oionol plat •• '0 th' •• -di .... nsion.I . ' ... .. oIIown in Figur. 1·,3. Bar. 
4", """"' '''. '''''''"01 b O<.Ou" t"~ p''''IpoI _ . """," io iongth . PIo, •• 
a ,. ,_""""""I b.., • ..- their p<inc.,ol dim.nsio,...ro "<>gi n a od 
I'r\dth ~"'fy . ..,.lb.", 1hr..,·d;m.n...,..,..1 he.,.",. ""'i, dj"",,,,",,,, 

• • '" in. tt.-o.-dimen""""'l .000m~ (""",h, ~hl,."" ... ""h Of '-"11th 
ood cross.-1;'nal ..... ). Fot . 11 1 .... oI ""'ufO l ."mo"lo , ,1>0 lh~"· 
....... smal compo,ed '0 "'" OI~.' _ sion. (a. I!r In. bar "d~). 
n .... , w. l,e.'1M ""'" dtl .. ont typo. 01 bUO''''ng pile""'''''' POSS"'" 
in. 00 0 __ . _ courso, ~,," ....... , _ be tlen", 
p<opa,od to stoov otn", huoldino 1""""'''''' than ~ _ """ ooooonrr.to<l 
"" o. , _ onolooo' prol>loma """n .. ' o,"goo ."" !ram .. . , "'" . , . 
_ of dioc_n 0/ flKl<lo""",tal pIa10 ood l1><>li problom o, no pro· 
mior. " "",mpio '" 4 buokOng _ tho, " .... top;co ",. ntioned in Flguto 

, , • 



.. _ .. - " 

.lAT.. , 0(;>1(, ,.., 

1·13 is llm __ nko ond Go,o" 0"_ n..o.y 01 EIo5Uc SlabM/)" [1-5[. 

_" or. ""'1'1\" 00II1""1>0'.'" I""" (0"""'0 0<IfI'>P0)$II, O"uctU'H. 010 .• 
""'_ in Sec1"" 1.6) aro ...,. ... riI-j . by OOLIO 01 , ... pw..icotlon ""'". 
"'" .",.. ..... In , __ • . "->Co, , ... nood "" ,n. p<O .. n, I>0oI< 

Tno ","rn om."""'''''''' in """ I>0oI< is """, •• simplo .. posoiOlo. 
N"", .. ic.1 __ " .. ..-iiI be"--..no" ................ boA!hoy..-iil ~Ioo 
be o,Qdod ___ , 1 11. , ... wo will ; onOlol)< _n. ""~ prob. 
Iomo thol <-on b. ",,~od in • , ..... lIIro;yt,tI<ww.", .,.,.,.... 50 Illot __ NO 
and oon,roI ... ty 0-' 0111,. """'ion ~. "iOo"' on ..... ""'rOrIg 
bIoOk __ , nis ,,,...,.,." ~ "' '1'" '' mo"y 10M .'. "m'"'' " in I ... 
• Ld""I' . .. _. CO"""". , progrom" In<kdng Iini •• Iorn. n, O""~'" 
(HO , •. g. , [1·6J) HoW'''' . 'no ... ..,. "" ,n .. po "'o~ cuoio<Js res11k:\ioo 
is lho, _ 0 .. " oovng ,n. b •• 1c cone..,,, 01 buckling in ' nis t>ool<. "'" 
"" .. 10 ..,~ • • po .. ibio b""khog p«>blomo. 1m _ k is p .... riIy • 
,.,IbooII .• "~ '""""" .. 0 .. .... -. , .... ' 0 n.Ip """" ",.,,,. 0"" otudoonto 
00_ 0 a limil9d •• , .. oI>jo<l"' .. .mt>in • , . .. t .... ~ oIK>!I p. riod oHIIIe. 
l "" a rt 01 ,. Delling It • • -.. dooorl>od "" 0"""*"'9 11>0 .",.,0 in • oub· 
jec! in ouch • way a. 10 .. oid " ''''0 aI you """ .. 10 Y"" can .ffoct""'~ 
p<O,," 1 ,,, ..... ne. 01 ,n. ...o;.c' in • elL» 01 ,n. a_ill, ........ 
.0"""'" ""o"'hlmng dolO" Thus, simpl~ 10 pr" . nod by ,., . oUlhor_ 

Th. objoGl"o ... , .... I>0oI< I. '" undo,". 1Id mo .. riou. P~'" 
01 buckling, W • • <kII.", "",_.1 t>ucI<.IIno ....... ,IIa, .. Mt as . Tim< ". ... 'or u_ .... h\1ftg ,It. eho ..... n...,. and ha'u", 0' buc~ In 
._""'. lho ,..,.1\0 .. "' • • • cIlKi< pJOblom. '01 compLIIOl proll"'ms I!toI 
. '" <Jo.oignod to .. " . """0 cornplic.o,. d pro!>Io.".. 

n . _"""" ..... fIduea,od in pr_~ analytlcol OWt0.oIt ..... ;u, • 
c~1 O........dng In 1" ..... m. nIo l """""p,,".1Id quickly . doplod to "" 
",arical ~ppr",,"," •• to, ooItJ""" 01 p .. cUc~1 O,*""IinII plolllo",s. lM 
,,1.10 01 • Tirm lou_ '"" In It"""Y 8 nd .'pO'im"n~ ._~" U"" 01 bucklir>g. 
!>a. boco .... polnfuly O'/ldItn!. So ... or>gln .. rs. ..... 1ng 0"""" "" uoirIg 
""mpol .... "'". A ~_II .. _ocr to _ to Iho «>mJWI.' 100 qu<:1<Jy 
I ...... ""'n _'ing Ie< lItar ,.;gn;ticanl Qnd .. unriol . r.." by oa,./ully 
o,., ..... ,;"g tho .. _'od boh •• "'. I,.., .. d . Inlly _m ""~.'''' ", . 
.... .. .., u nd. ,tttrtding 01 a ph. "" "'."' 0".91' In • ~h~"' m . ..... . Idod 

, , .,. 



,. ........ .. ..... _-_. 
'"~~.r by """'PIl"'" '" ~ adclr ... ""on mo<e oompl .. problem , 
tn.. ,~. ir prll<lectioors couIdl "'''01\' propo"""'" ~!of. bucl<ir>g 
oomp",", progrom o.nd reading tho 0"1pUt .. 0 raU- d..,.. as " oU ao ""n· 
11""'.". Iosk O~,." on.,. .. It.. .. nM 01 It.. p""'orbiol'gmt,o \JO 
10. 1J3.<bo.!/" our (G IGO). bu' .1.., In ,ho ... ".., th., ""''' of oomp"'''' 
P'OOram. ""'1"1(11 "'_,.,. !tI1.""., 'ho ,...., .. ,.....,. got! -.111">OU1 • '"'" _'''''''''g 0' 'ho OhOOt\' "" which tho _ om .. bo.., '''''g .. 1h _"""9 ,ho p/>of>om....., '" bucl<.lO>y. th. ","_, boh •• io< or>d 
ch.rKleriotic • . aoo ,he phyoica' be .... vior '" ",,,,",ural , lImo.lO. From 
th .. "" .. ",ation ...... come ,~. ouihDr"s owr-ctr '" pr"","1ing be..., 
II>eory .nd oImp1o """",,,,. rosu~. most.,. .... tthoLlt 'ho .... ot compu' .... 
IO .MbIe ,.odors to '"'It u_,otaJ>d ' ''a IU"""""""'" 01 buckW>ll lo 
1""1'.,"' .... "', """''""9 """. e<>mplic. ,"" pr<>b1om. !of .... hich c""'pu'_ 
.... 0 <0 .."...,.,. 

We now _ ;0 .. 'holyJ>H '" ~ b. M-."" '''''' ..... " ill ..... 510-
galo "" 1>0 ... 0""" , and . h . ... For .eo" .. """ura l .lOmoo'. , ... PrVlej-
p'" • .,"bl .. "';1 be ;a.ntlied .It>ng worh t .. buckling modo. or>d 1 ... load· 
dolo"".tio o bohavior. Pion_ ing oIOMit., b..,l<lIng """" by Eu lor 10< 
M, • . G_ H. Bry.n (,864_1928) !of ""'0-' and by ~ von KArmAn 
4' ~~ ' - 'i&~) ''''' H...,. S_ Toltn (,Q , , _ ), lloyd H.mlllon 0<>, ••• 
4, &gS-'W1). Samuel Bu'tn'490 BOIdO!f (tQ 'o_ ), ond "'0'01 0'''',. lor 
..,..., .. ........ ,h. bo'" to'. "n~;"; "p.",,,.,,h '" "",,0.,;'9 p_m-. 
Many '""f""'b'" """"ibYt..,. b, S' ophon p , (P""""'Y" "~) T""o.h.n~o 
.. 00 aro .. 01 buckling ore inc!u<Iod , 

':2.2 B»< kllng 01 80 .. 

A p orl.",)" "",,,,h' .• x ... ., "'"dod, .... plj" • .."pOrtod bar "';Ih • Oro" 
.oct'"" 11>0, ;" 5)'mmo~ic a bOu' at "'.IIl .... 04 ,~. p ..... it>al . . ... of , ... 
"", .. sod""' ..... , .... tr.9:>t inllli """,[;g.,ra'''' or>d ",. , .... two t..:~. 

Ifirj~ ~ sho .... n In f igoJro ,·,. .... ith 'ho hi9hOf mod .. Indicalo<l .... i h , ... 
oIipsio . Tho . ..... .. FigLo". 1·14 aro lrom ~'POr>die<ofa r '" II,. pion, in 
.mieh """kling O«UIO. Tho bucloJinll modo. «><roopond to <11101. '" , . 1· 
ue. 01 m" to. "'m ilor ~ulo< bl.dJing Iood oquot"'" ott>do.d in e"'mM' 
fa..,. mochallle.04 ma,on ... (.nd ,,-<>0<,,0<1 in Ch.pt .. 2)' 

( I,') 

10 ",h,,~ P ~ P" ~ P" I. tho buo!<Ioq IMd. to ...... r'lL>Onbo. 01 001-0100 
wave-> in Iho t..:k1ing modo, ~ fa .... y"""" • ..-,.Iu' 01 1 .. 1);>, molo-
ria', , .. 'he '.'000 momont 01 , ... 1);>, < __ Iion.' or ...... ut ' ... 
". n'''''''''' .... 1 ... " ""liad 'h" mom. ", ol ... rt .. ) ohd is " m •• • U", ol 
I" ... ' 00 _metrical disI.ibYtioo o j m.t.riol in tho bo, 0,.,.. _. 10-
.... _g, a nd l", Ihe bo , Ieng~ . K m _ I , 000 MI-";oo \Y ..... t~. 

!ir'" b"" , i'g ~ in FII/<><o 1· 141> w ... ,..s m ~ 2 <o"" po nds to ",'<, 
1».1_.., . ...... as , ... OOOOM bueklrin(l mod. in Fig"'. , . , .". ThQ """"/ 
pMo' marlo.. d in F",uro , . ,.., I. u, . point 1I>a, _ . "'" mov. la,. rn1ll' duro 

, , • 



.. _ .. - " 

, -I.' 

• ~'''''''loodo~ So< b F. " e",~ng I.!odo ,_ B<d<Or>g"_ 
.... "" , .,. A, i" y 1..<»<100 80, .,., . ... ' 1 .., ~ ... ,..., 

;"g buc~ ling (.100ugh ,~. ~ ... _. """'. ""~",,,Iy boloro buc;1o:"Ong -..u .. 11>0 ...... ' Ioad "" ...... ulol.-.ning 01 'M bar). ""''''010,,,, 
~ "t."" _~ .. oro plocod ot ,~. """"I I"'int. tM" Iho b. , i. pro· 
• • ntod I«>m buc~liog in ,~. I ... modo 0.0 muot bue'. ;" I~. "'"'0.0 
_ •• iII> buckJ;nU Io.d p". ,. Tha, io, ,~. ba,""~ Cdnnot t>ucldo ",,0 
!ho IV .. _ "-"",, , ho aInoct"",I"."..."." P'''''" "'' "",h mO • • .,_ 
but ~ _m~ buclding inlO ,~. _ m_. W. willot. , ohow ,hi> 
fO .... '" bot . oid 10' _g in 11>0 pb .. 01 11>0 """" .... shown in FI;iu<. ,. " . M~"""'. tM 1 ;. .bOId • """",,.,1 ., ;. ~ I ~ . too, 010$$_ 
... ",.I1<liW\O, 10 I~. "", .. of thO p!\POf. 

In many common <Inigo p_ms. an onglnee< .. req"Kod 10 ~.o 
!I>o ~ load lor ba,. w~~ II" CfO$$ H<1;,ns ","-n In Figoro ' · 15. 
a"","V many .11>0 .... Tho SignW~'"' '"'U",''' ,_ c""" .tctio"" 10 
' M m."Y do!!oron' ,""y. ,ho' . ,,.. '0 oIIlaln on <lffi<."" cross _ '0 
I."'" ....,.,;ng. l o .• ""'h a I\IgI1 mom."' of ",.",10. abo'" a panOoulo, . , .. 
AI, .""~ ba .. .. , ..... 01\3,0<1 .. ",,, Da<I-do'o,m,tIo" . . .. ,lot ""'" '" 
.1most lIoIizoro. , '0_ .n., b~ n oI»"tm in Fig\l r. 1·" . ThU$, 
!h. E" 1or bucking load .. . prac' <:al .alima'. 01 ,~. max.,,,m load • 
-.;., b . , GO" ouppo<!. S~ 1o'1lO''''do con bo ~od. bu' 0 ' 
th. <»rISid.",bI. d;"<t;ontogo 01 g""'t~ inc, . .. od .. ." '-.n;"g • .o 

D o 0 I , .. 
I I I 

...... , ..... -
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,. ............... _-_. 
Ia'ge "" o,al <lls!>1Iu:.." ... ,hoI miglll "'" bo lICCopIablo In ,ho .. rucluro 

Inel<Ion""It. ,.,. lurm ",d;., but;/<Jif>g .boa .. ""." ...... In _Iring 
"-ral", •• nd mu<I bo .. p iaintd AI""" gIa""O. IhO '~J.""''' • ..,,,,,,,1 
.. emo'o bo ",""",,"nl. A 01""""0 wlh ",.d~ bo"nd.ry or ""WOn 
<<><>rIfion. has. _ at which ~ __ liroI. lhat is, lIIOI ""'d is in· 
er . ..... 'rom ""', .nd .... • _IM lim b"""""9 ..... '" tha, """ur.~. 
", . 10<><1 io ;",; __ . HiI1>o' b"" ,Iin~ ",.dt oro 0100 1>0'""",11"". in tho 
""'d_o,mation boho."" I'."""''' <urvo ... in Figu<e 1·11). I>uI IhO'/ 
.~ ""'~....,.. 10 ocno... "11,,,,11 <"'ng;ng 'ho ba, ... pp"" <000 ....... 
S<>m • • ""In . ... .... Iho ....,.... '<ritioo.r to "'r<>to ",.1 ,., .... . , I>u<Un ~ m d 
'" ,ho DOk>sioo 01 tho hq,o' 'bIICl<Iing bad ... U .. 01 <ri1 ' ho t.,m 
buckling _. I.' . . omluloo 01 ,h. _ 'cioI;o" I . ia quHo &doquoto ond 
is ,,,. ge".,ol pr.ot~. In 1M bOO/; lOt • • • 'fUOlu"" ",.....,ts. 
1.2.3 Buc kling 01 PI.tos 

AI> in·".. .. oomp'..-.d. oi~ s_~'" (on " I to"' odgoO) ploto 
...., .,",, ....,., o<>nllgU'"-'" n ho. typ"" budlng modo. al lho 11<'"0"" 
..... _, "'rm display"" in Fi<j uro , ·16. Not. lhat tho b""~1inIl moo .. 
lor plat • • no .. ... a_ .. in ...., ~.. Tho """'*'1 ... in Figuto 
1·15 t. o n or9"oly "'",i<)M ~". Q" " . pia" mQ;l. ""~..,. " , ,,,,..,.. 
nol mov. p0",""""u",, 0' pOra!\ollo t!>o p"'te ,,"~aco ""rinII bockl"'l 
and .. e",,'<>\PO"' to 0 t>O<Iat ","n1 lOt b,,, ... Tno , a loo 01 ,h. -'""'II load. 
N,. ,,;II bo ot>o"" In C""",. , 3 '" bo dopoorde", On pial. _otry ond 
""" .. ,.,~ .... well .. on 'hO _Iding _ """pO. i.a .. 

~, r N.(" . b.'.E .\'.m. ") (1.2) 

In ""'Ic~ N, IS "" • • " . in comp_;' . b. ~nd t.,. ,ho .... ,. 1o"lJIh. 
_ . ,,"" II\ir:kn4oso. "'"-'"..".: E i< Young's rnOOuu. "nd, i< Po io· 
..,*'a .. '10 ; . .. '" """ * .,. ",,",king "ov, * ......... In"~." ., •• r·_ 
w.w __ " Ih. b""k"'g modo) In .... . _ 0"" 1- """,,10.,. ('" _ ~. n _ , in 
Figure ' ·16). PIo'. "''' .n> inilialy "", fl..",. """,_."".tion boh""" 
01 , ho m"Ii·IiI'l ... cM"'''~' ."""'" in Figure ' ·1 2 01'1 pa(lO 8. lhuo. ,ho 
E.." _kJ1n9 """' . "", iI>o .'go" _'oo.'rying """""ay." 0 pl., •. 
"'" io 0101\10 dolormallon p"",ny "",id '0 ",.d "'. plat. abov. ' ho Eo ior 
load ( • • 110" ...... . P"'" 10 io ... tiIIl" lIIOI load ",..,. ..... _ . Ih. EU iot 
Ioa<I, I.. " ,*-",. "", """" , • • , ond...",. tho" tho fir.,...",. 04 , ho md 
VOf"," <le!lecIioo di!>gram in fi\IU'. 1-12). 

, , • 
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I. _ ....... , .. __ _ 

BLOCklod boB ond """ OS Mio olfeady b""n sen .... h".,Oy dopdo<l 
10 Flou_ I _I ' arid 1_18 on palIK 13 orld I. " i h , .. -.nolo """",ooy 
compo,.., '" 'ho~ "", .. ' p/Ij'..,.,1 _ranc.. BUCklo<l ........ """'OVO' . 
• ,. quilt d;fficul '0 dopIct ..,homolally. Tho _~ 0>V0r ond Flo'" H 
on po1l" I a,. '0'1' m ,do approxim,'ion. 10 !hoi """"" bucU. ""PO lor 
o ohol ill .. h •• budd. " undor odol CO""" ...... ""'ding 10 Figur. ,_ ,ga_ 
T ... ",.po 0' "'" bucklo •• mo,. '''''n diTfbJII to doocR>o 10 _ . t>uI 
tho __ , •• ukif>(! I,om &X.I compro""n 0'" ott.n , o1 .. red 10 00 .... . 
mond·oI1aped" buc"'os. For a ohol undo, 'orsionol ""'dOIg os 10 Figur. 
'-' Vb , lho _ . <IoIy do.c'~ti,,, .. me,. wo..!o (or 'Guo,",n,), 

Our ob;oa ..... ChopIo, 4 ";1 IHo '0 "'P""'" "'" bucking _ .. 
o !..net"" '" 'ho __ otty .... ,.,IaI_rIio,. orld buckl<1ll modo 
",,,,"eI*<S. O.g,.'" 'u"",iorIo'!Of", IO, on'l" on 0 '''''''''''. N, . 

N, . N,(l.. f",E.\·,m. n) (1.3) 

...... h;C" l, ' • • 00 ' Of" ""' ...... IoogIh . 'Odius, • .-.I'hiO-'" resp/>C
I~'Oy: E Is YouoVs modulus""" . Is Poi5oon', ,.'io: .oo m ond n 0 .. 
tho num .... '" bucklt wav .. 10 'ho .. 101 arid cin::um!o .. nU., __ 
No'u,olly, 'M""'" N, 0.-.1 """. ,or whiOh _'0 ",0", 10 '"'" _"-'"'Il ,.~ 
<>os COIIId .100 .. inco<pora' od .. on ...... ,<>n ..",ita, to e quation (1.3), 

l .. i<>ad-<IoIo""o"'n .,. .. ,Iot lor ,h ... Is wong'l" <Iopon<Iont on 
,,,. ""'''if>(! ond .... , hoi _ otty. For """"'pit. 'he po.~g_. 
,,",0,... ,"," cu"" '" .n .... 1Iy """, ,, "'"' c ifWiOf ~, _ liH 

, 



.. _ .. - " 
well bok>w I~o Eule, bucI<Iing k>IId in Fjguro 1·20. Thus.....:!1. _ , u n 
_ fh"'''I1I> or 'oj can'. Lo ...... ..,.. rapid" I><J<k .... trom ,,,. orIgN ' 
"",po" a g'_ ",t_ '""PO" ..,mo ~ _ .. m. Eule, bUCk· 'no""" ....... , 11)' O<CO"'Pl'r>Io<i by , ... .. "'" ""H •• ",-log tho top 
Of botIom at an 01 can t ,om """ dotormabon ... ,. '0 0"", 1>0<. B<.<;1<"Or\g 
... k>w , ... Eulo, load ""cu"', ... ... .. iI •••• boca_ 01 I ... '"-_ 
1', .. .,00 01 _ ""., ," importocbo", 10 I .. """llIoc"',. of ."" .. , Ma. · 
ing "" ... .. tn . portOC1ly ,,""eulo , eroM _ bo" . 10"11_ length .. just 
1'>0' pou;Il_oomo ~ of " ... i" ... " iI ' '''.Y' . <isO. Undo, "'oral 
1"'I •• ,ur • • "'''''''' ' oyio,r;Irioo.' """'10 h . ... . """,. -..-ho'Io". , p<»tbuckir>g 
... "" ... " !han Ill. Eule, 1ortd •• in F",uro ' · 20, buI "", as o","" un,:,'d 
.... '110 • • 10110.<1 00 ... " '''''' hfoe.atlo" o! goom., ty to. ey~,"" 0""". 
I.." • ' 1&1 _~ (0"",,00 """el) in Fig ur. ' -20, ~. 10 -,bUCI(OoO 
be"" .. ." oim M'" ,110., 01. p"'IO , . S ""pdod in Fjgu'. H2 on ""II"~. 
For boIh "'10,.1 p'n,u,. iDa<jr>g and eyl"drie.o.' p .... Is, ,110 >hoi bocklir>g 
bo ..... .,' 1$ ",,' po""'''''' ...... n.~;"10 "","",am,ing l""",rtKl\)n$, 

_.-

' on '->0 ,,,,,,.[)o_ BoI'o""" lOt S .... 

1.2.5 Summary 

In ..... to,~ ~''''",,'''''' 01 bo,. P"'o, . nd _ II O<IuJon..m.tId 
_0 bo ..... "", tho pt<>blem. or. """'0" ornple . . .... ."."tieal sol· 
01""".;01 b . """,,ed. _ 0 • • '. lho ptQb!omo oouItl be much """. com · 
pir:otoo. For o<.mpIo, lho I>ou<>jary oo"dilions co-uld bo mo,. compln 
IO .. ~in ~ '" "",,·c IoMd·\orm ",""' ioM 'ho' .,..,...." IHr oaoilf ",,"",-"<>Od. 
Ct. 'ho """ .rio' p,oport'" oould be yo" ",o llzed to _ .. '"", "'" "",.., . 
.... ' .. ' . .. oIroin _vio, 01 ;" ..... io lOOt., ....... eh ~. _",",",om 0' tho 
",,,,<o<"ropio p'oponOM ot . rbo' · ' .... tOfOOd 10m ... a .... kom ,h. ,e to ,ho 
~ ... _ . oj. "'m .... '. (_, . ... 'h • .. m ..... '. _ •• ".1 ... tllo 
10m ... m.' .... r prop.nOes.,. .""",,'iot I./IcIorSl 10 1, •• , """"u",1 elO-
"",," "",do ot I_·,.in_oo composite mOl_is. lOoOods oouItl bo mot. compIo.< • • ho, in _ ""I d~,",,,,"," 0' by boin(! ...... <Iopondo nl. 
_ ••• ,. ",." quo." ""'jo ~ 1$ oc n_ors 10 .... tx>ok....,. ...... 
.. Ih. logic., "'~in(! PO"" 10 uOOo,st,,~ <nO ... """'p'" loadings. 
Tnus, .... onomplto Du.""'o b •• ddin(! __ in ,110 simpjost __ 
ma""o" ..... inq '" """, p~. 'i<,", to lulu", "''-'''Y, 

, , • 
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1.3 CLASSIFICATION OF TYPES OF 

BUCKLING ANO POST BUCKLING BEHAVIOR 

1 .3.1 1I11t(>(111CIlOII 

Som a 01 tOo Cho",,,,.Osi.,. 01 b""~""g ocol po>ObocU"g b. ~ • • ", 
01 "",eM.1 ~.'"'''" • • • ,~ doocri>o<I in .n ln1"""""ory mon .. , b~lor. 
_ p""'o ,Oom 10"" in "". book. ThI • ..." ..., .. n ut>ilyOlg .~"" 10 do_ 
•• "", • I",m. wor'< of com""", U_ ...... 9 upon ""ict> " . " i l build 
tltroughool tflo 1>001<. Fir ... ,h. bifurcation bu<ki ng load 0110 Eu'" buck· 
~n~ i<>4d1 01 a " "",'u,.I . lemon' " dot.",,_ ~"" . lin •• , OYr ••• Iu.' 
.noly .... but "hII' do W • • "WII IIy loom from ....,h. n '''''l)'"oio7 VV. w~ 
... tllal ,110 .Oortcomin~. 01. linear . ;gon •• "'" ... Iy'" mean Iho., W. 

10 --.r po.tbuckW>g . naly>i> '" "coI. ,".nd 00" '0 , 

', ... """ .. . __ " ......,. ............. e_ .. _ .... ' ...... ........ --' .. __ .. __ ....... -... """_ .... _-
" ......... {~ .. _ .. _ w. .................. <;oon ........... -. . .. ... ""' .......... .. .... ,._ ....... _,,-. .. __ .. _ .... . - .,,--' .... -..... ~.-- .... ---.... .. _ .... ~ Gor~" ",,,,,,,. _ .. Gomoan·<...,..._ 

, , • 



.. _ .. - " 
<u ,,«1 (i .• . , tho ba, ~ 5IiII SI",jg~' , OIl:.) . .., Wo ~ ,"JO. NOI. ,~., , flo 
_0 ~m""'. w.' ~ ""rrn.'., . ba, u .. , "",ma' '0"" pi ... 
01 ' "..,., '" ..,.. .... , '0' ......... ~_. Th., ... ,n. M,tO _,"r.:. 
01"0 o;g"" ",, I,,"' bllCU ng 1>0. """",rei! o. in figu ", '-21 Wfloo I.., 
io , • • cIIO<!, ,no """"""" .""".01 tx.:kIoo. 0<1 ,,.. _khng mod. ('flo .""""10<, 'pp"'" wilt. an _ . "" ... , • • mp;~ ( •. g .. tho boo, Duo" · 
.... bul ... don' ,,,., ... .... omplilutlo Ol In. b",, ' " ...... ), ~ "'. Io.d . 
V' rIl<alt,. orionlOd yard"d: in 111 . .... I di<. <Iion ... h one haOO , ,he 
yard""k buekIo. a ' 0 autldonUy njgl1lood, and .... ... 111", , .. tx.:klo 
a mplol """ On """' . .... ~ (dop<><>;>oO on _ t>,.rd .... pu.nl OK.oU" 'h. 10,,, _. no' ""pIy k_ bowing <bing tx.:kIiog. bid SI_ .. oom. 
p<>ioI. ObYlouoly , !he ... """" b . """", I'M ' 'ruo doIlO<lk>n 10.- , he bat _,Ii<og 0_"", to ...... OlI n' lind I ,..~h. _ .. "oon,.W . .. 1\' .... , , ... ...., ....... " .. 

>., . _ """" "'" ." .c.<o '-,,., 
.... . "'-"" .... ~"'.-....... 

" 

1'111. , ,,"v. _ , •• .". ""' .. mined lrom "'i. ,",H ' . igom."" .n.~· 
oia? W. know, .. biII",o. lion bucld"O bad. W. know 111. (;n l iol) "'01>'< 
.. ,h. buc' liog "'_ twh"" ",,", b. p_ on. 'igu", " tho typ. in 
Figuro ,·2,), bt.O tn. .~irudo 0/ tho boelding do/lection .. indo""""'10 
as .. ";1 'Op<>O'adly", W. """ ply _1 know "t>,., ~. """' 
_ .... 0 .. Hd onl\' on ItHI loci. unc<>V9,od in tho ....... , . igo""oJu. 
' "1\''''' Th" olo "' , .... indical . .... lI1 mull_ h,n«l .""" . . .... y I""" 
1110 bit",oal",n buclding """" """ 111 0 poOlbuckling ""no"", ~'In somo 
""known di, .. ,;.,o o. i<t FOIiU" 1-21 . ~ . ... <Ion' kno,. to. 
o/I,sical signl <:anco .. tho biI"calion _kIiog """" d_, ov81".~ng 
!fIo pootbucklng • • IIa".,.. TI».!". " • ..,.,, !<no .... '"- mH nlngfoi tflo 
oolCu"" ed biIIu~t"'" _1oJiog lOad is , ... ,;". 10 Ih. "' ... , .,. . _ tI>01 
1OIId. M63l'1ing1uO In I~ _ .. />0", be<>gn 0 , ""'" .. ,. or"'" <Ian. 
11""'.' . i.,,, can w. app«>aeh ,h • • ·"'atlon buclding load "" _ w. 
avol:! ~ .. al 00$1$1 Who. ohoLlid ,no laet"" 0\ .. r.ty 1>01 Th"" 
_"ion. CIInl". . n ... ..-.d until"'" post."C~1iog _'"'" \'" tho_· 
<fie 0!nJcI\n1 .Iom"'" io "'''''on !rom a nonlin . ... ""1\' .... N.v.~".I0 ... 
"' . ...... , olgtIwolut "naIj ... .... ". Out ittM"" ."" P'''''-'Y opp..,.,h to 
buo .... g probIoms. Tho" , "'" po •• l ... c k>ng ""IIa""'''''''' ... to, mln.d 
wiIh • _a, .no ~'" 01 ,h. oqoiltriJm con/;gumt;"n all. , .U<~ 
000 d tl . .. in ",hll' dol>'<ndin\l on tho tvP*" on . SI,,"'",ol ' ''m . nl 

, , • 
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1.3.3 Types of P.olbucl<1lng IlehoYlD< 

POSIb<>cldng '''''1)"''' is inh. ,. ml)" nonl ..... , . I() wo oIi<aifl la, moro 
ifll."". , .", th>. n ltom , ... ., . n •• 1oo aoa/)'oio a lono. n o f>OStbock"in; 
bo""vlo, plots a ,o n01 'ho convo.,,,,,.1 100d·<Io1I4<;lIOn plots ;nvoMr.; 
_tion ifI tho " ._ "" '" ",0 load ouch • • ifI Fy....o '·11 and '·'2 
." bo. .. "nd pia, • • on P"1l"'" 7 ""d 8. re'Pfl<"'o 'Y. 0'" Fi!l"'" 1·20 lor 
.., ... on • • go '7. 10_. _ 1101 ..,.., .. 1 "",<I-dof_ """' .. ifI· 
vo),"; only 'he budding dolr.cn"" ""', II olwoyo ,~ro bolonl b •• d Wol 
ond noo,oro onor b •. .,.,JIng. F", va"",," s",",'""" "'''-' • • 1 10 .. 1 _ 
ty_ '" ~ boha.!o< a he' _ 'ng a' 'he oru"",' "" """Un; 
load. J..". ore p<>SSib1O>; 

li'III,. ! Po><tm<!ko{/ _viol lie. olong • t.:>rlronI., tn. e " "nding '0 
Oolh ' .. ioU ond rl;hI 04 .... a o " Fill"" , ·220. Anywho'. olonll , .. 
I no. 'ho Sln.c1","' olomon' is ifI no .. ",1 oqLliOobium -. ..... ",or. is .. ""'.r '" h~ .n.,11'1 "" . '''''' 1fIO " ,,,,,,",al . Iom.ot oon ao"""",_ 
Thoo "ruc!1J ra' olomom co,..." ' ''''I' Io<>d allow I.., wh. ,. I>.f\lO do· 
"oc6on. 0"'"'' 

'. 

'. 

" 
e S,,,...,.,,,, S .. "" 

~o._ ..... ~."" 

'. 

" 
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• U".ymm<mc Po!JIbu<I/Ing aoh. v'" lies ""'OIl " 'lr.~ 1'. 0 ,1Ia, .. 

""',...., I. '''' M,~.n1a' ."" ."._ 10 1>0(" It>< 10" ."" 'i!fIt 01 ~ 
ao In f ;go..o ,.:/'2b. lila OI".,:)u,,"' . """on' can co,,!, "' . .. "\/he< ,,, • • 
J.,. ~ ~ .. """*,,,,_ .. ''''' ~ """ buddo "".,. 10 1i>o rigN. 01 .... _ 
_ ovo" 1he OIruclu",1 ."""0.' ea, ... 10&<10 mLlCh 10M ' II&n)"!I ~ i 
.. «>OOI",iood 110 '''_' i oo n b",~10 on.,. 10 ,h. loft of J.,. os .. Foguo-. ,.= 

• Syrn_ 5,.1>10 i'osItxJckIing I1oMvior .... along a ronco • ....".. 
....... our .. . " • .ao--.g t. "'" Io~ ."" oiyh1 01 J.,. "" .. Fiyuo-o 1.:12". 
Tho d"l1'" ol ... lMIiIy can b. do"",,"nod by ....... , .. , ..... do,",.OhI • • 
ol ).. ~ ,o~' 10 w" ... do",ribod io Soc",.n '.3 .5. 0bvi0u.1I' . ,1Ia 
.<Iru<'u,a' "'mon, un u"!' lOad " • • ItI "",,,,, .. o! .... 

SJ.-rn_ U.,. ,.bIo Po"'~ S. h.ovior II ... IOng " """"" ... . 
do .. nword co", •• ".""ing 10 1he loft . "" ri\II1' 01 .... "" in Fil/Uro 
' ·~d , Ob.i>uaIy. '''" "rucI , mi . Io",.n' can"'" ... , . ... co")' .... 

w . ... _ lhal OI,.;gIl' bo. ... 11&, . ' '''' typ. of po01t.uckll11g b. " . ,"" 
tJ>r" is ""til .... blo and.1oo ",_,ional", 010&0 to tII o MutJ-011ypO (HO 
e_or 21, I"",""'" ,o,! plot .. .... dood .,iollt in .... p ..... ol "'00 mO;>;ll. 
SlJrl.C4I ... be .. on '" • • h lb • • yrnmotr~ ... b .. posIbuckIing beho,;o,. 
I.." ..... P",10 <On _ 1<10 ..,...,1 ... _ " h., .... , do ... (_ ell&o'or J l. 
Fino ..... ,islly IO&dod period d",""" cyl-':" "" ... 11&' 0 un_ 
pOSIb""' 1ing _''', .. "'" "..-'0 .. ;.;moly "' .... (bul ,.. "". _ ..... 
....," 0/101. ",""",".ntv ., ... rd. to til. beh ... .,. 10 no' "mmoU;'; In "D 
. , J.,.J (_ ell&",. , 4) •• do .,t.ma.,. P,N""; .. " 'Ph."'.,." .... K.· ... " •• til_ f ... to us. _"'pklt" .naIf'" '" ""."igol. th. 01_ 
f",,1> of "'" Niaf "",po 01 til_ """buo' i ng curvo on "'" b<l<1<Ing "",-,. 
"", . ... ;.;... ~ porlocl . U",,!uro.' oIomo<>(. [I·a[ . ... . . pondod~"...,.-' ., 
o """ •• "",,05i>I. rei.,.",," 11·9). M.ny o1l>ors Io llowed Koi.fs pio
"""-ing ,..",., wiI" o.c.-e~ ,olO>td <><>nai<le .. ,,,,, '" """" ,.,.._son
.. t ;'-. "''''''UI~' such .. IM<hinson ."" Am.,,,Igo·, wo<l< on ""0" "~h 
"",,""l>IIln.1 . "" oifcuml ... ntio' " "'ooers [HOI. W",' ... tho 1n~" 1 
pooIbocldO'og beI>:Mo, ~ olnJ<1..-a1 oIom..,,. wu .. ,"' "umma<l:rod by 
Huto' """'" and KoiI .. 11 ·11). Of "" ..... , ... oI><>io """" 1nI", .... ,joo _ 

... do'. ,min. 1i>o on' • • po .. bll<kJng be ..... "" 01 • po~oct OIni<Iu .... 

... on , " 0 only obt.1n Ih. posIIl",~Jing betta .. "" fo , • ,oIo' ",oly ohM 
'" "go'" load. boyond ,tt. .,jiaf _ ,;0, . " h. biI""'ooon ~ Ioood • 
.... f-Ioto Iho, ' ho ..,-ng bo"" .. '" of. bo, ho. boen known-""<o 
e .... f. 1'0 " In 1144 ( .... s.c!On Z .• ) ...... , lui -..ok....., bo"' ''' 
01 . '10'" ono .. '..ot .... , oIemon' d,a ... , .,.,I", ...-' od KoIof • ...m. 001 
,.. Oo n be ... '. Ihal Ono""" bo , _,10< go'. _ ,. '"''''fIO. bo ,.,"" ' 11""''' whIoh hot could , . .. hi> ",opo<od .na~&iJ. H. __ ba r$. 
pIo'" . • "" .~ •••. 001 • • ~houtIh «>m. ",,<I< """ b.on do .. "" ,~. 
po .... "" '!ing .. ho.v"" ol pis' •• 0'" ........ ,"'- "UnI. "'oJry doI",.;'-. ,..,... 
...... 001 dooo until 'h. Igsa. and 1\1600. W. " II ... p""" of Ilia .. 
oUlb;t;ry "",",opt, or<! _u, 1 ",;do"". 01 ,h. """bucki"~ ,,""' . .. '''" 
cMplo.s on bo ... plaIO •. 0"" _ns 

, , 



................. _-_. 
1 .3.4 1n~lel CO'O .... 1r1c 1m perlod"'n, Erlocl on Po,1 buc:kllng Boh,"",or 

n o lnilioJ oIoj>o and. oIIon ...... ;ollol ~" ............ 01 tho ".,...,..,kOng 
CUM> "',"" II l u""'I"'" I>u<klinQ ""'d. he. "'. perl"'l "ru<I"",I"'mo~ 
or. do .. !)' ,.",od 10 ..... OIIOC~olly to o_ hI 01 ;" .. g b • .,~iol go. 
"",OU;: impertllCl.ioM ' ''''''lIing Irom "''''Y monul,.,:t"';,-,q p~ ... 1 .. 
po""""''''''''' """' •• "" port"'" .. rvcI>.r .. 1 olomonl. In Fy..,o 1-22 . nd 
sI"iown with .. ""lid lin. In F;gu.-. 1-23 .r. modiIied 10 """"",I 10< ",& .1· 
1K! of in~ial "portoctloo • ....,wn •• tn o dost\ed lin. in FI;I<r '. ,·23. 

~ ... ;"1;'1 oIoj>o • zero .nd .... .,1., cu","" ," .. zorn '0 in ' h. 
_ poolbuelding boh.via< in FiIl u," 1·23 • • 'hon .... "">e4!"1>iIi!y 
to ,h. fIIIod. of imP*1ecti>n . .. ·,n.,d,,,. ,.·. '0., • 'm"';;Um' _ .. 600 
01 ..... ~u<kJOrIf cu"" of • ..., impe riod """",u ," ''''''' ,h. pool. 
bucl<ling ou .. o 01 ... perlocl "_"0. Tho ",od;';"1 --"'rryOng 
capaolfy 01 ,h ... "..rt." .. , ,",,,", ... 000" 'ho ""m ••• 1M' 01 I .. 
""rloej "_"0, 1.0 .... bouf l.". Wo mit _ lhOl "';. bo .. "I0< .. ...., 
kr '0. buf 001 ",,~o, IIMt bohoy'" 01 . bo r in CIIop1Of 2. 

- '-" /--
, ,. 
" , 

• Slmmot';' S ... .. 

-- ... ,'" 
..... ,.", ... e, 

'. 

'. 

" 

'. ~ 
d S)'I""O'';' ....... _ • 

P""""" "'g """ .. .. PO<lbu< ...... B • .,...." 

...... '-23 Tn>+o 01 .GO""'''"'' B .... .... 
lor ... .-.nd '''''-' 5''''' . .. ' [10.".'" 

, , • 



.. _ .. - " 
• ~ ,he _, ~ .. posit .... (incfI,uiflg ...... 01 !. •• w, II" ..... ~ lrom 

",I as n ..... ,,,,.-hand _ 01 'h. ""oYmmou;; poOlt>ucklng b.ha,1or 
in Flgu ,. '-,2'b. 'n.n ..... ""..,opIbHy to ..... • n"",. 01 Imp.~"""o,,, 
;0 • ..... :r, I., ,, '"", muc'" ,,",,",00n 0' ,no po.lt>uc~ C" ..... 01 .o~ 
impori"'" ""'""",. ffom ,no __ og curv. 01 the port"'" "rucI", •. 
T .... lo>a<I-oa"Y'"'9 c"""'" 01 mo Impo"",,' "ruclu,' '" aboLli tho &a.m • 
•• tho1 01 ..... po~"'" "'''''''ure, i. . .. m_ nigh. 'thon .... r "" .. rue-
Mal be ........ jo, ;0 ,ogorded •• &I:JIW. E • • n' the initiol <"",alu," 01 t .. 
poottnl<klO", «ltV. lor ..... porle<! """" ..... .,or. n.~.'''' •. tho load· 
co".,.Oog c.pe,ay 01 the I""",rl"" """",u," "'"u"' otiI bo .bo"' th. 
M"'" a . ""'t 01 the.-roc< II,...,., ,". 
~ .... n"" ....,,0 .. n.go"'" (dacro.aoing vatu. 0' !. •• ~ .• II" a.,.v 
ffom .,,) • • ;" t .. I011· .... "" .... oIlh. "o..,.mmotoic PO"'"'''' ' lO>g be· 
1Ia ...... Figu!O t ·23b. t" n , .. woc. ptibi..,. to the offoct. 01 Impo,. 
!oc'""", is 'hOg.'. I ..... ~0'V 10.'9"' do,,",,,,,, 01 the p<mtbud""" " ....... 
01 0 "'1 ~ .t,,,,,tu,. ffom ,h. po.tt>uckIiny cu",. 01 the '*'''''' 
... ""'",. _ Tho Ioad<lltl'l'ing <'040. j or ..... imperf<ICI "',,,"w. '" Iat 
", .. !ha" ,ha, 01 , .. po~,",' .. ""'u"'.I .... lar!oM tho"!.g_ This tjpo 
oI "ruclu,~1 bef>O-vlor io rego._ .' /pigIr/y v.-. On" ~ tn. in~io l 
<urvoM" or the posIb..:ki og <u",. W"'" po., .... milT'- the load· 
ca'rying ~Ity he anywh.,. _, Il\at 01 "'" port"'" SI' UClu " . T"" 
DolIN, .. , Ns .... ;u,'~Io. 10 11>11, '" .'''1" ""'_ circu," , cy""""" 
sho" as ... wi ON .. e"'ptor 4 

~ ,he iniI'" ~ is .... mhd iOo ;,I\iol c"". lu,o .. ".,...... ~. in 'he 
_10 p<»Ibuc~ling be,,",Ior;, F9.<" ' -230, ',,"0 "'" .,,,,ce o1ibili!y '0 
,no ell""," 0' impo~OC1"'" is ·,."d, i .• " 'not mLlOh' do,io'"", '" ,h. 
po.t1"ockling OUf'Ie 0' any Impo~o<' " ,,,,'ure I""" 1110 p<><tbooUng 
""",.01 t ... pt~o<t otf..:to.n. T~. I<>IId<o"l'Olg O'~OIlj 011 ... impo,,«, "",cM_ is obouI , ..... mo .. ,ha' 01 , ... po~O<1 Slruclu,. , I .... 
..... , ;, "" ..... of '1_ Wo "ill ... Iha, I"," _,;0 lost .bool t ... 
......... ,"', p1>" In D •• plO,' , ,,,, .... ..... OI .... '0 U,., '" a '>1" in 
C...", .. 2. 

The dog'N 10 .m"'h 'ho posIl>uc, inv too~ .. "" 01," impo","" .. ,""''''. 
_ .. , .. trom ,1Ia, 01 a po~"'" st"",,",O dope""" on tho m.g.,LId. a hd 
""UfO 01 ,ho lmpoo1o.,..,.,. (.""h $. ,he" dr.t,W""' .. .... po) 

, , 



· . ........ .. ..... _-_. 
1.3.5 Dog ... 01 Sla b lll'y In Sia b lo Poolbuckll ng B,hII,." 

n , dog, .. .. ... t.a;ty '" ,~, ... blo ~kl'" . ,,, • • , ' ... ~u""'· 
bon b""kln g!oed. ~. "' " 110' lrom , , '" IMugol1 '0 It ... '0 iMIl~ in Figur, 
1·2~. TI .. , dogr.a depo_ on .... ",'0 '" .,. tho ... tt>o..oolOO>g CO". in 
tho , idn" 01 ... . Tl»' na'u",. in 'u'". do",,_ on 'ho ... .,... do,"'a';'-.. 
'" 'he 1oo.din<;J poteme'er' w"" .. _., " D '" tho ~uc,,",,,, C""', 
a' ... abo .. ,,,, Ii, .. dori .. ,;,-. .. hleh to. '" """""' , ._ a' 1..,_ 

For """,,.I-"'tbiI1y in FioJu'" I ·~""' , 01 dorill"'~ .. ,~. pMlb""""g 
CO". a') ... a ,. ,ero .nd. indo«l, . ,. , e ro lor.' •• k>eo 01 wo, 

o fo< 0 " ... <»gtH 01 sI>biliIy in F~'. I ·~' b. man, 01,,," bw ... do· 
, ,,. ,,,,,, 01 ,n, 1XI$II>""l.ing cu"" .. J.., Or, U'" '" ro... 00 ,~. 

pootbuckkng c""o gr\1<1uo1y ,iM, I,om th o horil""'., ., ". 1.,,, ... -. 

o fOf. /rI(p!<»gt .. 0' ~ in fiQuro , _~4<: , .... 11 ... _ . , ,,,. 01 '''' 
.. ottouc' lin!! CO" • • ,) ... io '0'0. but 'ho _ do' ''''' ''' "' ......... 

'. 

", 

'. 
-', ,

, .. 
" " 

i 
", 

", ' , .. " 
" " 

". 
,N,o, .. ' S,"",,, b 1.-0'" """_ 015" .... 0 """""" ..... S ... , .... 

F'l-"" , ., . ""11<" '" S'"'"'" .. Stab10 Poo_ ow.g """""" 

n . OIdo< 01 oo n...,. 010 Cu'" -..iI~ . ..... "'" w.. ~ ... """"'tv 
"" ,,," <!ogr" 01 '110 poly""", .. , '"pruonla''''' '" ,h. Cu'" (U" ...... 01 
CO,," •• poIy""mio' 'OI"ooo"'. ""n "' not pouiblo in Which co .. , ... 
ordo, depo_ on ,h. d, riII.tN • • '" tho """'" fo , ... m"Io . . .. Ij. 
"" .. 101 or _two> .... on O<de< or COntact 0' two> • • nd. po>;nom'" 01 
ordo,!<>or "', on onlo, 01 conIIICI 01 lour. Tho h;g/le< rho ordor 01 <01\. 

tact, ''''' llanor ' '''' """'0 io in "'" viciniry 01 '~o <:OO\aCl point. ,"" 
11.0, ..... .,. 0 ou". Ioochny • OO "'o, to' . " o;ghl M. """"_ on 00 .. 
many 01 b "",,,.w .. al rho poin' 01 contact . ,. " " " . w. con .... 
'1*'1<: pol,rnomio' fuoct.,,,, "' do",_ mon-y pod><dIing eu", ... F« 
. .. mpto. ~ a cu". t . ~ touc .... ,n" ",,,frontal .. is . , "" origin. I.' .. 
"'5 . 0, • • in F;g"'. 1 .~->O . (-. t ... '"' ...mol"', is " "" . ,n • .,.,.. 
01 contII ,1 io bwor Ihon lor 0 <uIVe ~ _ ,.~ • • ill Figuro ' ·2511 !wh. r. ,,,, 
I;, .. Ih< .. d.,tra,,, • • a", '010) ",o"n, in ''''". ill ..... 10"01 ' '''" to< • 
'0'" ~ ' ''~o n In f iQuro 1-250 ( .. ner. , ... ", .. " .... <Ior .... ,""'- .'. 

, , • 
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.......... ....... _-_. 
lA IMPORT.o.NCE OF EXPERIMENT.o.L RESULTS 

IN TH~ OHElOPMENT OF THEORIES 

I A.l II11tOdllC1lOII 

T~" _!ion """ .,tllI,," '" . O",. o,prn. ot Ind V. ,lel."lew 01 T,-" 
_. -.. ..... II>«q .. no' dov~q,.,d unlit it .. v";da'N, eo ",,1id.:I_ 
.. an • .,..,.,.,1 orag. of dfWri>pm_1 Many .,.mpIo. 01 vo .. IlO><><l 
a(l<" " o", •• "" 0" t_loal """,",,""0 and . , ,-;.., . ... , ",,,,,,s..,,. 
moo'" 0/ •• h .. "" 01 <ompIic~'od ... uct",.1 and moc!>o,,;c. 1 0)'01.." • 
....... n ., ... l u"'""io .. 0I1h. u"",,1 ""~ bol..-" . Iheory . od 
... 1"' ..... "1 . '" piontd .... B "~ "hoi mo, . ...... " . nl? Con w. 1"''''''''' 
a lIIfOn\l<' and more useM "..""' ... 10' o,po''''e.14I m""OII'~m""" ll!o.. 
lusi' • .-,,,,, 01 """" .. ' 01 CO" ...... can' To I"'~orm ony I~.o,otica l 

",Od"'"" _ . ". mu'" 110 ... 101 0/ _'m.lio" a bolJllht- t>eha.", 0/ 
IIHI .. KIgel (a \I<", rI<: .... me lor 8 _"'. or .kud",. or mecfwlnlsm) lINn 
.... a", Inv.",,..!lng. Wrthoullha, Informa""' .... a,. lota l ~ In Ih. da,1e 

. !IoU '- 10 ...- I~ • ...-~. 0.- . '" "'. '. _ '"'II ""'lie"'., , ... , "'. 
can con"""" • IIMIIll rn<>do l w lhoLil "", ....... lundam • • 1al (UIH" 
jm_~ inlormation Ho,.....Of. """'. _ an. """ 10 <» ju" Ina!1 
n.y ..... 10 , .... tic .. y ~'iIy t ... ~_ .. .., Ih.y <0 " u ... 
<onv. niont ov",~ o"'pis!>: motll. matical modol. TI><oso t",,"gM. oro 
4ddr • ....:I '" ,110 .. 01 "" ,,110 .,. ""' .. ,a tion.ol Rod , • • Ii"., ~ " . o.tv 
u.ou~h1 a boLII_ , """ -.ti< ...... ""od .,~."lali.to .. ""h mora " a • 
... mig~' odm~. Thio ",""""" h .. I~, ... mojo< ~no: (1) 110...- " . porimonll 
a,. usod '0 v.ldo.to tNtorio., (2) 110...- o,~o''''.n .. oro LlO6d moto lOan 
lusi' '" .. 10;10:. 1"""'1', .nd 13) 100" ... perim • • " 0 ... 'n" .... ""$i. '" I ... 
""""""4'1""" w. moM in .v.ry Iheo .. k> eHe<:Ii'lNi eapIU,. tho '''0''''0 
01 111. ob.oa,.,,,,,, b-oMviof ot cou, ... our ul ima' . gool ko ., __ lop 

'!>fO,I .. 1",,1 "\I'M "~n • • perimorul , .. ul' ;" ..... ,oS<>..:l. Sut, ~ 
a \l<,.m«l1 _ not .,~. ,_ ,''' '!>fO .. .- mo," do • • .,."", n1. 
AI: .... dottYo • • r\oItsl>uo;jdlng ttworiK. '" MIl ,.1\0"""", "","",10 .>po'. "'_, ....... '" m." « ..... , do<:koion. in "'. _.""'mom '" our to .. 
_ . W. will ~XjlOun<I """'" '"'" , !10m • • n., Iomo-nli"ll tIIa1 t ... ~ ...... 
ac .. . y io . """M1a ",. ' ..or\: .. not "'"at ~ .00"", boo and, unk>flut\O.toly, 
Iotu, • • • poM1 . ... 1 ~,livity ...... ,;J,oty '0 1>0 .v"" .... '''''n !<>day. 

T'" ov. ,·rid.<>g 111 . ... 0/ this oa<1>o-n .. tho .. "", lot . IliIlh Iovol 01 
"""",,,,>o-n dod Inlo rdopordonc . bot,,""" 111~ ood . ,pon.,.nII. ,. 
fod, ,~oo .. __ or> . ><perirn. ollo, ,,"1_n 0/ ,h. q .. IiI.~jy .. ood 
_milo ... eM'aclo,"'"" 01 a ph.no"""",,, IMI muot bo modeled. 
W. m .... dele",,", Ihe minimum numbe, 01."",,1101 cI\a,""'er;sti<:s 01 
t>eMV;'" 01 • ph.""mo".,.. in Of<\t, '0 COO>I"", tho "'...,..., m~. 
lno ...... nbol I ... " .... ore _...- In IliIlh .. -oro., rnodori • • """". 
"" .. . .. ~. 'Im.ntal , •• ul •• ""'0 a ,. QU" dilleul ., "'tIi<. In do$9> .,. 
00'" in tho 1mm'~101O ta"I)t 0/ tho ~ p'",mettl< >a lu • • • ' t ... 
pIIo""",. non In tho " p. rimo n!. In loCI. <IoI. 'm .... "'" 01 juS! _, ,hOM 
pa'.m .. ~ ... ,. I< qLJito dlf",ul lrom "poM\onls .10 ... A mojo< """"",n 
.. ~ .. 'h""'Y is _10 ",1010 tho • • riou. a opoo" 01"'" bo"*vlo .. , 
p/HI""",.non In on u __ faoll"", .... t~ 10,. Jam .. H. 
S ,O,."" Jt .. (0 maio' p""",n" n' 01 "'. hlgl>.rldokty o""Iy~. ond dooi!l" 

, , • 



.. _ .. - " 
01 b<o:kling..:'itic<lI ..... 1b _11< • • , NASA longley A ...... n:h C. nw) puI 

~, .~ _ "",,-, p!4Idic' 11>0 .. ""."". "'"" yOU don' undo .... "" . ,. Tn., 
"" n . .... ' .. ~.nl DO! Ih~ ;s """,._ . buI • """"'...,,"'" 0' bO<h 
is ,eq ........ E,p. ';"",,,. p«>Vi<Io "'. _iall.clS. aoo '''"''''''' P"'''_ 
1ho _ n,""'o .. _ Ie .. """", .... ""'.; ' ha bohavioO>! pMno"""""'_ 
On/)' """'" 0 •• Iodao.d ,ho0 'Y ""0 co. "'0 obim ,ha, "" 0 ,u", LoI'Idor_ 
... OO , .. pMno",o""". ThO! io, Ihon wo con <»mQonOy p,..;kt boh • • ".. 
. oo "pee! ''''' .. P'_" '" bo co.,..", t.oea ...... "',y . ,. ba.ed on 
.... IKlo,'" 'haoxy 'ha' io. in ' ''''', bo_ on • • ,"""'" •• "" """'p"' ........ 
o, porim.nlol _.,ion •. 
1 .... 2 ComP'l~oon 01 T_.,..oO<l eope,imen,"1 R .. uh. 

N...., m;"" 'ho oppommq '" compo .. your th __ ,.,., pt«J;ctions 
M1Ih o.".,imont4! m",su,olMn"! n on, you w. bo obi. 10 ",'01"",. ,ha 
""".,.....""" Ind oHoc';'o .... 01 j'Ot>' on "",)" JUS! 'hink ",hoto yOU \IoOUld 
be ••• IhOO'oOOon wi h "" ~~ 01 w~o"- you , I~oo..,. ..... "ny 
,,,,,, .. 111<1 ... in ... Iily! H yoo hova.' romp.,"')'OOf Iheo!'f ... ih •• per· 
"" ..... 1 '_.', , ..... you 0" ''''!>II &' ;"g in ...... .., __ .. Iorod ""U";"g 
at>oo.A Ihiov> '''''I <IOn' mottt!! "'ho Og'H menI bot" .. n ,h..,..,..oo .'~.nl is good. mon you 
wi. ha •• mo .. coMQonco in yoU! 'haoI'f. "tho ag.rHmon' " ""' ..... 
h>cto!'f ('flo mo rt ... oly cu." YOO"" juol"'~ 10 dova1cp . I • ..,..,.). 
tt.... you """,, Y"" l1a •• mol. """" '" do_ 'n""", "" .... )'0<1 wd """,, 'a, """" lhan you did be"". ,,,- ",",po""n_ 

~ wo <Ion' go! good oy," m • • , will1 . , porim o,'" ,"outo, jf, .. ' ..... 

tltoo..,. m,,", "'" incbio modo in g at <Omo . ... nb.l' .. 'ul • • of _ .. " . 
~gIy, woo muo! ,ovort '" ,.., "'ol<>pmo'" '""'9" ..-.j _."'~ k;.
~,po';"'. nlol .. ..,"". 01 "h. , ''''' • • I.o'u",. mig/lt boo 00 __ co n ... 
cbio ,n. m in.,... thao!y, In tIHI ""rfO m iof900 • • ",uolly """", '~ " 
• ""'II< in ""'or ... ·_ As .uc~. I~. impoota"". a nd u .. lulna .. 01 ~uld . 
• nco I",", e .pe' .... ntal ,.su~. ol>ould too 1Ie~-.. ldeni. 

One 01 !he on,octiY. I",' ul • • at "'is _ .. II,. " ... Iopm.n, 01 
_"!lolly p ... ,It' " •• 'm .... 01 .. !Iou •• noel. ' M' m" ht .- '0 ... 
acco\jmtd ,Ot ...... " _0,""",,, "'''"''''1' '" <I.".".,.. 'P" '" oomplt. 
_g prolllom, Thoso off""" include, 

~<&O<~ ""'''!matlcO" 
rib. 1 __ ,,. Impo~O<:!ioM 

• h;t>o' ordo, . noct •• uch a. 01\80, <Iolonna'''''' 
,",goO-<>O""';"" """,""", <."","ng oI'~In -dks<>loo.m .nl .... bO"'! "," Ina,,,,,, < .. 13<;' ..... " . 

• onH. nor oe<:<t .. ricibo. 
_, . ... oI,no,mal • • patISion 

p .... ""._'"'o 
Man, . noct. '''lUA • ...,- sopIl"'ico'o<I • • ~on"" """,.."om.n' .. 
0.' 0' .H .... bo."'. ,IK> .. "" ... """"'" dillo", nl too",.", ""'"" , .... 
&ion "'ding thon undor CO!TJ!>l"o • • ;"" "' ... ing • • <100<_ in Soc1K>n 
( _'2 , Po"""" only """.,. oH.., .. ...... b • ...,1_ in on Imp"",0<1 Iheo!'f 

, , 



................. _-_. 
IO, ~ 10 be ...,. ":"" but ..,_imo, ""'ny oneco, ma50 be or .. 'od s!
",ula...,.,.., 10 go .. _.."....,10 .gr ..... n' "I~ e'".""' ..... ' ...... ne<>_ 

W. <.an on .. 00' u .. IUI Io'or""""" ""'" 'no , .... u,. 01 ",. din.,."". 
bel" •• • 'heo«l1"" ptO<Oct"" and o'ponmen'.' m • • • u' . ....... , F.,.
Qnmplo . ... h.1M< It>o prodic1ioos a,. 100 high or 100 low co. IHI qu .. 
uuI"' """"".\Jon ~ """ eon ",10' 0 I I" _ , .. """"urO •• n .... 
1'1 n • 'hOOl">" !or ~,. de<Io<:t"" o:<>nsisIent'" 1I!l!ItI-;"odIc," •• ".,

.... n' .. m . .. u .......... U>'n ,*""ps no' . 1 ;""".", •• 0(1 "i~n ..... 
ho • • b4.n "'~on inlO . """u"' (initio, 00<>"'''''' ;mp.~ .. cb, .... , laroo 
dofi",,1ioo .. ra ln-disploeom .... , ra"'ions. pla<lic deformation, ."'.)_ 

(2) ~ • pial. do"«lion IhOOl">" lln!:-<><odIclS . ,po_.' m.,su,..".n, ... 
'!>on~, "'" po_lily that ,~. tMor-i "" • • n inho-ro ot 0.." 10 .. 
do'I.lopmo" ooch o. 0 mat~'""'t"", _ or t~, t"<l pt><o...,....non 
h .. 001 _ 'uly _ .... to eoplu,. "","x_'" boh .. ".. I"'" 
•• ~noring • • ndio\j .. " . nslo<! """"Iiog ;" "",inolo<l ~'" . s .... ... ~ 
s • • On C~pt. r 31. 

(31 11 tno tn.ory .nd """""onl a go-o. lOr only A ";.glo valuo 01 ,no 
_g ~r.m.tOf, Iry hjgt>o' . "" Ow .. _10 ""'k4I c"""in .. holM< 
ag,oQ"""" .UI ox~ \)"ou eookl ""'0 .......... on in l ial _ t"", i<'" 
"' rop. nad '" bo • oroulng point ... " .... uMor_ And ""'"'-P'-"""J-

(OJ ca,.'uly . ,a""" 'M Wo,m., on ,ou ""yO I""" Ih. 00.,.,._ b&
'~Hn ,Mooty ."" " porimont. n pia" delloc!loos 0" bH>g pr ... ict ... 
a. tn, P~I)' 1J'l'''"nd ..... p_lions.,. too~. eno<" a ~ 
01)' ,_ ~,.,...ro, _" ao Ih. OJ....... W Iho 01_0 ... 
• _. ttlo yiokl 01'0&11 by uS4I 01 oomo yiokl «I.rion, rhon pIa., jc do
!offnalion ..... '" '"u " ""eco you, proIllom II tho OIto .... . ,. 10" 
""""'P-"""; 10 yiolding. "' .... ro' ca n p"""""y .tn. .... " ool'Wdo,. , ... 
0' p,""jcity . tt", .. ~nd look tor o",,"'or c. u .. fo, "' 0 di .. g,....". "', 

l .,. 10 'hin k 10, your ~rticulo, po>bIom _thor thor. a ro _110, cllara<· 
te"'", 10 ho4i> """ kIon1<fy Iho eau .. 01 ony doIicione'" in your 'h"".,.. 

Who . ... 'Y good ,,_ on';" ' .... ,Iy ,," Io-.-od bel., .... .....".,. And 
""".""on' . .. o ".0. lruly ",. ,,,,,, a-ry .. """"'h •• 0_",,,,1_. 
_'Oopecl' Oto " ... to<l to. high Iovol 01 orccuraoy. l • • t 'heory is .p. 
po,.nlly onpabI. 01 h!gh.1ido1lv p.-.. 01 t .. "- 01 our .. 0dg0II 
urodot _'~ng m""llan"",' ond ".",.,. I~or",.' ~ """"~nll'Y. 
W<I ~,,,o oohiovod our goo! 01 an oI!«I~e theoty 

Many m1ghl '!>ink tn" 0I0p 0/ """,po",,,n b<o'~_ """'Y.""'" 
"""'0"''' tho"""" Onporto.", 01 • • .,.,..1bIo.- fO, " I"""'.n .. 1 '10'
""Is. How"" ... Ihey .,...._ 5Orn. _ U5O' 01 e'!HI,i"",""" ,"'uls 
,~, .r. , in rho Iong·torm , low 0/ tMooty _ ·o!opt". ",. "",,,ops '0' mot. 
im""""",, P ..... I>$ •• _,,,,, ""~ ....... "''''0'' _, ~.i1t>. 1,-", 
__ UN ttlon. ".' ...... nt can bo m.d. tlla' 'ho t"""'" ._ronlly (0 . 

pr .... n,. a l a""""s 01 , .... p!>enomono. "",oetly aod aeeur.t.",. How_ .... , _ .Iop"""" 01 theory '" . ,M. ". lOis _, ... _" pultjM by 
0<,*",,0""" ~ "'.' ___ Iho .no ."o~ .. 01 do'Io~ Ihoory! 

Tnil 0001 oI.gt.....".nt _ •• " I!-.y . nd """""'"_ """' •• only 
oft. , long hArd """"" of . ddr ••• ing t .. va,_ O!IOOI. ,,, _ . Iop "-"' 

, , 



.. _ .. - .. 
guided by inlo,m.tio" flOm . ,p.""'eotof ...... lood p. !I'Iopo do • • k>pH>g 

....... m~".· .. ""."'o .'P9rim'.'" to"".1q!JH to ~ """' \(I _'. """. "...~ "''''lrnatio • • "" .. ,". "".oem."". tllan .... "'~ 
pooolJ'Oj . TIIo ... ~" 01 .'1*"".' ,"0\ ~ 'h __ ."<>pm • • ' ''' 
tIooon • • ~,. <100<,_ in tflo ... '" two __ MCt""'. w'nch ~,. flOm tflo 
..... "". ol a f>3.P" by Jono", R .I~."",. o •• " . """"""..,. 01 E"po'. 
","",,' R~" 10 .... Moo"'nic;.ts. E""-",,,II)' 1hoo,oI"',,"" 11 · 12J. 

1 04.3 E.pe<!monts' Rnu'" .,. U_ 
........ ,non · ...... · .0 V. lldotII ThOQry 

"'" . booUl. ""'" • • isIS to, O' I* ... " .. t ,o",b '0 "" Nyond "m Ol. · 
•• idatic" oj 'hoo'1 . .... to! ' " 00'1 to "', . .... Ih_ doma;" 01 u" 'uI,, .. 
.,. ..,porim • • IO' _tho, ot./iouoty eo""'" ~ obto_ 10, • • • ..,. eon· 
co ~at>. c;,c"""",,,,, • . Bo'" 1"00..,. ..... . ,,,,,,imoo' \(I , ""'''>' .. ,,,,,lU ... 1 
"od rneoI>onio. 1 p""'~. 1>0 • • """""'. reI_ .~ Ih.t o'""oiy .... · 
PO''''' ,.1IUIt. CO" t>o obts m.d. 000 Ih ...... '. ;" oll',,"mom. Her. ... . 
Ilddt ... !"~M' """', o( .,p.liment ;" ..... I·i_nt "*'<y·"polimenl 
Inl .. ad.,. I"" "'u"' .... .., "" .,oo"'n" .... to ""'ko _ ... in do, o~ 
"'""" t"_III. '0 ",,,,,,,,, 1M """""iOI .,. st''''''UfO' (0' _I/O"). 

D.niol Dru<I< .. ( , gI 8- 200tI I. m ...... pIa.,,,ty _.,ie ... 000 
.,poMl,~"I" ."" 10'0< o..an 01 E"IIln_;"g .' .... u nl.oositl' olillin" .... ) 
M , .. a .... ., .,.. in 1"2 ..... n "'10"'*"10(1 ,,,.1 "'" many " ",,"n," "'.," 
cl1ooo<ng to "uttt """"t",,1 oppfOOch • • '0 m""""o".".-IfUI ra' ..... 
tI».!>king up .... e 'poIirn • • "1 , 00n • . In lad, ........ 00 uPU' ,"", he 
.... -Unl ... """"""'bl. hUriMo", 0' "'. "'0'' quoliliO<l . ,""""'. aim . 1 
""mt>"0(1 operim""",1 ..... thoooro,i::.1 resooIC". tho lIO,e~u .. of pt.,..,., ""o ,ma'"", .... ~ dop_ by 'he ' .. mondcu. 0"",""'" on 
a ... Iy,.; ...... Ih..,..,. , • .o tho 1hooorioI ... ~ ,0(1"".,; \0 ployfng _10 .. 
~..... r..p.rimonl .. ........rioI. ~ .... ,. ~ .... ~ .. <"",tN. (ito"", 
addod) . avo, .... ,oars. O<I""i"",,,, P""'""" 'ho !=i. ('" tho ,0("0 .. _ 
oI . .... Ov 'h",,'1 0.0 tho ....... Iopmont 01 e o" 'hoa<y- (1-131 

_, Singoef (1 923- ) ("","",nt shell _ kl<>v '"00,;0, 0.0 
e ' pe,lm. nUllk>l) <!o5C!l>od oighl mol" .. "" expe,irn . ... ., , he spec\'k: 
'" "oOiclO(l ., .. of _ o""klO>g In ,_ 1' -141 0"" 11m<! 1' -'5J: 

.("') "Bette, """",oIaoo;og'" _kling ..... ooslb<ocl<t;"g t>o" .. iOI 
. "" 'he p ~"",ry ("""' .. a"octI"g M 

(BI To fro now pno""_ "" 
(e) To ob .. ,o bon ... """,,,0 10' compu""io<>&. 

{OJ To "","'h """."""'" '_IS !>eO"Nn .".~.net "''' 
."" I", mot_'o onee". 

(£) To build t;<Ift!ldooc. in .,u~ipIr_ compute , proo<Dm. 

(F) To •• ",..,.. .. id ... 01 oo"",,,,,tioe O! . . .... <o"""""t.d 
._0." 01 a >ll<Jdu" 

(0) Fo, bo.>cI<Iing und., ~io ... d eg ood '" ' .... -01"0<1"" in,._ion p'''''lom •. 

(H) Fo, ",'"Ii<.tic~ , .. to 01 lu .. ..,.10 """",u, ... -

, , • 



>0 ............... ___ • 

m .. ,p'~Ia'k>n 01 ,~ . mol;"" ._111 be lailll' __ in '. ,m. 01 appII
e.bit.y 10 b""l.~ ot 0lI>0, " 'Udu .. ' ...."..". _ h •• b .... od p~'" 
or ... n .,.". _ "" moct>a."" 'OPOCS' Sing .. o od ~is <:01\,01'0,,"
.......,."."" W . .... ,!P "" 10 . , ,,,. ,, • • "" 01 "'_ """ .... " Ih .~ ""'" 
Buckling E~.nrs: b".rim.rn.1 1.1._ in fluokIKrg at nm_w~_ 

$ Imclu,.. (1.161. W. ,,;,0 , . 1. , """" '" lhat ",,,,.,Ublo boo. 101. ,. 
Th., Ih. M two lumin., ... 01 _ n'" pul 00 moc!l _mph .. is 011 

rh. ",-""""" ot _'l'Orion,,,,101 """~ ._.", """", .. ', 0"",1.. , _~. 

rho ... wortls in '002, aod h .. lame"'" a od eo.Lltiooo .,e probllbly more 
.""I<o.blt todav ..... n "hen"" 1.0l opoq ", om' SO>Qw $flO'. 0 . .... ""' .Iy yo,. Io,Of. and ada-• ..-",. ~ •. _ work h . , per."."la l 
ro .. .,"' • • ",,,,,",Ioy II> ..... , buoklO>g I n. O(lI,,"na'ion ot "10M ,_ 
points ol • .,w is a """,. rt'" comm. "",')' on tit. ""u. 01 m oc~a"" ovo. 
todoy. Our ' ''''''' on Ih*""f a' 'M . , p. n .. 0' • ..,.."" • • , ha. 10<1 u. 
down. 1I"rdon ~'h'lO ov~~.1i:rno:_ on ~ """"PU'" to ION_ our prob. 
""". '0 "' •• "_n' u...r w. MrdY • .,."oc .... " 1><";""'"'"' !hOd, . od tI\a, sIa'. ol . Han;" a , • • 1 prol • ...".., ohom • . UnlO~UM"Iy . __ ~n"l 

-" miQllt """" t>e _" ~""'.....,.,;u. The,. is muolo '0 t>e 
Ieo"-' n .,p.,imen",-' work. rtnd ""'"" ,"""rio. ,,~ """ ... b. _&loped 
wt"""-'t ... ~~ e.pe_.' ' ...... , 
1A.4 E.perimonto' ReouR • .... 

"'. V.'Y e .. " <>, .11 TtIeO,.,Ic., _ ,. 

n., .. 1*" .... 0 .. ' ,osuI • • , . ",. lI ...... m_.' bu. 01 . 1 '~oo,otico l 

_IS"" 11lI ...... k"""o 10 •• " ho ...... ",. tfWr~ a bout l, but I ..... m· 
ingIy ... , • my",or; to oom. , A<1 .... ,Iy. tn . .... is q .... ''''p.: Eng.-s 
m,," . .... Y. _ • ........, bIos.d "" ,act. '''' <bing _, • • • , '~oy do. 
Obviou,"", __ n'm""tol , .. ub ~1O "'" _ing /ore. /0, 'Moly _._ 

",-", •• " ""'.w It>. . ... ,'"' , ~.I e,p. rionont. 01>0.", ..... , no" 
be"".iornl cha,ac'e,istic. ond """""oro eve,·_.no:od "'''''')' for a po." 
t>r:ulo' ..... 01 0,1 . .. 01 unll o" ' ''Poets 01 tn. pilon,.",.""", oro troIh .... . _.tood and ..... , tr><>dolod, In ,~. """" .. Ie ...... "O<\d 01 cu ,ly <>"Ie,_ 
t>o.<s, ._'10 ... ,""' .... woo. troI<H.oOd .y __ ', .m,.,'" "",,- ,-
oel ..... od 01,", m.n j ..... ' _ ot w,,"' woo oIIe . (qu .. ,ion.blyl _I'd 
u e~n', 11>00<011«0,.. "'uOi rooognoz. tho, e.~""UlJ ""'~ """,1r:I<r. 
'ho <OtJI t>eMnd." v...o.-.. Ie.lworI:. E. pO<imo",. ' 1rw ... lgotbn io _ _ 
_ ... oy 10 1"' .... "'. _.Iion, 0' _ i!ic b._."", .. , , .. ,"' .. or 
c"'rod_ie. 01 . plWnomMlOn , .. , mu", boo _ w;'" a 'hoo,),. 
W. ho., Ill. _ ... Iion •• ,h. ,. is . boolul. 1y 00 b .... "" a m_I 11>01 
io, """" m""'- be a ~rm IoundIrtroo 01 muliplo 010 .... 0000. 01 how • 
""" .rio l or . _ .... e beha.u .ode , •• , ..... boding oondj ..... 10 ..".,. 
os ,1>0 ovlde""" 0< ph . """,.""n '0 boo tr><>dolod. And the .. m~ boo . v. n 
more ...,00...,. th., ;o indO_nI 01 u... "'''''mlltion '-"""<110 .Ol.btioh 
''''' , .... " .., ". ca. """"POll our 'hoo'eU". , p'o,'ir"""'OI0 to", d"'eront 
(Ood nace .... "'Y ino.~) • • ...,""" '0 ,al;;',. t~. ,'*"1 . 

S"", . hm .... conducrinll a ".-ope' ",p" 'mon' o ••• 0" ",,0.,00 ... , 
~. io ""'" dillicult t>ocou .. of ... doq<»t. or ... . ,. Iy c .... n!lO'd ", • 
........ ... !lon , dtI;"u.·'o· .... ula, • .... nts. 0' iMp!'Ob.aOli:)' 0' ..... iM · 

, , • 



.. _00- " 
posstIIliIy 01 e>.usO>Q 00""", . ... ".. to happon, Whe .. ' M H • • ' . I ..... 
I)/'h. a .. "'!>hYoi< koI .. "" must ,.~ on biI .. "" pio< • • 01 intor'ma '"" ""' ... 
• ""th<.~ oIlO!1 I..,. _n '" <O!I""'" "' ""_'0 a ,'-"/ .,.oMr\g _n 01 PO"'" 01 lho UnN"OO Ihrooghool"" . _ , Simi .. """ OIt\IC_ 
,."" m "' ''n~ _ od ;' ."a~~.nO <Io.,;yn;'g .',"" ....... '" """, . 
"'nO • • rthquoku t>os ~LMI<I.mol"n &ilK "" lrom p ... """"" .. , • • ' 0 
y"010 Iho .... Qing r>oiOVlion. bo.t , ..... ,.., .,eool . , ... ""rthq"""-.;.,,-
u!olO! 'lobi .. ' (large . """"" \0 a my m.ojot portions or .w,"",M!) \0 do· 
torm '" 0, <O!II.,.. ..t.>., ""wOn" \0 0<, .. 1 oIn.oCIu"," "",,", ou<h 
domon<tng ond un""",' cond~ioM, Bulding ."" "" wmentinQ on 1lC'l>Ili 
",UClu,. 10 ......... " '''''UI.I «>ncOfl~ undo< oo,uor ""liquok • • p'" 
_ ... )'Ou ~now .. h. ", on o."h~u.~o will o«u, .nd !hoI _ ";1 o::cur 
_ ""' ,.". r-tod 0/ I"""" _ " gr_1 F., 0""".,. of _ 0 .. 
'" ,_ t~o """"""". ""_n"'g' _ .... ;. " ... mo' b""'IO-.g o. 
PO''''ont. <>II plo ... . 11) cont",1ed hoaling in~. and ,im • • s woll a . 
(2) • ..em. """""" 01 pia'" ' ' "",It ... ha • • .- ;' Ihom .. tv.-o O_ n 
cho ' onging "'Pic.", .,pot""""" """""'" _r>ic. 10' moll)' yo.rs. F""" .. ,oty, ",on, DI'" """,,'uro' m..:Mnic • • ".",bn. ""' _0 
" . d ify potfom>o.blo. 

Tho ,"" ly 01 "how ,tw.,. ,,,'!k" '" '_ '. ~ .... n"i .. QUito ditlicu_ 
10 <IeIe, mino "' ..,..,0 ""50' , Fe, . ""m .... , . hol ....,kling """'" .. 001 
compression loading """."Ia, _ ......,. 10< 'M human """ 10 po",*h<. 
oJ 11>0 ov ...... • nd ""'_ 0' .. on'. ,t>al 0" """",,ning. ft ""'" 'M 
.... zlng " po ';"'"". and "V>~ motion paUl ... 01 Almro"'. 
Hoi,,-, .nd B,u,,, (' -'1110 bo-Io1g __ • 10 "'" . ttO"'1c>o . "" 10 ~ 
.,. U" ",","",oo how _ ,10 ... .,. _kIo, Not. ""', AIm""" 000 B",.h 
_ ... j>n1lUf'ly ''' '''' '~'. alttx>ugh AIm"'1h ~ ha,'. ~, ... " ", .. I 
o pr.>CI""" ..,gnoo ,. Elo Aim",,,, ('II2, _,gIJ) wu on omamg _dool 
.. M rompelod ..trad"oty with Ph_D_ ~.o", ond .., .... "' • • n n 
!I>oug!> he fwod 10 .. 'flon Iho . qu"alon, 0' • 6 .S , dog'eo ' f<OO Ih.It 'arm.1 
fIdue>'ion w,," nol in m«fIon<:s! 

An en~' muo! .. e k '0"'0' ", ,,'" '0"" 01 , ... d ng inlO,," o_ 
'rom c,.ico l e ,penm_. ro _.Iop on _o<",,'ion lor , ... nu.onces 01 
tho _"'" '" • oart"'-"" ' typo 01 m""hoonico' Of ",UCI.,,' $yil . .. , Woh 
""" .~'oc .. _, an ""IIin .. , is thon PI_,od 10 anompl 10 _ 1M 
... """," ,,~h Iho a pprnp,1a1O P' Y_' 10"", aM prinelp'" '0 ,.rIo., 
"" ... 01 oop.islic:ation. II ,h. _ is goo<! and,,", ' ''''Iysis c.m,"". 
"', n ' ''0 boo" ..... "';g'" boo p".dIotod rolo1y _, How" " , f ,h. roodol 
io kicking 101 ..... ". , t.ot. "., ""' " tho b . ....... connot .. -..uototy 
~.,'od_ Tho poin' io ,h.111>o "',, .. , b. ho,'" p""';';". mnd.'"'~ eloJ .. 
""" m..t b • • <1<1 ....... , TIl.,.. ... must _ ..... , • • 1>0 .... '" b. lo< • .... CIO. '"~mpI" _I.' 

, om pet""""'" _"""",,00 ....... , ".,. ""me " ngie . .... 11)' 10 de-
• • lop . ~ ... h an _"'u"", poor "",,"rstanding 0' ' M ~.n"" 

"''*-' .... odd, • ....:r. In oom. c._, '''' .ppa,.n' .Iogo""" 01 , ... 
",."""".Iie.1 opproach is .....oo '0 '=O! up' "'" lundo....., .. 1 ,ea"'l """ 
"'. 'hto.,. ... illio b . .. n \act ... mo~ In. r.c' 01 '''' ..,,,,.1_,,,,1 
Som. (Iort"""t.~ low) ''-,oIic''"" quo •• W'" on'lJ _ '" 100 .. y 
ignoto moot 0' &I """ .", .Ia' delO .. Io,od '" 11>0 P""""""""" .~. 

, , 
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nd- .. ! oll~~l 'll!!~~ .IlPU .i::t"'&;,~;la~~f -.'H~" 
'5 ;-nHil'l [ ! ~ i -g] ~~ i ~ .. f'Q. ~ ~1 a ,!~ ~ ~~ :i l~ OJ ~ ! '''. ~~ ;-. ~ 
~~&~Ela~I · '&_~i-~~·G~S~-·~~ i ~~~~ ~! I j~ · .tl 
'0IE~ C ! ~!' _ ~~~·J~'1!9~1~.t .!~il'isJ9~I-c~~;~~ 0, .~ Z ~ .~~ . ~! • • _ ~ ~~! " " o "',i ~ - ~~y _ ~ ~ 
~ ~ -5 f a !,! ~ . ~ . ~s ~ c · ~ X ~ .~ eo! ! f ~ ~ .~ ~~-~.~Q~ ~ ~~-~=2~~lmJ_. ~&!R.I·l·1 · S ' . i 
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I II SOME IMPORTANT OISTINCTIONS IN ENGINEERING ANALTSIS 

1.5.1 i<ltroduetion 

.... w . .... ;,-. ~"""''''' .... I»n ..... mutt ~ "... .n ........ In 
.. "'" .... y to 1M on . tt."..,. """',.,., wit""'" ,""uaoni ... uy . non. Sim_ 
pIiI". 1O><! .. rh • .-y . ... <1 at ,,,. .,..,""n"'" of .. of.,.1>- OPP","",," 10 
_n~ """"'''''0 pto/WtM (recall 'no la"", • • "p_ MdicNo ,.main 
pia .... . impl+cal.,.,). Too _n. many _ ,n. y .... k ..... mpt;ono 10 
m pli!y ""'it -",,,,,n. but "'rt m;';"t.""e, on. "",d • ... umpl.,.,· 10 bo 
aQPIicoble when f is act .. 1Iy 001 . 1 .1 ,,"~"bIe 10, u,. in 8<1)' ong;n • • ,tng 
."11'101' Wr>-;? Boco" .. 10 ..... .". ;o"lo to"" lot {I" "O<I; '"-'PP"" 
(.."., .. n~) 10 b<t 0 ract· IH8. p. 84J. The ..... d ._. is a dI ,"'"' 
..... , .. ' 10<> '0 b<t a ..,,,,.,.,.1 Tn ... an _ ,"pllM ;, a>bll,.'Y. "'" r~" 
_0.0' . on arbll .. ry .. ""mplion ho. "" p looee ... 1>01000 • • ' In the 
Iog~ do,l_ion '" .n .n91 ..... 11"9 ","uRI Nor. , .. , _ ot ""'n ·a r· 
bitrary" and ........."ption· .. , _ noon' -.. ... 'no dommon of ' ''''''''P'" 
IO><! h .. no <OqlRnmont "" Ina ..... ""plion tD to. ~ Tnu,. II1e ....,..d 
·........,ption·;. Incorroel 000 •• "" <onl""'g n . nlline.ring on.Iy .... I 
,.;. '~<Ie 1 __ 1 "'"' the"""; ....... "..,..,.,. i. eonecllO . M. W~ .n 

_ Ilrmly .... blisll ' hot "p,."""'pl»n ... ,"pe'"" 10 ·oSSIJIfIP!"'n·. "'. w~ 
,100 dI.t~""" t>elw .. n Pro","""""" """ ·'.01"'1'0>0· ... Iho cool.,1 oj 
awlying spe<~'" cotOIioo. to tho I.m ~. ' pIo'. prn!JMm. FIr>a'Iy. w, 
muot ' ''''0"'_ 'h • .....,..." .. 01_. to '9duoo tho ~iIiI)' or "'" 
&ta'omont< tHoing misinlo!pfQIO<l won ""'ort....,~. Of """" 'ragO: , , ..... Its. 

1.5.2 P .... umption versu, A .. umpllon 

TIM> Problom 

.... I "'ughl m"',omoeMn"" u>in<.! tho I . .. "'oeM""", 01 CompaM~ 

""'1~4 I' · W~ I q" 1«<Iy ,*",mo ..... ro 11\0' ",.nl .,"""',. _,d •• • "",,,,,,'On In ong;nHring .MIy'" \0 tHo a "''''1\' .rb.,,/y choice ". 
...... " two '" fI'IQtt ........ , ..... On . ""'" Inot b<t ___ a obl",,., 50 
11>0 "",oct In'orp'otation 01 'flO diet."..,.,. <IoliNI"", 0/ "' ... m. ? W. 
_ ... d""""""'g ""'" 10 <10_ ' M ", ... ".",.,. or """ .... 10 ' W""'imo. 
tiD" to ..... *"oct ... _ . 0/ . l iIlor·toirllor<:«l oompod. Io miml "" '. 
""ndioulo , to II>e 1",., diroclion. Eo, I", tho " PfO"""I<>Iiv. -.... •• 10-
m~"f ol1!lo 10m .... in Figu" 1·21 • . l ....... min. Ih. onoly'" ~ 

' . ..... _ .... __ "'v£! ~ ... ___ .. """,,,, __ .... 
...................... ,.._ ... " t· .. ...-.. . .. , ....... ,-o ... 
...... , •••• ," ............. _ . ......... lo, ... ... ....-.......... _ _ ... .. . _ . __ . ... _ ''''' onr'' "_ .... _ ...--.- .. ,.., .. .. ,'P',._, _ ,." -.. ...... _ .... 
...... - "" n'"'''''' __ " .... .... _ .... , -.., ,, . _ ,,_ 
' ......... ..- or "," HV£,, __ . """",....,. _ __ .... "" . 
.. , __ "'"_"'" ... _ ...... ft .. ,, __ •. ~,w ..... _ , .. , .... 

-~.""""'"' .. --~ .. , ... _ ..... _-_ .. .... ..... ......, ......... . ,n.-_'._ "" ....... _ .... ........ ~ .... _ -.. " ... --., ... ---"""' ... - .... ~- .. -. ---_ ..... -.... - .... , ... -~ ... ---.. ...... ..,. 

, , • 



........ .. ..... _-_. 

b .. ""~ .. ~ ... "V""""'" n._ .... ~_~_ 
. _ ' _20 R.,_ .... __ ~ _ _ ............ ", ~""" F ...... 

.. 
" .. 

m-" 
Tho R.' .... _ v_ £_ '''' 
• Fi .. , ·_ Com"o". "'"""" " ... Lndi.- , .,. .. 

, , 

In moe""nics 01 "",1.,ioI. analy"'. lI1e "'" """"<!I' is e""'blisl"ling 
a uulul simpllynti _ppro.o/mll_ 'IIP'r<WIa llIe moe/"",,,,,,! """ ... Iot 01 
• -.:I obiocl or $I,":,.",. ;" """" 10 ~,Iy. "" ."~ .. _ -"ioo ;" " 
.. 1011Y. 1y ",,"plot a'l<l """9Il_,d ~. Ea<: ~ _"' ..... ,.,., ...... 
". plaU$ib~, 1,._. ,._,_ muot".. __ wily Ih. opp_'''" "'~ 
(oI>ot<1d) .. ,.,. lin moe".;:" . ppro ...... ,""'. ~""," "" . "'.'a .... '). 
01 course, ,~. """","",ir>II opp rO' """"'n ","" ,.Ii>ty "'" dol ....... '" I ... 
"""'" .pp"" "".Iion, F .... 'oW""';"" " mo.n. ·nw,. '" _ COft«I 
<>< • • a<'. (I . ,B , p_ MJ_ n o •. "ap1"<'>J"""",,' "' .,~. act "r ... ,. of ap
i"<', .... Iing , Of com~ cloN-0< ·on _"'0' •. \/UoN. or "",'h."",,;;., 
' 0 .. 1 ,~., ;. """",,_'.Iy cot""" '" <10M MO<J!1h '" .~oc ...... 10< a 
pomcuJo, pu_· [1·18. p. 6ll1- T ....... "'" oI>jooc! ... .. 1O ' 00 a UM'U' 
_ ",""ow n. '0., ~ _ .",.n' or~t"' "' n •• ..,. ',uo.'I<I ..... 
"'" ~tion eflorl. by dramotical'J . imIll/tf;"g ,h& oqlJoll' iooo 'o b& ..,~ed. 
T)'I>O:o'Iy. ;" moen...nlco "I m.Ie .... , ,h. ""pI;lying appro.d",o'''n w;1 
be UhO, , ... ,OtI 10 ~"""aliC' Of '" ~_"," , I. . .. a OIO, .... tnl . """, ,~_ 
~Iot,",,'io .. or , ... Ioree. lor '"'I""'Olonll'l .. ,oose) ;" ,1>0 ptt:blom ed· 

'ThO _ ., ... _ ' .. .,. ..... b_~ ... __ ........ . r_ .......... --..., ........ _,_~ .. ~ ,.., __ . __ .. , ...... _ . ..,,) ..... _ .. _ ........ - _ ..... __ ... _ ... _ .. _--_ ...... . "' ..... _.,..-

, , 



.. _ .. - .. 
dressed, Th. mosI promineflt -...mion .ppro' .... tion .. 'pIono....,. 
liono ~ . .. p .. "'- .. ""' • ., It.o<y ... _ .. it. ... ' .... Ion" .. pIol • • 0<1 
.., .. I'-"Y. ath., O!'P',,, .... 'ioos "" .... "'" .,rict", ""'1"" .... ".1 0""" 
.. ,"".,0~n9 . .. , ... ' ,po.""n 0' opp''''' '''''',;"g oin e wilh e 10< .".,01 
a nglo. l.Ianv p. o!>le call ,h ... oOmp itr"'sl .pp..,.iMal",.,. '."""'P' 
Iio"'-, aO<l .,.. ot 1M' ..... _ .. ,ho ma;n co""," ot ",oblems ' 0 co .... 
~ tIlo eM'" is ", "'" mado is ' N"' . n ."""pO",", ' lion ,h. cholce " in· 
_ "'''~'''V, o .... _od in ,"" in lrodue1ion to this .Mel"," (1 .5 ,1), 

n. '"" .,.otic "'<"l ..... obloiood ,.~II ", __ """" 0. 0"' ... 01 
• t ;b .. · ..... o..-l ""," F"'o.o Iomi,", ,, ""'Diy E, ..... """"'Iu .... Iho I,. 
bo,.Q,od"'" 111>0 H',..,."""' ...... RVE <>I F.,.... , .27bl . TM .... pIity .. ; 
""",",""aho " is ,ho, ,ho ....... '" ,h. Ib<r d ;,OC!ion 01. U""",""""", 
IIbo, ... inlorcod "0",,,,,,.;,. mal& .. 1 . .. ,"" Mm. 'n ,"" ~bo,s as "' ,"" 
""',,'" I. _"".Ilan 0' ~ in..".,,, appr",d,,,,,' '''"). i.' " 

~ ......... in .... '" no! 11>0 ... mo ....... ""',.n' 1.0,0101) ",,""""on'" 
1M" • II"",,,,,, bo,,, .. " tho loll. ", 00<1 t"" """II< "'u'" . . .. Ooeau" ,h. 
flbo, "","iii bo lonilO' .. t"" t ·<lirecllon than 1M mo.ttl, or '''0 "", ... T"" 
oq ... ~ .... I • • appro' """tion", eoffKl boca_ portio", 01 "",,,i •• 0<1 I. 
""',. 'hot doform _.by._ (jtooI 'M oprinll" in pomllo') m"" have , '''' 
.. _ .,,,,Ino . t " ,,, " 'orlooo " ' hoy '''' '0 """ . ... p.ort 01 a n """ " 'u,"" 
(con.....,.,o) bo<Iy T"" .. "", ""n bo .. <I lor p.orntlol portion ... 'ho 
, ·diro<lion _ 1M lbo,. 0 0<1 wi'hin 11>0 m.trix , ." tho ..... ins o ro 
i1onta.I'ivoul/hOL!! ,h. ",,"" me <>I ,ho RYE. Thos. tho oqu.~ot,.'" ap· 
pro,"",,1ion !\as 0 w 'V plou.ibIo, 00<1 .. on comp.olinG, " 0"'" to ho true. 
Noto ,1Ia, cross __ • ""lma' 10 ,"" '""' "" _h " .,. plooo bel",. 
""'inG . ,._, , .... .., plio • • tto, . "'''inG , bL!! 1h0)' don' ,""', ••• '" 
OfdiN.'V ".m V-..... Nso,"'h un i olm _in .. ,h. RVE , ''''' "v-ot 
""0" '" "'" lobo. _Ou .. ~ ho. ' ho 1Ogho .. 0'I<IduIu>.. Tho "Guo',",al"" 
.'""","""",, . II "_ '" ,ho do .~.''''" of ,"" modu .... E" whOch is ,ho 
co"",,,o' '" ",,,,,,,,,,,,no ity .. 'ho oO'HIi",onsi<>nal " .. " 00 I>ot~·oon Ih. 
macroocopic "'<>os' ",. a O<l 'ho mac,oscop~ .,,."' , ' ,. 'hot wo _oIop 
lrom "'" m"roocopic <lot", .... "". aO<l '''OSOft in t"" lbo, aO<l """rill 
'" ,h. lirlhomogoneouo) RVE. 

" , _ E,', (1.5) 

~n ... _ . a ompll .,p •• oslon.,. 'h<o oIo"~ ""","Ius. E" '" 
'". ~-dir0Cl"'" '" tI .. lamlno, 0 10"-'_ sit"",.,... a'iM. f o, ,110 
RVE .. ~iguro '·21a, tIlo "_nlS wo,o I"""," wiIIo ~ 10 _ 
_ 11o , _ tbon and ,II. """II< "",t., .. , h ... oqu~' o;t",",s in ' h. 
2·d iroction (0 .... "",Iio _,,, ... 'io") or _ I 0"" __ .. ,h. 

2·dir""tioo I . . ... 60; ' ''1'''''''. '00). tIlo on~ '''0 opt""" to,,, .... ~inG 
."",", ,,,.Iioo. Tho ,"""u",," E" .. tho con ... nt <>I p."",,"""'1Cy in 'hO 
OIIO"d",,"nsional , ... ticn btow ... ' ... mo,~ 01"", ",. a O<l ' '''' 
"",cro«:opI< "", 'n, '" ,ha' .... _oIop 1m", Ih . m"roocop;c ""1o,,,,,,· 
tic .. a O<l .. , . ..... '" "'. ,be< 0 0<1 ",a"'" of ,h . 'inhomogoneouo) RVE, 

", - E:!2 ( 1.6) 

, , 



,. ............... _-_. 
Mo., "000.," m ply picked .~_ oqual .. ",In. In Ihe 2.dlroclion' 

',, _ ' ,.. (1.7) 

Of oquol ........ in 'ho 2.", .. "10,,,,' 
a,, _ ~ ("" 

ao. oimplolyng _,im.,io. wilhout ."., '''''''11 ~ IHsen os to .."y 
'My "".do Ih.~ c/>o"",,1 T"-Y""''' _'~I)' OVO" "" on • • • ",.".1.1>. 
MM n 'hoy .... to ""lund ., "do"". E, 000 _'" of IogCoI M~': Thol 
ill. !hoy ""';pp.:! 'ho 1o~1 . ,." 01 Moerbing ... iIy".,.., 0""" ,0.;,. .p. 
pro ..... ,.", or "II)' tflO~ • • ~"o."""'ion wo, •• Iid (ond. by ....,.,.'iOn. 
_ IflO "'"or _o, im,'''O ks .,11 .. lid). A .... plo «>In 10M "","kI.ul· 
lieo • Iho ..ord ·._mo· .. 'ho _ rool """",,,""n or _, tho, .... r. ''Y-
ing 10 acoom~"" (Olll-In , ·._·In ,flO doIlnilioo or ......... is 0 dirK"l 
InvlIa'iOn 10 bo '_'1'). TOOM who C!>o$O oquaj .... In.· """all' did 
~ 10110 .... ""o~h ill thair p<oOIom ",,"'ion" Ihe ... go "h~ .. ~ .. _. 
""0 \/'IQt , _ ~.."mp"'n Ql oQu.'''",iflS iII lhe 2·d~",'ion In IflO doli
.~ ..... 01 f , .io"" " .q<i>OOom' Tho, o_ n!lolly (0"" "nw'<t1n 9lo!) moo;l;. 
1;..:1 Ihe COIIC Opt '" _0, im4"'n '" bo Ih. irIcortod ooncopt 01 '''""'P. 
tic" .. '""<:.to '"0, w . .. h .. to ONII"," ""ytimg".,..,~, 1 "'-"POC1 
""" many "'". .. who <i"<>s& Ihe oquol· .. r.""", ."",.,.," mo rel)' ",mom· 
_ ,hal Iho~ ohoico ...... pmpor I", IRIing E, r. '''', lhan odually '_g lha r""""" b""," ... 'hoy did not ..... 'ho '"""". TflOl;", ... "... 
just mot. or .... _rnonz.d """I '" "" In _h <II tho lout .. .., mic,,," 
",,,,,""nie. 1"<'1>' .... <II I"",ng 0 ".o,,'''ol oMnpIo . , "' • ...", I., E,. E,. 
_" , and G". Ih. o~,ing roosta"", 10, a 10m .... oIlt1<;1,·_otd 
o_o~. ",01_ . ~I~""" '" "'" • v .... 0pP~ ., ""I>'"o.rlog 
"naly»! Thi1'l<inQ "oo<lllhe propor ".tu,. '" t_ appro. ima'io" ;. .. · 
qu..... Thoir .... ieuHy wa, lock <II ioou. 0" & eIorn' .. od 10 1M 0 .... 

"h.."",.·_ "0"'" 10< Ihe oort"'" ""tom",,' '" ~'im.,iOn, Somo 
'" U, ks dlfliculy .. .. ma"'ie In ""'u,o on ""'i, p&tt (im""' I>0, .... '" , .. 
word ...... rnpl;".,j in .ddition 10 thair QQI roo"ll ..... g I ... bfIi< obocluloly 
roqu ........... ..".... ~ com. I""" "'" Oio"tj"", ;"., <II phy"'ol .. I· 
"""",, !!>O, .. 'PO .... . __ to.-.:1 ""'" is ~ "" .. It>o prol>"m·. I ofton 
..... , .. S~-. I.,m "Q"" P ... ?" (Quo P ... moon, "WMI·. iIapponirlll' 
Of ..... ""r. gojrIg on11O O$k ""'"fa going 00 In ,no _m .. . (jM'nmic ~ 10 ~ .. _ . '0,.._ pu '" It>o ''''''Y. ~ ond ho..- 10 go1 
stanod in an analy .... TIMt <onflQC1" ....... .. ,,"a' ks going on ill 'no 
prob .... o nd • ""'labl. OW"', ... , ..... .. "''''" _ "0 t h., y<>o d.'.,_ 
m"""""" io od""1Iy '1"'"9 on. 

' _ ..... _ ......... >1, or. "'" _ ... '_ ~ ... .... do"",",,- ' ., .... ~ ...--..... _ .. -~ ... ""'--"'" "" _ ....... .. ... , .... ...- .. .. - .... , ...... ft, oro ""'w" __ ... , ... _ .... ......... _n_ ..... __ I101< ... _~ 

__ ). """," .... ~ _ .... , ... _NO .... ' ........ ""'OM'" _ , "" 
_ .... _. 0<1"'""".' .. "' ..... R .. ,. ~ . ""'''_"'"' ,~ ..,. 
.,.., ...... 0, ......... ...,..., ....... .. ,.,. "" .. ""' __ " ....... __ __ 

"'h, .,...,,,,- .. <Orr"" "" _ .... '" , .. _ ..... __ . E ..... 
...... "",,,,,," "*"" "'" -. ... , -'" -_ .. ... __ •• ,"-... _ .. -. ... ... , ... , '-_ ......... ... _ ........ r,' 

, , 



.. _ .. - " 
Tho SaM.,n 

Too o/Ion. a ' '''''',otOon ·4 ... .,...S· ..... t a cor1O.;" Iypo ot bo"", '" 
• • ioU a nd .,..,.,.- 10 _oIop 0 model ..,d th~ booed on ,~.t as-
""""""n. TI\&I ..... ~ • • , .. lOy ond oimoi)o m . . .... bllodo .. "_ 
liOn""" mq,t not ... n be t ...... Thon. "" jo not ""otftMin\j '" .n~ 
"""'in\j btea .... h. jo O'~'Ry no1 000>0 to 00' & •• 1<1 """'''" unIoH 
!HI .. ".. pia;" klok)'. How.'. '. tI .. !u __ 1 """".p' ;" a"'l)'a . ot 
mt<l»."~ bona , ... o! mot_to ond "","",u ,os .. not •• oirnpIo .. 

mo'. 1)' ""'''"''' a n . ....... ption t>ecaUH 10 .-..n. is ,., 'aka IO'lpnlod; 
_ (""""o/h"'9l '" bo. ""'-I1. tB. p. &lj. T .. word "oupp<>M' io 
«diroc' mit.,,,,, to b4 orbit,ary. nu" on OSS<l"""",,,;" .fflt ",'1. 00/ 
!<oot! ~ . '*">ie. ;'INI)' . _'1. thon we m9lt •• ~ .• • ~ . 00;'" k
oo!OOgly , ..... word a=mpoon ...... ou' ""''''ly ,,"",""' !he (so ..... 
Ih"gl "". MV __ ,,""t--.. .. , to b. ~'Od, W. '" ",och"n;;" 
a nd mora II"n ... 1Iy '" ""IIin •• ' ",g. """",,," 'M' fIogica" W. 0" not 
int ........ ;., .rt>it,.~ lO ki'll! .. rnetn"'ll !Of g'antO<ll 0... """"Of" io "~h 
findinv ... /t1 _ _ ~,.."" . .... ot , • • sonin\j or awroo<h , 

To , • .....". ,h" _ ..... ~"' !or .. _ nts ot ."lpho"'~ ,h • 
..... so" pan ot tn . oppro>maoon, IIH>gatI .... td1in\l t", a word ,~., """"" 
;"h. _ty 1>0.' 0 111. '''0 .... ntiol .Io",oots thot to,,", • • iot ;" • ...-Io 
opp,",,,,ooon, (1) ..,.,,," ... '" oun _",,,,,o,",n? 0J'>d (~) ~'hy ;athto, 
_ ", ,,,,.wn ~ ond p""",o1 My II'>"'llriend Prot • ..." , Poul 
1..o!lOCO ot MIT .. y. all ong;noori"g ... " mp! ...... must hto"" • , •• ..,. 
00&0010'0<1 ..-itt> Tt>e'"' ' '''"''''' _ ", .. Mt~ >lim {!Of '" is la, biggt< 
I ... I .m' ). He ......... , I w.ntod .. go",... ","" '"" .. , and 1 .... . _ 
, .. 1 . '!>kltty 1>0. , .. """ _ mi.1 0-10"'0,,15 kJ Ito.!> .,,,-,,. ,omo",/"" 
Ill. logic. P,.,,,,,,t>Iy,, .. an''''' oomoml ng a •• 'plici a . tho jM . nd yanu 
~ 'ho . Impltyng "I'Pf". m.bon "'..toieh tn . y;" .. wOO! ;'IM 0Wf0' ;' 
"",60n and ,he Y""II "' ...t.y tho ."""" .... tion io ~u"''' 

In ,h. _.<)' "nt!)' "" • ... "m~Oon'. ' fouod a 0"""" ",fo,orlCe to 
p..""m o'· ,., ... h I<x i1"''''0<I; ~ "" I"," _g""",J '" Ill_ con· 
IIa'1< and • ... plio. takin\j """'_0 lor "",Mod or ocO<r~ng . ... ' NO . 
...... 1Iy ott ' ''' lid ... 01 _bOo .... 1dt<I< • ., t. I~_ ~nd "'" ob_ 
01 proo/ '" ,''' cort""'1- It -1 8, p. II UI- Birlgo! Thto, ';.gOo _ . ..,,,, . 
...... ' . .... I .. two .... nli.' .tern.nlS • • an • • pl;c" pM 0' C. <Ie!~Oon 
spKl o::ally withoul ."1' hint ~ oIW:ra"""",1 Noto ,ha, pro<>! .. ,oquOd. 
'" ., 10." 'ha' no pn><>l I. '''' ""n'''',), , xi$1&. TOu • • " _nO. no ..... . 
a""'" to "SO tho, oIlould ,,,",Old 'hom to ( I) ma"' . .... plrly~ ." .. . 
mon' . boo< '.0 _ ,,",0 ot !h. PI"". m .nd (~) ha • • • II""" , •• son 
.. ..,. 'h.~ make ""', .... '.monll "'=>_11'/. th<r;,!lbM)" '" ""If"",, on· 
~.ring .oo~ ... ' ''''vld'' "'p"",od, 

",..,,"'" (pM_""') is. I., "rongo< .nd. 1ndo0<l. la, mo ,e "P' 
p"'p,""e ,«,,~ fo , ..... in en~in\j .""Iy.;. '""" __ ",. ( .... UInP"" 
!ion). For ... mpl< , ..... ""uld usu ... """"'h .... tI>o, ....,,.t •• ~1ob'lu"'. 

wt « rtaRy w. con"'" P'_'" oometOWng Ih;\, . ioIa'.' oq ... lobrium! 
A....-n in\j. poor ",""olie • • and vlolo.mg ~~b"um • " oaocoptablo: t • • 
ooftlbinot"" " . lmply "'" "1o<I .n ~rJn.y. An . r901,,, _old_or 
_to:. a n .,hI,ao')" _ loIon, 1.0., one .. I""", . __ baM<! in moow, · 

, , 



................. _-_. 
abIo 10<1. 1 .. 1Nd,"n ......,., • • , ... ko. 'p,osumpllono' CIe"'~ ,!fIo 
pIry..,.1 ' .. _ ".., is an .... nlial p.n '" . , . ... p' ..... mp''''' mLJOl """" 
,""" _._ 0' "'" , .. I bo na,"" 01 \he oy.,.m _._, 

~ oruciol pan 01.- ""ot'f m"""'nio. 01 ,,",Ioriola lor ,nglMo " 
;"gl a ... ~" Iho ... n'i'io.>' .... olin. """",PI< p/ty_ • • _ rh.ol 
_ "" to IN ~ prUUmpfiM(o). Th" Ia. \he "'po IOmOlim • • 
o. l od ...... ",.,..,.... ;" . "'od .. ,,,,,, • • ""~ .... ,,, ",1uo1~ 'pr."' .. "..,..... 
_'uM they "'. nOi ' _IY .... mpt<>m, ~ul or. p,-..nplion' thol .r. b . .. d 0/1 evido"". !!>O, ". """ ... m ..... "" """,,;,no. ",1",,11' 
"' ..... 1. (.nhou\lh 011"" '"" ""mplelOly "". lu. 1e "",I . ner 1M afllll\'''' 
.'In!shod). 0tJr """"om ... th o "'00"''''''' .""~.<e. in 'h. book. "Ih 
!fIo ",-~ "idorc. 01 "",10,101 ."" .,,,,,"u ... 1 boflo,"", 00 ..... <1001 
\0lIl1 proO\Jmpt_ no' ... ump/lons, ."" .... ""'"' idon'f'\' tI •• p_ 
be ... .". TO., ... ". "' .......... ,oa_ "'Jo>$If'\' our ","_".1,0 .. 
1<1 mo " ~ "",uob'o otIOug/1 , . ""_,. Thuo, ,11010 aro IWO . Iomonto 
;". P"' .... ""',.."" (I I what?"" 121,.,.,...,1 0<, 11 1 ..... , . .... p,.,u"'P_?"" (2)"""'" is tho ",.wmptioo boli ..... <1 1o .. I,uo ("",,"ng p_ 
!o ,h. """' .. ... )1 I~ w. hnd pmoI '0 '110 can' ...... , Ihon Ih. p'--""f>OOn 
is ot:Niou.~ ..... " Tha' is. "hal .. III •• vi<lo<>r:. 10 OIJppo~ Ill. pa . 
... mpt;on? WI""u, IOmo '.,,,,.1 so""'''''. w • .om ... 110,. no j .... U"" · 
lion "' ... ke !ho pr.oump_' Tho olwiorn ba ... lor ~ p"""""plion 
is .oApM1rn'"IOII~o" 

Nol. ,hOI . not,.... onon-uMd"-", """OM ....... M""'", ...... ~ 
__ ox .... 'Ion' . .. not .ohblo •• a ,oplacomO<ll lor 'uslJmplion' bo-
0'_ Iho'" 10 no "pWoI roquh mon' , .. a ' ''10" ;" " <IO'''''Uon. Ag . .... 
'approxi",,"o' moan. 'f!IOfO 0< Joss ",,11K! '" ~xact' [1·18. p. 68]. rlMMl. 
·_0 . ..... ' ..",· io ~"" "'" or ... to 01 OW"', .... tlng, 0' """'~ 010 .. ' or 
·. n . .. imoto. gUOH , or m.thomolie. , ,ooul! tho, io ~""'t.Iy ~ 
"" cJos. ....ugh to • • ""'n . .. ro.- ~ p.t"*,,,r., P"",a-' [t-I 8. p. 68]. W. 
oro Ioo~;"g 101 .... ' 0""" .. hy wo ""lJid ... ~O • ..,.clio _'''.i .... ''''. 
Noto "'" an irIoo~OCl .... t.mon' eanoot be an .PI'"",ima'On beoo.U5& it 
l'IO<Iid not ~. '._ e nolJgh to e . """"""·. "" """" rod !IpJ>"t'._""'n ;0 
a '«>nI,"""''''''.''' ,,,,,,,,,' lnlJo. in ' '''' ",lolOlMCho nloo dellv.lIon 01 E, 
;" "T h. P robIOm' ~~ 01 S4o<1On '5,2, ,h. 'PI'""'matioo 01 Oq'" """n" 
10, ' '''' ,_."" m.'rbI . ..tIi::h is not oorrOOlI>Oca ..... Oquiltlrium io ,i<>-
10'0<1. 03.""'" be "'<10. 1-10'0 , .. , '.0 ",," 'eon"", oppoox""",,,,,' I. !O
w_nt. An .""",x"",1ion m"'" .. _;"1>; oolfOCt, oiIHI ... iH it .. 
"'" ... lid _",x"'olic" . Tho _ . pp""' .... to ... ,110 ;0"""" _r.ry 
."" ",qu"'m.n' 1o l>o .... n'i:r.Jy correct l~uI '"" .-1o .. 1y oorrool ... 
~ ... >; oar",", or . IM i "'o.id "'" be . """,,;"al. !). Thal l • . """0.;' 
.... lion hu .. "'plic~ r.qu ...... '" 01 0 reo""" ""'y \he o""""imo'''''' io 
eo,""". Tha, impIi::~ o,,",oe'or is _ quile good _h ,,, pfOllido • 
gr.oQek'lo..- .... h .... -in .-._,. 01 tho "''''' . .. , ThO .. _1nder.! 
oro. hO· .... or . .,110,.." to lho do/;o'!lion 01 .... ""'" 'pro'lJInpiion'. lIow· 
...... , til, "o,d '0111',,,. 1,,,.'100' if .,. .. .,~ tar mot. ouitlblo I", _ in 
engirIoorin g aflll~ois 'han • . ..... mprion·. 

Ju .. b. O3.ro'"'_" 0I$ing " •• , 'P'osumP'Ioo' Of " """,x,,,,'ion' in 
~.ring . ... ~"io "..' )'0"' '- lor ,h • ...-mption '" .W""' .... · 
Iicn)'Ou INll<o io ""''''11' po";n o'" Meo .... ..... ;""portin" n' ro."", <.0.0 

, , 



.. _ .. - .. 
lie . slvniican' p","lom .... <10"""" by ,flo folo~ ",O'l'. A f.'me< 
_1OrtI' I ... , oI",po 10 <10 a e .... in e""', on his Ialm . .., flo .... td 
• ""~ f.'me< • h. cwklbor",w "'"I m""~ ~. Tl>o .«<HId f.'me< 
ui<!: ·No. I """ t"", 'ope 10" my milk: Tho 'iR! '.,m ..... i<!: "Hey. 
wal', ", .. ",.1 You ""n~ tio mi . ""'0 0 rnpe!" rho _ "'""or <epOo<I; 
.~ I"'" don' wont 10 <10 oom.tfI~. on. ""'000 is •• good •• or>Othof": 
Wo"'~ out kol oooh ~., opp,_"'" A ... ..,n. MU", ""''''''1 l*1Oin 
to 'h.~ ... __ • not """ply 00 ... ro r><lom " " omont 

In III W. NiOIeoce on. ~ 101 "'"kino a P"''''''''P_ in en~· 

""'''~ a .. ty .... ~ ,,,,,,om"',, '""'I"'" "' .... O"""Y' ""vo • , .... " ,.". 
""", ••• , I"'" <10 as an eogineo<. K I"'" IDI10w !hat !/IIidaooo. yoo .. ~ 
"" .... ,~ .... . I"mo, un<io"". 1'IlI<>g 0/ ""gio .. ,1nog .na!Yolo l K .. p 
,~'"~~ <h iS .... y. oro),o" .... _ •• """" _neo,""'~ .n· 
a ~",. M<><h 0/ W"", _ <10 in 'his book ,ei'" "pon <"" 1><1;"11 ."or. 0/ 
"'" ... ~.-.,. 01 ,flo p'_ptlon .... m. '" h."" •. "'" III'Qro.".. .... """",,· 
is On . op. dol)" .""...,ionl ~M" to ""P ~ on t~. riyh' po'" 10 """"" .. 
or 10 Iho ,ighI.r.",.,. J "'" ha.in9 ..... ·rigI1t "". ".( io"", t~o d .. i<td 
_ fU<4I .. "n9""''',;.,g ,,",,~"'. W" .. U"' u .. """'«"/ !ogi<;; th~ ".., "nI'" . n. ty_ . 110<1 1 WIIl>o", <:OI"fK1109i<.1ho , .. <:I ttIo'l"'" .,riYod 
. t tho "right ,now",·" m. ,. ~'"'. ,nd. ;, ,..,.. ",",,",~. 1.kN-o. 
0.0< . Io9i< ,o-q."'~ .oi"!! ttIo """ocl .. oro. tflroogIlou\ "''' 'l' a .... ~si •. 

Moo! on~. <10 no' <ioting. ioIt bo' ..... n · ...... mp""n· _ "pa. 
s''''''''''n· no , dO II"'Y even""* I"" """'<I ·"," .. me·. Th .. y 1y.""1ty u .. 
tfIo word ·.""me· (GI' ...... mpllon). oot _ ,ally mHn .p, • ....., • • (0< 
P'O"''''''''''') """"'" .. f1(>O<J en~ .Iooo!ys ... ' •• ,_ 10<-.. 
.tr)"I~"'" (a. p.", Lo~ say. and • • w. m"", <101. >;Ow"" •• M '" Ih. 
word ·,""me· is , miOlako in .. "",nlic& ""'t is quilo un""'"nat. l>eeau .. 
iI can I .. d to .... 10". m_""lng """"""11>1'/ ''''gi< ",sui. 

n. h e mp," 

n . ,Iosoieol Euio,·Bot..,u . """m_g hypothe ... ;, . Io m",,· 
1.0,.,. moe,,",,",. '" """ or .. Ia ... ~ iIu.trntian '" 'h. t .... . Iom. n'. '" 
a pr .. umptian. '" OCCOfdanc . _ ,hoi tfloory. "? pro" "''' lllat (1) 
pta_ cmgmlly po~ndo:"'." to !he .... ""~I "",. O/ . n ur.dokrrm nd 
""" .. """ ... "" .... n<IO;.oM , '0 tho doIorm&d n" ",,.1 . . .. . Ito, beoting 
booc.o"", (2) .... eon .... !mm tfIo doIo,rna';,n 01 . rubbo, be. m ja ma· 
1o .. ' that OS .. ..,. 0"" vWCty d"".mabltl'ha' ".~"'" ,","S "'."" on ,'', 
_ 0/ ,,,. beam 0\ ,,,,"",,"10, eross HClion In Fill"'" ,·2110 , .... in 
__ ntlally ""iIl"' Wring poro bonding as ;, Figuto , ·280. Tho .. v. ,· 
11<.' ...... ' . ,,,,,, .. In Ih • • ,. .... Fill " " 1-28 oj pIO_ 'ho' .<. po,. 
po~"" to the I".,,,. n • • tral a ,is. Ko·~ ... or. thoH orig"''''' v. ~"'" 
10 • • <10 """10 ", . pollll"n "",h " 0' . " . . .. _ . 'hoy otll"'_ U,,,,uilh 
• common point. ".moIy tho eonto, 0/ """,o1Uro. ThU". _ no th., . ,. 
plo .... bolo," poro bond"ll tomo;n plo .. on. , bondOn ~. Doring bonding 
01 11,. bo. m. ilia hori<ontol ..... io Figo" 1·2\11> boIow th" ... utrnl . . .. 

, , 



.. ........ .. ..... _-_. 
nOloh , arod 'he _,ootal lines above , flo 00., .. 1 a<is comp< .... do
"",lbng oon 0' <""Ie« wllh "'"".,.., ot,. c.nI., <)/ <"rva'"" Ih',,",," _h,.,.. o'~"" .""'01 ...... "" .. ono< ""n<1ing Nolo lho, w. 0'0 
.. lying on tho ,_luIion ~y <>I ..... LW\aIcIod h"mao oyo n "'"' ob-
00". ''' ''", n ol io,.' ,t>. '0..,"""" <)/ QU, """KIo. "Y •• , .... N. ,.., 
ploM wctiono """on pio n.. '""" "".'. ~ ........ ,. to 1>000 a much 
",,-.n<J """"., bum ...... """,1<1 _"'. ,ho' P""" H Ooo.,O do ~ 
.. moin Q<J~0 plano _.UH -.., doformolion 0 1 tho origin.' plan o.", 
",,<Iooncod by """'" COI\Ioluro <)/ ,h. dof.""od "1>""""'. ...11. '''''' .... 11' , if 
we u_ • ,e!ine<l """,,,,,.,,,,,nllOcmioue oucII "" Moir~ inte~.l<I!MIry . 
.... """"" "'''''II' d.""" oIlgN. non·pla non ... 01 "'" ""Iorrnod·p" ..... 

• "" .. R 0' 

III llIflHllfIlftItfW 
• ....,. .... B .. '" 

CU ftv.ru .. _. 

'\\ II \ 
/ , 

I.' ~ ~ 

1 "'.3 p,..umpllon . a .. u. R .. trlc1lon 

Tho d"ol ,.,m""'''!!"! <>I ' .. .,riction' oM 'proS<Jmplioo' io UMd be· 
0 . .... , .. h. " t. ,mo .... 1uno:io"'"""1)1 <itI ... ", ....... ,, !/', y .. 0 .. 01· 
'en mious<!d. R .. ,,,,,ion •• ' 0 imita'ion> on tho "", oj the 'lloory""Ilicll "'" ""'""'"* oi"., .. lWiod.< u..y o,,~. n .......... "'ion> . '" """. 
corned ... ;u, 'ho 111<".". For e<o mpie.' lIHoOry ,., """",. pia, •• OIeOrly 
_. "'" ' f>Il"'lO ",un<! pia"" \tIo" I. oIrt'11>1v no _'Oa' a '~ 10< 
"''''',. plo' " "'n~ be uMd "" """ooj oIo'Hi TIluO."", 01 'h. ,~ 
io , .. Irlctodto squa r. pla'n. Pfn<Xnpliomt ... _,ions on , .. '''-'I 
""'"'h ...... . ",' U," 01 ancorlo"," '" "'.n>. n.., ; •. pIO.umpt"" •• ' . 
co"".mod ... ' 11 tOO un_~'n _ ou .. , flo " ooonolof "' 0 p ..... mption. 
""~ "'" be ""' 1)' ace ....... Fo< ."'"'1':' ......... P*/'.r><iou"" '" , .. 
• u~oco 01 . "..,., but _ .... plio .. , or. com""",'" pr .. "",ad '0 too 
onWf . ,..,.q, '" be '"[IOrdod os ' ",0 b ......... th . ...... """".1 '" , .. 
'"~""o. <>, in "'" <·"..,Iion <)/ F9.<" 1·211, io <e",.n on ...... dod "" , . 
t..,. ot"d Iho d." f<a ll". <)/ """ '*"'""'." ...... Hh '""""'" "" ... Iso <"'0 
ao .... bI __ II>e ""'"'''' r .... Oq",,'<>ns. Thus, in. Ih .. 010''', .... 
should (10' ' <peeI 0, 10 grow much in ,he """" diot.nco I"'" .. ~. 

Iho::,n"') ~ .... to grow. '"""""" , wo <lO r»I ,n"", "" oM.in just",," 
.mo l "' 0 otr ...... ant unlHo .... _ I 10. mor. a<:cu<". 'hOO<')' or 
Co""", .... i1l'I . ""....... ntal '"""~ .. "'100, '00 disI>Ia<._ <>I • plat. 
""~ be ", •• umo<l to Do "",.1 '0 .... blo """"io "f>Ilroximo' jono in ' ho 
",,,,,I<>na. Ho......,.,. ""'otho, the do.placomon .. ""wary o.ro ...... 11 '" 

, , • 



.. _ .. - " 
""' aon be <lIIermir>e<l on/)' ,,~." Iho l i .. 1 r"""Is" .. ~""wn In , urn_ 
""''1. t"o ""'~r __ ~_n ..... "''''''' and pr"'mpI"",, i$ t""t ,.. 
..... _ iovo~. ,flo I<oo~'n (which " . con oI> ....... ).od pr ..... ""'''''.,. 
_ . .... -"""'n (aboot whioh ... ,,"" to ..,..,....t. ) n .. '"1KIiry 
'" on)' _ riotit>ro con bo imm odiot. 1y ""'o""ined. 11>0 ",*,"101>:,., i$ 
'I"""U.., only wh. n w, 0 , •• b Oo Ia .... ,h. "!'P""mat.", 000 I .. d "' _ 
,"Is t!lal , . n b. ""mporod with m •• "" rod r._ (., wilh • """. 
""""'01. 1I>o<>oy). 

Th. _0 .. .,JIcl"'n, and ",osumpOioM "'.,..~ l<.<IMr 0l'P"ny
nly Ia oWly ,h. doll .... .,.,. bOt..-H " ,h. "'" cIa ... icalK>n, 'Of tflo <001' 

""'" . ",,",pM or "'" plOt. "Fill"'. ' -2'>_ Recal ,nat _"",,,,,no ,, 
_ ........ g mu .. 1>0 jo<"~iod, i .•.. wo ...... krIo", ..toy ,,-. bo"",. 'h. 
"'O" "'!".", to bo tru. I,om 0 phyokoal".~_ 

Aellrletlonl 

Eoch loy.' .. ""'roplo ...... , 010.,,, .• M 01 _a" 'h;c~n .. ' (00 
11>0 .... Ir. pIoI. iI '" constanl IhIc ....... f 
T", plOt. 1M:""... 10 "l"I ..... _ eo~od , ••• "nath ond "Oil" 
(...:!>. """';gu,"''''' is eommonty , dod " thin pIoto, . noou\ll1 tflo 
nO "'" plot. __ oJ ;,npo;.. 0"'" . _ motry). 
No body /0<.,. . ...... 

Pro.""'ptlono 

$,,_ 0'''''0 In tOO '-'I plo .. ('''' pion. 01 tflo Pla'o l <torn .... t. 
,1>0 pial. bona,Io<. Thon. "" '.., . • M t" oro pr-..-n . d , ... zoro 0"'" 'h., an _0,.".,. "" • • ' plano <In .. 1t .. 101 '" ..... .. 
which on/)' a, . ",. and '., aro ~fod. 
Tho KUehhoII O)poIh .... 01 n. gigi>!o ' .. n ... _ ..... , .Ira .... 

y" ond r" , .nd nOQl;gihlo """,,,or .. """""I ........ ',. coMlilUlo • 
• 01.'."",,,, 01 rw>OOoIonno~Oo no"""to 10 '0 . .. Kl<llo , urtoc •. bot 
--.. to .n __ . but comfflOnly ignorod. "'n~'" .... ~ , flo 

pte""m", "'" 0' '010 ''''''''''_ oo'm.l ........ d , . 
DIoploc . ... nts y.'. ond w ... .."..1 carnpo<od to tho pia," ,~,"",_ 

n ... (g.ooordy indical". of """I!--de,,",''''' ''-<"I). 
Stfain. In '1>0 '-'I p ...... ' •• ',.. and 1". ~r •• maI com~".d ,. 
"nly ( ....... .". .. Ih00'1). 
RoLo"''1in ortlo '0.,,08," ""gOgiblo_ 

, , • 



................. _-_. 
CllaJly ...... can de'o""ino proe .... 1y ,ha' """ 01 ,h. ~g ... 

.... "''''''' io COI.Od (",,'op< ' .0' body Ic>r< .. Migh' .... ply ~ quit ....... 
OO"'Pf."'" to Ih. >I.p"'" "',.,.. co"ong ~ and "'''0100-. "ogOgO
Il10) , _ ..... , ........ "'" con . .. , .. , NCh oj ,h. lo,.going p'.' ''"'''' 
"'"010 ~rlO<tly ,,,, ••• nd ... oo n"'" .. _t. tr.o p,"""mfll"""_ 
oil"". ""''" """,,,,t. th"",\, "'. p.-obar>Iy a ",o •• .-uI and p_a l 
bo. ... , ... po,im. ntltl .. ido"",' Wh<>, h<>p~", in ,1>0 ca .. 01 <10....,." 
Ki rcflho/l plot. lMor; "'"'" W<I p •• • "mo ' ha' boo. a, . nd <" , .. st, ... 
a nd .. , .... ",,,m.11o ,ho P ''''. ""'I'"", ... Iy . .... <o,.,? C ... JIy. one '" 'ho 
<>Ih. , """ be z.ro. 1Ho, co""inly boffo cannot be nro boca ... they .,. 
~nl.d by tho st .... · .... in .. lotion> 1M' •••• ioIatod" both a,. oaid ' 0 
be uro floio io .... com""", «On(_'ion ly\>Or;al 01 • moeha"'" 01 
","'011010 a ... lyoio. Th. r-..IIing t~ 10 ••• ..,. good .""'o . .... 'ion to 
, .. ","u.1 bohay;", 01 a plot • . but tr.o _;;!ua' appro' .... ' '''''' can b. 
OOnttMO:\O!)' 01 ono ,,,11>0<. a~~ by !hom_os. " on .PPro, ..... · 
lion is lin. , 1,0 .. ploLlSblo. 

S"", • ..-.gIn .. " ~""",' ..,....."ing toa' 00" be <IooJly <lo,.,mi,,'" 
U 'aol "" 1'1IaCy f ,." ' """,", i<"" """' . , "'0 ph_o""", F"" " Om_ 
p\I>, oomo ' ngI"o, ,,, ... ...." •• "'<"'"II'JIo, plo'.' ., ... n thorr .",lysis 
...toon .1 tn., "'''0 '' <to io looI<., , 1>0 p"'o to do,o",,'" ",I>oth..- it io ..... 
Ion!I'J"" '" .. I",,' 0'''''' .tho, "'op.. r,--;" "" """"",,,#On in_' 
T-. oo~'" ' 00'", ..... " 'hoy ,.._'ho. d on',," to • recto"gula. 
piot.. Thnt i • • they oonI"M .. "ricM" ... ith u ..umplion. Tha<v ,.rtoinIj-
""nne' ·po-o",rno·. ,o<,,~, pIo.IO ...... _ 'h ....... inl ,,,,,,,n be-
hind . 'Po' ....... poon· _ , .. , .mtl CI.a""'. the , ... no nood Of plao. 
10, .... h "",I..."... W. mu" "" ....... IIy """ _ . o".,mot"", """"" 
Dot "'*"'o"" . ,O<I,.1>d w. "' .............. _ in On ifICO<IOCI """, •• 1. 

1.5.4 Mlolnt<o' fn1 lt1lono a rid ,hoi, CO_IIO"O .. 

Eng;n..rs .", rnp<HI.t>Io IO! co",,"u"a'ing tho l, p!OI_., opin· 
__ ." ..... ,"""- <Io-oign • • 01<. In on aboolut • .,. po-.., .... a nd ..... mblg-
""". manno'. 001 •• ' ..... tho _.bt,,, (Of " . " " probabilO)-) . , ' ... , .... 
"""' .... Aid Of ,,",,'Q .... be _'rp!.~. 1too 'X",.*l....-.c.. 01 . ""h 
"' ...... "' .... 00. "'''II" !torn ",ikt '" ,,"""''''''''0 In .... g;cally • • rico&. 

. n .'ompro 01 _ . rpntll<tion ... i h ooIy mol<! ~"o.',"o " ' ''a 
Moooow 1I0toi whi:h was Il .. ignod in ,h. 11130.'0 be ,,"il dOH '0 Rod 
$Qua"" Tho o"," i oo' do-. .. p ..... ""'" two do",,,' ... 0" 0';"'- do*'9"-' 
oido-t>y·oido •• 1 ... ~o""hing) Iofl ond righ' MO. .. 01 . oido 01 tho ho,. 1 
.", ,h . .. m. _ 011"'1"'" Ttoo dro"';"g I0o<I no not. 10 0"Ploin llwI,. 
d>oX~ 01 ",,'e,io, deolgM had 10 be mad< (with e"",,,, ,hou • on ,1>0 

""' ·hand oido ond 0""'" oho« B "" 11>0 '9'>1' '''''; sid. 01 tr.o dr ..... 
inQ). HoW"' ''. ,too hote4 wn bult .,.<:!I, .. oItown <>II ,too pI .... N0-
body M.ms ,. ~no ... "" < ...... ho .. tho ",,,,,,,_ .,.01011 " '''U3ly <X-

ou " O(I, 0 •••• >Sic. 0' I ... 01."" i. , ... , Iho . 'O"Io<:I ... as "" •• ",,'ion 
_ ,h. pion. w ... """,,, .. d . 00 h. could .. , . """",oil. tho noed 100-
"",1000 a <hoi<:« bot",. ,onOlru<:tIo" began ."",h., . 00>ion Is ' ''''' 
SI. ,., hlmooll,.. .. .y,.d It>o pinno,"" 01 """' .. .. """ -"<I'" Or'!)'-
1hmg ",coP' l>uikt pf<lCiooly..mat .... on til • .;g nod pia ... TlIio .........,· 
aIy """'I'm"","<> 1'101. 1 ... _ in , 1>0 1IP'''g of 2002 .. """IOn in Fi?J'" 

, , 



.. _ ......... .., 

._ ,.,., T ... """<>0" _ -. Rod &qua", 
l""""'ooopn by P""o._ V"' 'Y V Va,_, 

, ·30 0..:1 .. 0100 ''''UrM ac,,,,,,,.t;caily "" "'* Olbal 01 tho Ru .... " vodl.a 
S,o,""",y, , ... 'ho """'mOl 01 = . IIle ~oooo .. oily _ omm on, do
,ided'o 'ea r down orod ropll>ce 'no Moxo" Holel """,o' ''e in "'" '""" 
M u," btu . .. I 10 """"""0",,,",1! n.. mo,~ 0/ 111. oto'l' 10 IMI ... 
~ .... .s """"'" al/Q,.;j to be .~". wilotl preHfllinrl "'" re_ 
The ....... rpre< .. r_ 1 In ,,,.. .'amp .. ..... _~ oo ... oliO in "" ur'. 
but <>I, .. misio'_o"" ions 0001<1 <a".. loss 01 ,..,.. _ . Iojurios. 
"' ...... ..... ' h • . 

M on ... mpla 01 . moro "morl ..... t. oon.oq uo0C9 oT misinlorp<e· 
ta' '''n. oon._ "'* 1oI1owing ocon.<Io. A young roupIo h.d just bo\.VII 
A nO .. M u" a"; ...... """ • • • ro hin g to.. laodoo<Af>O>g. They wanted SO 
"" ..... f>IO. nt .. on ,"", n 0'" 01 ...... long d""""y lor • tot., 01 '00 
""11>0. 0..:1 ... nt o/\owir>ll to lind ",m"",," to p<O"<ido and pla nt lilo 
",,11>0 • . On. laodoc4po, ... 1<1 "" WO<JId plan! 100 buon • • 'e< $2,000. 
A """""" Ioodo<:o~, ... id "" ..auld plo", SO bu"''' on o;u, .. oi<Io 01 
their d,j,.W<lY ' 0' $1.500. Thoy ,ho .. lI1e "",coo ~ bid 
lil",lOng it Wit> lilo bon o, _, oI th. ''''' __ How"".', aftor "'" .00000 
Ioodoeo". . ... _ . , hey " 0 ' 0 v." <I~ted '" _ ""~ S<l bu on .. 
"",.ted on tho ,en _ oIth ... dr"'''o, • .-.1 notJe "" me ri¢r' _ I They 
..... ,o. second Iondscapor In ."..I-olom . oou ~. but "'* jud~ ,uIed .""In" "0 roupIo'o , 10m PQIr1Ung "'" ' .. , ' .. Ilt ......... <It,"' ..... 01 
·. i","~ is 'ono 0< , .. ou-. lno! bol' I I"' ! ' p . • 47]. n..,.. using ·oit .. ~ 
_ you m • • n "botn' .. an i"lIIitalion '0 problom. ' Un!ortuno'..,.. "'" 
soriouo .. mantlcs • ..." 0CCUI1I n dol!! ..... 01 1M English 1ar>gU3~. 

Common ".. 01 • we'" _ ro ily <IIlonn"" it. m .. .-.g, '" Ito m .. ring 
con. 01 COIJ ..... ''''''>go wi ' , .. limn. _ .. or. I .. conon~ no! .... . 
oonab\o '" " poe, tho m • • ~ 0/ 0 word ' 0 ~.noil<>n '" "'* oppo.Ho 

, , IS raL 



................. _-_. 
01 its ori<.lnal m ... roIogl 0.. _ "u" ... , society PO''''' one _ 10 h ••• 
..., ,.....nlngo ,he, a,. I!\o 0JlIXl$I!& 01 0 .. a",,""" . .,." 'Uh,t ,. ~ 
_ ". pO<>< ,,_ 0' """"" 10 ..... ' v., ., any <*Cvmt/a"" • • ~'" ..
-"'lit in ongm",iog wh,,. " 0 mu .. be .booU.~ procis<t 0 0<1 u""m· 
t.;goou. '" 0'" "' .. can be """. Tlto,. .. t>OIhitt;l """" altlb/glJOu" ,/>.on 
• ..- .. "" two ", • • ~ ,n., a~ Itwt opp<><ifo 01"",", a_holl Obv;_ 
ously. 'd h, t is. l.i<o<I..-ord becoUH. "". two <»~,g m .. ~ •. 

It tltil'd ex&mplo wiIh til. most .. rio"" «tn" Qu ' '''''' 01 .1 mi.in,. , · 1""""""'" diocu_ in _ book .. U .. H1"" R. !I"""Y HoI.1 Yywo" 
""IoPH on !7 July ,981 in wh'oh 11 4 """,,,," _ """ mot. ,h." 200....,· 
pie I'm'. injutod. n...",,,,,,',,,ol .n{/in<o",· o'iginal <Iooigo lor tl\o -"'yv.3," 
... _ .,,01.,. wa. _ ltd by tho ~ ,,<"'_, .. _.,.,. .... w--
ingo .... ,. "- ... ""'" 'opp"",o<I' by ,he OIchl o<' ond ', •• 10,,0<1' by ,he 
""ucMa l • .-.gIo ... , • . Th O ... In p,oI>. m "'noo. on "'. _ .... 1o~0<I' 

beeOu" !he "'''''''u,aI "!lio"" <11<1 nol l....,. .,, 'S1il1a" 'h, ""'" ,tow-
ingo • .-.10110_ 0 faully <IHIyn 10 ___ cllalleno;lo. """"' ..... 
_ «,,""'Ion. C .... in.,.. 'he '''LlClUral "gin .. ," o/"Ioul:l 1».,. do .. 
"""" lhan .............. hop ""'''''n\l". "" ,her prof ........ ' ...,."... " ... 
oa"".ltd. Mot_O'. "'0 .... 'ion .. ~ oompoundod by I!\o Ioct 
tJ\a, .... ""'<'u"" >"gin""" ",*"01 • • "9' "' • • uMu,,",b lo booou"" 'M 
""I'I">'l ,od. wo'. 10 b. Iw long ,. be 10""'otO<l ~nd lno .. 1od. TOu,. 
\!>o dniiln """ 10 be mod~Ood IJ;>ri"", /,tr<l ........... 01 • design """_ 
""" 01 "'" eo"''''' ,ulo. 01 ~ .. ,ho, . must 1>0 _, o"",,,,i .. 
tho <IooOgn . """"' ... ). The loot "'., ,he b.ildlng «thhoc\Oq' >hap "'._ 
ingo were I."tty """ulO "'" 1>0 u""pooled, lIIte, . 1, buil<hll co,',ae"" 
a,. ""_ oduco.tod no, k o.oOd 10 pt<t,1do .. I. de"\I" 01 ",,,,,'uros. 
Ai .. , .~e<t. or. n._~.' 0<IuCa'O<I "'" lO:on_,o """"". .. ,. de ..... 
01 .. ,"', ...... ., '110~ ... mp at 'oppw<od" on 1110 o<""",,,""-mocIiIIOd 
pions irt mo.onlnglo .. ... 11h rospo<1 to Ilr-o "'.ty 01 ,110 structu ro. Had , 110 
"'"",u ... '.~ _," d..., ... , gO<l'h", """,_no' 0I>tig.,.,., "
.... d at 1000";ng , ..... ""Y"'" .<tv"" , ...... Of '.pptO'Io· shop ""'''''''go 
but 10 mo,oly ma'" "'om ·ro,",_. ,hi. , .. _ mlgh' noI 1». •• """u,,<J<i. 
Tills proinlU1iy dOot,.,..ng .. ampls io """" , .. " <hcu_ ;" App. _ O. 
Elemonto 01 O. ojgn Philosophy. vrit!\ a sulloblo "". ,.nco. Th"" misin· 
,.,.,r. ted "",tds ,,"vo < .... ,~ coOl h os. and ouch ''''god •• '';1 uolMu · 
""'0~ hoppon 090;'" Don' lot ,,,..,, ;",.". yo.! 

w • ...-.gino . .. """"'" ano'" to undo' ....... '. ,h. po"'.' a"" ""OCI 
01 "",....".n, .., .... must choo ... OIJI _ CIlfoloty.nd ,."'t •• ,,,,..h 

""" ""o nt;;n ' 0 . ong '_""Iy ""ooiN .nd _Iy unom ........... ' Oth
erw;o;.o. 011' prol-..o.l _ o/ln 10"" oIIon ... iII) ~ miO-in,.",retoO "'l h 
poMl>/y dIr. <:OnS«luoncos. Cleorty , we mu",~. up '0 ou ' '.S!>O"';' 
!)illy to The Pu1>," , 10 OIJI """ ... Ion. ond 10 ............ '" 

1.-1'"' Summ.,y 

W. muOl I>!w •• , po .... . .. to IIoIp us u_ .... nd Ih. _, 01 
""' <ltvlo •• , otructLH' 0<1 '!\a' w. con doto ,mino ,n. '0"1 ....... Ior .ny 
modol .. " <ie--oIOp I .. ' n", _,;0,- I ....... ;" <1O-sign 01 """"""". ond 
doviooo, To proporly do 00. "'0 muot 1m . 010_ \!>o 'un<Jomontol cl».,· 
aototiotk:oo 01 ,h. "~lor. and ","n _ wiI ... I "" ,oo _.Io>p "PP""" 

, , 



.. _ .. - .. 
.. .,1oM lo~p ..... ,~ • • ssence 01 ,,,. _V", 01 ou, _"" '" oI,...:!",._ 
TI>o a"""""a'''n , mu .. ". tIOl~ , .. liOIie aod ,-,uI, Th. app""'iIno _ 
,.".. ... _Iy "'" "_mph"",' _ .. 0110)' ... no' afl>itro 'Y " 
.. """on< in ,n. ""'in""", 01 , ,,. _ U ' Umpi"",_ TM appm,"'_' 
mu" "" • • • oolld b .... in ,."', "" Ihor." p<-o.u mp_.'. Tho 09>11· 
ico.n1 diolincl"" b.""o. n '4lWlmpl""O' ood "1><o,umptiono' .. ","""",Iy 
impo .... "' , rot ' . od. to .. gIo ... d "" ... br 'O! too "'ony .n~,., Tho 
word pro"'''''' (p,....,."ptionJ i. a much 'IrOn~' . od, iro:IHd, on oI>vi· 
""11>{ "'u<" """ •• PP"'P""'. WOld t""n '_0 (0"","""""1 in ong> 
"""'inII .MIy .... 

AIl.",umpt""''' a<bl""y, "" lac" An orbi'''''., .... "mpllon has 
no place w .............. In Ih. logica' ",~ • • 'lon 0' on _ '''"''''11 ..-
.,,111 lOj/i< a_'~ ..... u .... ''''60<1$ fa< .-:II a'" • ...". <top <>I on 
~ ... , .. ~ ' ''''Iy'''''- Whot . ... jo ...... -.:.g;c1 Yo "pI.,"",*' .. 10 II • •• 
/"r gra.r.d: llC<.pr as """ ~<1Jt>g {>IOO' 10 "'" """,,,,,,," aod "impIioo 
... .,g """","i-lg "', (II,m,"" '" llC<opli-lg • u .... , "_ill' M 'ho "".;,. 
oI_bIo .. ;oo""".in t. ",,"" .,.,"'" obunu oIproof '0 tho comro"," 
(1-1~. p, 11 281 . ... crueiol P"~ 01 olmQ&l ... 'Y moeh,,,..,. 01 "'.· . .... 1 ... 
'r>ginoo,ing) .".Iy . .. .. 'he ~Iion 01"'" _""1>10 ~I ov~ 
a.noe ""'I _ Y$ '" 1M _I ..... 11"..".,.." Wi!""'" _ ""'" 01 ltV"""", w •• imply M • • no juoIh:a'"", '" ",.~o 'ho",""""'ptionl Th. 
""",,"" basis (0( 0,.", ",,,,u,,,,,,,,,, i!I ~o""1 tact! TM' 10. , ,,. 
bo. ... "" onr ' . . .. n ,.0 "so '" ..... blish <><If ",odo' ., .... be .'~.nta' 
'"w .. , Th~ OIl ' ... ",._ 01 bo.,., ""'K. aM"'''' <>< onylhir>g 
.,.., ... ",II . I_ yo _ to _.~ ' ''"Yow, ," "' onr OM . 1 •• ~t _ 

"on"" m~, .. ",omon" pertaining 10 011' proll ..... , Unfon.nato"". manr 
(overly) ,_ ... .,. oriontod ,osao,,"" ..... '" ""ilo _"~ '0 ;gnoto , ... 
pIoroicoi ro.>oio. inho" n' to • • ~rimonto l , ... lo, Mo.ot . ngiMo .. do 001 
dIotrq..iah bot" •• " ~....."p60n. and p"",,", POOno_ Th' r '1""'''' "0. 
!I>o word """,m. 1'" a"", mpi"")' boo gon.rally mo., PfO ...... 1'" 
po .... """bn) hflu use good .n~ ~""~ys n.v~ ~ ~ IO! doir>g 
Onylh.;,g. W. (urthe, cho, ... ,.ri," <!J<P'Orim"".' .-.n ..... , ... ,ed '" 'ho 
_.Iopmo", of ,_ in Sect"" I _~, GI.<on on., dll .. on' _ion .. l .. 
""'0 d.fl. ,.." <>01",_ 01 .p, ......... , to"'" .<>gin"" m~' p<ef., to 
!>SO'DW'0'imotion·. 1_. appro>rima1ion" a mo ..... . . bIo , boo no! 
~~.oI ... m. "" 'hO 00",,0Il1. """1' .. :"".01 "'" va,1ouo deI;'!_. ,,,. 
word ...... ""' . ... 1O\a11y """ccop\ablo <h0ic4 l<>< ~ngin<Hl .. . 

W. 01..,",..-.:1 'hat tho ",oK! • . .. urt>pi".' '" ."on "1>< .... ""'"'n· .. 
oIlon uoad " hon I". Mit., '" _,,", roolly ....... 'ro"""'''.· (""ot'-
he , ... ,,0' • '" _ 'I, Tho dill • ..,.,. o.tw •• n , ... """"" ood ",""ump· 
00 .... """ ,o"""lion . ;",."0 '''. ,,,.,,,.,, I .. hictl ..... con oI>se .... ) . od 
po .... """""" m"",. ,,,. u"""",,'. 1.""'" whiell .... "M to _"ulato). 
ThO ,.~ 01.0')' te$I,;:tion canl>O .... _ 'et:t dt1e,.,i<oed. T"'_"Ia,"" " _nliiood only ""'"" wo .,. abl. '" \ISO ' ho appro.im.ilon aod 
' 1M tU<llls th .. ean be "","P,lo<! ""'h _ .. d Ie_no. ('" wi n. 
"''''' ."""",'ol1ieor;), 

no dslr>o'bno bo"". on · ..... """"'"' .od ",,"""",,,'bn· . . .... " o. 
o.tw .. n .... otio:I"""·.M 'p <osumpliono·.1O '"'l' ... """,,,,1. '-I ...... 01 
""""" in wring ond _.kftg can .... " _ 10 -'>us "",bloom. ""0. 

, , 



................. _-_ . 
• dowod obje<t is "",nu"""ure<! or bo ll. In ,&C!. by MU<p/Iy's Ia ..... ""~ m"''''', .. 111_ '" .. floo< ~.m. "no .... ,. ""p~ n",.. opt • • 
_"" wriO. in 'o,", l~ p,oelH arod ,,",,",b~ ,."".! W • • , . , • ...".-
10, doir>o ""."""Ing __ can ,,, ,.,tH" ,Oo, 'h" <lev.,. '" strue'u," w. 
do.y, 1""'0"',. _ '0;''"-11. Toying 10 . >Iob"," .rt..1 ~~ .an '11" 
WfO<">( will> 0 <levico " •• ,"''''u •• mig!1'oppu, 10 bo "' . ma.' at • .,.. •. 
.."i>l. Tho' i •. """'. ~" ",~ _ on~""'" '" bo;.g p • ......,...., 
beea.,., 'M)' are olwoj' ~ 'Of tIIo problem, that. ."uk! ~ 
..... d;<f.",.ty .non "'" dev.,. '" """"'U'" 'hoy ••• "">ilinlng. ''''''0'''. 
engine.", """" .. om .... oo Ole .. !, •• "'" 'bad '"ing>' ,h., can Mp~n 
10 • a.,., ••. st"""u"," 00 thai 0"" ~ '0 P'''''~ I""u N a l""'lI$' 
''''''' """'''''g MnO<JS problom • . """'hM e,"",,,," '" 0 ..,. ... m l'1<li boir>g 
deoig<>o<I '0' " poutllt_ '"~ ,ho, "" ~ if 'h. o;,po.,_u
"" "Y .. om '" POlio' Ct1o!\o. de a..,,1t a"-, "" :!2 o.coml>o, 200 1 
""" ..... ', _ I>Omt>of pou.<t 'hn>Ugh socumy wi""". m.IIo.-.go. _.<Ied a n ' irf>larlO , orod IrJod ,,, igoiIo • • pIoo ... . ",,",n In iii. '""" 
"'"'10 "'" pili". was """"',. , ,, , h. Unh d SUI ... A F",""" < ... "vioOOn 
authority officio' ...;d . ' M. _urly ..,..,om. in ploco worked I"'~octl)l. 
The problom i. Iho, w. ""'" ""oIoo,,,od will> " ",o"",io 1M' hod """or 
Men ,on.Kieo-O<1" 1' -2'). Whot. ,,,,. ' 1<>01 "" wo. 10 do", ,... ... 'e", 
"",,~od .,..~oelty ' Ob,k>ooty . h", .~ ... m wo. l'1<li <Iosion. d lot • • th, • • rs. 
f.l ... Md '''" • ...:Ioocily '" oI. 'm _ """".d !>tri.OII)'. W. oIm,>/y ""MOl 
11'' '' '' '''''''' ''''''11" "n .... w. I<now wh., , isl Thus. ong;r,oor •• no "'" _""I$l.: "'01' just dO ,,-hOI ......,. mu " ", on""" poI) li: "'ery. 

1.6 BOOKnOADMAP 

Fot H<h OIlh. st<\OC,u,. 1 .Iomo"'o. nam,.ry .,..r., pIa' • • • M ",ov. 
In Cflopt~" 2. 3 . • rId 4, ,ospo<1 .... ~, " ..... ~. ,h. OQ<J iloll,ium <lI. 
to .. ",'" equa.."... aM tIIo~ -=:ci>''''' """"""'I' """"~"",.1,,, ,h. , Ia · 
blo prol>u<''''g """"","O m boo.,,,,,. Meo-o """""".!>t, w. w it "" .. 0 H," 
bu<lOIog dill,,".'"'1 oquo.''''''' &0<I!h"" ."""' .. ,"" ""u"""oy ~ • • 
tho, 1/0'0" Ih" do<>o~ .... bam '"0 .. itiol _ oquilibnom >l.to ""on 
tho 1Im1l 01 thot st.ble ... to is ,.""t...!. T .... """",,,ant _.Iiona 01 
_ooivoly dill"", ,,, equation ..,.>l ....... ..,._ by .5O '" ' MfVl" 
p<ine4>Io • • rod .0 .... 1io .. 1 eolculus In "'" manoo, at one "'!he "",hof. 
<><01 • .-.. Hen", U.n~h." (1W9-199<!) [1-22). Tile _""'.~ ot Ihis 
ol'",,,"<h "' ,h", .fton<On!u_ <1n" o"",. beI_ <qu ilMu", orod 

'" .. .. " -... ,oa' ...... _" .... ~ .... ...... "" .............. .... _ .. 
' ''''"' _ .... 1Jor<I ....... _ ... ~ ....... ,.. ....... .. _ .. ",. _ 
..... Old _ _ .,. .. ..., ........ ".,.. ..... "'- '" "." .", _ '><01 _, . ......... .... ... ,..-... ... _, ... _ .. - ._._ .. -
, ... _ .. " ... --. ------ .... ""~.,...- .. ......,... -. ............... - "-' .... ....... _ """on ... .. _ ......... _" ..... ",....... ...... _ _ .... d...., .. -... ... __ .. 
oI w_ . ...... "' _ _ ~ ...... """' ....... ......... , .. ..-..._ ... ~ [\ -001 

'Tt.o .... ..... ~ ..... t ._, ... .,.,. ... "" _ " ....... "' ...... .. . w ... '_""""', ___ 6 _ . ...... __ ...... _ .,_ -- ...... ......... , ... .... ,_ .. ..... ....,.--._ ................ ,._ • ..0_" .. _ 

, , • 



.. _ .. - " 
I>ucl<liog OQLI&I>ons .,. m_ abu_,,'~ cleo, aM disbncl '0 ,he "'_,. 
Act .. ..,. 11>0 oontu."" origI""'" trv ,In"" 01 .... . "io • • o' ..,me ... "" 
"''"~ 'hoy knOw ..". to·geI" buc ... U "Goa'''n • . t><ot '" '''''' "" no1 un
do,stand "'" luodo"",,,W. 01 buckling aM the<oIo,. mako q""_ 
.od m_ g "" . m •• '. '0 ju .. ity ,no "'l"'''''' ""'Y _ . (wo",n 
might bo oo~OCl. tHo'.ro "", Iogico.., do,;'<><II. 

With ,he b~ dil .... ntiaJ oquatioNo ud boundaoy oeodi",," . .... 
... .,0"' ... lhe ",nuoneo on Ih. buckl;.,g _ oIlh. 10"''';n9 '00_: 

010_. 1 t>uckliog and _ ""ndl>ons (1,,,,,_, p!"OOIom" 
",. buc' '''' y dut"""",.".. 
Iof\lO ·<IoI~_ b . ... ,;" IpoOlb<l<lding beflovio<) 
on .. , doI01mal;.,n (b",. on"') 
"'~;' I 11"<""0"'" ""porloct""" 
IUlnI Nd ,n' '''''''''pan>i>n 
flCCtnt>io :st"'~rWng I"" " on.,.) 
Iom"'"to<! ribo ... oinlo!elld compod o m.,orial. (pia' ... od ..... , .. ) 

pia"'" <1010''''''''''' 
Not • • '" !he Io~g loct<K. ,"I be 0100"'" 10' e c" OI>U<1Uflt I olomont. 
How' '''. we w . ..... y. rood "'" InlltJMC<I 01 (Ioroo-doIIodlo!1) pMl· 
_ Iiog I>0-I00';0, to dote-mine 0' ...... ,he ptty""", aod """liea l ,.;g. 
nl ioorooe 01 .h. Eulo, buc"ng load. F"'"Ily , .... WIll _ ... somo .;g· "''''<'It • ..,..., .. 0' dooq> oll'in" .""Iing "" _n ." ... "" •• OI.""",_ 

n . 11>< .. l...-.d!omontall>oo , 'cpa 011>0<. plato. ond 01>011 b1.>Cu"g 
..;. be put "''''. QO"'" PO'op«Wo In CI\aptOi F" •. AIoo, oem . otM< 
""'","g ...... "0 no"",, '" P'"f"I'1'tlon leo- f"""", .. ..!y, FIn • .." ....-
.... nlio.., . .. ~io.' owroac!l to 11>0 " lIle, ",oIfict.o boh.vior ",.he 
Ill"'" _ . 'rucwtal oI'''' nto ,"I be ,oIa,O<I '" """ont nu_ric.o.l lOcn · 
niq"'" 101 I.-V buc~g 1o.o.<I5!o< . lru<tu, •• ..;111 molO compl .. go. 
""'Olry.nd Iood "li ,han 11>0 ""'1'10 ... ",." .... 1 ...... __ I •• dd~"". 

""""",,",0' ~,e ~ro-;;o'd on "' •• " .. ...,. ol _ 01:. m. I" .... . od 
Sl<ucIU1o. as _ . 0 on . lome nl. 01 ""sig n p,"",oophy p .... """'" n
.. n'lat m.'''malle$ ,,""td to min .... 01 "'oct"'" (wen •• buc~i<Ig 
_,. You .'. ,.,,,0>:l0<I ot , ... no'" '" , ... p<et ... '" ,"Old ,"it 
cnopto, 1HI,1odic&1~ .. )'O<> ""' ''' t!I<o"l1> .... _~",,)'O<> MIl aw..:" I • 
.... """Ying o.opoct. 01 It, .. Ohap'" a"" _ ... and I>ucl<Iing .... n _ " . 

ctU.PTUI ....... lNCU 

,., 

,., 

, , • 
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Chapter 2 

BUCKLING OF BARS 

2.1 INTRODUCTION 

SIo_, ... io.l·IOacI-.. ,ryO>o m""'~ . ... 001'«1 1>0 .. ".. columns (I" 
•• ~Ocallt ~I ""'" 01 " ba'i o<aK in .... n' Iorm. in "ruclu, •• •• 
_,.n in F"",. 2· 1 1 M _ 0 column in Figur. 2·'a mo" bo do
oigroo<I "'" 10 ""OklO boOa<IM • • ' " . " It "0'". ' .. buo" lng."., .. to. 
,"iii 0I1~~ ""~·co lI)'ing ~ 01 "'. <»iomn. TI>o lop bolO or .. "' .. 
in I~. ,ruso in FiIlu,. 2·1b."" Ih. clio_, bolO .,. in oomp_ (e) 
."" .... iIo'~ 1M. ,no lood.""fI)'lng ,..,«it). 01 tt.. "u ... Tho OIn. , ba .. 
in F~u ro 2.1h ora .. Io,...;on (n. 00 ' ''"Y do "'" "u<klo. 0... obi"";" .. 
10 <101."" .... how '" lind tho """,;mum load·e,,,ryO>o <opa<.t, 01 bo .. lhol 
_ .. w. "". do"illn p",,""" " """ u"'. th>1 p~""'m tho .. lu "o_ 

W. wilt . .. m'" ........ 1 ' PP"""'''' to colo."ulng !tHr bu, ' ling Iood 
01 an ""'iolly oI,oighl bar. Somo 01 tho moUlOdo . ,. docepI~",,_ 
-... .... 0/ ,~. _ ,.nt", oirnp ... :e ... ,"'" 01 .n. bar _ 0 pr<Jb~m _ 
_ . ' . ' . pIa'o ."" "'0_ buo"lng j>r<IOIom' 0', inn . .. ",," mot. oomplO, 
. "" """ ' eq ulr. """"' ... prooodu, ... ' l>al . M ... '" lo " ... , "lOM com· 
pIa' fIit • .tIoct;"oiI' ."" <I. orty. Th ........ wi! uS- tn . b .. "'""'""0 pr<>b-
~ ",.,p.,... ",omOd. to '"'" on 01>1"_" ""tt. ,no ......,,101 CIa,ity or><! 
oIIoct", • • _ to ... 01 . n bucking """,10m. in "" .... oiI\' "_""_ mo.· 
""'. T M' • • i"",'. "PI' """'" m"", • • • norrbrtoority . 00 000'11\" principIos. 

1111111 

• a.-ng eoo""" , T .... a." .. C""P"" ' _ 

,~,. ~-1 Com""" e . .. """ 8<.0:' " .. 

, , • 



so ............... ___ • 

Wo .... rt wtl'l 'ho cia...,.' €ur .. 00 .. ,," 0, b.o t _0"'-"' t1\a, 
is ,,,.,,";0"1)< " .. ,0<1 in ""<><' VOIO<\' _. 01 "'., . ..... co"_ 
Wo 81.., r ... """ bart tHol'I.>.. o .~t bvo~Mo occut'. ' 0 . ... bIIon ... sIg-
Mane. 01 tOO ~., b..o:kIIno Ioa<! " ~n .p~ ""'Iions. lOOn .• _ eo<><_ 01 bvo~~.,. ",,<OOo<:od and __ 10 <Ie,,,, •• bucldW>g ... • 
' . ..... , oq"" i)n .. dh I .. con",n' booro;IaI)" ",,_Ions at " '_ a • .". 
_ 11/ intOll"" '''''''''' .-tu' in approdm ... buc~linIIan~. In addition 
II> " OOy o,g Ih. buc!ding ol ... iary ' ''' 9'>1 , "'slio: bars. " . " ill CO"O_ 
otno, impo,"," oIIocts on baf buc'-J o,g. Tho "'''''0fU sh • • , Io<co thol 
_olops <bing buc"'"g Is a.:countod tor. I tno "' , is "'" ." .~hl prlo< 
to buOloJinIj. wo m"" doI. ,miM ,~. In"""""o ol lno inllal _ <trio:: int· 
porl«:liom. Tho oil"" '" ,...", .. o,g ,ho"".1 .. po",,"," ... bo "'"Ofll . 
~ IhO- mOlo<lOl (,,,,,,..,.,,.,. tho ba, is ... d. can <1010'''' .... ta._.,. prlo< 
to buc!ding 1;.' " • l>OO ..... ar ....... tr. 1n 0"",. e,I." """" •• IM I tor 
.lIm,"" m). t.." .... ~r>d I~ . ""oct of P .... ., dO"" .... ,""", F ... ",. " . g;..-. 
00 .". """""". To r OOOign 01 "''''\10;''01 bVOkiO>g. 

2.2 EULER'S COLU~'N EOUATION 

Th. h.in<Ion .. nlol "".,."" II> tho 1,0, b""k~ pr""_ w •• ob,,'n od 
by l.oooI>or<J E...,. 11101- 171131 ...... i"".IIt' .... t.,; thO ... 1~ . .... ,:.c.1 pro.""" 01 ,no _!lily 01 . lied,,,, <010",,, 0' ba, condo r .. , .. I ond ","o 
(2- t I. Va ....... "'"-'_ 'Y conditio" • • ' . po$;>ibie . , 'h • • nd. 01 thO bo, 
.nd ..... "" . .. ",Inod ' 0 ~nd , ..... W""" on ,no bucking ""-d. s.cm.. .... 
_ 01 'his _ lion ' .. " , "" , ....... , 1It_" • ...-.do",.m. 1 .,o<""n"" 
01 m. , .... '" """, .... bLd th .. "".tmont "., . hlgho< .... 1 and .. """' .. 
dolin~ion '" '. ,ms a nd ""'''''',... tha, will tHo expIO<od ;" ill' ... ",ohIom" 

2.2.1 EhlCklln, et on .... I. lIy Ccmp ...... d B., wHh P inned End, 

-'- I' I' 
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/ 

" 
T 
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I 

• -- • ........... ,- , F_""""" Dotq_ 

F~H ,,",10 1~ l _ ""'-t;"""-:!, I""' • ., su....,... So, 
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o, n b •• "nxlucod 10 , .. ba, nor can , .. ba, _Idol Th., ... 'M ba, ea" 
001 be -,td al I.,. ''''' ... U~ •• in""d suppOrt ~k~ t .. oM ., ,M 
bonom at FigL ... 2 -2a t..ca .... "'" tw CQ<JId ~ "'" """""" or l>ucw. 
_01 It.. ' ppNd load v.ouId be ,.acted., ""lOp &OJII)OI1. a nd no kl>.d 
-,III ,~ th, ban T"o ba, om .. "",ion "". two ""0$ O' symmOlry: 
""or ,n, y~)". or to. Implied .",, ,. 10 figut. 2-'<!_ Inlt'aly . "" <0"""'" ....... '10>_ "' t~. pion. '" I ~o pOpe<. I. •.• I .. ' .y pIIoM", Figur. 
2·2. <>III I~. O'l/U_ opp.,. oq"o,," .... , 1<> """"j ng in to. N pia ... 
W . .... Me tn~, tI>o plan. in ""'i<~ til. bot actual.,. buc , loo III do' .. min ed 
by tI>o 10 .. , _ m_ o' , .. 01. ' '" "'. bOl omoo .... ion 

I-Iot . .... , a beam io 0 otructural m. ",be r tna' '''_ "Mor "'0",1 
,.".... ,,~.""' •• bo , III. ",,,,,,,,,,,, , m""lbo, ' hoi ."'.od . .. eompt .... . 
....- .. 1111 load. Wo 10<: .... Of> bo .. oubjoocted 10 ",,101)1 comprewlv. 
Iood. 00 • ...,,""n i. "'" po .. ibIo. A bot bend> on.,. Qn., tIlo b""k"Ong 
Ioad_ P . io loao"od I"' .. "' .... it .. 0 b<ta m·e<>tumn 01 boom·blttl_ 

lniliol)l.'"'''' '' _lil:ed u "ing "~0Cl'" _i\tI!. ovon u-. 
"""'" low o>ioll:>ading. P_ Wo ........ 190 .. 'ho ...-...:y of It.. bol. ' "Of 
bowio g ..... , 'rOm oj'a "'hl" ... . '0 r<lum to ,~" original " ,a i\tl! oq"iII>-
,tum "",,'iguration Tn., III. ,.. "" .,rOOi" to. OIat)lOl' 01 ''l' .. ,.~ 
oq" i <btiolm oonhgu,. _ ' 0 .ind tlHI Ioad.t "hdl Ill. ba, __ 'rom 
...... ",Ig '" """'OJura ';"n 10 a hO,,.,,. igrrl oquilitJrium .."..1got>o,lon .. ;" 
f igu,. 2· 21>. In _ion. "'0 WO"1<I.k< '" dot~rmin~ , "0 ' ''''1''> o' Iho 
non",,,,;go,' oq .. ,brium """~!I",.oon. To ",h"" tho ... two otIjocl"" . 
... e dol~rm"" ,h. nmimum load undM ... IlCl> "'6 bet .. ""' .... in d """. 
"""igh~ i .•. • Nn' or _~Io<I. eonIigu,.'lon <Ieoc __ """'. lunc_ 
v!J<) In ",,\:n y is.1>tt 'ra • .,' .... de!loetiot1 """~ ..... ""'*'td """,,,,". 

Hol. Ihol ,~. sj'Oighl ba,. ""'" OUbjoeted 10 1>_ .. low II ... _ k· 
tlng 000<0 . ...... ~ __ In t .. 0"" _'ion ~"" ... no t'an .. ..... 
<10110<:000 . 1'. Thus. y(.) i,. !JocIoJing df>_. la <hr,","'" lrom ., ... 1 
.""y,I"....II .. ' OCC"'" only olla, 11>0 ...,";ng Ioed III ,_. ond no1 
a _I ~"*""". aUlOull" th • ....,.,;ng <Ie.1o<1lon OM ' M IOtItt ,,,,,.... 
• ., .. """,,""''''oot 0 ' .... ntic., lot n,;. ... 1IIJIy po ~""", o(,. >gh! bo. (In 
mete p&no,al stu.tion •. "'. 'ota' ""."0130 <10110<:_ atld tho b"'""g 
delleolioo . re no! iden' ical!. ~eoording"'. ",~ _ k tho _n to . v ...... 
_ 10.1 " PO'" p.-m. e.o llO<l •• • ...."."."' .. ~. in .... ,,~ 1/10 """'. 
c, l td ,o. ~.",alJo or cho_ot/stJ< , a"'. at whic~ tlHI bor _ kl .. 
into"""" _"ted....,.. cal1O<lon .. 1Qo . .... "or. on"'''''''n ,n. 0 .. _ 
'0""'''' •• 1I>e 0/ , "0 load .. ... chOd. Bolo ... til,,, et""acIon.tic load. , .. 
_y,1 bO' oimpIy """~."" in 11>0 .,10., "0001;"" ... ,h. load bo_. 

W .... mlno tho "'1uilrbtium of tho be, in • ben' oonhguro'"", to ... 
~ thot bo" ' oonI9.>",,,,,, co n . . ... . tId .. _ . w. co. , _ '" Iho 
buc.O.littg _ u <..O~ & <ii.o!tllMg momenl '" tl><> _ ba,_ Tho bet 

.....,.,ide .... me inl=enl "'lOring mo,ne'" "".- b, it. bonding .. i" ne .. 
(", .. 1.10_ 10 _ 01. If ,,l. ' 0_0>0 "'0 ........ . ...... In. d~urt>ing 
mom"",. 1M . ,,l. bor wi totum lrom t"o d"" urbod .,ate 10 tn. ",olglO 
OQu, _", .ta, •. TN.I III. lno bor .. In ._. OQ"~""m _. ~ ~ b •• ' • 
..... • , • low """"IIh 100<1 ,"", til. ,. .... ing too""'''' ,",umo tho b., ' 0 
_;go,ln .... "ffleload 1o ...... . """!1> , ... ,11>0 di>I"rbing """"0"' ''· 
00_ "'" toaloting "'''''" . .... ," . n ' M ba, ,, "",10010 end ...,kIo. (to_. 

, , 



................. _-_. 
, .... Ins in ' M ben' ..... ) . N.". w. "'" ~ "'" load !lOIs ""II" .""ull'> 
t!>a, "'" IfOl<>!'Wlo mo.,.... "' .. .,. ... ,. ' .. dkotuobing ,,-,on' , ' "n """', 
"!he IIlgoIIC"noo '" """ .".d1 w. "'" !t>o, _ "'" _""ng Io_d . l ho 
point 0' ,h" dice""",,, ic !ha' ". mu", ""." • physicsl ", .. " n lor Why 
.". a .. "",,~ 0 opodIio "'1"",10 • . n a ' ia. ,"ha, '"'" uo '" ,ha, "'1U'_ 
... <>gioo l, "",,10 ... 1>10 .,omer1 In t'" "" ... .... """""0 ,h. ,"", ""g 
"",,"om ~nd ito '" lotion to tt>o d""u<bin\l """". n', 

n . , • • ,.rIin. of a ben' bar hao ,"",,,lUr'. p . tor ... hOc.!h ••• ,," 
" p""" m " •• "". '" 'h. Ir"n .. " .... (b ... idngl d. 1IocIion y(.~ io 

• H " 
P O R t » 

[" (Y)' ] 
(2, 1) 

in whicll R i, U .. ,adiu, oj c"",alU,. 0I'Id 'ho pnmo dono'" 0 <Ie"oti,. 
""'" ,"_ "", ~ y(. I;' zorn. " on !he ,oIumn h •• "'" buo '~ N;w 
ornall sIDpM.. (V,' < < 1. i .•.• tho <qua,. "' •• mol quontity loss thon u. ity 
is .. .., ornallor tMn tho "",41 quIUllity OM!. Fo, .. amp"" ~ tho 01_ 
...,. o' On .. "'gO "" ,1, '''''" 1,11' - ,01 . 00 ,h. ~,. 0' !h ' ""'"'" " 
quo. nog,;g_ cornp<l,i>d to ooif)' (on ""or o( only 1%). Thus. EQu,1ion 
(2.11 ,O<b: .. '" 'M lin ... , oppro.xioWIon 

.......,h 10. ""'"' .ppropria'. _o' '''otio. boc"u .. __ 0<IJy ,ho 

.,. .. ",./01;'" 1_ UrAiIt'>! .... /f)I ~ to "':''''', W~h only • 
sIIlh! _ ... Ion f""" Injiol .... i!lhtno ... , ""'.q,o, y .. .. quilo """,II. 

For a boa,. undo, pur. I><>rIdlng. I. •.• n whlcn tho """I _~.nng . 
..,uOng ",",o"".'IorI. , and bo.m .... ;gr., " 0 nog_od, ' hO "'''''''g 
mom_ is ","'led '" tIIO "'.m curva.ure by ,hO ""I· • ..,,,,, .,p,O'Mio. 

~I "_ P (2,~1 
""""h,' Equation (~ .~ I" &00.0_","". bocomH 

(2,0) 

_~ io "'0 dill~,.n,;'1 oquo,1orI lor bon<liog "' . toN ... )n whlett ' ;. ,hO 
"""ond momon' " f tho toNm cros.o·.octlo .. 1 .... ( .. .., collod ,~ . mo
m. nl <>I ., ... ;.~ .boot ,II. b . . .. o"' ..... "'tio • • 1 u .. lIIo, is pO'P"odOo u"" 
to 'no p"'''" .' bonding. l ha ''''''>gully in !he oign of Eq",,'""" 12 .• 1 "' 
,oool<ad by dolermininl! "II.""', a !>O.ilN. mo..- ""u ... a posit;.-. 
"' . nago"'" 0""'0...-. " 'h. """ ......... 0/ tt.o .,00100'1 In ,~ . ..... 
c . ... 'no IIlgo '" E""",;.", (2.0~ io .,.,..lliY • • nd in lho .. conO """ nog' 
a t;'-. AItomo,;'oIy,. po.I;'. 100","", «In lHI deflM<l .0 """ I .... ' .. 
aosoc"'''' wlh posIU\' . "",,"W,. "'" lh. >I~. 01 Equalion (2 .• ) is ohoi" . 
"""'"., Wo . h ...... , ... 1;,01 OPl>fOOoCh and m"Oj 'IwOy' de'.,m'" 'h. 
sign 0/ E~ ... ion (2 .• ~ by . .. minalion, 

For III. pro_ probiom, .. _h , •• 010 ' """"ootlon in FIou .. 2-2. 'hO 
rnomom a' any "",n' abo\! .h. lanlllh or lh o ben' b., io 

(2 .5) 

, , .,. 



1M diH.' . .... 1 o-q .. I"," 10' _g bKOmoS 
EIy" _ _ Fiy (2 .6) 

;., wI-Oc~ I ;. '~o _ morneol 01 "' 0 .. , « __ "01 ., ... boIA '~o 
boa, <fOU·04ICIi<",.1 a , is t~., is po!p«Klicula, 10 "'" pia .. 01 buckling. 
Fo. pfoblomo, ouch 00 , ... "... .. n', ;., """,,, ,no b., borrlo """y ofto , • 
00"";" load, P , io , .. o~od . ... .. ok ' '''' .. 1" 0 0' It>aI opo<~" ",.d, e.lod 
tlto buckling "'od. 'hot cou ... tlto bor.ding 0< buckling awoy l",m , .. 
_ jyht b.,~. " .... oub~"'. 

k' _ ji 

" 
(2.1) 

tltO" 'ho dill.,o"'iol eq"otlon _0""", 

y· + ~'. ~ O (UI 

E_, .... (2.8) ;. ,h. 09o<>l",uo O~".'"'" 0, I-o>rno9otMOOO dlIo"'"h,,1 
.,,""00 in """""""I 10,m (tho ooeffic...., 01 'he hY'"' dorivril. ;. 
one) fo< t .. p" ...... problem. T"" dIIer""'''loQ''''''''' is ,."".d ho"",· 
It" ........ bo<:i>"" IflO ,;gI1I-1lor.d >id. is ",ro. Abo. In. l>Ou_')' CO!>
dotlons <>n tho dolloc,ion function Y IIov • • oro """'s. 1.0 ., y . 0 (boeaUH 
"'" do'lo<1"" ;0 .. '" a' ' ... ondo 01 t .. boa.) and y' _ 0 (-.ea_ t .. 
"""""'" is • • ro . ,!h o ondo). _ .. 0 ', wo dO..,. us. Ino '""" 1",,1 ' .. 
mom"'" is .orn at 'n o Oa,,,- in ' ''" "'kltion """"'_ tho dIII.",m .. 1 
oqoJOiJon io 01...",.-,,1 ""'"' (no t.> ' '''''''Y ""","",," ""'" ... oPflhod ,I\>, 
is 01 tI>o .. m. orno. ac "'" h9>_ doriYa""o in t~o din. ,. nliol "'1",,1100). 

n . gono>al ",Julion '" tho doll .......... oquo.'''''' io 
y . Po .... "" ~ 9 <:05 "" (2,g) 

;., """"h " """ a .'" 0",,"'''''' 1",,1 . '. dol"",,;"od (_'~~W.Ir. but "'" 
quanti.welrl (rom t .. t.>unda')' co_Ions. T .. bouo<lo.')' """"""n. 
01 .. '. do(lo<:1"" .1 """ .net olin. I>a' I .. d 10 

y(O) _ O .... 9 _ 0 12.101 

12.11) 

Thuo. eiJ'lO, Po . 0 '" .., ~l _ O. 1'0......,'. Po c,o""", .. .0'" bocau •• 
B is olrM<ly ,,'ro, .. ,he '" would IHo no ompli<Jd. in 1M buckling do· 
fIoctio" 01 Equa''''" 12.g). l.o., , .. 1>,,, would no' bucklo. That """'oon is 
~ ""nt.r ... ing Irom ,no p"joical ".!'>CII>OI"I .nd ;. oallt<O t'" 
,!Iv .. , -.,.",. Tflo ><>l<II ..... '" ,h . ern,""'_"",, «1"1""" ~n. "Guolion _ ..,1uI"" ill t .. """ract~"t" ....... ot .~nv.""') .... I.l _ 0 aro 

kL _ n, " _ 1.2, ... 12.121 

"od . , . ",,1Iod ,h. e ... "..,.. ..... "'" • • or . ;yo .... Iu • • 0' 'no problom. 
N"9,""e ,.Iue. 01 n a •• 0100 • ..,lution to EqLoO""n (2. til. hu, 0" "'" 
phy.;c.1 ....... "" • ., ,,"' pi'Qblom, Tho """'."'_" """"lion ' •• " .. 
'rom .w..f Lt1ion 01 ,"" boundol)' _ ..... in tlte """"",I ooIul .... 10 t~. 
doI1. r_ioI __ . TOuo. W I. , Eqoo''''' (2.7), I. "-' u'od. '''''" t~o 
bUC>;ing ....... r. ot P lu_ lole", ... _"", in I".. 0000) • • '. 

" _ t . 2 .... 12.13) 

, , 



.......... .. ..... _-_. 
_ . ,ho, , flo boc" linV 1<>1.<1 is Pro but do no' <o' Of '0 Pc o. '~e 'erlicol 
_0 10M __ .... '~"' $Iy~ 01 .. ,"'....,. .. ,_nt ... neo lin · 
p<w0I. T~a' 10, P, 10 "'" orlll<;a'loM '" "" _0 10M. b Lol """~. 
O,lic., _ O I<>I. d. T"" .... e.1 ,.1uo 011""..,_ """,bo, or,. ", .. 
01 p. oe<urs to, n . l, i .•. , 

P, - .·.!::'
" 

(2 .14) 

_~ io tflo <1>_' Eu"'r -.mn 
"'1""''''''- n . buc kling modo oII<\pH 
to, 1'1 _ 1 olld highe< ,._ at n, "' 0 
numbo , 01 "" . .... WOVM ,buc. 1K 
in "'is e .... ), " .. aMwn in Fig"" 
2·3. Roc" tha, !No "",do shapoo 
""'" n w2 . "" hig/'lo, .," ~Io 
only l !ho ooI"mn is phyUo. ry """. 

•• • ... ... 

_inod 'oom bucking r.to .11 "',.., modo. . Fa< ... mpI •• l • ""Urn" 
<.MOl "",yo "o"ov. owIy ot ~. ",0;10".."h. Iho" !No n . I b '"'~tnw ....... 
is nol pooolNo • • nd tho ""tum" mu.1 b",,"'" into Iho n _ 2 bu<1<Iiny modo. 

Nolo 11>11 "'" coIum" mi<Hortgl~ Io<olion k>< n _ 2 do .. nol mov. 
1lll .... 'M~ !bu, _'. """'''''"', fOlo' . ). TN.' poinl is collocl. rtOdtJI 
point. Tho oodo.l ""ioto to, . col umn. e.l/., k>< n w 2 olld n _ 3 (., tho " it<! 
point. 01 tho b«J) in F~ 2~ , .,. thooroti<:ary ~'" I""" tho""· 
IItion. but . , . p,""'icolly pc=4I>Io only I physi<ol oon""",,,,t .91' .... bock· 
~n g io • low .. mode .. provided -."""" U\o " _ 2 modo O<><u,. 0' • 
l>iQI:>o' buckling k>od (by. roeto< 01 4) ""'" tho " . 1 modo. Highet ".,d,,. ' han 10< n . 2 occur ., .... on high., bocking_. 

Som . oddli<>M1 comm. n .. on "' a Eu .... "" .... On .,a _WIGI',i., •. 
Tho .iQonYodO' COI" '_"'*'~ '" ,"" "'w." .~ .... Iue Is 

y . A.in ~ ,2.15) 

n . con. ton' A. ,"" ompltudo 01 tho hal· .... wav • . in E""lUOn ,2 .15) 
is _ '0"""'"'. bec<luso wa hav. no OQUO'On loft lro m which wo con 
e.lcuIo", A. T"" _'MminolO...,1Us at A is ohaJ""""""ic 01.11 atgoo . ,.1uo proIliom. w~ .,.io ... a lind til_ a~nyoluo (buckling bod) and ,"" 
_iIJo""""'O< (bocking modo oMpe) , bLlt wo eoMOl lind ,h •• mpI~_ 01 
Il>o bucklin<.! mode .hap • . lo.' II"-<iol\oclion oQuii>tium "'001)' is ' "'IU"o<I 
I "' .. actual ",o~nl_ 01 doflocfun otter bLoCidiog .. dII"od , .... Soolion 
2.~) . Ho' •. b_9 10 dor.-...d as "'.;.u.dc!on d. part .. " ,""" !No "'Iginol 
"'b," OQ u' Ib,",,,, "'od iog pa'" a, • ..-.lI--donrH>d "-'<I .•. g .. ,"" dIIp. rt .... 
I""" ; o l"''',.~hI_ 0' "'" . ... ,~ ... _ b,o" n,,,,, . • """,I ;.,0.0", .... 
.. _ P<Od<IC •• • "'1>0 10<"'.,,0 .. .. I ...... M .. ";,,,,_0"' , 

l ~. ,,,,,"'o~ Of e ... (. 00Iu"," """"IOn is 0100 _ try Iflo 
mo. imum SI' ..... , b<l<l<liog. lito, m'''""um . 1,. .. my " W in ThO e l .. ,ic 
,.ngo CI tho """ Mia''''' . ... '~"""I",, me_""-"I bIt"_ in .. ~ich 
pIo.,ic doIorm.lioo is =-,..;1. Ttl"", 'ho Euler column aqualOn ..... 
• "'" be It><pr ...... io "",,0 01 '~o~, To dO 00, ". ,~ <lO!ine ,'''' 
"'_ 01 !1Y",rion 01 til. """" _rio_. r, 10 bit 

' . ';~'A (2.16) 

, , 



in ,,~1::tI I I. , he _ mom"" 01 "'" ba< eros , ... ee,Io,,1 "' ... (also 
col O<! "'" mom9.' o! Inoniol .bo<Jt "'" erou-~I 0..,' 10<:101 " " 
pot'Pondk;ol.a, 10 'ho pia". 01 °"" ' 1100 . .... A lo t ... "'"''''' ba, oro .. 
_no Ph,oicaIIy. 1100 fa"". 01 gyrol"'" io ,'''' .,.II>n<e lrom tho 
IHIJlding .. is lhat tho> .'''''. A, io <,/O,"*"""od • •• 'Unp' Io)'lold tflo 
...,oold """"on' 01"" ""'", I . IV', by tho p""""'-A.<io tMo",," oj 11*-
omo",. A ... oct",.1 "'orpretol;"" is """, io . ""'."",. 01 tho IHIr>dir>g 
.tiII .... r . ... Iiv. 10 tho .. ' • ...., .. 1 .. tin . .. 0/ ..... bar e,.,.. oectiDn. 
T"", .. , tho hp ' tl>o ' . , ho _ I ill abI . ...... 'rom "' . .. m. «_ . 
.. eIio •• I ., •• . Fo' ... ..".. • • h. ero .. ""''''' 01 0' I-b .. ., ho •• rn""h 
higl>or I ,,,-" _ •• ""''''''''''''''' CfOSO &O<Iio. of tho .. me .,... Th"'" 
• ba, wiln 0l'»\1h o" ...... on iI'r>pm,od bonding .'lIeio""" , ........ 10 ih 
'''.nSOon. 1 . "i"O,.ey. on ",,_m .n,;jJu""" bar ~t<l1O .,., 
_no boc .... b<>-.g _.<Ss IPO"""'" tho b""kling load in Equ.lion 
(2 .1 4). Thon, will> Iho 001 .. 01 !I'I1.lio. dolNIon, ,h. Eule, e<>Iuomn 

"''''''10/1 oa ... "'iIt •• o. 
Pe .'e ,,< - <I __ ___ 12.11) 

" A 11I~' 
Not. lha,!h. 0""""'0 .. "'., 11""" to UfO .. tho oIe.",n ... ,.,.,. V,. 
_ .... i,o., os In. bo, ~mM ..,... ."" more 1IIt000' .. F~ 2 .... 
M U, doocf ....... I ... .... tho ba, boco<M. _Of and I.n.,. o[ in-er ........ rot .. "", .. Id lor o.~..., wh.' • ..., .. ,1\0 , 1.1d ....... 01'1\0 
""".,lal. n . ""'''''0 load \of .. , . . ... _". 'he,~ ." ... wI ... 
dolo,mned io S*<lion 2.10. TMI ... IIItndo, eoio""," " ... ,. bu<'" 
""' .. ico ..... ~·h.'oas _odo, coUmO" mighll>uck ... , .. , ....... """. 
III" Y"1d .. ,"" .. eouI<I "0"" or _, OXOossN"1>' ;,,'he u~ <> '0<1"". 

He" ,h."". 'oro. P '''"''-''Jho"' 'f>'o 00<1"" io "' .... '"' ''' to ..... y. 
" ""'in .0<1ic.1. Thus. III. " " . "",110""" a" """ ..... alN •. i .•. , ,,,. """" 
__ """"00 from c"oliO"'"' ''o ~ '0 CO/IIigIlro'ion B"' . meehan· 
"",I "I""0m" -...n",,' 01 f""" ~ p .,... to .1woya ", .,..in Iongo'" 
to ,,,. ond 01 ,1\0 bar, lit" tI>o ...n _ . \oO,,1d bo ""t" ·dope _ot .• nd 
1>0""" Ih. IMIhng _ Do no"co"",,,,." ,, n,b "'-'dng oiI .. OOn .. 
col ed t .. toa>w .. -lorco p"",lo-m. ""0-",,1>' • .;.e. ~" !>On-9mbollng 
lOCke! .11\1 ........ aM .. br"'~ dooc,i_ in CIIop<e< 5. 

HE \, i ......... " ........ 
" .. um.m\ /~I ' r;)~ :L 

• 

(-') , . , , 

, , • 



50 ............... ___ • 

2.2.2 Buckling 01 on A.,olly Compf ... ed FI . ocI-Plnned Bar 

No". IN> ' "i>P<H1 oondlio • • <>I • bat ",. "n. ond r",ed wf " '110 otllOt 
_ pnood. TIIO (_) pinto .. . nd ,"uol'" ~I_~ \toot o~ 
low. V40n ic.ot ~.'" t" a<>oopl tho .,.;'1 ""'" . fl<I • ..., _. "'" .. ori;t 
,,,lation. ~ IN> pinned ond <id not po,mit nial ""'''''''''''. thon no Io>od 
co ..>:! "" ...... Iop .. ",!he bod Til. 
to.ctOlQ to« es. R .fl<I P. and , •• c'· 
ing m!!",o nt. M •. co.- by 8ppIod 
toed. p . a' tllO "W ....... (IN> Otf\lo") ""'ao" F9<" 2·5 . TIIO 1o,.,. R .od 
mom_ r.!,. OCC\.O", 01 """, ... ""~ 
ofi., buckling. AI. 0"1' PO" a lon g tn. 
too,. 1110 dioIU1bing """"",nj ;. 

,, ~ Py-~. 

"" '110 dtt ... nl lo' oquan",", ,,,,,,,,~. 
,100 2,2.1 boocom .. 

i' k'I ~ :, . ~ b·' (2. ' 9) 

.. ..tOc hti' ~ PEI.ndb' . R;~I . n o 9'1_.' ""luIion it 

~ _ A oin ." B c0-0 1o< • ex (2.20) 

• 

I' , 

~"""L 
I· 

""'.," """"" ..... ,,", 
_ <)noE "" ..... . "" 
o .... End P_ 

in """,,, C =b' ,ti' . .o,ppIy tn. 'ho ... bou<>do..,. condit_ on y.fl<I ,', 
110)_0 .... B _ O 1221) 

y'(ll _ O .... Mi """ kl. C _ O ,2.231 

A 1ourtl\ .".... .. n' bo<6Ido<y condiIion 01 ,oro momon' ("""- y"' ~ 0) . , ,he 
pin co...." "" . ,.d b",.u" th, doII. ,*","" . qu.1ion .. __ od . .... , . 
A """",,,;'1 ookJhoo \0 Ih. ~ .... ulo ......... oo uo'iono. Eq ... ' 
IioM (2.z!) ond (2.23), • • i." ""Ii iI '''' deI • .." ino., oj ,,,. coeI1icion" 
<>I A _"" C it •• to (A. od C ""mot "" U<'O 1>0< • • " '''on y . 0), 00 

kL . ..... kl ,2.2.) 

""""" .. ..... n_""-ntal 0"",..,.. ... '" OQUatloo ,I .•.. tn, ,;g!1t" ' ''''_ 
is. 'u""tloo <>I IN> .. ~."""" oido. "" • ""oct IOU..., .. "'" poOSIt>lo). 
B~!rIa , .nd 0ff0f. th. Io~'''' va .... 01 kl i • •.• 00. 00 .... .;go"' . .... it 

Pn P'_" .400)' EI ~ 20. ' 9 EI _ 2.OoIs i EI ,2.25) 
l ' l ' l' 

(2.25) 

in .. No h ' he omp'. udo ".'1' it indot. rm ........ is ,h. , .. "'100 R Not • 
.... lOS% nc ..... in _9 _ "" .. ' he ""'_ 10,,", . fl<I 0 . .. .. 
&oction2.2 ,1 

, , • 



2.2.3 B-u<: kllng o l .n A. 101ly Compressed Flnd·FI. od Bor 

No". 0 bar ... bot" o"do Iil<od 
O\lOOns! J<>1o,;on . bull .. _ 000 i. 
alowed '0 """, • ••• lieal)' to """"'" 
tIHI ",10 , load. Tho r,,,,c,;ng _'. P. 
000 , • • <! i" ~ """".0'". IA,. Ih.ot do · 
•• Iop . n., bucking <."_ by Iorce 
P oppaod., '" "wor 000 Or' "'-" 
in F;g.r. 2 ·6. At ""y point abng ,n . 
I>o,r. tIHI <lioI""'irog "",tn. nt 10 

12 .27) 

to 'f» gOVornO>g dl~.'''''''' ' oqu<ttio" 
'''''" SO<1.,. 2.2. 1 becom • • 

, ". 
Y· , k P£j"" 12.2!) 

A, , .. 10 .... ' 000.' x L. 

, 

"', . .. ,.,."'. !lao
,,,'" 800n End> F" • • 

(2.31) 

y(L)~O ... co.1<1.~1 _ ,~nL' .""'''' (2.32) 

i(1.) - O ... ""' 1<1. _ 0 --t " ......... Odd 

Tn. voluo lor • must .. U>Iy btIt" co nd i ioflo in ~qu.1Ion. (2.32) 000 
(2Zl). "" ,he lcwoOl t>u<U"~ Iood _u~.'" _ 2 . Tho 090"" ..... ;,. 

12.34) 

000 tIHI .;genve<:t .. i. 

"~, 
No', 1ho., tIHI bocIUo omp. ".do B ;,. .,proSO<ld in ' 0''''' 01 M • . a n "". 
~""'""".'" '"0 ompl/lOOo is ;Mo'. 'm ... ' .......... 1. TOu". r<p~ , .. 
_ p"nod eoo in Soction 2 .2.2 with. I","" 000 ",~ in ••• iIy , .. I<. 
u g '' '' 0 t>u<klO>g "'-<I (~% gr .. ,.r). ~. this buclilono"'~ 10 IOIK 
U..- • • g r ... , as "non both o"ds .r. p_ u in SO<1io. 2.Z-' 

, , • 



.......... ....... _-_. 
2.2.4 B-u<: kllng ol.n A.101ly Compressed FI .. d·F..- Ba , 

CotIoOio, 0 , ... " .. ., , .. 10"., . 1'1<1 
fi .. d 091''''' _00n. bo1 ,h. _~_, 

.1'1<1 io ~ • • . T .. ''''''''9 10,.,.. P .• r><! 
,.""ting """"."'. N •• P.1. ...... , do · 
'.10<>0 _H. t bo.ocIdinv ... -..1 by 10-
10"", P "P<>'od . , 'ho llPPor _ at< 
shown In F~t. 2·7 alo ng ",",h 'h . _,ed ....... w;'" ... o_~. M
any _ Aloog IhO "" . ,~ O diOl"_g 

mom"" can be ""''''' 10 be 
M .-Py . (Mo . P",) - P", - PJ (2.36) 

"" , .. ""'.'0"'101 f<l"'~ oov~mI"g 
bucl<liog (ro", Sect"'" 2.2.1 .,..,,"' .. 

J· . k'~ _ k2.1 (2.37) 

.,." 1/000,. , soU"", 

~ ~ Asin""·BCM"" ' .1 (2.3e) 

• , , 

, 
~N •• P. 

' p :., ""oJ" C,,,'.,, •• _ ea. 
";., Or>o f"" ..... 
_ Ono fnd "to 

App/\' Ih. bO" ..... ry .......... nt~, O""h _ oIlh. boo , 10 1"'" I .. """' .. 
01 A. B,.I'I<I~. A, ",.10 __ ( • • 0). 

J(O) -O --> 0_ ...... 0+110000+ ...... B+~ . O (2.39) 

A, , .. k H .r><! ( • • l ). 

JIL) -~ --> .:._B""' .. · .I --> B<»S ~L _ O (2.4 1) 

~ B ".,. ,oro, ' .. !>a, woul<! no' b",,", "",,," .. lI>on 10.. B. aM':' """"'" 
. J b . .. ", "Eq ... l;"" (2.38) (' " ,,,,, .. I _n). nO", "'" ...,nI,"';'1 
..,1.rI .... ItIM < .... cl"' .. '" equation) .. 

<o,. kl . O 12.~2) 

kl~n ; "~ '.3.5 . 

In "M:;11 .1. 'hO """king • .,pIiO_. io lnd ...... n. ... a o uouaI. This 
bOOding load Is ,two ""'K! ,ho' wo .... ".Do<! .., !o, (11' 01 ' ot 
p;n.-..d-p;nnod bO' Ioo>di. 01 """'H, a hoe • .., """"I<! . .,,,,,,,,.,,. Iu d 
to a ...... , _',l og"'d tflan on . 1'I<I will1 som. (Ofl'\') typo ot otJp~n. 

, , • 



2.2.5 O""kllng 01. ~nnod·Fr ...... Iolly Compru_ ISor 
wl1h ~_blly Roo, ralnod ~nd. 

II' .rV . ..... g P"IlOIi< ••• 0., or \>eo ", 01><1 10>1 is peo10.,U,/ ,_. 
porlocl.,. pin..w. ", peo1o"U), ' ",od io roro"'. ~ .. 0,.1ound. TI>o .. 01><1 
""PII"OI"I oondition. are ",., • .,. <lM1""'",,, 0/ "'""bo .. 1I\i>, . '" <>nil' 
_D'"O',''' ~ ... I~ .... d. "'""",m' .. ombo,..re Iyp1o.o.,. IMtonod 
'" ot"e, .. """.,0/ me mbe,. 110 make 0 """""r.'1 00 U1a ' • • _ r applied 
!Md. tho t._",,)' 0/ one ", . mber '" """, • • , Its _ fha, islast.nod '0 
, ,,,,,he, m.mbe , .. ,..".Inod ID ..,." •• " . n' bl' ,ha' otho, "'''''' .. ,. 
S i"';O"r .... ,h. , . _ ...... 01 • """'ur" _~ '0 11o.""" at u .nd """ 
is Ia"onod '" .notl>or ....... , 10 , .. tro nod by """ oth or momber. Suc:h 
""""'Ons .,. """a'" mod,,,d w"" ""ation.' lI"k>Qs and "".Soh''''''' ' 
Op<'">gS. _,,, • .,.. r ..... IIprlngS or" 011 ... .... . , 10, . .... , ",,,,,,, ,,,,1 
mo~ (e. g .• F . k>r 0' M . kill. I>ut thoy CO" .100 be oonIirHoa, " .g .. 
F 0 k>; or M ~ k<l>. ' 1<.). W. tr • • , oMf ~n '.r ... .,,, "!'Mg> In Ohi. book. 

eo"""r ' n 0.1.0.,. "'ood bar " . h ;.,. 
IDw. , or<l pOv\.o<j or<l"l'P"r or<l h. o. bUl 
tho """or _ .... otr.oinod ''''''' tr . .... • 
lion by • " . .. 10' ....... opring ...... ."rit>g 
co"",,,n' ~ or<I 'ho ",wor ord 10 r ... roinod 
''''''' rotolion by • IOto'_' "" "'g ... h 
lip';";' con.tan' ~ .. in F9>'* 2·' . Tho roU,""" "!''"'II mom"'" io. bl' .",ic •. 

M,=P,, _ ""l (2.4~) 

in "n<:ll ~ is 'ho horizonto' dollo.ctlOn 01 
tho upper ond. At .ny polot . • . olong ,1>0 
bo,. tho distwtin9 momont ia 

III! - P(~ _ y) _ ,,",x (2.47) 

, 

I' 
• • 

" 
to .,. <IlI.",'ia' (oo.oti"" ... ) "'lua'"" 
0/ SocI"" 2.2.1 . EqtJ''''n (2 .• 1. booomM 

r'9u" U P_ ·F," SOl ....... , "'* C","p",~"" l<>o. 
-.; .. . Rot. _ sP''''iI . nd • T""",""""",.,,..,. 

yfflh goo""'. ' ."k>!"'" 

y. A ... ",. e""H'_~ _ M' , 
"«*/ lhO _ .... 'on<I~_.' 010" ."" '" 'hO ""r 10 lind IhO """-'-" 
""nstant. 01 Iot.oro' '''' A. e . • nd ~ . A' 'hO uppor o"~ ( • • OJ. 

y(OI . ~ ---> ~ . A oinO . Bo""O _" ---> B . O 

A, thO Io"er end ( • • l) , 

),(l) . O 

. ". Y(l) ._~ 

(2.50) 

(2.51) 

, , • 



................. _-_. 
F.,.. a ,",olr),. io l """-'IOn 10 I .... h." .... """"""'" """_'*"'" '1<1" . 
'''' ... n ... and ". Eq""''''s (2.5 1) .nd (2 .531 . (Itlo onird .... u •• nOOlJ . 
"'lOUlUon, E_tIon 12.50) . ..... , 0<1-.:1 ,o+.t_'V by B . 01. , .... ... ,."" ....... 
'" 'h. """"0, ..... of " 0"; ~ "'u"' ... " "'. I .• .• 

1 _ ~l 

~l - P~ "" , •• 12.541 

S; ",,"~y Iho delorminaol by mu. l>II' .... , 1>0 .. oond column by P and ,"on 
.... ""nd Ihe delo,minanl I" go" . nor ,,"b"~"ino "' . PE l, 

li n 1<1. [,' .... EI _ , '(Ell' _ ~~] _ ~, 00'1<1. [ k'E I _ .. l ] _ 0 (2.551 

_010 'oo OM_,Not'" ." ... tioo 01 '.1 , ... .".,._ 
r oo o~oct '" . " " ", r<>I. ,;""", ",sninl muo! yiold. l>u<klir>y md _. "' 1>01"..., ' MI fo, a pinned .nd ond , ... lor. ~.O<! ond, Similofly. 

tho oft..,. '" oto.stic 'ra"".tiona l ,"',a in' muO! yiokf • budhn~ load wI>"o 
.. t..t" .. n " . 1 for . h •• nd a nd 1M' !or . n . nd Ihot "' p. rioo"Y ", . 
"",<ned lrom Iran_n. Th.o. w. oJ,oady -... tOO _, and 10" .. 
00._ 0" "'" ooI"'",h oj . pmblam ",;u, . l .. be "' ...... ". OHon. ,1>0 
10" .. _ -.tioo " "oed n deoi<)o lo <»me",ativo'l" e>f ... t. 'h. 
ac, ... 1 « .. biily (alt>ougll"', . pproach eo" be .., ovofly "",,..,,,.tiv • 
.... k> wo ... m.'<,iol '" ""'ny c •••• ) ond '" .void tho of!on '" ...... ~hg 
Of ""aiuali"g , •• qu, "IiI>o'iv. ""u", 01 'h. aetu. I . .... " , . .. ,, '" 

2.2.8 S""kllng ,,/. ~nned·F ... "'slolly Comp .... _ Bar 
wUh on EluHo T .. n.Io"o",,1 Sp~ng .. ' hi F, .. End 

Conoid<, • opoog,I "" ... 01 .... ba ' with olooliool'l" , ... ,._ ..... in 
Sootioo 2.z'6. "'moly . • n u jolly _ •• " pinnO<! . 1 """ . nd . nd 
. lItoIicalIy ,.",,,,,,,.-a Irom motion ""n.v."" 10 ,h. be, at Iho _ end 
by • ,., ... , u""","I;'h. 1 Opri>g ...... _n . ... "- .. in Fy,t. 2·g T .. 

oh. "",orio1ic _"" "' obI. in«! from 
I!>o moro geMf. ' ruu . in Equal"" 12.55) r 
by ,orn,,...ino , .. """,,,,,. 1 op<ing til - 0), 

<in IJ. [ k'"lEI_ k '(EI)'] ~ 0 (2.511) 

Next . ..... 1<10 bj " , nd EI, bo,. 01 wnlcll ~ 

aro ........ , ,"ro. '0 110' 
... IJ. I~l - P I ~ <> (2.57) 

in whlcll k" _ P;EI .. .....:I T • • oha ,..,_ 
\eriol", 'l<luotioo "",t .... 'L ~ <> ...... _
'ion kL _ "~ '""'" '" Iflo . , u,1 Eule' be, 
welding "' ... ~ 

F"og<o< ,.. ~""", .• _ Bar 
....... , A~" C~ ... ,. Loo' 
"..". 1 ' ........ """" Spring 

, , • 



" . "'n' 101 (2.se) 

" _ .... , "'. kL . 0 .. "'" " "",,_O'iy th. 10_ "",I <>I Eq",,~ (2.57)1 
w. ",,"side, ,h. ba, ~~i .. to ba opecilied and ""', .... 'M """"Ii 
obIt.o .. , " . hom zeKl. TI>oo low . .. ""'t 01 Equ.U"" (2.S71" 

p . <Ii. 12.59) 

Obv"',>Iy. , no u.MIa,OonaI """'9 . , .... (lo .. , " . 01. thon the bat 
i .. ""o&,.1,. ""'",., ... ,;go; I><>d\' ,,"h II<> ,uck\O>g !Md. N .. " IT u n 
....,. • .., "",iI P ~ 1M 1 •• 1 Eu" , '''"'!inv IO. d, ""mol,.. 

(2.001 

at "hie" ""'0 1M 1>0., buokle. _ :1,. "., o. on Eule«:01,,,," '" 1:>0, wlh 
IIolh e<>Ib "",ned I>ooou" the oprinll Qro. deS eII"'I~.1,. figid ,,".>10.. 
1"","-1-, Iplus flO ,OIaIioM I ,oolsto""") 

"""" •• opfing lIiII"" .. 01 ,,= Pfil.. tho 10"",, buokling load .. IIi' 
p . ""~IA>. QI .... y o.c ....... in '"'''''0 ",,,.,, ... I>Ooea,, .. tn,. Ih ' low-
HO roo! 0' tM cha'acwflll'" "'I""''''' '' "'" ..... 1 EuoIo , """'mn flIS<At • • 
in FOgy,. 2_10 in ""len ,,,. """".IIz .. b<Jckllng load .. plott ... 110 .... 'no 
"",,,,,,Il:;od op,;.,g ""'no ... W. 00' 

12.611 

tn. ""'_ >pritrg Slt ln .. ., ___ u .. ,ha, .aw is tno minimum .oluo '0 
10"'0 ,"<H"g', a pinf>O<!-p_~. A~IfI. thai opr;ng .. ;/1_._ 
oot be .«._'''Y -.aN it. ....... of ...... "' ••• 

Thu,. ao" "",f.""I",,", z.ro, P ..." ..... Incafl,. in F~'" 2·10 
unli P ~ p. " "On ,, ... . ru<I>Iod ,,~ .'EI.L '. 1<0_0<, ~ " irIet ..... 
• _. ~·El'l·. P .. II. on~ Po l>Ooeau .. ",. bo,...., b<JcId • • 1010 ' M 

pinned ·pinned 1>0, ~"" b<Jc1<J;"g ">0<10, i .. .. . <0.""", p . "zEI e. T_ 
""' . ,,"EIL' io U,o mirliln um opr.g _ "0" to eo .... ' hio 'O<kLn9 "" .... 
<"'ogo. 10 I .. ""II ... ,h. eftal opring .hflfIHS. 

f. I ~~'~'s l , 

~ 

"" 
R_ 2.,0 EfIocI of T,amJ",o,,," SOfT'",l C,." ..... on 0",""'11 

of an A,;aIy <:<>0-.... ". _-1' ... e,., 

, , • 



Of ............... ___ • 

2.2.7 O""kllng 01. ~"nod·Plnnod AKI .. Jy Co"",,,,_ Ba, 
wl1h. MId.Span T, .. "_ Spring 

~, an . x;' l., ""'dod !>O, 
wi." . ..... 0<1 ondo ond a , ,,,IIOl.,io •• 1 
~n •• ' ~losIio: lP'ing .. Ih otiIIn ... . 
"- , .... ,.Ining ~ '" ml<l-_ ... ... 
F;yunr 2·11. 0 .. 0. ou, 1<nQw~ 
~ tho efta<! oj . t",nobt""'t op<ing 
lrom Soction 2.2.8. 1m ,1>0 orilio:.1 
fIl ,lr>g .,ittn . .. to. 'hlo ._tn. "10".2-" _ ... _ a.r 

...... " "'10' ~ ..... ,_ 
F<>t a"", • • o.,.nO _ .... , .... 

.... 0 Ib'·S,.n T/O., .. , .. S"...-,g 

.,. ... me !ho1 tho b .. >WI _ . in • P"fIU'I>«1"1'f"",.tric hd-cio.·",o • • 
_ 0 modo """_ in F;YU" 2·12 boo.u •• tho hal· .... · ....... h .... 
is Ih. buckling modo """'n "" opMg .<lIt •. W •• hould .100 oxpo.ctfn>ll'l 
SooIion 2.2.6 ..... t ~ H •• """0 io .ti f • .,.,......., ' ''''" ~ will oomplotoly ro · 
...... '''''''''_ ~.nt . , mid·.".n ><> ,h., ,"" bar budd • • inlo ,"" 
_ond (on' ''I'mmotric) modo of ' ''''' t..~ ...... ... , . . Thor min'","", 
...... or " :IIi~ . """Ilh" " ,he ",1;0." $pring :IIi~n . .. tfoo' ... .... k. 

For. sm • • mid·_" do· 
lie<lion. <I. tho op<ing lore. is 
A • "" -..iIIl ' . 'Uling ',..ns· 
•• , .. ..ad"'" ., .""" 0tlfI· 
p<H1 0' Rl2 . TOu,. rho "", .. on' 
.t aoy pOint .10, O~ . < l '2 is 

(2.62) 

"" tho eonSlIM ... . . !atir>nsl\;p 
M . _ Ely ' (tho ba, IKI""" only 
~ , t... buckled) Iood. I. rho 
__ .. I O<1 ... t<>O 9"""'" ing bucl<iog 

Y"' k2p~I ' 
lin which , •• uouoI, k' _ P,EII .. :th • IIour.d;>ry cond."" 01 

yIO>_ O 

(2.63) 

""' 
12.(5) 

arrd _.ion&l _odory oorrd,b, .. !rom tho mo1ching oordIion. to, U •• 
..,Iut"" 1<> ,ho <IitIo,on, ial OQuolion in tho "'9O>n Lt2 ~ x < l of 

y'(1I2>_ 0 12.156) 
y1Lt2) _ <I IUTI 

Th. solution", rho <IitIe"",,1a1 «>"'''"'''. EQ .... ' "'" (2 .M) ... 

y . " .... ... B<ook" k~ 2~, x 0<>< ; 12.1il!) 

, , • 



A,pM ,~. __ ry cond<!"'" 1(0) ~ 0: 

O~" xo.6 x1+ 0 -t B~O 

.., "'. dollo<,'" _"" uPO" b..c1<ling 10 

,_""'"kx . A • 

" 

12.G~) 

(2.70) 

..t.i<h ;. •• _""' .... " 01 • Iin&a, b<>ckl"'s; de,Io<",," to,m 1<>1 "'" op t .. ; 
on "'" flo~· ""'·"'''' .n."" '" tho b<>ckl.d pitv>ed·piMod bo,. 10 •• 1· ,«, '" the 10-- tot., is lo,goMI '" "'" conlo, 000 _~ .... to ZM<> ... 
tho Ioft·...,oo o"" 10"""""",""" u;",pllod " F~o 2· ' 2. n .. doll..,'''''' 
eII~ io ",milo, !o ' hOi '" a' ........... _. 00 de __ '" • FOinrMd...,_ """m. i.e ... bet><lin\l ~m. not a ~..c kling oro~""' . Th~". 

1' _ "keo<"" " R (2.7 1) , e 
to tho ooIut""''''''O>IW>g wmm.try bo<>ndat'J eon<Ition 1"11.12) _ 0 yl .... 

O~ ..... eoo ~.;;, -t Ax _ ~ 2Rp coo!!o. 12.1<) 

1 - - 1 ~ , 
k 2P coo kL , 

, 
12.73) 

f ino.,.. a~1I' the ooU-"ot<hing _ry coOOI"'" 1(lJ2)~" to "'" 

" , 
k 2P cos kl.. , 

. in kt.. R l _ ... , '" 12.74) 

• [ ~l _ ta" kl, j ~ 1 (2.15) 
2Pk 2 

Because p . EI .? .... can _ . Eq"olion (2.75) ao , 
kl _1~ EI [ "'j _ lankl.. 
2 «I.' ~ ~ 

(2.7~) 

The ""'~ oj ,0;" """""ondontol ",,",.d o ... he oqu.';on. ; .... , he -. luo. 

'" kli2 ""''''''''''''''"'~ '0 • ."o<:~ .... n.. e~" bo to"no! 00""""""" or 
gnlphicalli". W. ean pIol Noh '""" " Eq LlO'ion (2.76) •• • 1u<><lion '" 
);l12 to dot .. """ . , he .., .. """ . 10. 1m 1. "". 'lld.!l) _ un ... ~ "' .. ;,;.t 
~oo .t ~5' in Figure 2-13. Tn. <u~io 'orm ", _101"'" do_~Jd I""" 
"'" "'8;gM lin • • aOO in <:o>m/);Mtion ... 1Ih 'ho Iinoll! to"" aM'" on "". 
wan:! rioIng tMo"l do,"owan:! la50g "'N'<uI)jo "U"'O in F;gu" ~_' 3. 

Fino.,., ,.,. la51 'Otm, 1(kli2) ~ lao kL'2. I •• ott '" b",,,,,~ ... '" """' .. '" 
tI>o ""'0 "'- but ""Mllrom one o",,_try poriDd • • 0nI1 tI •• <:<JbiI: 
to"" .. 0 ,u""",,o "'~. T.,. ""lution 01 "'" ItO""""ode ntal equat"'" oc
outO ... hO'. m. to~"""Od _ III Eq,",lion (2.16) (Iho ..... ,~<>1>10 <""0) 
in'OfM<:1. ,he ,;,;.t·""Od _ ('h. ta_ ""tva ), a OO'"" ;", • .-
1oeau,,,, -"'"' on t"'"w 01 "-

, , 
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',("' )_ ~ -1!f' ! ~I ' -----',' . ~ .. " 
:, I ,,-- "","",,.,-"-- , 
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"~ .. '_13 ""pt,;o., ~ 'O,"""'''<'' 0' S",","," E ........ 

S ...... , o.,oo:x\tS '" __ • '" " .r • ." 0Ii . .. 0I, 

1. "" . o. I~'r' ia ,., .... ;"g .0<1 !flO 'O'";:;onl '" Iho oob<: ,"'m .. In-
lrit' so 'n, cubic !o,m <>t thO h . ,,-oob<: " P"'OS"" "" !flO Ion_"'0<1 
_ 01 Equation (2.76) <Iomin .... tho bofuovro... Th. «>1.11"" '" 
' I~W21 • tan UJ2. _ ~ is 101J2 • .r.z T . ... ~'L' • .l- .., w, g.' 'h' 
...... , pjnn od_plnnood ba, ""'hout. o.pring ..... """,oly p • .l-Hl' 

2 . A. a""" ...... th , cui>" '. rm in tI!o lin"." ·cub,, o>:prO""'" do· 
"' ..... in ;"'OOrlo.flOe • .., , ... Iino.,""ub" cu,"," beoom •• _.0<1 
10 .. """"od , 0<1 _"'" tI!o ~n ." t."". 1{klJ2) _ kW2 

3 _ For " ~ ". , flO cOOle ",m in tho _,·c"''' "p,.oslo" io U'O, so 
, flO c"' ..... on.,,, __ .. 

kl -O . ta. kL 12_77) , , 
wih. root of 1<1.'2 · _ ,493 . 1 poinll in fjgu" 2- 13 wh.,."",," , 

P ' E I~" EI [ ~ -tAro] . 4 x 4,_93'Hl' (2.76) 

, , 
" 



Ko .. olte'. ~ !flo spring '0'0'. '0110 101/ ",", W. "","Id .. poet , ho mid
_n Omffi"".bl oy 01 It.. opring.-'od bar '" couw tho 1>0. to 
bucldo ;.,'" rno _ ( • • boymm ... ") bA! bUckling modo (0 lui ... . 
wa, . ) I'''''' ... , ..... we , .. ) . t p . ~"'HL' ..non .. "" "'" low .. 'O. n 
p • ~('''93')HL', OtNiou""" I ... bock~ 1>0 ... 00< """0\10' T_ 
IflO ..,\ .. , .,. ... .,. in oomo mOn" .n, ..,." . ~ "' .. tho. ~ . _. 

e . f or "'~ I.rgo" Q ,1Ia, "",no", "' ... p/lysocaliY. I.o,, !flo vo'" Qj Q 

nece .... ry., !oreo buo~g m o tho HCoOO modo. tho ;"torao<lion 
000"'0.' f>OinI C in FOg"'. 2·13. n. 101&"""'"" Ul<oo p"". ,"""". 
' ..... , buoldo. inIo tn. _ modo 1(If a p;onod-pl",,'" bar. 1.0_ 
P • • • ' nL' (If ~lJ2 . 00 ThO ,o""$fIO<'Idong " .. 10uO<l hom 

[~ -+ ::~I ['i .• ]-[ Ia.[ 'i . ']]_0 (2.19) 

so "'. erlieal B<I<inII ron"'.' or otiffn ... is 

(2-'10) 

"tn. >c>MsI ""Hn o .. ,," "",.11>00 bar bedJ • • I"", tho Onl""""" •• ,,10 
_ moo.. I""'"'''''g,''' ""log .. "'" ... " .1>0>. ''« I0Il ~ 
_"110 th., b .. io """ • .-.;1 it. . wa'" '" mat. ''''t ThO' ill. It.. "",ing 
ojjj".,."" mUSl 0. ""~ "" to lo'e<> ,h .. __ ·modo ""flovio., 

S. For "' ~"<f2~ 8"'H1. . , ho No r<Wio curvo in FOgY"" 2·\3 in!. ,· 
...a. \he ""!>O<'It Cu"'. ot klJ2=2.51' or P~ZS .3IIE:ll· , T'" 
101 ........ ~ I. ,."......nta, ... <>I." 00 .... .,...."" I .. p"",,,,m, 

6. TI'>O 'On!/<, '" P~Y'""1Y In",. ,,'ng ,"Ou" <>l " .. 0 <" ~ "" 1>0 ....... 
W:Z . 1<2 _rld kW2 • • 10, l i"'·~ b""kr;,.~ " Fig« .. 2·13, 

7. Poosllio ."Miooa olin. troo""._""" oquoli<>, a,. In the '.'1/0 
o < ~ < ~ .s shown In FIgu,. 2 · 13, 001 _ atxwo "'" .r. "'" 01 
pracU"., ... ~nanc ••• <au ....... ba, I)O<;Io.Ieo In tno _ modo 

n . t .... ~. 01 11>0 """'ion ptoco .. .,. pt""""lod In Fiji"!. 2· ' 4. 
n", ... 10.- ~ . O. I .. .. ' oin1oty bu< ....... . pinnO<!-o;mled too, ,,~." P 

i 
" 

• 

.... ' .. "~-

IOy·, .. ·~ 1 /~ 
, 
, , 

• • I· , 
J~" , , 

" , .. .., 
" 

, , • 



.......... ....... _-_. 
'.o<~n P, ~.'Hl·, _ .,.,.!or """ .a ....... ~. t~. bll<U.g Io.o.~ in-
c' . .... "' .... nt .. "" ..... ., ... nno, Itho . ctual t>oh.,,,," Is J ... . !~" 

~"'. nl .bov. "'. otro9>1 .... in Fjguro 2· 1 ~) wi1I1 • dir'lio_ b,.;1OOg 
rr.odo omp.litLl<lo until the cri6col ",,'in~ 00.,,""' is ~od. n • •. ll>o 
1>0, bLIClUos ",10 "'. soeond """"" . , P . ~.'Hl' ''';'h no -"'II do· 
_. ~,_". o! •• y Inc, .... in , 1>0 , .1" . 01 <t. Thai., "",,, .. i.g 

a a_. 11>0 ""tica' •• Iuo u", .... no .""'" on I~. _ kl"".I ""'~ , 
Th"s .• tnl o" ._._.Hd "", "" po ~..,1Iy rigid to "'re. 0 ba, 

10 budd" "10 100 -.....I moo. ..... u d 01 It>. fro l modo Th._" 
_ ""~ M ," 11>0 min",, "m or otl al..,mg >1M" ..... to , .. I .. ,1>0 b.o.( • .... ,_<ling Io.o.~, T ~ ... eonoldor.tJo no oro olQnlIa" in In . ....... 
moo' 01 , • g .. I~o bocklino ~ 01 . '-"O-&IOry..-..g coIum. TI>o, • . 
Itt • ...,.,...; 11M, _"'" bo 'I?" in tn. ho~,o n tal pI.n. "'" MUOIo. o" 
~ • ' ."'''Oly . ""'" t.>rtzor,'ol ..... ta,..,., to "''''" 'ho , ",," 01 (pltlnod. 
"",nod) ",>I,,,.,,, '" .... "' ... ' ... 01 tn" """"" ... oo. _\~ .,..; 01 
4.'EL'l' mt •• d 01 ,ho In.",,,,,,,,, _ ).["".IlO.I d 01 .'E~e. O! 00" , ... 
!M 0",",'"' e nd .M/roinl ool'ldilioo to, 01 ''''''"'01 -.""" ",~ I ... 
p;-,nod .. "" .".,....,., ."" lher.by . Is<> _ ..... 1 ... bLIC~~ ... d, 

2.2.$ SUmm.ry 

Som . dJ1 ... o n1"-1 O<[WlI;o. ""klllooo in Se<1ioo 2 ,2 mI;r~1 ""' .... 
"""" ,.a<lofs, AR. , .~. W. 0>[>«1 , ....,.,od-ordo, diII. ,.."",1 "Go""" 
to hove two oono> •• 15 o! i"<>gro.lion"';'" """ 000_11' ",,_;ona. ~ 
.." -..Iim"" had ,hloe """,,",m, . "" ,m... '" .... , boondory coodi· 
tioMi Tho _""" lor '~io "", ..... """'vior i. "'., ,h. bLICkI"".I1>I<II>Iem 
inho","'1y _ •• • lounh·ordor dlflOf .... iaI """,,' ion" "'" "'~ we in 
If>o """ _ _ , Thus, some .fican' oOO""".rlslics w. re .... kod 
-. we ... _ 0"' .n.~sio ~ on ' ''" c".otillJ, .... "G ua\io. M • ± Ely' -.., ... : ... 
» , _ ... _ .......... ~ ............. .......... ""'~_"u 

' ''''''''-'''' ~ -..'" - --. --,.. .......... """" -_ ................. -.--~ ... ---. _ .... """"'_ t ... _ .... ""~.., __ , ..... "",,,-, 
U .• , .. ""_ ..... ___ ~_ ,.,.,. ., ......... _ .. __ 

.. .. ~ ..... """" ........ ......... n,,,,,,,,,,,' _no.. "........ ~ _ ..... , •• ~-'"","'_,_, ... , •• ..,_ ... _ . '0 ...... _--" .. ..- .. _" ... _,--, _ ... _-_ .. ... -..--",,,--'"" .... ,...,,_ ....... __ ... ""''''- ~, 
,~.3 ....... .... ____ .......... "" _ _ ...... _ .. .", 

-.. ........ " _ "'" ,,,. ...... """' ........... ....-'. " 10 ... -. _____ ...... """' .. - """"""""'-
' 2 .< r ...... · .. _' ... _ ... "-__ , __ .... .....,. 

_____ ... • ..... _· .. __ 1~_"1I .......... <0_ ....... _ .. ___ ,.. _. __ 
,~ .. . ...... _-_ ........ ......,., + • ' ... ~, ... ~ . ... ... . 

............ _" """"""",_" ,.L, _ ... ... _ ... __ " 
,~ ... , .... _--.. ...... __ . ....-"' ... __ .. .... -
.... L, ........ _ ,." ... lit .. '""'" -, .... ...-- .... , .. _., ... _ .. ... _.,.-....... _, 

, , 



2.3 AN ALTERNATIVE BAR BUCKLING DIFFERENTIAL EQUATIQN 

In lho p""' • • • 01 iOIo"ll lho _kl"II d". ,."U.1 00q""';'" 

12.81) 

io S"",.,., 2.2.1. _ m,," dor .... an • • pr_ lor ,ho momon' . , ."y 
point iolho 1Ia, undo, conoidofatio". A. wo ho.o ..... n. _ mu .. be WH'/ 
00 10101 '0 aoOl>lJ"' 1Ot.1 r •• o"". lore ... "" .. 0Il'10''0 (a"" "' • • ~n'J. 

'" ortIor 10 mor. ",aO!f>ll""""rdly ''"'" too",..-iIh '""""0''''' """"""''''' 
11>01 """""0 do""ao ...... 0/ 1ho <1011001""'. y. W' ""'" appeallO a dill.,· 
"", ... 1 OGuoI"'" oj ""p>"' 0","' ilion ,h., ~ ;, See""" 2.2 .1. 

2.3.1 D<I~yaolotl 01 an AII.malI .... DlH.",nUal Eq"alion 

W. _ t~. dillono,,1ia1 oqua""" lOt beflo .... 01. ".. .. -<><>IIJ",n. 
a mombe, oubjoctad '0 bolt> ..... 1."" ,,..,--. .... bod. u ;, Figuto 2·, 5. 
TM .... ,.,.,. b. tw •• " loads. qt. ) . "" Po I~ . oh" 'ing 100: 0. S;."'; Ih. 
IHIndiog momenL M. aro obloinod I",," !he eqlJiIib,iu ," OQUO'_ 01 ,ho doII. ,.,.., .. , .Iom.", 01 !he <IoI .. ",od (t.uc1Jod) boom-«>iumn I<t Fy.-. 
2· 1~. w. "'. """ 1110 """"opt Il101 tfle di>lurtl"ll "",,,,onllrom tho op
oied _ m,,'" """" , "'" ,e>loring momont a ' ,fie bu<klir>g load. 

Sum ,Il. loro..;' til. y.a.-:rJon 0" Il>o I, .. ·body d/allfllm"!IOt 
_ S • q<b. • IS , dS) . 0 (2.82) 

00, upoo _.Iion 01 S . 

12.83) 

S"","",,;o,. 01 ,"omen" a bCu' point" iii'.'. lOt 0"''' .nglo. dJ""', 

M , Qd< d< > (S . dSjd< _ (M . dM) +P dJ d. _ O 12.8-\) , .. 
MIlo","""" " oglocl 0/ ....,.,nd-<l<do< IOrmo. ,odoo .. to 

S~dM_pdJ 
d' O. 

12.11~1 

Scbotf Lllion 0/ tllo .. lot"", be ..... " ba, e""",t",. a nd momonl. 

<, " __ _ 1.1 12.86) 

,,' 

, , • 



.......... ....... _-_. 
;" 10'1 .. 1 ... (2.e5) ~ •• 

<, • ,, --. ,- --, 
<11<' d, 

T"-n, d .... tollal. Eq .. I'" (2.&n ~J>d k.C>GI'ule Ih. do''''OI'''o 011"-
011 .. , lore. , S .lrom Equotion (2.83)10 go! 

EI d".p.l' _ q 
<I, ' <11<' 

lVle) 

Whoo 'h o .. 101 Io~;' , . ro, Equ.' .... (2.U )-(2.88) ,.-. 10 ,_lo< 
bending"",,", ,,,,,_.,.. load only. Who. tI>o n"nsvo_ load ;' , oro. 
E_'1ons 12,Il6H 2.8/I)awl'f 10 uu. 01 t>ucklng "odo<nla l 1oIod. 

Fo< _g .' __ lq ~ OJ. 10 ........ (2.8/1) ","0 be """ on o. 
v- · ~V · o 12.89) -
[I·· ~"]" _ O 12.00) 

;" ,.,.;ch. u b.'.,.... 
k' . P 

" 
12·g ,) 

_. 'fill' e"e<li"ely IIle _ do"'a''''. 01 Ihe momo.'""u",.'u,. , ... \0,,,,,, iO _ Eq ... Uoo (2.00). Thai iO , wo .... 1>0,. ,h., "ha' ... 0 
'''''''gnt was 'no oq.,.t'" IP"oming _g n Soctlon 2.2 50 no1 com· 
~o '" Otdo, '" ""'''""~'Iio" . In , • • 1. I ..... ' • ...., _. "", .... 11,," 
.... d ho""o """ mo,. "","'nlS 0' nog,.,lon thon;" EqUl"ion (2.g), ... .. 
"""', "'0 Ihooght " • • tho go.".' solution. r ....... """ """" •• '" 01;"' ... 
II"'tio" "'ao ..... 1 .... w. '" ~;"~ ;" S ect"" 2.2 _ " wo _. " i;h 
"""".",. 000 ,",,,tiono, •• _!i> .... migh' ""yo """".JI1' It>oy ...... "",. 
tic""" oolutlon. (but tnoy • • noo' be ",,!ticula , _ beea_ thoy 
_ . """""wn «>nalmto, "'" ",,0<' ;" k"" ..... lu,",'",,-" •• ,. ''''lu i<od 
fo, po rticula, ooMiono). 

n o 1I" ' .'oJ .ooltJtion 0\ Eq"",ion (2.89) rand (2.00)1 50 

(2.92) 

, , 
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'1 t 1- • ~ 1 0 ~ .l!lii·c 
0._ •• " 0 
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10 ............... ___ • 

2.3.3 Buckling 01 on A.,olly Compr ... ect FI.ocI-Plnned Bar 

CotIoOio, a ba, 'M' 10 Ii> ... a' on o ot>d.nd ""n'" at thO 0","' ot>d 
ao otto""" " f ;gu", 2 · '8. f",. ~ p~.," . ... nHd not """",,-, I~. 
, • • ctivo 10",.. ot>d """". nts .. .... did .. Soct;on 2.2.2. 11 0"' . .... n . ... 
onlf ~ In. boondo.,\, cond • .",. k> th. go""'" _"' 
y _ Aoin k .. B"""1<x~C. · D (2.1 04) 

.t>d k> ita dO'''ouy.,. 

y· . Ak mo 1<x _ Dkajo""C (2 .' 05) 

~· _ _ Ak'''' Ioc _ Bk'roo kx (2 .106) 

_ • ....,... IhO two ~f)' """'Woo 
at lhO p_ ot>d '" I"" ... , .. F;gu.o 
2.,8 11 . 0.nd M . O) .... d to 

j' 
, 

! ' y(O) . o ... O< O . Q 

((0) _ 0 ... 0 _ 0 

(2.'07) 

(2 .' 00) 

a t>d "'" two bo"nd.ry ""'"",.,""~, ,hO 
11 • • d . nd I .. d 10 

"'""" ,. t" ... ..., l oado' Oar 
..." One En< .~." 
.'" Ono En<! ""''''' 

y(1.I - O ... A .... , L+Bmo ' L+CL . O · O 12.109) 

Y·(L) . O ... Ak <<» kL _ Bk . in kL, C . O (2 .110) 

S .... B . 0 _ 0 lrom Equol"'" 12 .101) a nd (2.108). AI foy , _'Y <""".ion. oro .. ' i,tiO<! by , hO ....... 1 sokltlon A = B = C = D = 0, but ,hO 
unao<*!>Iablo a t>d """'tarost"'" irnpliooU,,", Of ,na, ,,,,, .. I _n .. """ 
bur;O;ling do •• ..,. .,,,,,,.01 FOO" a "",*;. .. , """'tion to E~",,'''''' 12,107)
(2, 110). tho <lot .. mioon' '" It>o oootticio nis of A. B. C, and D in til • ..., 
oj ~t>OOUO oq""""" mu", boo ' OKI. M ..... , ._cn in 'his 
cu. is to oimpr:i'y Eq u"'''''' 12.1,,"1 . t>d (2.110) by "" oj ' '''' ",,,, I 
B· O · O tfom Equation. (2,101) and 12. 1081 ~nd 10"'. ,n. ">U ~!vI'<> 
oq""t<>ns in ... " unknown. '0 gel 

Al oin kL- _ kLco. kLj . O (2."') 

""""h oimpI!1o$1O ,n. ""n" ....... tal c"",act.,1stIe ... ""'". 1""""'''''_ 
don",' b ....... tn. ItI'·hond"'" Is. 'unOllOn 01 Iho "1>"1 ''''''''' _ ) 

"'nld . kL (2.112) 

I""" "n,," kL • • . '93 by 1001. "" . ..... .., Q in Soot"" 2.2.2. 

, . 'EI EI 'EI . P. _ (4,4113) __ . 2(1.1~ _ _ 2.046~ __ 

L' L' L' 
1M bue, 1oo;I " ,po 0' oigenv«:'ot c>. be olio ..... 10 boo 

PAl oin( ..... 93 c) < .W78 ,r ] 
01 cou ... , 'no tHIck ... .",.. _ A Is indolotrnlnato. 

(2, I 131 

12,1,") 

, , • 



2.3.4 B-u<: kllng ol .n " . 1oIly Compressed Flnd·FI. od B. r 

n . ,~or '~0<1.,.. -.,._ . n<1 mu .. """' • • • ~c..I't .. <>«!or to 
alow _ 10 too ;"lrodu<o<1 in1a I~. bOf •• in Figure 2·1g. and .... noO<l 
"'" bo COI"IC4KIHHI wiln ItHI ",.<livo 100000o at>:! mo_ as w. w.t. in 
Sod ... 2.2.3 Ho,o ..... neod only af'P/)" ""P"'P""" boo_!)' eOI'ld;· 
Iio"" 10 , he _ ., ooU ... : 
J _ A.inkx + B= kx ..c,~D (2 ,1 1~) 

•• 
y· . II"oo ko _ Bkoin kx . C 12,116) 

.~ 

J(O) . O ... B .D ~ O (2.117) 

[2,118) 

J'(l)- O - . 
Al< cos kl _ Bk .... kl . C ~ O 

(2 ,1;!C) 

I. 

w . ........ ",,",,;'-i>.1 ..,' , Iion. 1.0., ono 1ha1._ buc klino. II> lf10 
.. ' '" Equ.,Jo • • (2.117)--R 12(11 .. ,,"" ' . ...... ''''''" ... lIin; .... _""itu" '" Iho "".~",","" ., II, B. C . and D equal I. "'><0. I .• .• 

o 

" ... ~L 

"- " 

, 
0 

co •• L 
_k sin );L 

0 , , • 00 , , (2.121) , • 
Upon • ."......,n aI 1100 dol.""""",, ;., Eou."" (2.121) ~~ 10 tho 
""",I ,ulos. ... get Iflo buckling crl._ 

2(coo);L _ 1). kLoin);L . 0 

... ' L. 2..., ~L "'" ~ 

=kL. ' _2 .... • k2L 

..,,.,. bLl<~1inIl «torion bocom .. 

.on kl [kL co. ~l _ ..... kl] . O 
2 2 2 2 

""'" on. ool.J!lon. ,flo <"",OCI." .. ,, eq""' .... 

.... kl _ O , 

(2. 1:12) 

(2.1 23) 

(2.124) 

(2.1;?S) 

(2.126) 

• so tho bL><lr ..... 10>&<1 Or 

n= 1.2. ... (2.127) 

, , • 



n ............... ___ • 

!O, ...mieh tho low . .. buckling load cor· 
,. _ _ ,o n . , 0"" " 

(2.12ft) 

•.• . , ,h . ... m. ' • ..", os ob .. i".~ in 
So><!ion ~_2.3. r ... modo _ 101 

",io b<><k"'g Iood io "I'm_ric . """' 
11>0 bar midpoinl a. in Figoro 2·1Q. 
E_,,,,, 12. 125) ho. ' '''''''' r 001",",". 
I!>o <""'0<19';0":0 oq"ohon, 

t,," i;!. _ Jo,!,. , , 
.. hlch .. .. ,,,,,,",,ondon'" " F<--' 
witt1 "'. low . .. "",1 ol '<I.'2 . 4 ... 00 , 00 

, " P . P,. (8 ._) • (2.130) , 

- """" .. ...,., 

,,,0" •. >0 """'"'" 01 .... 
........ l ...... 9.0r 
.... l.ol.,., ' '''PO" 

"",",h io ~h" t/>on E_'Io" 12.12&) bol low., ""'" 10.- n • 2. T" . """'" "'.po io . n'i..,.mmolrir: (.""",,,,. ba, midpoino) as in Fig"," 2·20. Tho 
load in Equation (2.130) is .... Izo<l (01)' whoo " ' .. nov. , .. support ., , ho 
" . " . , • • iod ••• in Figura ~·20 . 01 ""u,... ,h. buckling omp"'- " ;"_ 

"".rm"" ' . 
2..:1.' Uo>okllng ol on "''''11\' Comp,.._ F"..,..F ... B. , 

n . lIOn. ", ' ..,..,..,., ,~ ,h. 9<"1' '';''9 otl.,. ...... , oq"' o;o., lor ' . 
'J<i. , ~ _ ba, "",1 io ... worto<l only . , "'" ba .. ... in Figur. 2·2 1 
a"" iIa _ a'" .. . ro 

y • • • ;" Ior . B coo kx ' C • • D 12.131 ) 

y ' .o~ eos "'- B ~ "" "'+ C (2. 13<) 

y· . -1oi<'''"''''-B~' «I' 1or 12.133) 

V~ _ _ ok' co. k.< _ Ok' sin "" 12.134) 

n . 9"'''''''1tIc boondo.ty .".,.woO" 8,,11 . 

I' 

I' 

low., If~ e<l) .nd 01 'h. 1><0, load '" l 

, (0) _ 0 -t e . D_ O 12.135) 

y·(O) . O _ ..... . C . O 12 .1 36) - , 
FIg.Q ?_" A<~ ~ e., 

...."O "" ~""f .... 
• nd ON End f _ 

, , • 



· od Irom EquaOOn (2 .e7) lor zero , fI .. r in s.:!ion 2 ,3 .1 on ""~. 6e, 

f (l l ' k'Y'(lf - O (2,13Il) 

The bou_ry condition, . , 1M UWO' ood 01 ,~ . ... , ..... ft in 

(2·1]~1 

(2.'40) 

lrom w~ic!l we a lso c~ tfl>, A • 0 o.c..u ... 01 Eq .. _ (2.13Il) .od 
B c. n",,' boo " "'."' ''' goo< on. c~a.ad. riOlic "'I",,'ion aod ito "",,",ion . 

oo. !:L _ O .., \d. _ (2n; ') ~ " _ 1,2.. (2.'.') 

Thuo. "' . "'" ... b<.<:klO>g '-I """u," I., n • " , 
p o p . L Q 

[ • L' 
_ oigonvOClor in 1"I~ <:n ~ .. in<Io'o .. no,. os.....ar, 

Y _ "( ' _ COS~ ) 

(2 .1421 

U .5 Buckli ng 01 on Axlolly Compre._ Flx .... Gu_ B.o, 

The ,."" 'VU_ ,. u_ ,. dosc rlbO a _ " .,.." moves in ,he 
... , ax,,1 dltoction "" ""', Iood co n 1>0 appIiod, buI _ no< allow"'. ba, 
.... to """" ' . .. """~ ' he ba , ond can ' .. ""a'. porpo"""""''' \(I .... "'" 
. . .... in FIfpro 2·22. 'hoI io, y" r O, bul r ~O, '" .... ,. it no .~ .. 
_ . fi , od om. but '~. "or _ con a lso do"eel '",nov_ to .... ba, 
...... qU •• unkl<o 0 !ix. d ond , 0<1 , ho <11 • • , "'"'" a' .... ond" ZOK!. F.,· 
'"n. ,oI\'. ' ''' -" 0" """" io . dd,......, in , ho doKi<.,lon 01 , he tounh ....... 
dII.,.",iIll "'I ... ' ion, Equa'ion (2,69), as Eou.lion (2.851, 00 

S . dM_prly (V OW) ~ 
" . 

w. _., '''" ' .... 1h>1 S r 0 .nd 
y' . O 0' 'ho UJIIH" ood to go, 

(2. '4~1 

but 'rom Equation (2 .• ' ) "'. can ,. _ 
" P"''' on. """". hI •• ± E.,." . .., 

:: . :; (, E~') _ O (2.146) 

.mi<h .-.ooco. '" , ho oifl"4'lo bo uod· 
oryC(>nd;fun y" o Q "'1/"""" .. 01 tho 
mom.rn oig11, 11>0 -' O'f$Oom 
in Figu, o 2·2:1 ___ ,ruh. , ." , . 
"",rd. buI ~~. oatWy Iho bouod
a ry 00<KM1oM. W. _ no< 1>0 <On. 

I' .. ' '" b ". 0) 
b"" _') 

{" , ,., 
' 'II'" , -22 Ad . .. I.-oodoo \1M wi" 

~'E""" '"'''' " .... . 0 ... , _ , 0 

, , • 



1< ............... ___ • 

<. ,.od ,.~h ,h. ma",,~_ 01Il10 diopIo<o"",.' "".".r ... '" tho bar ax .. 
boocaUN "" <10110<1".0 ,.k ..... ,. prior '0 l>U/;dog. AI bu<lr.I ng. ''''' 
dtllO<''''o"." nor p.-t<IieIat>lt win> '"is kind 01 'hoo'Y. "WI .... migrll., · 
--' Ihm '" tie or .... 01 .-. .. ~ not b'VO. 

n. _ , ooMion 10 'ho go'Io,.,... dll ... ,...., oqualion lor an 
...... ," loaded .. , Ih. t 10 I~ ... t ,h ..... and guo,..; ., iIa lop a& in 
Figu .. 2·22 . "" b derivativo. ~r. 

r _ ... .., lor +SOOU"+C, ~ O 12.1") 

y' ~ "" coo lor - B~ oin I:> • C 

y" _ _ ... k' "' Ia _ Bk' coo "" 

12 . '4~) 

12.1 49) 

y- _ _ Ak'"" "" ,Bk'oi.", 12.150) 

TII<I ""undary <OnditIono ot tlwliowor 1fi<<<I) 0"" olllwl bar I .. d to 
y(O) . O --+ S+D ~O 12,1~1) 

12 . 1~) 

AI. ", . uppe' (11"_1 """ 01 ,he bar, !he __ '1 <:<>rKIt"'n. a ,. thol tho 
"""" . "" .., • .,'ng lore. mu", ". •• ro. I.' ... """".1 _'1 COI'Id;O .... 

" Ioled to (."" y- From ""'.'0 """" eondo! .... at , ... up".. o-nd."" 
fO, ,ho 11"_ ~ .,.,...,:t .... '" "1 _0, 

12,153) 

12, '54) 

50"" _n<Io'Y <onoj;!io., '" lho ""p.' IQu_ .nd "'..,. b .. ro,ul in 
Ak=kl-Sk"'kL+C _ O 12.151;) 

12,1503) 

T_ k><Jr ""uod''Y ~ equal_ in 1110 I .. , ""known """'''.n''. 
A. S. C, . "" D, hova . nonlrMal ookst .... ~ ."" on" 111,,, doto""",,,'" 
01 tho """flitioorll. "' ... , D, C,''''' D is ZO"'. i.o,.1 

" • , 
, , 

k <".kL - k oln kl, 0 

-k'".,. .L . ' o;nkL 00 

12.157) 

[,po"" lho del. ,m Olant to !IOI tho OMf. , ...... '" "'1'."". " ith ooILlIiono 
. ", kL _ O --+ kL • ••• _ 1, 2 " 12.1503) 

n ..... Ih. ioWOSl I>U<klO>a _ 000«10 !O, n • 1, 

12 .15g l 

vmir:h;, l ile ""m. r ..... I ... tor lile ba, wiln both.nds pinoed in S.,,, .... 
2.3.2. D. ' .... . "" . k."'" Itlo two buckled _!>O' 10 con,lnc. )'Ou...wl 

, , 



2.3.7 Buckling 01 on A"olly Compf . .. ed PWlned-OukIed Ba, 

n . !I"""'" aoIutio>n '" 'ho ~o tniog dtloronllal 0<I ... 1ion lor on 
a."I ~ ~ bar..,.I " pin ..... . llho bo. .. """ gujdod ol b lop .. .. 
f iguro 2·23 """ b dorivol" . o .'0 

y _ A ... "" . 0 """ I<>. . C • • D (2.100) 

y" _ AI<"", Ioc _ Bk oio loc . C (2.16 1) 

y' _ _ Ak' lin Ioc _ Ok' COlI Ioc 

- , , 
Y ~ -A" <:o",~O' llinloc 

(2.1 62) 

(2.163) 

The _1"1 CO"~""" ., the to .... , 
",mod) ond eI the!>o , '"ad to 

,(G) _ O ... B. o_Q (2.1 64) 

' -0 (2.1~S) 

eo D . O. Allho "I'l'o, 1<J<bdad) 0"" 
ellh. bo r. tho ~ry cond' '''''' oro 
tl\al tho""'" and "'earing _. muot 
... eI> he .oro. i.o" _ ",,'u,.' ""undo.,. 
",,""lion ,000t.,.; to y' ".d , - . From 

, 

or 1, 
' >j' 

n . OJ ,., 
n·. or ..... ' ... 

I
, ., ,., 

FI?n H 3 _ ,--_ 
-. L<>oo< E ... ~_ .... 
y· .... . o ... y_. o 

11>0 zoro sbpo oordIlion a' Ih. "PPO' .rod o rod lor 11>0 guided _" 
condo ... eI y""= O. 

IV!lG1 

12 .167) 

00 ",. bouodary """'*'ion. at tflo "PPO' (lI"idedJ ond 01 "'" b<>, roo" .. 

Ak """ !oL _ Ok llinkl. C . O 

_ AA' coo kl .. Bk' sin 1:1.. . 0 

12.\603) 

12 . \ 60) 

_ ' VO'. B _ O I",,,, ~quo.'ion 12.'S5) , "" "quat ...... (2.'61) 0"" 12, ISO) 
a r . .. _ by tho ,flo,,,,,,. ,;., .. _._ and b soIulion. 

<<»!oL _ O _ 12ft _ I) 
1<l. _ 2 • n _ l,2" .. 12 ,170) 

t>ooaUH oih. , A. 0 Of co. ~L • 0 loom (q .. 'oo (2.160). lio"""' .... ~ 1\ 
.,.... '.'0, Ih.., •• "",« .. ion,". A. B. C, .nd D. would bo .oro. I.. __ . flo 
"" .. 100 .. 01 no bueklO>g, n. delo""",,,.' ' '''''oK" wo uld lead '" 'flo 
....... 10 ... 1. no" !he tow ... butloJirlg lOad ""cu" "" n . I. , 

P . Pe. " EI 12 .17') . " 
_h io ' ho .. mo roou/l .0 101 tho Ii>;ed·tr.o !>o r in 5oction 2,3.5, 0 0' ''0 
and . h t<h 11>0 lwo bue ..... ,,",po. to """,1rIuo yo"",,,I' 

, , • 



10 ........ .. ..... ___ • 

2.3.8 The EMocl, .. ·Lonylh Cono.pt 
I<> A<oo unt lor Bour>da ry Condklon. 

A """".pl """ i. 01100 u,,'ut in coonoclion will> v., ..... ood,_" 
ooodlion. Io, .... in deoign " '''''' 01 011«1"" IiH>gIn. Thot io. ba,. wOh 
dol,.".", _0)' 00"""'" 0" " .. "d. 011" '" , Ioowod . o """"'Q dil_ 
, . .. ", " nglh. ;no_ '" Ih ... O<1""'longIh. , n . oppro""h i. used 10 
00_ 1. Ih. oha""lOristics <>I ,h. ouppon oondiIio>n. o.nd tho d'll.", .. 
" n¢h . .. to tho o1n!!lo <",",o<t .. 01 • I." . ..... or ell""' .... IongIh 

n. bu<'ling "'od "" n ," bo,..;it> Ih o , .riou. bur oup~n ,o ndi
bo", 1"":'''' ""'. >l ud;od can bo o.presoed in 'ho lorm 01 ""mo mul ;· 
pie , c .01 on. Eu\o' """"-'ng .... d for. pionod'pi"""" b. " 

12.112) 

Noto ltIai e _ 1 lor tho boH .... pinnod-pinnod 1>0, with on oI!ocI"'o IongIh 
01 L. ito , • • 1, phvoical Iooglh_ N""t, ,ho ,....,., can ". r«.,mu.".d to in· 

"'1'0" " e , tho woIIi: .... tI>ot <lope_.n . "" """""" oond.-' in ' ... 
Ionvthb, <Ie!iniog 

L' = L,= L_ , ~ (2.173) 

"" Iho buoUng ",. d lor an orbf"' l}" 1>0, Oocom .. 

P _ f' _i EI 12 .114) 
E l! 

To"", Eq .... t ion 12 _114). _mpI)" IdoonIty , II. i>o<Jnda<"j oot.:I~ioM "". 
ba, in T.~ 2 -1, ~'.'rnino L .. . .. eol<.Io,. P . For e •• """,. th o Ito .... 
1_ bar in SKlion 2_3 ,~ 110 •• _ lCIing ""'" 

- . ' El l ' EI2 E, p _ p. _ ___ _ __ o __ _ ~ __ 12 . l l~) 

• l ' • l ' (2L)' 
.. c' ~ 11o , C _ 112. or>d L, ~ 2l n o port"" <>I ,"" bucklod >h.". , .. , 

"""._ to tho oingIo 110"_ ..... buel<lO "' . piflnod-p""""" b!r, 
is ""'''''' '0 ' N ch eo>o In Ta b" 2_1 W;th ,ho &IIO<I"" "~ co""o",. 
t!>o $I' OS$ ' or""" "ngl l! "" .. .-... ot 01'' '_ (lI'l .... in F;g., . 2~ 
00 pai/O 55 000 ...... ". ,. _ .. -'1.01"'. """'" o-ve<' , (L, "I <I' 

(l', ~ or (L •• ,." .... I' i . oo ' ho..t>y __ I, od tor proClint un in doslgn 

2.3.' Summ. ry 

'n " prOOItm" ••• m_ '" So<l;,o 2.3, I~. """ I>--<Kd" diII._iIl l 
",,"",' ion is homogonoou. as . ,. 'ho Jouo- _ I)" ",,"".ions. Solution 
'" tho cIiII.,. ntlo' ",,"" 100 lublo<1'o tho boundo<"j canditions load. to . 
Oh. _ _ " """" ion..- _!lon ,. t!>o _g "-,, Thu" 'ho 
problom is " rmod on oigorw. hIo prOOIom or propor_V. 1u4 p_ om or 
eh.,.<1Orisli:_vo1u4 problom, In no problom _ ,. wo abIo to doto,mino 
.... t..<1dItIg don.ctloo . mplitudo Oocau • • 01 tho 10" . " " " Il0"l;,0,,100 '" , ... 
problom ' 0' '''' ',;0." 10. oIIo<1"' .... nglll <o",. pt to ;nc0'l'O ... lo "" in· 
nu."". 01 bourI<hry ""r>di;'ns.n tM buckling Ioo.d .. tho Io ngth in tho 
EuIo, """"t;on woo ... "",,,,0<1 "" u>O" doolgn, 

, , 
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fa ............... ___ • 

01 course. ,~.,. <O\JkI be olollk: ,est",,", oj <lo!lecUo. ood """,;0"., ,flo 
ba, ood. ""uoed by ,,,". Io,;o,,·,_.,V "" ~ and ,o,",,;o,,·_g 
",Mg>. _"01)'. n o ,,.,, ... ,"" ....... Ing .,,,loil" ,",uOj be_, 
""'" • "'",_ *'"n '0"''''' oj f _ Ioc 0' f"I<IfII'", .... """h as f _ Ioc' . 
S ;",...,I)'. 'ho tot., .... .....,;"g ..,..,g. could ha,. a .... ,." f"I<IfII"", 
moment· rotolion '''''io<IoI!<!>. Soch _...,. Ioitd., Ie ...... _ .'iII"o.-_ 
. od ,~,e!Ore "",,!Io, b""kr"lll<>ad"~'" ~ pO-r!«:t , • ."ai"' e . iOIOd. 

W. pr<>oNCI "om .... hig~" Duol<it>g .... d '0 .... " .... 01 by ""'" 
00 .. "01)' ,."""jog ,arlous ,o.lIa.,,, ' 0 """ ....... "'" .""', ond cor><Ition . 
""",g ' no '«O<I.f1>" O<I ",,, as 'ho bo .. lino fHUII. T .... Ia~" tlUekli.g ""d 
o«:u,. ........ boIh ."" .. ,. , ,,0<1. i. • . , p~ _ • • 'Hl', Wo "n do,II.OId t!oo1 
bo1h ._belng t~od ..... ... ""', -. .. uro '",novo_ dellect;o" ond 
'"'"....,.., .. oh er>d, no' ''. t>oI~ delloolio" . od _ 0 a' • ... rl .... " 
,eot<ok>od '" "".Of<>.' won .n<!. ~ .... 'olr>O">'o 'no 010 ... 'Kl tO'" a' 
001)' one ond, .... bar 1>00:0""" , .. 0<1, .. _ wIOh a OOmowM' .... 1Ior 
_9 " .d, ;,0 .. p. z 2 .0-0r?EI'L' . W wo ,.movo 'h o &lope ro .... int '" 
tI>o 0"- or>d (in _" 10 'hot '" 'ho t.r. ond). "'. boo, t>.com .. 
.,.,nod_p .... od w ill> th. 010...,.1 ...... 1'._. He Alt.""" .... ". ' ''' 
10"""'0 'n" dofloolic>n """"n' "trt"'" !he """'" , • • ~.InI.' "". orld. ,flo" 
, .. I .. O<I·g u<l!td ba,."" ,",5 P, _ r?El.l' , N.". W we re mov. both , .. 
<10Il00,,,,, , .. ".,., ond thO sq,o , ... ",""" .... _ c,,,,;,.g 0 " ' 0 _ . 
• />0 11<0<1-1, .. t>o, h •• Po ~ "',,'Ell' , ......... ,"'.1)'. ~ w. ' 0""'" .ho 
&lope ...... "' . • 1 one . nd . noI rho rIoIloction ,~ .... int . ' Iho oth. , _ . 
tho pinnO<l'g udod b.v 0100 "'0 Pf_ 1' '''' EVl -in9/\', _ IJ'lin 
00 .... 1 •• l ng or opproe."ion lor I .... im--",,,,,,, 01 """h tost",,,, moch· 
....... For .>.Om",", ,emo'l'1ng Ihe Iran ... rso <lo!loction .... , ... , lu<lo 
to 10 .... ' """"";,.g _,"". ~ I .... ..,.,. '''',~irt1 ~ ,elO .. d . Aocol lt>Ol 
P a n(! P, .t."""" .. ,.«ftO~ •• 'no Duoklltlg """' ... , .... _~ , _om ... ... 
'~ 1 ,_ ........ _ _ .. _~_,. , .• _ .... ___ .-r_ 

..., .. --- .... " n, ' ........ ____ ............ "". 
." • _~ "' .. ., .. . ... __ " .. _""" . .... b, • • ~-Ot ~ ... o:r' " 

...... " .... .... ..... """" C .. "P<"" ''''' "'''' __ ... _ .. . ___ , • .• ,. -.._ ............ ' __ 0 .. .... __ , 00."'" 0....,.. ....... "'...." _ ._. co ... ... _ 0..- ... _ ... --..- .. --..... -. '",",""" "'''''''-''-''' _ .. _._ .......... _' ... __ 101 _ ... ... 'C 

r 

L 
'- .. --- , 

--~ 
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2.-4 LARGE DEFLECTIONS OFBUCKLEO BARS 
_ THE PROBLEM OF THE ElASTICA 

2 .•. 1 I,UfOd'-""",m 

In .. .,.. ..... oe<:liooo, we "sed an a"",o. _ ,. <""'S,", • • , ... ...".,. 
E_'"" 2.2. 00 lind , .. bId""" load. _ Of,.".100 10"M ""', ," 
,,""ecHo" ot N bO>C~1O>g load it _ '_"ot. In .... \lO1._. UlIOUg" ~ 
in "'.po w. th. ,. k>fe _~ Wl",.n .igoffl.1ue prot>lom b)' , In"_ 01 t .. 
In • • , lzing • ~K" Imo,lon 01 omaN do!lectlon. 10' tho eu",aU .... "P' • • .."... 
_.'.', "e wan' 'Q ""'orm'" tho I><I n.,,,, oI'h ..... ' .t load< wei 'n .,. 
eo .. oI ,h. _"'ing _.., ,'''', ... """ 0 . ... _ .... ph, ,,,, .. . ..... ~i< • .,.,. 
01 ..,. """ki ng "'" d ~ .... i .• ,. how • bo, b. h ... . . , ."" abo •• 1tIe b"''''''g 
_ . T~ .. ... m .... --.. ... typo 01 b . ...... '. tho '''Ollyol ," o """kOng 
Ioad . nd tho pot. nlio' dongo, 01 ... . 01 01 b ,",~Onv ("" .... """"'" Of Oo..og., I. 
nus. w. m"",, "'ioc""" ..,..I -<Ie~oct"" "III"o<imalion to, ou",o'u,., aM 
.f< ,"01<11 .. 010<1 to 'he or.u.icA, p,obIom 01 "'" 010",""-

:::i'~':'i'~'~'1!P~'~~~'~'[l'~'~":· ~,"~- '0 do""rib. '00 .noo. '" tn . .. it 
ttlo ba, has no "!Ioc li<: OKIM _ I"" !fa""' ..... to 

doIo' moblo Of...-- ....... Thb 

, 

", 
' ... ,_ ••••• _ .. __ ~n __ .. W A """" _ . e,A , .. , .... ~ 
.. _ .. ...... _",.N_ ... _'.,." . ' I ........ "'_. _ 
~""'_ •• __ ~ .......... 0 ......... "" ....... _ '" 

, , .,. 



................. _-_. 
2.4.2 E. acI L.oo<I-Oeftect"'" Behov",," 

F<>t. ba, 1;"0<1 0' "'" ba .. " "" I .. " a' tn o .. ~I)' __ ond.,ho 
bod P m"ol bo ~"tIy .,..1., ""' " tho "ole, b""kfog load in"..,., 10 
co"",, tho "'f90 <10Il0<l''0 r;IopicIo<I in Figu" 2 ·25. No .. "",I tho mov;.,g 
origtrl 01 oootdino'&. ", loe>lOd III u,. _1_.00 01 tho bOI . 

_ . .. 4:-• • 
I' 't. , . .t... c.... A [j .. '. 

'; ;-. .. 
- ~ t. DIfl't:.ormoc ,.-• ""o~IOCV 

• DO"" ...... 

w. dolO """' IM &hop. oIlM oloo6cD.Oj "",,"091M ... "",dillo ,.",,,1 -"I"""'" 01 th. dollod"" 0 U IY. . T M . .... ct <ifI.,. nliol_I" n .. obtoinod 
bj UN 01 "", . ><act . ""'._ I .. Ih . <"lYoIUI' ... 1. 0<1 olon -", 0-
m,";"n IO. 'oto. I. • .. Ih •• II.&C! diII. ",nliol eo .... ,"" lor P"'. bor>ding is 

Et,> - - I.I 12.176) 

~ . :: 12.177) 

(lIHI ,al. of <1>01>\10 01 ..,... " ith ,_I '" • rc Ior>glh oI'M bo'l. Th",", 'M 
.,,,,,1 _,."'iol "GUIOU"" oI'M .I". h:. is 

EI :: = _ M= _ I')' 12_178) 

12.!1Y) 

in ""'"'~ k' = Pin 1M doll ... ", ... """"I"". Equo-iion 12. IW) . con ". dif
,. ",nliolod wi~ , • • ,,,.<1 '" • ,00 . "pon ~";oo" r",." Iflo d;,t ... nlio l lri
.ngIo in Fi;I<I'" 2·251110.1 

12.180) 

12 .181 ) 

, , • 



.. 
12 . I~Z' ....;c._b._ .... 

~ J :. [ :: J.1s~- k·J .... e<ltl 
.. d thon "ograloo I" ob .. in 

, [ . , . IZ.18oI) 

.. ""'"'" C is a co"""'", 011 ntogral ion tflal is <Ioto""ineo;I from tho __ ry 
co""" ...... , "'" _ ond 01 I • • ba,. S.<ou .. ,Il. mom .... ' o"h. ",o_ 
• .,; is zoro , 111. cu",ot",. io 0100 zoro. i. •• , 

~ I w ~ 12.185) .-, 
'n '_",", If>< a nglO.t "'" _."" "".'" linU\" 

C _ _ k'""o" 

Thuo, I • • oo'ot"'" con bo _on as [ :: r =2!<'(cos~ _ c"u) 
• 

12.11IIi) 

12. lel) 

_ . 1'0"' t l\o . kflCh 01 lhe _ ba, in F9u" 2·25 I"", d,"" iuk.,. 
""11'1'''' . 00 wo a"" mo po .. I • • sign in Equo'''' 12. ,as) 

So,,", ~q",,'ion (2 . '88) 10'.' aM ""'\POo'. '0 "",. .. ,ho ba. I_"g!h: 

,.J •. [ <It) 12. le91 
o .,f2 ~,1"".& - 0»" 

Th. """1o,,, lOogm S is ""I m..:/t dWt .... 01lrom m. O' ;~I Da' 1o-ngI" L. 
Ao " . w~ _, I . . . . .. 1_. in , • • ba, _. not dtr .. m"oh I""" , • • Eu,", 
1ood. 00 ,1\0 bar ".11''''' co.no! be"""I diW.,,,,,,. NOI. '1Ia! omall .. ", in. in "'" .,"1 ditOClion do ""I ...... ., oIgf1f l<an( c .... _ ;"1O"gll, (". " '""9'" 
wL(1 • <) in.mOct.. is """,'II , Th." io. ""~n t!IouGII Iho ........ _ do· 
rr.ot;on 'I io Io~ . ""ugh '" '"'IU"" ~""ion 01 . """ <"N. 'U .... . 1\0 
. . .. 1 doolleelion ond " . "". tho • • 101 01 ... ;. io .... ""' • •. Th"", "" . gr. o. 
a. ". eo" """'" for k Lo ,,"' P. Ho""""' . ....". """""U .. , ......... , •. 
quire<! _. tho ""lui.", .... ill<.- .... Iullo,,", 

F.ot, """ I •• trigonom.1rit: ide .... , 

""'~ _ ' _ ~ oino ~ 1~.\goJ 
• .,; O<Jb.UIu1. ~ ond " !Of ~ 10 \)01 

, , 



................. _-_. 
Now. 0""" baa.<! Iroe o rld ""ilI> oIopo " . u..,th. sobslilJllo.n 

~ - ... ~ , 
. rod dol ... . new •• rOlbIo • .....,h that 

.... ~ _ P "",9 _ 0" ~.;. o 

IV9') 

12.(92) 

12.(503) 

Thuo, ... ~ va ... 'rom 0 t" "along th. 1>0., 'rom ,.,. I~"" . nd to ,"" 
_ I,.., ond, , ... _nlily .;. • • o,io. I""" 0 '" , . ..., . m"" vory!rom 
o to .. 2. Oi!lereoliote Equal;:'" (2.193) t" \1<1 

12, (90) 

• 
1-COS -~- <18 _ P <"" 0 114 12. (115) 

• 
12.1110» 

... ..... . 114 (~ d4 

~' - ~'~n'o · .,f, -p"""". 
12 . (91) 

"""'~ I, 0 e<>mpW. ~6c "'togr.ol ""h. fn",ft(! . rod io 10..,"',0.1 ... . 
'U""("" oj P _ ..., <>12 .. ","oy honob>o" ( ...... g .• Jo"'k. ond Emdo 
(2oS1) . Thu •. ",1110 """h """,.,"01 .. fo,,,,,,..,,,. _ C4II liO<l 10.. Iood P 
co". opondinv 10 any • • IoJ. 01 P I,olot"" 10 ,"" oIopo 01 tI>o (, .. 00<1). a 
mocfl morO d<oct_ .. I""" ronding ~ 1or.,...aIied P . 

F ....... . ""'l<oclioo •• " 00<1" ' " ....... '" 'holo"" P' • .,' . con 
... h.~Iod"" I, "'mp.o'''''" '" ""*t ., Eq""''''' 12. ,g7) ThO" ., ... . J do - ~ 

o 
12.1l1li) 

12.( 99) 

, , .,. 



1 M defiKlioo, 01 the bar .re ollloln"" 'rom II,. dIII.re ..... 1 triangle 
.. Fig"" 2 _25, <t .. 

12.2(0) 

122<l1) 

Fo< . glv.., k. P 10 d.,.,,,"nod ''''''' ~q .. UO" 12_11171 10< vleo "O~)_ 
Tt>en, y . .. d.t.-rm"*l ''''''' ~ ..... 'iOrI 12.2\)2). Similo,'r, ' ,;' 

.. "Mon E(p) is ,no ~,. ~ .. ,,,,,,,,J 0< tn. &«<lM IrJt><1 an<! ", 
'100 . ....... 'od ,"""'"' • . m .. , (ho ""'~ a nd .... """ ...... , • • oIlIo ... 
~od i<>corioo ~, • •• d"b'" ' '''''' """"ion 01 ~~",,'",n, (2.2021 . nd 
(2.200). n . <IoIloctod oI1apo '" -."*llrt ""'"ling "'. _ ,im ... 'M 
.... !Y . .. oj Equa' iooa 12_202) .M 1220.1)_ 

L .. d ~. " ior o rod "a"""_ 11> <101_ , • .., .. ',.,m Equotiorur 
(2.197). IZ203). 00<1 (Z-=). '0'l,ec""o'r, 0'0 0 1'0" WI Tablo Z..2_ Fo< 
• • • m ..... " ... d oriy 1 l~~?'>o< "'on "'" E<if' load ",d. to "''''''
vor" ' ip ""11e<t",,,. 6. oj Z2'> ." ,1>0 ba, 10'11,", AIoo, . I<>od ""'r e% 
1>igI>e' ""'" 'h. Eu'" Iood .. ,,,,,,,ired '0 "'" 0"" 0140"1 The delormed 
""apo 01 .... ba, ca" ba "., .. lnO<l Irt "M 01 • • 1pI1e Intograts 0< n"moric.1 
~"'" or>« .. ""'wn 10< ".riOvS ........ 01 ood 0"910 " 'rom T""o"","~O 
on<! co.,.', do .. ","1 ollp,ic:·integnol_ ,.,uls [z ·e) in f;g.,. z·ze 
on<! va,",u, ad. 1 100<1< ' rom N_olh' . .... n"'. ""m."".' _ .. [2-7) 
II> Flgu,. 2-27. Sy c ..... ,ot.r_. bot,,_ FogIJ'" 2 -26 an<! 2 -Z7 ""'. 
Tob'" 2·2, ;1 '" 0I> ....... 1ho' '"'1"'11" _oction. '""" ""'" only ~ 
inca . ... WI bad "'Of P~ . 1.10""", ... noto 0 __ "1Iy ' Mm FigI> ro 2·21 
tl\a, ""'"'''*"'II ",ope"""" 01 P 0 ,. ;"bod""",, • • • h • ., ... opl"' .... 
to .0001 _ . '" f. oI, in .... ""'"II)' 01 P . 1.5 _ 2 p • • 1M vorIQl Iood P 
prod""", virtually <III .000' Ioadir!g on .... bo,_ 

r_ H Suo" "" load ... DoOoc6ono. 

'. • - ~ - - .- . - ••• 
"'. LO" . ~ ... .~ .... , .- . ... , ., • '" • • H • .. .. _m ..'01" .. ' • •• ,~ - '" .m - '. ....... ' _ _ """'IN,p.". __ .. .. , , 

, , ... 



.......... .. ..... _-_ . 

F9n 2·~ ~a.. 

1M'" r-.._O .,., """ IZ~JJ 
,-p_'Y""""""" 

• 
• r • 

• 

• • • • 
t 

....,.. ,.;0, ""_ 0., ...... ' 
V.OOUO Ad .. \.NO. 
( ___ ~12·1~ 

Mo,ho , "",nn .. <>I pIoIIjng thela'lIO·deH«tion " ""to is load """,.J> 
I. la, .... ba, Iii> I>o<1l""",1 do!lection. S l . • , in F""". 2·28. Tho, • . juoI 
OS lor bors . h ..... d .. fth ·...,..II-d ...... tiOn lh--,.- in SK1iOnS 2 .2 .oo 2.3. 

"" ._ """lOng """'" ' ''r-. ""'''' ., dtl....." ........ <>I I<>Od. T". I<>Od 
io "", ... lize<! , . .. , ... to lho eule, ."""'"'9 Iood. p . _ I.'/4)Ell' . Ro· 
" "10 10' "'. 1 ... 111"00 modo .... r-. m . 1. m _ 2. ond m · ~ oj on inf.,b 
numb., '" _no ThO behovio, fOr " oh "I0<IO .~. "" is ~.,red to •• 
A .... r>CtI. Tho ",.",,"ot 1 .. '" • I 0"" m' 2 ._.' to _"II)' CO",
eO:le., P'P< Inc" ..... f>U1 Ino .ta"" ..... ean" .,.., .... ...,. to odlJ.Otv 
.. , . ..... , [2-7) 1". polnd" .. 1 ob""l/o'"" lor FigYno 2_23 is ,h., '''" 
Iood-dofor",. 1lcn b, "I/;" is ~ """'""""_ M P ~ p •• th. boh • • ,"" .. 
~n .. , wi h th_ ba, ,om."'ng .... Ight (unb""kloodJ and .. o.o.hd tho ph
""'I)' «Iuilbrium ~rI>. ~. p •. ,h. """'II'" conf'9"'a'ion <>I I"" ba, is 
"'" ... DIo, .nd ,h. load po'h bilurcot • • • uch that .... ~ bat is .... 
bIo, Th., _kled".... po'h m= 1 I""' '''' in F9urfl 2·26 and 2·21) is 
o.lod ' ''" """"_I)' load pari> and .. ..,mot'n.. notue<! 10 . . ..... ph-
"'1)' """/1M.,..,..,..,,, Ml1teh_ Th • •• t""'. non~n • • t ookrl"n o ..... ,h •• 
inI...-, "'" bella.", fOr th& "t8igh1 ba, al btu"",''''' poinl$ .00""" .... 
oifeleS in Fi{jute 2 -2&. rho oo"e~ """1<1;"';' _ a,. oak<! ,h. 
MIm:.Otion 1>uC~1'Irfr __ "S.an lor ...... _'-01;0" ,,,--,.- in 

Socllooo 2.2 and 2.3 . opocial con .. ",if't> on " or _"'9 dolor,"o"on. 
muo! .,ioI ~ tho 1>-... is \0 o",,~" ink> 0"" """'" " 001'1 ' h. ," . 1 mo<lo. 
T~;' po>lbu<,ling bohovio, _ • riM>II ""d p<>lh is 0l0.I>10·..,,,..0' .... .. 

the 'o""ino"w 01 Sootion I .J .. ~rt"'" "" ""\It 16, _ . " ....... u •• 
the ri$o is .., ..... .". and ...... "'Iff> • ,.", oIopo , .... dtgo"o. oj ...... Wy 
is,~ "_In ... ",, """"' .... nt lOt a ll p'OCIIoaI __ n Ul. p [ I, 
the ta'Q""' P_' ""'. tM' can •• pl30ad on a ",n . a"" '"" muot ... 
oorriod 10' ,n . .. ~. <>I ",I. tv_ 

, , • 



L 
'. 

" 
, 

" 

" 
" 
• 

• 

-I . ... _ .""" 
""-... 

=-t K . , i3-"- ; ~~~r.,"4 ~} 1 
• -. • • • 

TO' D<'''CTOON. t 
F9JH ~4e Lood .. "'"' 'OF 00I\00>,,,, --"""'" ,,_ ~ 

(AAo'_"'fNn 

2 .• . 3 App",."" 0140 l""'·Doft.c11on Boh ........ Jut An., e .... l oy 

w. """ Iocu . on 'h. "" u" 01 " •• IM<I-<lolofmall<>n bo"".'" "' , .. 
fOOi<ln '" t .. Il<$I b.ureo''''' bu, kino ""d In FOouro 2-2& 51>0"" .,laroo<' 
in Figv,. 2·2\1. For "'. ordinory f~ od·lr" bo T wilh"" ;"to'modia" _ · 
PO"". ~ O«uBO' Pe-(C/4IB\' in ' '''' m_ 1 modo. CINrI)/. ''''' 
.... ~I "'luijbrium "'.po • "n_ .""'. p ... If d<l'IOled witI'I , .. 
daSl>&O.., ... Fy. •• 2-2'0 ..... , .. ~I 0'1(.'",_10 'U_ or 00>0'>-

• -. -. • • 
no ""FHe, .. ", t 

F>gu,," 2~ Lood .. " ... 11, ~ -.,.. N ....... "" " 8","'''9!.-' 
1M>< _'" /Z.,» 

, , • 



- ............... _-_. 
SU.", .. on ,h . bo, .,ioI (I .• .• co","","'" It ... , pr .. o .. ' M bar lrom 
_Q "'0 'M m _ 1 _I TM ... bIo. "'NovOo' is .""'""Ii .f>d 
oubMG""'" 10'11<" ""Io<m.' ion InlO 'no onodo m . l as 0/>0,," _ ' M 
ocId ,,""' •• ., FOg"" ,·,0. NOI. '''"' 'h. b • • ' 1Jr """'0, "",;"onto..., '" 
lit. sid. by a "'DimU'" . moun' '" 110% 01 1M bar Iongth . , 0"", ob<>UI 
5O%"""o p ••• nd Ihon tile tip t.>rizo"t;,' dol_ion ~ ...... p "'_ 
" , ...... No,,".100 , .. , ..... ' 1Jr Mri2onto' <lolled"" ""-" n ... , \10 • .., .. 
tlta, maximOOl-..U" 'ho b<lr .. r",od '" its b ... , i.o __ ..... b., m"st ,ise 
.o~""1Iy lrom "'" bo ... ' tIe,. b, ""~roy ~. "",",,,,,,. , di ... IoOom."' to 
00"-" ...... .... ,h.n l 

W. "' .... "",,,,,,.., q "ost io1\ who'l>o, well larva <101 __ '" igh' h .. o 
CIt""' """"'1"- 0' tn., tn ....... 0. po"'blo. S" • • , hao ••• • <tv 
bHn ",,",,0<1 out •• "'fluo~ 'ho l>oh.vOo,. b", " o1l"", h • • flO! boon 
"o..o.,od n 11-.0 dorI.r.,,,,, 01 'h. bo ..... . ", ... n'od. 

In "'_ .icinity 01 P~. ,h. lood·<Io"",""tion e""o""ry , .. ,. In I.e,. 
tI>o 01090 01 the eurvo .. ,.,., ., I' ~ p E, Thuo. ,he ''''', .... ., Io.d "" 
• "",,!I Inc ...... '" dolled"" .. p~ 1', ... q .... ";,,. 0' OKOf>d ""'"'. I .... 
• ory, very "",a' , (This <IomonSl<lll l:>n ,hoI ,he ... jo,lo.". is .... ", .. '" 
"o nOll nl Ono' _roy 10 .... bow 10< Iho UH 011"". n..,..,. ~u'''' 
in .. f>ich 0 eo ..... " IofC<I .. "" .. od 'O! pr;oCl1ca1 eon_alion •. ) B~ vir_ 
''''' 01 'M _tip,o.""" "."a' ........ ,,," In """'. -del_"'" 'hoory , ..... ' 
"""-a .. "' Io.d i ... gleClod , .., "'. horizontol or Im"",o, .. '" doflootion 
10 indo.."".,., •. flo ..... , . "'. flO'" ~"o'" 'ho ... ' U .. 01 "'" ""'u.1 do, 
n.ct;on.. TO ... , ,,,, ..... ,., • .., lur" 1<> "'" ......... , .. , .... _.Ioped 
"""'n """h "" go <Io11ect_ oc<:ur, 

T~ ..... "','''''',. __ tol "",1001"" (1 •• "..,._10 "'" <><9""".'-
!leal .... ) 01 an .. , • .., Io.<*! 1~ .d·I,.. bo, ill tn. 1oo<IinQ ,eglon ..... 
• t><>HIHIc MiIlg 10 

(n _h P, ;. Ih . E"Io , load ood 1' .. 111 . _1100 ""d)" ,_~od by 
F,iooh·Fay [2· S[ aod by Ne"'.t~ {2.7J. " .... 10, ,e,"1 w., """"""'" 
<1t,,,,,,,, by Q, .. "'" [2-11) ltOr>I)njin$l 10 6~"" 12-10); """""0'. I Iou"" flO 
ouch • • prHSlon in Q,."'" af>d 6~""" "'P'. osion 10 '00 low by a 1. <1<>< 
01 ,,..,, S""h . . ... ..."". "'" ob<.inod by • • pof>droy ,h. 0 .. <1 ... pt.""'. I""'''''';' g •• '" n togtalsl in. _ . abouI p. filto_g <>ntr 
a low tOfm .. Thu. , 11-.0 _""''''''''" o. pression ;. valid <>ntr n. a , Pf. 
"'" flO!.t vor; Io<yo ,,"~0<Ii0 ". , From 'ho Io<m 01 Equotio n (2.20<) . ... 
... IMI 00t""" ... 1 ""'''-'lion "on .,tot onJjo f p . h;tO bo.n o", •• dod 
(o\he ....... , 1ho delleclion .. imogiMry), or~, Ih., I&ct is OOMiolenl 
""'" 0"' .. tIIOf _ " ;on". Spoc4'ocatv. lrom Eq.olion (2.20<). only. 
1% Inc' ...... '" Ioad'- t"" E"1or bu<Uing 1000 __ \0 . '" 00rj. 

IO nlal ~.",ont 01 18'" 01 'ho ~"glh I I 
To ooti"",to ~ .......... ilia, o<:<ompooy 11'1. horilon'" dotlootion 

of. tix~_ !>or . w. "".,w O OfOn;l (2·11) and , ,,,, .. I tho dotlOClion 
oqU:ltion in to"". 0/ ........ by UM 0/ Il>o ..., p~ oxp" ""n. ,, _ PIA, 

, , 



,. · ~[::[[:;r - 'lf ,,~, 
Ago;n, !he 0>".0,..;00 is applicable only Jo< •• Iue. 0/ appIiod o,taI ''''''''
<tA< t~.I.,. juot _. " . _ Def"'I~ .... '_ "' .. ,_ ._.Iho Eu ... 
• ltI' $$ '$ 

(2.200) 

n o n. t""" tho rat",01 oPl>liod all . ... " • • 101M E..r.' ....... in tho 1<>1· 
Iowng """no,-

". o£+A<I M . 1 . 12.2(7) 
" .. o f o f 

Noxt, . _"'" "' •• " ... root" .. to. dol*'''''. Eq ualion 12,2{)I;j . 

"'{'II":: r[1":; r'lf ,,~, 
EJcl"'oo (1 • "":,,d' 000 (I • ""'''v 1 with tho _ 

" nln _ l) , 
(h.) ·1 + ",+ 2! • + •• , 122091 

0 00 "" . .. ""fy tho r ... ""0 '''''''' 10 ..... 

y .. · a;r[ 1 - ~]~ ~~r 
Tlwn. ,min only tho higl> . .. ,""", torm \0 go. 

" , . aL[~J 
on • 20", 

(2.210) 

NO"' , "'0 . ""m"", " . _ •• in on .,""" bad*<I ""nl ba, On Ih. 
co"".vo 0<10 0/ t l>o bfInt ba r, tho " ,on io l>igll . .. -. ..... tho ""n> o 
P'O"""O bondo,y .. , ..... _10 ff1. <om",",,", • • , .. .., . ... , 0. , j.o., 

", O __ 2"_~"A+-,- 12,~1:!J 

in which e i. 1M diston<o [,orn tho oon!tOid to tho ",.,.. eo"" • • • PI'~ 01 
Iho bar <r=o _lion. but ,h. !>of_I" ",o.,.ot io PI", . .so 

~,' 
~ ... , ...... - ". . I 1221J) 

S""""~"'. 'ho mo,",,"", dollec1"." Y .. in Equ","'" 12 .21 I). in "' . .. , . .. 
• "", ... 10 • . Equal"" (2.2'3), 10 1/<1' 

" PC8l[~J 0_ . o~ ~ , • 2<1, 12.2. 4) 

Fo< a ba r at ' ''''''' ngUlar <IOU ..a"" ,,"" width w .nd Might 20 (in 
..t.ieh .. ,. 2< in ",dO' '0 goo, b""",",g in 'M pta .. ""', _. th o <Ii. 
rKtion 01 ..... M ight _au .. .... , plona ... ""' • • "'" ...... .. ,ond mo· 

, , 



N ............... ___ • 

,., 
men' oj , ..... rn oj , .... bal cross SOC_I. cIr _ 3 ' (rocal tho, ..... radiu , 
01 (J'fr."'" i$ ... t~ 0$ ,. ~ PAl. 00 

0",, _ _ 1.3.12 L [ M J'''' 12 .2'~) 
o. r o. 

T .. _rn ... '.'10, IU' .... 10< 0, at tho _"""'Y _oon . 1.0.,,,, 
.00 pia"., bucking 1>o ...... Ioi. f", ... ·,," bar com .. from 1fI'JdIica_ 
01 Equooon 12.") on""9" S/I in ,h ... m. man"", ao Equo'<>n (2.17) 
orr p.go $ . i,o" 

[ ~ ] _ ~_ ,,:, 12-2' ~) , 
from ",""" "" •• oiIy eo"'.JaI. "'"" IU,,,, _ 50 '0' mild " •• 1' . IU,\- _ 20 
10 30 "" many ","",rom". """ IUrl, _ ,00 for hlgh._ • . low--
,ioOd·"r ... ""'t.r ..... 01 courw, a hq,or l.if ,n"n """ or yio"'g m.r." 
oig>ifi ... 010'* ","odo , ba, tho' wiI "v. ~' bonding " , ..... from 
E_t<>n (2 .21 ~) . bUt Io ... , a. 

F",. f~"'-h. 1>0, of ",iId .... , "~h U' ~ 50. """"'g ooc.'" a' 
,ieiO ing, ~ tIHI Ioo>d is inc:' .... d by only " ,. alte, bur:kiing. U,en ........ 
I""" F~u ... 2·30 ,ha, ,ha ma, ,,, ",,, ' "0''' "" 'h. """""'. aldo of 'h. bIu 
io """rty WOI> '" I.he opplie<l "", .. I 01 """,". Ioi _" .. , bar. wlh 
Ur 10M than 50, "'" bucktjng is pia>Iir: , 50 our . ,. .. ic buckWrg p,odictioo. 
do no! .ppIy .nd ... mu .. _, 10 'ho pla .. ic bucking .ppmoch in 
SecI;,n 2.10, A' U, • 100. ,""'0; 01. rriO;I ..... ba' <100$ "'" 00:'" 
belo,o bueUng, b", Ih. buckWrg " ,0" " I I. '" <1', lno,. ttl. h~ 
"",u,. 01 ,,, . buekling cu"'. '" FigIJ ' . 2--4 on"..111 55). T ....... ~ tho ap
", • • ""'" it inc:,_ .,. on" ., % a.e, """"'"";r, tho ma,,",om "', ••• 
on tho """""." _ '" ltHI ba, is noafly 12 lim .. tho origina' buclo;lng 
.u .... or n .. fly 3 , ... . tho , iold _, How. vor, mild "HI caOOO1 
"'''<at .... ,"" a.b<w. 0, wilOOuI _ . Ioping " • ..,. la,!/" ..... in . , 00 • 
mikl ... . , Oor f. k """" • .,. """iO;"y. Simi",,..... co , bo _ ... 
ror 00 .. moO. 01 other "",'orioio -" •• o"'min,""" How .. or. w. ,.~ 
... lat. , In S_ 2.' 0 """ ,h . .... _ .. ,~In""""' . ""1''' ro, "'i<l .... 1 
a oo .Ium.....,.. are Quia diIl.,.nl, .., dI~.r~r>l ~.,p,oI<otiono mu.l boo 
puI on Ih. ';g ni"",,,,,,, 01 ,io!ding '" I ... two tyP.' 01 "",I.riolo, 'n "" ,. 
'iculo." . 'omin.""'....,. non_, _ ...... "'in cW'\Ie can ,oto,.'e """. 
'"'''' ot>ov. ",. "'" 'ho" ~itr"" .. _ ...... oq,lfi<. n'ly, N.'Mh ...... 
"' • .".c .... 0' the bar .,..t.rlol, ,he 'o_m_o' _"'.,"'" .. t .. 1 
"'!\ding ......... incr . ... ..,."moosly "". , ,,, . ",101 <XImp''''''' • • " . .. 
• , "'-'<ld"";r .ft., ''''' "'~s.iI"'" 01 0"'" the ~ .... ""._1 0>0<1 be--
,or<! .... b",, ~1ing .,..~, 0"'.',"., ....... ~ ........ ~"" .. r,l><"t",. '" b,II!" 
"""oriolo ond yiolding '" _ ..... "',. tho, yi. <I ........ p_ 
tail.r ... oniHs the ... ,..nol io .. , . ptio .. ..,. duct .. . ""po_tty, ,ha 'OIli<>" 
'" """',Ior I>r(ond .... On", ... "". ""Ny 01 o. ;. un ...., ... o .. to. pme. 
tical _ M . . ThIll;', f.lur. 0/ tho boT muot 0«0' oIlOf!Iy .~or the 
ElJer!Dad " ,""h. d "..,. , .. 01 • • "" ..... bo!\ding _ .. u 

'f. "",,0" •• [>01" 0"" .", ', ' "",0' .... 12<>, ...... , 
'. _ ,,,,ro',.. [70 ""al .... ' ,' _,0'"" I"l' u,., .. __ oo.,,',w,'"' "",.~ 

, , 



""''' ---v;:-

ft ... _ .. -. 

" 

" If' , 

, 

, 

, _~ • • 0> 

,,' , ~;;-'-;;;;-'~ 
;--,_ - - - .om ", 

'" 

• 

fOgo .. ~~ _, .... .... "''"'' S~". ,,, ..... fie ..... _ S,,, .. 
An., "' .... . "'I<> """""nt til. P<>tJI>LoCi<LnQ """"'"g ." ..... OM 

Ih.~ ov. <WhtIming ill""."". on Ih. ""., n . .... , "'" «11 . ... tico lly plol 
tlIo ,.Ia,"'" bot ....... tlIo Iood. P. 0IId ,h. _, 1>0, ' i> doI\oction , Ii. 
'" Fog"'. ~.31 hom Wonnol"",", T.bJo 2.2 and 'urth. , ""leul.,...,. t.;w 
tlIo oct"o l 011 • .,. 01111. I>ucI<Io<I ""r, Tho 1<>1<1 iI IIOrmalizod.,.,. PC. M 
III. l;p dan.,"", .. ,..,.. ... lizod toy "'" bo t Io"glil. l . Tho porlOClIy . .. ..., 
Iood-dotloct"" 'u"o ABC 1m," F;gu", 2·~O CoO""'" a<ru.o.iIy bo ",,1IOo .. d 
-... ..... ollho ''''"I higtl 01' ..... ,ho, we ~ 10<.<0<1 .'. i~ during 
_ g. WlN!n yieldng bogin. al po;nl 8 (or ""en c_ "' PO'" AJ. lho 
.0' .... 1 _lIodion co"e it ~ downwa,d 1,,",At(! """" 0 ,allier" 
'hon upwa,d 'owor" poinI C, Delorm.lioro . n . , po;nl D proc:ood , """. 
'.p<l\' 1M" bol",. 10 '''~",o 

" • , , , IZ' " " " ' -.. , 
" , 

, , , 
" 

, • • T 
,,"_2.., ' l_ V ....... HOIl"",,,,, Tip 0._ '" on ~ l_ &I, 

, , 



................. _-_. 
TM moi. poInI 01 FIgoJ,. 2-31 10 Il10, ~LlCU.g aI. 1>.1,., 'h o Eu " 

_0 Iood, Po." 0 ...... "" eo"",,!O~hio .,on' I>OeoUM 0' "'0_. 
'ol)' Ia,~ 0 .... .,0 """'''II or bu<klng '" IIlo ... , ... h __ , yl.kino 
nod milo," . AlGO. for P""""'"' PI'<p<>$Os. P, "'P' . .. nlo _ .. ,~_ md 
tn>, eon be carriood by • bar. Thu s , In. desigo oignil>::a>lC<l aI !>of 
bUciding .. ..... , 'h o Eu .... """king loa<! "'u" be ._ by ... 0/ • 
f>octo, 01 _Iy 'hot io OPP"'Prioto 10, 0 cota,,~ .. ont. 

0 . <0 __ baf is ~.nt ""., f",m tho . Oftic. 1 so fa, olio, _ '" 
..... n .... n" .-c. n, _ tho ELlIe, Iood .. Fiop'. 2·27 , "'" """" to 
in«udo ,,,. ..,..,.. 0/ I'~""."",, . h • • , on I .. bo., do""'60 . .. Q"'o <>b
.iouII, S ........ w •• ~ ., "'" otO!l, EQua,"" (2.176), wh. ,. tho ... <1 "'l""""'" for beo<lOlg ........ "'"_. 10 . _ ..... , tho bo , ",as eon>ido,od 
to be O')e,'"noblo by . ...... 01 !h. ~oo '" EQ",,!i<>. (2. '75) !"",,,u" 
onl)' pufo b<>""0Ig is oon_. 01 COO""'. 'ho 1>0, musl .. ,end (.",u · 
aly coot"""i .. ortIo, '0 occ.pI adol bad' n- t"" " .... el " .... ...." .. 
,."". ' th. EIa01000 ookrtoo """'0" ""' du/lloul ""or ""I)' a"", ..... 
e' ...... loa<! . I>ovo 'M E""' , 1>ucO;"'0 lOad HOw".,. 'ho ~too '" 
tho E."ie. in tM 'i::iMy aI tho Eu" buckling load I .. ds uo ", tho em· 
,.." e.nc __ • , ... t tho £_ bue k~ Io-od io Iho "'9"' p_ioal l<>.o. • 
..... , CO" be .pptio<l 10. baf. Obviously." til" Euler ""'d. tho !>or comol 
ace.pt 0"1' mo,. lo.d...ttlOUt u_ryo;ng Iorgo '''' ......... ("""""".~ 
dollocoono at lh. ,;p_ lJ .... Ii)' , "'Of •• to ma"l' pr.ctical , • • son. ""'1 
ouch", rgo _Ioci ...... . to .... "'opt.bIo"' a p .. chc. l oIn""u," 

:lA.4 othef Lof~ ... Doliodio<o Ou<kJi"ll Problom. 

""'. "",t Iho ootLltlon !or Iho Iil<"'~r .. "'" .n ........ '0 ""_ 
"'tol)' know 'ho 10'1/0_,"",00 buc:iI""O solul...,!of 'M p;r.<1e<1-pi"nod 
"" •. Just . . ..... .. Of •• OIo"' """",",pitsh til . ,,", .. mi ... tion of OUCto:"Or>g 
_ 01 """ with .......... 1 dffo •• n' suppoI1 . , ... m. In T.olo 2- ' "" ~.~ 
11. w. 'an ...... do for '"',!/"-dolloct",,, doIo"" od .... 1>* ...... dill . ..... 
ouppori 0)' __ 0. fo , ••• mplo . ..... """ lull)' cooo_1I-.. bound>,.,. con· 
_ . t "'" 0""" aI tho f"",,"f_ ba, • • <>pp<>S&<f "' Iho bo"_'1 
co""I...., •• t tho .""> ,"" ",Odd" aI Ih. p""""'-......... "'" Co no'. " 
tho oocond ""'tc~ in T. blo 2· 1 on 1>01/0 77 aI . fix""I, •• ~ .. " i.h tM 
_ mod. that .. p.oei>ol)' 1Io~ thot aI a pinnod'p inMd bO!. NolO tM' 
TabJ. 2 · ' I\a> oIgo nlunc!i<>hS for bucklod .....,.,t, I.. " tho ~ a ' 
_ 0_ b<.< ""I Ooyond, Moleov ... the ompiludo o! Ih. OUCkrng do
IIoctk>n c.nnot ho _ .. tho .!go"".lu. probIom. Obvlouoly. , ..... .. 
• Ie .. '''''",,, bet" .. " ~ 0/ d..r ... nl be" w.th dtt ... n! .,won 
.,tlM" """'" _ no! dopo"" on thO ~u","'u" . pp«» imat..., USO<f. 
b<.< O<l/)' on ,h. __ ry co""I_. The __ l)' condOllooS. ro '",0 
mom"", at t!wo _ tip a o<l .. ", &loP" p .... 20 ro doft OC1ion at .... !~od 
..... o' the II<Od_'- b.I .. ""d. tho bo unaory __ no I", tho r»>_ 
pinMd b.I, 0<9 z. ", mom,,, •• ' . ach on<I, pluo ...... O~"'f"'" 2.'" oIopo " 
tho mkldlo 01 tho bar. Tho two b""klod b . .. Of. &how. in figu," 2-32 
"' which tho ......" ."go_';"lloc6on d.fo""od shops'. ,.." just ,he 
.,;go mu"",""". pro dlopIo,o<I. Of ~ourw, tho E ..... , _9 1<>odo .'. 

, , • 



~ .. ,., 
rogo .. 2~ SimOor,,>, oA "''lIO.o.,*,- &Ic»InQ '" 

""""~ l_ fi' ... -#' ....... ,..._P..,.. B." 
doll. """ by a t""tof 01 lou< tor "'" two d tloront boB. These hK:h.rId 
OJ''''''''I' pkls """'. viou.1 ' ''' ';'''Y allo ... "" "' ...... bW> In. b ... ,,,, 
Ibu<~~ .... . I'd .., ..... ' dootor .... ;.",) oj ...... ' "'hor b;mo '" v,';"". 
-V mod .. "r.do, Io'go load. beyond l bo Ellie, I>uc , ling _ . 
How. vo, .;..at •• tor lhe r",od·"... b" r, all "' • • n bo,. ~""kIy """",,,. 
nor"""", "" ...... ;Oat aM. , t>uekliolg, "" 'ho 1A,1JO_loctioo ._ 001· 
uI""," .r. no! ""'"o ily ._.blot, 
:U.S Prac1iet11 Slgnl!~ 04,,,", Eulo, 8",1<1 1"11 Load 

L.,II" "",_.1 doTlecl",nO A' , ... ' " 0" ' '''003-1,.. ba, a'9 _ "'I)' 
unac<op<ab\o in mosI ong"-ing pracnc.. W. co n .Idy m..g;no ( ... 
.-;oily 0'"'' <>oJ, "..,.,.) 'hat 1.0'9" bordt>g ..... ;". 3"" .. _ 000 ... 
.moo . PO' """"rg<>o"'" dolo""""" •• hoY<r>., F'II"r. 2·27 tor 10."" 
"-0 "'" Euior _ ;"g 1Md. 100M ~"lO . " ._ m"oI b.o _ _ rim · 
po_ on "'* ox'" ct, ..... I""" the <>Xio11Md ...... 1 •• , II. oh" ' ing 
..... ..., . 1"' .. , ... ""'" 011-• •• not""' ol tho ', ..... Io&d. 500/> <""",in "" 
..... e . '"'~ mLlOl ,eroo, \he 100_ b<u oOOject 10 f. ilJ, • • , """'. 
pM>! .. 1<0 tho bar occopt> ""'M much higM. !han p. _ In lad, ..... h.yo 
""","o"".,ed , ... , ...... ,-. -.. 000_ "hon "'" ",.d "-
e' ..... by 0<11)/ " .. I lbo t>end;,.g st. ...... compellingly ""minot. t ... 
... 101 ", ... in '~ . I>oll .. ." ofle, b",,1.1ir>I! 

nU", .... """" I'Iov. 0 lOt 1>911., 'Hlirlg (It _.o"'tlo" 10' on. phvo-
;cal Oigo_,,"""" 0111>0 0 .. .....,. ' EuIo< b"" ' 1ir>I! load, To "'~ , I ... 010_. 1 
E ..... ' b<><l.inu Ioo.d is " pro"'ieol """, .. urn Iood '" _~ wo c,on &<Jbjocl 
a ba, ... """' 0<Ifi1. """"""'Iy .,,""<!Iv ..... n' MPI'O""'U (_II • • 
10,," dotIIoolion ... n only ....... ir>o_ ir> Iood '" . k ..... ;""~U 
10 , ... Iovol olIo"",,, 01 ,11 0 "'.,." .. , 0", 01,,11;';11 "'" b., is m.doj , 1M> 
copping 01 ,II. P*'l'I'o..bIo 1>0 .... ", .. , he Eu'" bI>oll!ir>g load co""ilUIU 
on .. '",moly onoo,; .. . ,.., 1""01"01 "'"' 10 ,110 boho,.", P<>p<w l~-' 2l 
p<IIO ~ very " • • : ",,,, pr",,":'" .. o""n., _II . ""'..,.,... dooIlee1ioons c.o.n 
.. 1<lorn boo _,.kId M OrM,"'. tI>o ,M' ..... I ."."tv cat'lM' re';', ,ho 
ntuood -"II ." . ..... Th o",l ... , , •• 1 ""komn. 1;tiI ..... 1M6ctt1ly. In 
I!Ht .... majo,ily 01 ""'lin .. ,ing .wo;e..l"n>, P" lP. in tho nololOO 01 
Ill .. book] «P'_"" Ihe ulb ... ,. C4J>1'CirI' [0 ' . >lrlIigh', C<H'IC!tn'rico'f'/ 
_ <:<>10"", ,' Thc>oo oo""~ ",,,,,,,I.. """,rna,,,,. "'"Y'" _ ",.Iy 
muSlIim~ Ih. Iood~."yir>g o.pao~, 01 • • .,lIIIly _ ba", '" • " '0'"'" 
loss tnan OM 01 tlHl E .... ' b""' 1in1!lNd TI'Iot [,,,,,, jon is tho .w"so 01 
"", .. t OlytadOf, 

, , • 



.......... .. ..... _-_. 
2-' BUCIU.IfIG OF BAAS BY ENERGY PR INCIPLES 

En o,g)' ~IH .. rvo ,...., "",in 1""",,,,,. in .. """"",,I m ",,~on~ 
(1 ) ~ pn>VQo. _10' ,~Ii<>n. , do, .... ,,,,, ot t~. 6rfo,ontiol ,"".otiono 
or<!. ..... ut<."""'"oIy. t~. boundory <»r>diI:"'" _oming a PfObIom 0 0<1 
(2) they 0100 PI<I,jdo toellniq"'" 10' dOod .0Mion 01 the p""""m wi!houl 
" " .. ,~ tD tho dol1 ... ", .. 1 oq"",...... To. ~roj 'unction ',",,0;"" . ""'"'"'t .... 
01 'he "".",N. 01 , . , iotio n> "hieh "" wi' e<plofe .ne , n ,oo<ICt"" 0/ lho 
t>o.., prinqll •• , .. Ihe _lL11\dion. lOon . ... wilt "'" on.,1f>' prln· 
<;pi .. to _<>lop an ._, ...... nding 01 bucklO>g crito," In ~'m. 01 ".,. 

lenl .. ' ".o'g)'. 0... orl e"". if, u_ 10 ""''''" 11>0 b""~iI>;J diIIo_"1 
,",,",,'ion ond b boondo .... condH ..... IIO'. ming _ kliI>;J. 00<1 is..- .. 
t!>o 1>001<: appro..,h In '1>0 o"""o--.g ohapt.~. Two approao,," wi l l>o 
in.-O$Iigotod; (1) ...... Of __ 1_' _0" .. .. Me" 'ho 
, .. do, is mislod ,",0 1t.inkjng 11>01 Ihe (Oa~ is p"o_ and (2) • 
rigorous a pproacn, no' ooknow. b. lo,o 1his book ... which ,no cruc: .. 1 
""nln ..... ;o.. "'0 P'''''"tI)' ho.""'. 

2-'.1 IIaolc 10 _ 11\' Princl~. 

n o ""~I po,oMi.l onO<g)' 01. moe hon",, 1 ~.m if, denotod by V 
0 0<1 <on.1oU 01 "'" """'"",,0"' ono,(IIooo 

U ~ .train ono.vv 
_ ""11>'''' 0/ ""'" ",," . by " 0,,,,,110<0 • • 

II • PO~ n1ia1 on0'l1l' ol ",,' omol _ 0. 
o ""9", .. 0 0/ """" _ . by • • '""",Ilo~ 

.. which Ihe .. ,,,,,,.I .nd .... mal loroo" . no de!lnod '0101"'0 .,. I"",· 
bo<I)' dia9"'m 10, t .. ",..,h.nical ~m. S .. lang"." book t;,.,.'l/Y 
Moll''''''' ... AppI>e<> l.foo/lo. "*12_131 '0, 0 .. ".rb ""'0 ...... of "no.vv 
principia • • • __ obly tough! 10 tho . uttlor by Pro!_ Rollo" E. Milo,. 
s... 0100 111. book OJ Sham,"" ond Dyrn {2 .141 ~nd 'hot by Roddy (2. 'SI. 
~, 'ho • • w"'_d 

rigid 1>0, _nod 1_ Liptigill) 
by • lin ..... ",,",tiono! opring . t . , 
1>0. .. •• .. f;gu,. 2-33 Thor"" 
"" _0 P io .... ..... , '" 'n o Ma_ 
<""nal oyoto"" ond ItHo "1'';''9 
.. "'" only ", .. n. 1 olom.n, (II '1>0 
oyot~"'. The U a o<l 0 • • "'os
....... 10 , Ihe spting and IMd 0" 

o c' j .ed(l _ 1 I<ij' 

o ' 
U _ _ P(l_l""' ~) 

• 
II . ~ kO' - PL{ l - <0.0) (2.220) 

" 
, 

f 
" . :: , , 

:: 
" : : 

:/ 
• M • • S , 

fI?>'o ~<)3 ,,~~. a..- ..... 0 

~"."""'- , Sp mg C<not ...... 

, , • 



TM ",me .. 0/ ",.,"",''' po<.nl~/ en" rgy is: • _nial/.y .. .." 
" ... ~'" 1 111. Ii¥oI "",..,."., 0/ In. pc"."'~/_W Is '."'. I .•. . 

6V . 0 12221J 

.. """~ ~ ;0"",,,10. 8 ,a""';'" 011100 SY .. b04 I~OI "'_0, A 01<1''''''''' 

.. 1<10 """u".' poin" ..-. V _ . _O,,." I.n~.n', I..,. , ... , jom .... 

• • 1<10 can .. oIIM,. OWl""U," , ' minimwn. 0< on "n.c'''n poin' 01 'M W",,,"" (_ Awol""" A """J. F", OQUIliMu", 01 'M • •• mplt ba, In 
f jyo,. 2;)3, " . ,;".. "", ..... t tM on._, ';""" ... Iog,. ol 6V ~ 0 "' 

dV . O 12222) 

" .. ""',," • is 'no ind.po_'" va,iabIo. n on, 
rfII _ ktl_Pt. ... 9 _ 0 
~ 

J2.2231 

F.,.. ,""u .. riom 01 tile t>a ... Fig". 2-33. " • ....,; orlIy oot;.ty Equol;"n 
(2.223) ,,~ "" i1ln1nsc . _ """ , How.'l'or. we or. usually .... . ootod orlIy 
.. I~o 00,""''' a _ o. 1-" .. '~o .""",,1 <>qU:lob ... ", condi .... . 
~~~ we ""' ... on .. "lib , .... pooIt;.,,, '" $j.'. 01 It>o I>N . ... . 

muot delin. ,~. <IuI"",I., 01 1M oquiobriiJm b«o ...... ,ioly .... tho pr .. . 
<;po ot ... ,_ .... pot. nlial_,,,, _ "'" KnpIy thaI ",.b'" .. " <Ib .... 
• • jOlt. 1M 1ypO' 0/ *""_, "notable. otIIb ... . "" ... ut,al, Of. do-
Ilnod .. f ;YU" 2~ "', .",y., 0' " 'In~.,;""" dl>olocOm.nl. 0/ . ball on 
• <urved ",~ae.. W. I""u" 00 prob,..,.,. !or ... h"~ lI-.. irtlillj.~/ IM_ 
<>lY "' .... .wr ..... " ••. '-0 .. on" WIn"ooI .... ' <1101>1>000"""" . ,. ""'.0. 
Cooo'<l ... aO-.I[I' -do9'_.t,_ ~ysl.," 01. _ 0" a " Q In F;g. 
UfO 2·35. n . be.d "".'io" iI ,ho ,,,,,, pc'o"'ial ' MrIII'. V. "I!\o b. ad 
.. oi ........ d 0""9 tho ...... _ , ..,." 0 . WInil_ lMoO)' "' ..,_. 
tim .. ..... ff ...... t-o u .. """ . ot". "'010 sI. ," , o n '" , • • ,hod " l h 

..... ,.." ... ,,-. .--..... ~" ... ""'.""' .... , ............ ..... ..... ,.."' .. -
. ... _""" . lUO 
""'...,., .... , ... -..< • • "" 

.~ • • 

~ 

, , • 



.......... .. ..... _-_. 
!inl. disjlliocement • . Equl lbrium <>«:<>rS.' 0 . Mlio .. 'I' po;n' (0 horiron
to' '""IItn!), 00 ~ is .,.UOI'I."I' " poOoIlS ~ '~roug/> 7. "'100. poinI$ 2. 3 . 
aod 5 .,0 ....... b .. ' ",,"'t . 4 ood 8 .' . ... bI. (0 . .. ~M , 10, .... I<h 
..,..:ioI conKN,.1ion m ... be "",do beca ..... Vic,..,. __ 'I' , .. ,. ): 
aod """" 7 ............ 1 otquil>tio.n How"". pori 6 .. "'" ~Io ~ 
Io'go ",",u""u",o ... . . ,. ~",,;noo:l" ....,.,. "" ... porn 6 ic "''*' m . .. • 
OI»blo. Thon. 0I'IIy po .. ' • i • .,.~ .. .. tho ,o\ji:>n del>jetoo:l .. Figure 2-35. 

W. no," .... ok. '~D txin<;p. 0' m . ..... "'''' p"'_'" on0'IIY' • ""'" 
ch<mlt;ol."!JIo,,, .. .... """'" oquiIiI>rium oonf¥.t<olion ~. and <X>Iy~. tho 
poIo",ja, ' ''''fgy ;. . .. lot",. m.,""um fe, .... , oq"~_ «lnligu'lfIi>n. 
Thuo. 01<1>0.., ... int • • o od 6 in F~ 2·3~ .. ,"" tho ~n lot 
"'~1e oquill>rioJm. _"Uy tho principlo 01 m""",um "",..,60, o.-w 
... .... blllly erlerion is nco """",1o,.1y jjOtMI,.I. Tho'''.' tho _"",,"I 
<list"",."",. olin. ovsrom 0' "'*" • ",0_ tho diot .... 10 pon' 5. "'on 
tIHI O)'OI. m migI1' _ 0 now ..- equ_m positioo ., """" e. .... 
'~""" "'oIy . pori 6 ic QU'. oPP"'"'""" ""'. roQbI. _ I!iIl""", pol'" I ,flo 
0,.,. ", 10 ",",u,,*, aufI"lonlly, ago ... . ..,.....~ poftI. T .... typo 01 
"u",jon is tho "-"'<Iom_ . 1 b .... lot oomo o"h. ''''lP"tllrt><IgI1 bucl(jng 
'''Iy''. k" ""-I ... Tflo . ... n .. ' " to """""",,u, _nicol O)'st. m. 
'"Qu .... "," '" th.n 0"';" .'1' do'''' ' ' '''_ portio' dorivot"'" 0" n._d 

W. e. n p-o rta-b. oontinl>DUS m"""""l<ol "1''' .... ' 0 110' 0 e hoollO " 
po'"n' iol MO'!/\'. t.V. tho, ... o&n '''"'' ih a Toy"" .. ri .. 

V . ~~=V . W . ~ I ~'v . ~! O·V. ... (2.22') 

W. saw 'hO~ lot OQ"iIiIlnum, 
6V _ g (2.225) 

so ,flo dom"",", ,. "" .. ~V is W" """'b/y ~2V. Thus. I", ~V to be_· 
. " • . 1.0 .. 1o , O1ab1o eq..-,", 

3'V > 0 12.2:lf1) 
.me. .. ,,,,,,ted ., to. oq uilib1ium ""'to, i.o .. ~·h . .. 6V _ 0. Tho, is, ,,," 
"'"'OM va,ro ' lo<> 01 t"" .... 1 "",onUaI.n0'W ,"uS! be _I". de!;nl . in 
Ofdt, '0' t"" oo,'II:><'-'m "" nligu .. t,," 10 bo oto b". Eouollo<> (2.2<&) 
.. "'., . s ... obiily erto_ bot on." 

6'V _ O 12.227) 
io __ 10 OO"';n t"" _g load, i.o .. ,,," ",.d .t """"~ OQ u_ 
oho_. trom ... blo '" ........ blo bocau .. ~'~ <Mngo' I",m po.;';'. to 
n-,pl"o ot ,l~ _ 0 Mo.. p""iuly .... n Equat"" 12 .:a7) . .. 0 ... k 

,,'V _ 0 (2.2<"1 
... 0 

booe>. __ oro only imor. 1IIaod .. tho ' '''bdiIy <>I on.,.uiIbritJ m ..... . 
""o'"ot".Iy, . t tn. poin< .t whdl ~V ello" IIO' trom p<»It",. '" ~t ... . 
i .. .. p. __ Iflrough <~ro. io .... h.'. I1v muS! be <0<0. If in Eouol"'" 
(2 .22~1. 3'V 0 0 .... ~""\< 0 0 (0. oon l\app-on in ..,.". "'''''''' "''I. ," on 
wo must .,amint 3"v '0 lind ' ''" dominont 'om> 01 ~V in 0_' 10 do'. ,· 
",,,," _ hor:'V > O. l h • • • 6'V > 0 io "'" .Tw. y. a auflicioonl cond~"", 
10' ..-.y (:I ~'V do.,n' ",,,,n ..... !I. /'lOt is 6'V _ 0 . I ..... y. a ouIIl<,. .. 
<ond. "", 101 b..,ld;ng. No .. ", . t d •• ri.o.tioo • • b<rY. "'" ! it .. . ,. only 01 

, , 



;"'0«1" _n eY ..... ' od &1 6~ ~ 0 , ' 0 ., . , a n oqui ibr..." """0 lila' S. 
... ~~ .. nor., _ ,,"on , ... '"O<""toC~' oy"o'" is ~ "' oq"'''''riu"," 

n o spring·"'-'PP<>fIod filii<! bor ;" Figuro 2·33 has onorvY ;" Equa,,,," 
{2=). ond "'" """,_onoiooo) """log' 01 S'V > 0 i. ,fVi<Ji<' > 0, 00 

12,229) 

., 
Tha, is. "'0 bar no.,. 0'.' 'rom "'" up<ighI ~ion '" "" inelinlllion 01 
.. m • • ogI •• $ . ...t.on ,h. ",.d • • cnd. 1<Il. 

2~.Z .lpp lieo'ion 01 a...ie EnerllY Princlp' •• 
to Slobl lU, 01. Sprlng.Supportod Rigid e. r 

FIId 'ho ~ngIo 9 ror oq.nbri um 01 
th • ."nr.g--,od ,;qid ""-, .y ... ", 
ohown ;" Figuro 2-36 ~ It>o «><Ifigl"'" 
!Jon k>t """" & _ 0 oo~.~ '" 'lla 
"" .. _hod oprinv, T~ . 'ola' ""t. "bo' _'Ill' i. 
Y~ ~ k(a ... e,' _ w ~ .in8 (2.2301 

." . oInglo_o.-oI ·I,M<fom $)' .. om, 

.. 11'>0 crJo,km ~~ _ g 00',.,_'0 
"""<11< . 00, 11" . 0. To~ndllla"" .. j. F""""-:16 S ..... ·S_B .. 

!No _ ilolloum . "" ••. lind V'. oq""'. ~ 
'" 'oro, ond ""N.!or., 

v" ~ I<o' ... &OM~ _ ~" oosa~ o 

wt>i<h eon to. "'~"" .. 
oooe[I<II· ... 9- V;l ]_0 

n .. , "'oro oro tHO oquill",um oonligu",tiono.. First, 
oosQ _ O ..... ij _ ~,'2 

;" whIc~ ' ho bar ... o.lcott upr;ght .od.~ , 

~=Arc"n WL ,.' 
;" _~ ,h. ba, is inc_ ., 8 to tho horizontal, 

IH31) 

12,232) 

12,234) 

I0I0,, , ""."",,10 'h. "",.,. 01 ' ho _iobriurn.' ..... t ... "'v_ 
Ola' ... by . ,al"'ir>II II"' al eo.ch aI ' lIa "NO oq.-.um Ita'os.nd 'h on 
o •• mininV~' .I'}n. f ..... no'o tha, 

12235) 

'_ ........ -«.- .. - .. " . _ • ..--. .. _--, ...... --.. ... ---. 

, , 



.......... ....... _-_. 
cos 6 _ D ContJgunrtlon: 

Ilec<>_ ... h ' wl1.n = h D. 
v" __ •• ' + WL 

... . _0 2 
n"". 111. "'IUitiOm.M ia "0010 , 

'!It. ~ ",' , 
Ai>Pare",iy. ,h. V<orti<o'" o.IprighI .... , booo<rl .............. a' 

I'll. _ .. ' , 

12.2J1i) 

12237) 

."" nsoab;OCY 0(:("'" '0< • • •• .,.. 01 ,~ ... "." . 1 .... ""'I dO...,. .. Usty 
E""",IOO (2.237). 

e_ Arcsin WL'2ko' Conliguration: 

F ... . so~. lor coo'e lrom roo' . ..... ,~ . I . I .• .. , 
='hl-[-"-J ,.' 

n . n 
12.239) 

v" ~ ",,[, _ ,[ ~ j']+ w'l' _ka'_ w'l' 12.2~) 
.. ....... ~ 21<0' .... .",,' 

~' 
Fino .... 1M oq "ilnlm i . .... bIoI "Mn 

• W'l ' 10:.0. _ .0 12241) ,.' 
Upon mu_ipIic.olion by ",,' . ~_'00 (2,241) con 1>0 ",""on 8S 

I" ' )' > [ ~l ]' 12,242) 

• 
12,24:31 

Upon com .. """" 01 ,1>0 "'b~ty """"I<><"os 10( IIItt "'" Ioregoing 
0<1"'0Il00," conllquratooo, I io _r .... tllat f ... ~wtn, tlla ""log is .. ., """~h to hoOd 1M too , 'n ao;no_ ... b le "'Iu, ,,,,""",, staol., 110 ... 
OlIO<, • k.o ~ WI.r.'. tho ." .. g is no,.,.. 0<"0>U\Ih to at.". 111. eon/igu,,'io>n 
to . ..... m. a ""teo' P<>Odion '"a l io ....... 1",,*, Il001'0 Of. ""'_10 
"'I'""""""" ~OOM buO ...,. to, 'ho so"", •• ""'. 01 tho . y."'m 
param. " ,.. 

n o c"",",,,,, ... 2 . WW2 ...... ...,. ....... pIk' ''' o<am"'" 1M 
... ui ollOOm ... "o';"n, V" . O. con 1>0 " ,ittoo o • 

.".e( ".,e- ~,2 ]_0 1224') 

, , • 



Of ro r 'his condlion. 
12,245) 

vmk:h has ' ho .. IM """ lor be'" =~ . O 0 00 " 0 8. 1, l o ., 8 . ",2. 
rho _~ 01 """,""rium" ..... rm......, D"/ o.o"""O>g ,n. oH;Jo 01 V' " 
rh. oqujI.tHi um "001101>"' '''"_ Upoo -...ullo" n EQua'ion 12 .23~) . 

""' ... ..,. rhoo. ,ho or..bilrv 01 oqu_"" 0/ ,,,. e _ ,,01 ""IIIlgura"''' can_ 
no! bo . . ...... d I>y .. ominin\l Itlo .9o 0/ II" _ . _ ih va klo io z. ro. 
Wh" V" . 0 , 'ho ~hor""';" "" ..... tiv ... ",uo/ bo • • om""" o. n -'P
pondix" "",I a" .,on.oroor _.tiv. Ms. nonzero ,.kIo. Thus, 

12,247) 

v· _ 0 - , 12,24~ 1 

V- __ . .. '{ _on'o.<o.'e) _ Y~L 12,249) 

.... V- . 4u· _ i'lL . 3ko.'~0 12.2(0) 
• • ." 2 

Thu .. 'h. oqui<!>oom o/rho e ~ oJ2 (>Ioob.., uprigh' bOl) SIa" if ... 1>10 • 
• rod ... • •• rho " . od!of "'" bImd~ ",lying 0" V' _ 0 • • • c",""" lor . 
"""r'Id>.rv 0" ifI<labiWy Out ",'h ... on 'o,~ ........ ;go''''Il "y > <.> 

2.5.3 a..>o ~U"g C,lIotio 

w. "" .. know how '0 .....", ... rho ... bllily 0/ 0" oquilbri<Jm ... , . 

I>y u" 0' .... P'~ 0' mn ". .... po'en('" ."'W . ..., ....... ". corn· 
mon .. """,.1 q,,",ion is: woo, is 'hO rrw:imom Io».d lor ""'ich ,no ...... 
ChO"",,1 oyolo"' '' ".0101 Tho, "' , ..... , .. ''''' _ 0/ .... bobty'l 0<, 01 
"""', loo.d 60 •• rho O)' .. eo> buckktI Such. liml wlI bo...,UU<Id wilhin 
rho , • • triction. oj infiniOe>i"",I .. obi ny 'I>oory, i.o ,. lor '."",,," <bturI>o r>e .. 
0/ ' ho moo""""",1 0)'''.'' 

P,ior 10 lhe liml 0/ 0/.1;>;1" •• me<lIanicol "I''''om n """iliOOum is. 
... de'''lion, ... ~"', j .... W _ 0 _ott ~V > 0, S .. """ rho i.,.. '" "'."""". 
, hO oy .. om is, 0/ courso, "" ...... .., ,na, ~Y _ O. bu' JV < 0_ Ob'Ilou"",. 
,n .. , o<J<kOng ooo;.n ,"n. " 

12.251) 
. , ~hich 5i! .. _ """".1 oQul1brum is .. '<I., . . .. Tho, is, rho "rue
M o.' oIt",.rrt is I, •• 10 .. 1<. 00 ono 01 .... "'" OQuIlo~oo'" """'0.""'" 
.. , preeisely ,h . .. mo k>ad.rM1 prociso ~ rho .. IM 'ola' poI''''~' ~ 

{oee" .. ' nor. '" "" <". n~ 0'1 10"" pol .. , ... _rw, I .. ... W _ O). A 
opodic erirorion .. _ ror <101_ oj rho . ... c< _ry tHolWo.n 
rho I..., fOg"''' 01 ... bilOy a rod ",oW>~. , . opO<tiv. Iy. TO. ~n 
"V . O """ bb .'p&I>d<>d ifI a Taylo, Sor;,s •• 

~V ~ 6V . ~! ~'V . ~, ~'V • . , ~ O 12.~!s<) 

, , • 



.......... ....... _-_. 
_h oIlY"""", does "'" «>mIt ... 0 prac'i:al cll,. ,ion beaI""" ot H •• 
int nito numb., ot ........ W. m"",. own . ... ,..,..,.,. '''"' _h Ioo.d an 
~"ihbrium configurotion h .. .. V ~ 0 • • "'" bou",,"ry boO"",, .. V > 0 
(otabIo) and .. V ~O (......,ob .. ) . Such. condition io caIod a buckfnQ 
~nt.rion. Acluoly. tho,. " , • ..",0",1 pocojIl" bo..d<Iing critoria: ""',.~ 
<be .... !oro ...,h .... ria in 'ho ~""'9 pa"'il'a ph .. 

w. no,";! p,oviously ,h., I> V io _0Iy Il1o 1 ... <Iing lorr" in ' M 
. ,pan"'" ot ~V .. EQ"","",, (Z_Z~2) beaI_ ~V 0 0 .. tM """R;. .... 
""e 10< _~ wo .,. irlv."9mti1>g .tabifty. Aceordinglt. Ilv > 0 10< 
OIOhllt! ."" ~ V <0 to, "oW>fI..,. II no'u,.' _mpt",n m~~ 1 ,"on 
"",," ' 10 1>0 , .... , 

i v=o (2.253) 
fo , buckling . Actuollt. in t ...... mpIo ot S«:tion 2 .5.2. tho _ vari· 
ot"" ol lno """ potontiol OnOfl/Y .. ni. n .. """ ,t"oly "" ~ pro'I;Qo.o no 
int",mat"" "" me ... tMkty ot me ""oiltIoium. W • .,"'. ' .... 010<. Io<cO<! 
to "v.>!i~t. ~9">e' ord .. " . ria.."" irI tho "'nnO' of ......,.""'" "
_ ".' . lor mMt pra.c.i:&1 mflCMf>ica' ..,. ... m"- tho loading g""'"-"S 1,,,,,, 
• , ..... 01 ,.ro> .... M O;Iemi:&1¥ '.r<> _ ' . ''"'tion " "'t~.' """".It. 
~. thi> unlk. _ . w. mu", b. cautious ill .wIy"'sl ~ V = 0 ••• 
o<~.rioo> I", ""' O,,t'lin'olg "'0 bUC"'oIg _ . To <!OrIOl. I,...t '1>f _o{)(/ 
v~,",'ioo mt/$/ M .... ~Iu.r.td at an _ili<>rium ~..,". a ba , io pLO 

"" ... Iho •• riotiDn.o.l "Y"'''''' to <Ie""'o """. a t'l .... a luatlo<l 

'i?-v . i'v",,_o. o (2.2S-\) 

v.t.i<h 10 known ... Iho """',. I . q,,-.... m~Md_ 
An ."mo1i<. buckling crit.rion is bo.ed on m. cancopr ot !oro 

int'inilooiMall,l do .. "'lull>r .. ", ""M. I .• .. Iwo "'luU" ..,. """' ...... tlon. 
UIOI .r. irlront . Il ...... <ioH "' 0 ... "",110< irI CO<\IlgurlI,joo spaoo. F'I_ [2-16J "'10< II>io ", •• rio n ••• " lfm ot ItIO ~,.I oqulll>r..,. 
motnod: 

"An "'I'-'"'''' conffgtJIMiOlt " """''''' W ""'Ie ... , ""'" """ ~borillfl 
","Ie .,;t/) """""1IlPf<I ~ IrK wIOiCII !~. firjI va';"'"" 0( iI5 po_ito! 
OMlIIY di$l!PIJ"rs' !p_ 67)_ 

Thio 10m> ot to .. 00.",,1 oq u'l;wO.om m" Ood ;' .1", ",-n .. Ih •• d,io<Of'! 
oquifbium "",trod. H ,110 ,er ... ",o co 'li~urat"" "denoted by sub· 
o<riol I\ . nd tho .~io<--o'" eom~"''''joo by ".b.."ipl A."" 4 bo1h """" 
!~U( •• ;., ..... , . In oq uRtrium . ""'n 

(2.25-5) 

:sv • • 0 

6 ... ,h. ,.10 '0"'0 ""'!I:f p r... ~. chm-oJo..oo., va , .. ,;.", io 

" 1 ~ . VR dV • • VR ' ~VR + 21 ~ VR ' 31 ~ vR' 12.251) 

~ tho "'. _ to .... .. ron~o ""oly clo .. to """ .""'ho,. 
V. _ V" " \VR (2.251l) 

, , 



Tho". ~ w. igno<o , ~"v" and Ng~~'o<<le, '. ,ms. 
3' '- ' V. _ VA+WA • 21 3 VA 12 .~9) 

S'-'. by Eq """o" (2.255). Equ.,'" 12.2591 ,oduc • • '" , , 
V. - VA• , t VA 12.2001 , 

Now .. ~~ tho •• ..- 01 Ooln _ 01 Eq .. tion (2. 160): 

tV. _ w" . ~,~~'v" ) 12.261) 

Bc.o. __ .... 01 Eq ... tions 12.255) an<> 12 .2S1i) . .... a ,. loh wilh 
Ni'vA) _ 0 12.2152) 

I. • .. ~'VA .... tlona .... lnoo n..,H$oI."", a ~'''''um '" • m .... um. I>uI 
""". ~~ On "" 10<1100 poO;1). Boca .... ~ VR is . vA ..... 'od at 'ho ,. r.,_ 
enc. ... oi lbr ..... ''''0, .... drop l~o , ob"""" lI . nd.dd . "" , 0 .. ' tflo 
• • r1a'1ona1 O'/mbol '" 00' ,,,. .""'Ofnt oqu;lI>rlotn .uc~tng ertorion 

1>(~'V)=O 12.263) 

wtlieh i. krown a.1Ite T,e/Itz Ouc~ng erfle,'" 12-171-
.... hoo "" E_,,,,,. 12.255) .nd 12 .25o!) m;g/I' _, '" , . .. mblo 

~ .""'~o" .rId _ tho .. tlalio"., ope",,'" ~ is I .... u '" ." ... 
a V is ""mod. 'ho """"eJI' 01 """" 01 ,h .... o.""no . "".Iy dIfl ... "t 
Equo' oo 12 .~5) Is . deoc,.,.oo '" oqu;1oI>rium ... ," tM>u<.l1> 11>0 pr1n<j. 
pie or .,.no ........ poI~ial ..... 'gy_ On " 0 0lIl0' "nd. equation 12.2152) .. . ¢rit.,,,. I", 'h • .,. •• , ... ""'" ,h . ... "",""," ... t. _~ o_ ... d .. 
and.t "hOc. o""ttHt, oqu_ ... ,. i. po .. ibIo ' h",ogh'flo p rinciple 
01 m""""'" po,ont'" 0""'W_ 

""'~Iy. both , ...... ~,. ""WOod ...,~, i .... botn 1?-v ~ o 
and S(O Vi _ O. who" b",kling """uro DS Y.:<'''" _.",.Iy in F_. 
2·37 o. Shon [2· ' 8) point. "'""_ TIIo,o . ;; V .o" ........ n inllocloo poO;1 
....., ... ~ who'o iI> v. lu. """- lrom poo.iIiv<t ,,, _ ,;". ,, ~h in
" •• oing P . Tho" botl\ «I .... . '" "'IUIIIy •• ,<1: both .,e"- by many 
oUlho .. l>rocau .. botl\ ct~or" load '0 the .. "", buc~ln~ OQ"'"""'_ 

• 

F;gu .. ~.:p _ v.....,.. '" f-.o To,", """'...., «-W" 
... _ 5"' .. v ....... L.<»>no P ........ ' 

, , • 



'00 ............ , .. __ ...... 

2-'.4 DerIY.tk>" 01 tho D!!h"entl.1 ~q<>a!1on ond 
Boundary Co"d~k>n. "" Bat Buckl ln'OJ by E_gy P'in<1j110' 

.. ",.jo' .nd 
do, ... ",;"n 01 tho 

, 

(2.264) 

'" 

u ." ". 

I ). O 0 
.. 

. " •• • 

.. ...t.ich M .. tho """" . ... '" 4 pOOl' , . 

"9-"'?~ Oorfo_oI E_ 
"' . B., ...... '_ 

long 'ho ba r cmd <10 .. 'ho diRo,.n, .. 1 0' rototion at tho, point cou_ by M. 
Then. I",,,, ' ''",,,lory bo.m ,. .. , ..... ;" (q ... _ IV1~) .nd (2.1n). 

*. ~ . ~ . : 12265) 

10 ... _ • it 'ho 0", ",ng'h olo>ng 'ho _""O<! b. ,_ Fo, """I dellec
' ''no .• is ... 'ist",,""11y "I'P""im8tod By ' . 'M ."Ia, aoor<Iim.. lhuo. 

do7 ~ M do! 1226e) 

" "" ''''''' Eq .. ' .... 12-:1S<). 

12267) 

Inlegro'. 'h o diHor. nt"l bo n<liog .. ",in _ MIllY olong tho bor lo gol 

r' 1 1.1' 
1J - ",, 2 EI '" 1226e) 

Noto tho, M, E and 1 can •• ch bo lu",,_. "' •. "'" olo, .. tiY" !>ordog 
...... ..... 'Vi up,ooslo. is obl/l" O<! by -""'Lltl'lg 1M "",,,,,,01<:""'0 ' 
Me ","'ion lor ...".1 dollo<_ Eq Ul1lion (2.4) OIl ~go 5.2: 

,wtoic!o is ,ho,.!oro consio/" OI willi OIho, awro'imoliooo .~.ody~) 
10 Eq .. '1OfI 12J/&1) k> go, 

u_ r EI b")'dx 

J" ' 
1202m) 

, , • 



in .mieh E ond I or. I.neb,,"" 01 • 0' , 01 <011," , '" yO. Wo <:an .fIo,. IMI 
"'" IIr$l Iorm 01 l) . I .• . , Eq L>al.", 12.2mI) . ....... to more """",,,to ooel<i"ll 
\0<1<1< tho n "'" ..-.:I!o"" '" EqLJOlloo (2 .VO) _ appro.k>l . .. on-
""1'1 ""',_. Olll UOO<l. _ • • o<, ...... !O"., d~I"""". ;" Ih. Ill .. .. 

_ ox",""","Iion~ • • IlI u.o<I . T"" _Iorm, i. •. , Eq"'" 
"'" (2.270 ). '" «>n.on_ to uoo in "MI!OIk>wo 

F", on .... Uy _ .. " oLlen •• _"' F~ 2·3~,'M .... I 
dOsplo.oo mO"' 01 tho """,u tllo o nd .. g"' " by L " L' "h . n tM e,an11O in 
'""gth 01 tho Dar .. oog"",'0<1 during tI •• .",;ing Ii.o .. , !>o,o " no chang. in 
. ' ''' 0'''", ... ,;,,~ tho b"".Iio~ ~ ... , _ ..... ,. "'" bO' '*-' ,,",vo on 
.... , .. ,. in prio,'o bu<kling <o<_ng '0 PIA~ """'" undo, Io.od PI. 
AA 0',,_" ,'" L _ L' _ ~ to do,"od • • 1<>1 ..... . Fir" . tho "'" Io<>g!h 10 

l _ ( do (2271) 

n us. 
12.21'2) 

B .. , ..... .. .. 110M ob .. i" . d 1'00'1 tno doH.",nlial Uo.ngoo in Fig . .. 2·3~. 

:·. r , - [ : rr~ (2273) 

At Ih .. point, wo ~"OOl Igro,. Idyidool' """"",,0<1 to on. b. ",uM 
~ .... d<I . l!>o n Il'1O Oat """"'" nol do!~ . I .. .. no ooe.i ng ' 0.'" to • • 
pIaco . ' ..... d, .,po"" "'" .,pr • ...,., lot <b.'<1<;" Equat.,., (l .273) by 
'ho bi""",ial "-" . m '0 obI.>", • eon . ............. pilI .... "'ProM""''''' 01 
tho """, ...... ' .>p_ n to,_: 

" ~; - r ' - l :n - I - ~ r : r - ~r: f - '" 12.274) 
~ "'" ... . only th. ~"" """ I.'m •••• n _rom.,ion wiIIllh. """,",. 
standing , .. , th ••• IOtm. ""lMOnt tho oomil16nt """"', '"-,,"". 

L'_([' - ~ [:: T]d' IW~) 

- . 

, , • 



,.. .... ........ , .. __ ...... 
12.216) 

;., """'h ,,,, .... '''' "op w. modo ,k. 'Pi'''''"'''''''' do< • o;h. •• ".h ,~. 
ex", ... ion Jo< tho ..... in . no'VY Md P ha. t>ocom. P .• ho buclding IO<Id 

I0I0 •• • hAt " ... Ie only ............. 0 ...... b.fo,.. tho 1>0., , •• d ... . ,ho 
bucUng Iood. 111"" . • 1 ,he ~""~Iing ""'d,'he too, ~""kIo" JO. end....,. 
portiog ,"" ioad .,.,.o •• 0 ........ II, .. oil><, or><! by """" . .. ~"' beeauoo 
<A lho bowing of .h. "", du""g bucldO>c .• r>d 'M ""' ... do"" (luMg ~"" • . 
~"g .. 1'.1 ( .. , P.v.?!) liho 112 in E_I.", (2.217) comos ''''''' lho 
bnlm" l "p"n, ""]. During 1>L><I<Iir>g. tho ~., do .. "'" elw,"g.o Ko do
'.'<>1*1 ... glll ""'uoo 1M . ,;'1 hod don "'" c .. ng.o 

An . " ',,"",",0 do""liOn 0' ~ t>ogO"o$ wI" ' he ,o .... ' io" ,,,,m 'ho 
doII.rent'" triong .. ;., fig ' " 2-10 H,a'. in 1Urn . com .. 110m Figu" 2-39. 

d.' ~ do _ <±< 12.278) 

~ 

do o."fd/ . ",· 

-,j..[:r· Odf ... _ToiongIo 
.. . 0._ 8" 

.- J~ - J ,~., - t[" .. [: r } 
-([[, ·;[:r· l+-L' ;[Z r· 

(2.280) 

• 

W. ea" now torm ,~. 101., po.o,,",,' ~""'1lI' 
y _U,ll 

12.281) 

(2.211Z) 

, , • 



w. _uk! not. Itt Ihi> poinllMllho <IoI1ec!<>n ~ .. a"""I~ 0 >aM[;on 
~~ fro", lho friY_ OOGuilib,lu", otalo 0' zoro ""'1ocI<>n, TMI jo, Iho mo,o 
M;"."". 01 . ~ I~". IMI "'" bar no. b<.<:kl<d. Boca ..... "'" del .... · 
,I. •• 01 • • _, I<> lho _ po .... ,., !I>o lo'09""g "'og,ob. V .. 

"'""~ 'ho MCMd v."'_ 0/ /he I<>O!I peI._1 '''''fW __ ... t '" 
comP<>Hd 0' ___ ~ /u~ 0/ .". ( ... ,1;>'/0""'11 _nUl' y. ~ 

"....1 b<.<:lding crilo"'n lor ,,"IO<mining whon SI.bi<y no Ionll'" •• ;.os. 
I.. , lht _, bolW .. n "V.<) ond " V ~O . • 

12,284) 

T .... ' is. ttl. _ '.'''[;on, ~'V. whloh must .. postIioJ. (0' ,em "h on 
• ,,~, 00,,", , . rio,;on 11"'1'"""') '0' SI.blo "Guilbrium. " ",.do _<>n . 
• ..,.. In , ... p, • ..,,,, '"to. _ttlu, ,., • • 

12-285) 

.. lht bo<1d"9 critorion boar .... V '" Eq u""" 12.285) 10 , ... (_ond 

.. orio,<>n) quantity in Eq uation (2.283). This pro<odu", wiIIlHI dllrfiod \or 
bo,. In S..,...., 2.5 .5-2 (. nd \or 00 01 .. ;" C"a "' .. 4 baeou_ l"-y " .... 
a no""""1 p<.b",,~1od oquiobrium .na~ wII",h .,.olvo . ... ",bIto deior· 
mol'm. 010 ........ _ I ..,.. ... 1 '" ,n. ,.0 01 OM' Ony """" ,h., m~ 
"0"" buC~1<>Ir 0'. OPl'Iiod). 

In 'ho """",I ('.Olou"," of ... ,io'''''UPI',-,h (lnvon'od by l_""r-d 
E.-o, ,,·h .. he ,,"_ "" bar b""...-ng .nd dol", ... I;o" p_mOl) to 
makJog an ".~ral ouch .. ~qu.'lon 12-283) ""Iona..,.. on , OOII..,lion 
'"hCI"" ~ .. ~.n •• o';"""n 1Iy (or . ""' .. ..,. '"""''''001) _h th., 

y _ "Oy _ ,H~ 12-286) 

in wille" , Io.n ....... nly ..".1 "umbo, a nd ~ .. an .""', • ..,. nonzo,o 
lunch'" of . ,1\0, .. ,islia. m. &0"" I>ourodary «>0<11"". 0',. That jo, 
• 10 o n o.t>itr • ..,. """"'"nt donoliog Ih ' .~iWdO of ~(.) . Tho I."",",," 
,(leJ ond Is .""'00 ~ . Oy .", ''''''Blod in FigoJ'" 2·4' . No,o , lIal , ... 
• 'rio'''n ~,or;' • .bU.ty in Iho into ",.II",,,, • • 010' . L ~h. Iooglh 
of Ih. bo,\. t>Id , . Oy ....... I"' ... ,,,. ... m. ""undO .. «>_;.,.,. .~" 

NoI, ,IIa, ~1Ier>, I. Pt" utbod 10, • o~, '''"'' V _ 10 V • ,W. And. 
t>ooettuse V is qUOdl.l;; in,. ~V ,.>oW", 1o"". only.p 10 , ... ""'"h 0'
<lor. n on, lht function, . ,~ "on ~ diIIO, . "Mlod . nd substitutod In V 
tog;vOV+AV; 

• \-: 
by_. ,t., 

F'l-"" 2-<, Tho D. " . """ ..... , Va ri._ 

, , 



I.. .... . ....... , .. __ ...... 

". ) ' 
2 (y " " <I> -

,r· )' 2 .\, IV ,," d, 

12.287) 

BV dofinl""', IN io oompooed of linea, '.rm. in tho n rio,"""1 q"""Wo.., 
i.o , Iiooa, Ie"", ;"" 

6V •• [ t Ely""", - p l' y'"'d' ] . 0 12.2",,) 

A. "",O<I .• V io .. , eqo.oo.I to ..... ,.hereco>011 ,," _ ,.," ..... , • ""~ 
t>e , . ... , .. ,~. integra .. ""ho bttlOkoi. m"1II t<I , . .... w. no ... pu"'" 
in'&~,&b in ,he I""" 

TO <10 .. , wo ;""9'1" 0 tho _ ond 101. 11"" ""' • ..,. pa~.,I . o . , 

-pt v'" '(1< • -p[ v"~ ) ~ - t V-""" ] 12.2iO) 

. 0<1 ""oll'~' ..... ,~ ;,,'"~ ... , I"';". t>y pO.~O; t EIy-"-d • • Ell" ' ~ - t E,v-,,'en 
, 

• EI)'-. ~ - Ety-. ~ . L <ty-"d. 

, , 

122!l ') 

L EIy"""en - pL y'"'d. ~ 

EIy-"' C _ IEIy- . f>y'jQ • 
l 12.= 

~ 'L IEIy- .Py;""" _ o 

Bocauw . (. ) It on .""".'Y lunctlon ;" ' ho ""0\,,01 0 to l . ,ho ''''''' ;" 
p<1ron_ "_, '~o lo"lnIOll'" m ...... <oro "" SV to b. . oro, 1.0., 

12293) 

.mi<h io tho <*IIoron' <l1 "1""'''''' 11""""'"'9 thi. ~Iom. EQu&lion 
{2.=1 It !do"lica' ., 'ho doII.,o,,'. "1ua'"" '''a' ..,.. do,;"od .. Soction 
2 ,3 . Th. ";'-&""'\10 10 Ih. p,o .. '" . ",,,,,.,,,k io ,""', ' 00 bo ...... 'Y """-

, , • 



diU"". "'0 inIHI,on~ a pari 01 EQualk>, 12_2921. n., is. bO<.lUH ~I'I 

is an orbi11'3'Y I_lion '''e!l1'' 111 . 1 .. 1s 01 "" .. orval 0 ., l. "'" tw<> 
__ '1 lor.," I<> Eq"';on (2.2W1 ",USl _"". nro. 1.0 .• 

IEI"'ln" - 0 o 
- , 

IEIy-.I')o"" ,,~ O 
12.2041 

Tho Pf""oding "G LIal"'" oro oalooliod t o.ho, 'ho goo","Iric '" .. 'u,. 1 
-'1 """d._ "'" .. ,;'11.<1-"", iJ""OmoIri< boulKU.y """""""'. 
or. on oIopo a nd dollecl"" I" " t flo n ",'ioNl q""nril jul ond tho no· 
,",·,,1 _""'.y ",ndt."., oro on ""oa, ar><! borrln g mom •• l ISomo au · 
\1>0", u," "'" lorms _. kin """";.,, or r9d "" 00","",'1' """"'.,.,. 
on <i>plaeemonla ar><! .Iop@o pIu . ... 1Jc o r><! """"'''''''a 10""", .". 
~ .. _"". on '0"'0' or><! """""""1. nu •. "'" 10"' __ .. 
ooro'iono in Equation. 12.295J-(2.2981 oro ouIIioIonl Io<..,u;oo 01 ,ho 
I>omoOO.oouo loorlh-ordt, doll ......... "Guo'"" .. E_I.,n 12 .zg~), 

"""",fir>: N. nnl 

~IOI _ 0 , IEIy~ +Py" 1 . 0 (2·=1 0 . 0 

olll · O , IE Iy~ .Py" 1 . 0 (22001 .. , 
~·IOI · O " (Ely) . 0 12.2Il7) 

0 . 0 

~'(l1 ~ 0 , (EIy"1 ~ . (2·2Il81 .. , 
SoMl<>, allho I>omo~ dillOfo ",1o.1 """"''''' _)001 '" Iho I>omo· 
00"""'" 1>ou .... .y or:>n<i!ion" yield> . I>o.oc"'ing _ •• on elgoovaluO. 

F .. Ih. Mnply ~ t>oIr 'hat is dopi<<m io Figu<o 2-39. , flo 
bounda'Y condition, or. 

" (0)+ 0 (2.2W) 

nlll · O (2.300) 

lEI"') •• 12.3011 
• • 0 

lEI,) -. (2.3021 .. , 
io " hieh nl') M. Iho Mm& l/&OO\&lrically impoMd 1>ou_'1 «><><itlon. 
as "'" 'u""'"" yl<l_ 

Tho Oomm'" t>oI r bor.i<>;IO'1 oond, _ 0" _led I<> FigofO 2"'-2. 
Tho....., ~ SlJpporled or><! hM z.ro _n O!MIlOro morno"', or><! Ia 
"""" ""_ pOI ..... Tho OlOmpood e nd Nt, .. ro <let,..,."" M<I .... SIOj> • 
., tho ._od. or Ihd • • !MI. AI," ond ho. "" 1I\>O<_1ed sIopo Of 
dollo<1IO'. "'" _. ,,"vo uro -..r ond momonl (boc;;Iuso. Is Tr",' 01 
_h Io<>dit>gl. ~ ~"' ... ot;" ' ... n""'''''no l . tolro lnt _ "",, ., """oj ... .. 
!!HI bo, ~nd , thon th<I .,,11 _ _ t.,. 0< ~ .... tic "",,110 .. 1 ",0/", ... is 
owIIod. tM n tho .. ill ...... is ... . Tho .. 010 .. " , ........ e<>nd.""", n r. 

, , 



,.. .... ...... .. , .. __ ...... 
........... 1'0." .• DO _ .... _.!!O, 

1I. 
.. , """~""., 
c .. (~ . ... om 1 • lI. 

" ...... .. r .... . ... · .. , (0"«0"".' , .. '''''''' 
, 

c .. . -~ .... - . .,.. .. "'"." 
c .. ,_ .. ,., 

IW- · .... · " .. " .. , 
.O,..-".ulne ..... , .... , ........ ,. ..C .... T' 

," (0<'''0'''', 1m .. 
Mnot .,_ "" , ... appT<>o>Ch .. s.c..." 2.5 .5 (boc." .. , ho . n"gy in 
th • . .. . tie ... _"". mY$l"" ~ in .... lot., pot. n"" " ' TYYJ. 

2.5.5 Rigorou. ~TI • • tk>n c/ 1M OUl.,"n,. 1 Eq u .. k>n ond 
Boundary ConcIH lon. lor B., Buckling b1 Enorg1 Prlnelplo. 

~ _0 rigo.-ou. d,,,,,.oon ""'" in So<lk>n 2.$.' c/ Iho diII. 'oot"' l 
... ""'_ .od too"_ .,. 000<111»". _-"'1l bOr tQu~Itx""' ."" b..,'
l og Olano M""!h, """ ..... , .... ~oe._"' ,otal"O 10< _ .... If 
. '11" do""","'""" II»' .omitting u; . "<1 '; I",m ,h •• , ,",, .. no" oxp"' .. k>n 1 . , <, W U, • 2" " 12.3(0) 

in wh",h <, ie tho ",,,,in ., ,~. bar middl. O<Jm.co, " 10 tho a x;'1 die· 
plKo ... ", and • i. ' ho t"' o ......... tIiopIoOGmont '" tho bar _ ..... __ 
OIJpporIS in Figure 2-13. Thero . ... ha •• ,epIo<od tho tnI"".rso <>DOJdj. 

MI. y . od tran ... r ... dd!>Io""mon' .o, _ion y "ill> v . nd •. ,~. 
tI. olf. ' 0 c ....... _" " , ho _ot. symbol ""'" ,~. displocomenl 
s yrT\bot. 1.!or00000'. 'h. rota'"n Is oubt1o: <, ie ' hO va"'" "', in "" .4-
,"""""'., It>o middle ouriae.. 00 'hot . ubsc ",,' , 10. dirOCl"" indieato,; 
Y, i. iluI. , ; ond . , 10 .),-Ia. . .., !h ... ' '''' "ub"""", , i. 0 ".. ... , d ..... ,;v' 
_''''''. Th.O. I" ... do, mu", rake co,. to ..,..".. ,. ~.O t..-

,. 

F ..... ~ .. , &0 . Coo,,,,,,,,,, ,,'''' y <*', 0; .. ,.".""' .... .... . 

, , • 



ing._. dirKIio .. 1 __ lO r Of os. pan.., <Iorrilrltt"" ~lOr ae
e<><<In!l '0 II-.. """'0" r,I;"""""o ohow.d 1M' 'hl$ non_' .... if><li0i>i><.,,,,"' ,_ .. no<_'11O r\go>rnu$Iy " .. , _~ 1~-2OI· 

Th. E ... ,·eo",o,, ~ (Jacob B. ,.",u. (le54-1705Jllly»al~ .... Or ""', 
pIo"" ......... 111>1 ... porpwOic .... , 10 "'"!><>am .... botor~-.dir>g 

, . ""';" pion. ond ".~""" "I" '" ,h. ""loomed ,,,. ,"" .. I. ru~ boa", 
t>oroding, thOr try ..... 11 ...... . u ... , m""hnoic. eI "'''''Is p,-.-rr~ 
iltal is jostf led II)' ol"""'ing 1M, Vflrticallin • • drawn on on """"torrn od 
,,,bbor beam ", ... in ""';gh' b., ,0U .. •• ,h. __ boam ""_ as in 
f ;g.r. 2·". r ....... t~o "' .. in., .ny......., 'h~ tho I"",,,,,",", eI 'ho 
boam Of bar io 

' ,·', - Y', 
in ~f>ic~ ~, is 11>0 _ .. Ized c"",.luro of , OO b., m-. stJrtaco 

~, - '" 

12..JOo1) 

n . . ..... in an """''Y Ioodod ho . ... ""Ito"" """-<lmo"",,,"1 . .... , 
o , _ E<, 12.300) 

all>oogh u, ...... Mbility 01 ...... , ""~ _,ibiJlion ,~~ "HI bar 
U,iekno .. io p""'ided """',,..., '. "'s a cLIf>'a'ure 'e, .. : , , 

", _ E(u,+ 2 ',-Y'", ) 12.3(7) 

Mo'""""'_ not on~ , ... bar eu,.,.O!u,e . " w ••• ry olo>n\l ,no b .. "ngt~_ 
but 00, 01 eourso, wi , ... . ro". ' " Th ua , II-.. ba, foreo " ou kloppo.r '0 
bo. f"""'ion 01 ....... inn olong!he Io nglh. How.v.,_ by oimplo "G " oIC>. 
,;um , tho boo, .,io"o~ moot bo ""n,IOn! 010"11 ilio ba,. 00 u,. v" ond 
v .. mu .. vory aIon; tn . bo r in ooch. m"""", IMt !he bor force irI con· 
oIont . , .oo" """" • ...,g !he ba, I .... "', n ..... tt.o ' 0"",,""01 oQrnP"' ..... 
.... I [<>reo on. ''''''''''IIulo, cross-_lion ba, is 

J J.~ " 
p ~- ",d"' ~ -E (u,+ < ',-Y',,)txt)t 

- ~" 

12.3001 

in .. Iliell ~ io t ... I>oigIlt and b io ..... _ of til. roctangular b .. em .. 
..ctin • . Ho ...... " "" "... ....... torrn .. lin • • , in Y, to 1Iv., ' . rm in,. · 
11'0' " to ' 0'" with a , ... lBn' .nlo,," Io<co; , , 

p ~ - Etot.(", +1' v,1 

«N'" or ,"'V,,"", _, 

1:'I:L.i:iliIUlIIl:l: 

F'I" " , .... 8 . """'11 0._ or . " 00'" 8 .. m or 8 .. 

12,a09) 

, , 



,.. .... ........ , .. __ ...... 
Thus. ".0 are "'" """,," mod wilh """ " " "or,os alorog 11>0 bor Io<>gth. bu1 
only "ill> " •• nd ",. n .. n. gow. ",1I" In Eq".IIon (2.3OIi) io ~ 
_ ..... p • ".,;".,;/ t<J IH po>if/vo .. """,pnouioq" I ... bucOM>g . ,,,1· 
ro n ... '" (.., ,h. _"';0, _ .... ~ "'0" aboo!;" ,,"I .. od "' .. poo.l;". ) 
and ,he <IiopIo<om. nb oro, '" .""ayo, poN:;". ;" .. lon.oior1 . 

Tho .. "In O'O'IIY ot. ,h,_on_1 body io 

u . J Uo <!Yo""". (2.310) 

.. "'h"h Uo ;" Ih . .. ,~I" . o. '9\' <Ion>ity. 1.0 .• th . .. "''' . ... ' IIY per "n ~ 
,,~Um. Fo,. 0 .. ." .... 0 • .,.",1 olIO"" .... t. , Uo ~ 1120,<,,'" 

U . -} J d,.<,dllolumo 12.Jll) 

U . E2b t H· ",,,;. ·HI"' .;, ~: r (2.313' 

The poIenliOl e n",1IY ot e d e mol ro<o'" ;s Ih + Pu " . ,,'" 

v= E2b ( [ (": . ",,,: ~ ! ,:)I\,,,~~: r' Po ' _L (2.314) 

a..t!)', th. bot 10 allow • • bolO .. 101 . M bono ..... d;Oj>""o",on,*. u 
' 00', b.c.ou .. . . . _moblo body 

tIo<w 'iN' • •• ,latlon '" "'" dopendoo'" •• ,Ioblos u ..,..; ., 

" _. u ' 1\u '" • • ~ 12.315) 
The ........ n.,(1'/ aHo< ,., '""', ....... dO' __ by _&liM"", 'h • 
•• rIa'Ioro • . Eq"'1oro (2.3'5). In ,ho "".1 poI."~1 onorlll . ""' • .wo. 
Equalloro (2.3 ' 4): 

Not. lho, V .. a Q"a~" ,"_I In , he displaoom .... ""rNa';,. ••. Thus. 
.1V too. 'ho 10"" ~V _ .V . ' .'211i'V . 1I31 ~'v "i~! s'v ... Ito no togIIo r. 
ordo, I."" •. i.o .. S'V ~ 0 10, n > 4 _ " •••• d only """",ol,.t. on 
~V.nd S'V. TO. inI:!;o.,.lta .". ... IIoro . . ... perl .. _,.nd .... """''Y 
~v .. thow , __ ""H' In ,h • •• rII,.,o •• 00 S'V o • .- to"", qu.! . 
.. tic In , ho va"'liono: 

, , • 



12-,,'7) 

,.nfl'·3' . ' h'l... "2 6 V ~ - 2- 0 IlIu, ' u,6o<, ' 21<0,' ,60<, • "2 ' , 6>-,110 • 60<" 12 r 
12-"'8) 

.. .....,h ". <>0(. Itlal 6'V tIa* "'<o"',i>u\Oon ',om I .... " ',"0110<" . l • .. 
,h. &«<>r>d "",i""", of "'" pol."liIIl _ 01 . ... "w _u. 6 U . is 

Zf<O"""_ II is. I.,.", """"""' Of the <fi:r<>I.>C • .,1tI>/ ". "",., ''''.'''~ "H, ........ atoo,. "'" /if",. 

2..5.5.1 Equll;b,klm AfIOly.l. 

FoP ,~. <qui a"'" ..... . ow/)' 'h. p,joc iplo 01 """"'"-<y 1"" ."'''' 
_~. ~V . O. and "'ego". ~qua.;oo (2-" ' 71 by parIS '" got 

~V _ ~b [ h(2u • • ,:)~" ~ _ ( 12u" • 2v ,_ ,,)&0 h <tr. 

, , 
,C n' n' .n(2u,', _v.)S« . 2v,,"', _ _ 2>",'" ,_ 

• 12 , 
o 0 

- ( [ h[ 2(u,'" • u,,_,VN • 3v!,,,6-< ] - ;: (2),,,, 6-<) 1 d, ] 

,p"" ._c _ 0 (2-"'0) 

T ... ",u~;pIiCI\"" CO 6u .. In. i"'ev""" QI' ... I • ., 0>100'" must De 0'. "" 
,~ 

_ _ , _12u,, ' 2v.>,,) _ 0 12.320) 

..tIIeh I. H .. .. "",.s 

12.32') 

.. wh,," N, .. 1110 1«>"".n1l) . , ,.. I"",. in "' • • -d;'oct;oo. bLil u."", 
ca" va,)"' I" ,he ..... ma"". , . tho mul ;po;cand ol 6. m 1110 oacond n. 
to'Sl'al 0/ Eq."tio" (2.310) mu .. b. zoro: 

_ E:" [2IU,_ .. . u,,9' l.!_ .. ]. E~:' ..... _0 
..tIIeh boca" .. CO Equal"'" 12.320) ,Od"" •• '" 

E:n (2"," .. ' "~,,,,) . E~' " .... ~ O 
• 

12.3:r.11 

... __ w ........... _ """" ..... ,.. ...... ",_".(:'''1.'''_ .... - .... --.. ..... -... -~,,- .......... -.., ..... 

.. ~ '-""' I .... • ..... ... ) .. · - · ... ....,· ... ......".·-~-.-

, , .,. 



11. .... . ....... , .. __ ...... 

N" .. TM"",~O 12 .324) 

E_too". (2.320) ."" (2.323) Of 12.321) "od (2.324) .'. modtrotely 
Io'go·otolle<lion oqll ilill!lllm oq .... tions 10, 0 bGm 0< ba, (such u in Fig· 
uno 2_39 "" ",.~ 10, "''''' • ",,""an""_ p;n . , , _ 0 ond • pit! "" 
"' .... a' , • L) ""h bour"dary ",,-.,. Ir.", Equoti;rr, (2.31~) •• 

Ebhlll. ~ 1-'.) ~ () 0' w · 0 
~ , .. ... 

EbIlllI, ' 
. , ~btr' ., • ., 2 v, t-, . 12 v". .. 12.325) .-. ... 

E bh' ., . ., 
~v"" .. , ' . 0 .-. 

vOlh """ ill, e-ry ~" .... t. ~ L .>.CeII1 10< I"" _. ~"n 
- Ebh(lI •• ' ,12) ,. l • P_ TI>o ... boundory condlk>ns CoI.n be "riO_n as 

N .0 Q' W .0 , . _0 ,_0 . ., .-. I-I,',+ M., . 0 '" 
'" 

12.3215) 

M, .0 0< 111, . 0 , ·0 , _. 

I. . .. .... 1UflI1 t>ourdory cond .1on> 0<\ "'" 141ft in EQU4Iion (2.326) . nd 
_.trlo __ ry __ ns 0" tn. !lqnt. T1>o ""tll"I __ ry 00r"I

dirro ... " • . oj """rH, , ... lod '" 'ho d . ""al" • • '" tho dilrpbcOmoms ... 
oJ bollndary cooditioo s .,. IIIIlCI"n" 01 "'" displaoem. olS . ... ..,. ""'. ,iIa, "'" """_'_Ollie boundary <o",,'ions .no, ,h. '.". in Eq",, 
'Ion (2.~25).ro . ' 0' "' ... 00<1 "', «I" .... "' v . ..... oj u,' .• nd., ., ' h. 
_ ot tho 1>0,. Thuo. 'ppolied displace",.nt Of """'",n boundory """. 
doIions a .. aLII""'"tico.,. .. Ii._ 

1-10,. 'h.t Ih ... oq " irbrium ~.tio"' a nd OOu";"ry 'ondl ....... 
applicable fo, tho oqll ilil)!ium of . ba! ,'''', h • • delormod in bo'" tho x· 
a nd ,""'-" I .. .. 100'" u a "" • • >1, .. Thll'. !h ... ..,,1I0"'OS ifnj>1y 
IIroI tho too, h • • del",.,..;l .. , ... .,. lI<an .. _Iy) "",,,, to ~ ..... , . ~ 
!i>oolil1 "' ... in flO implil:aOon 01 buckling -"11 ... both "'" del"' .... tlon. 
<l and • nc. .... ",,,,,,,,,,n;alr wjth in<''''''''g'''''. F", ,_ ",uotlo", 
kr be applied ... n eqlliib<ium stat. ~h.". thO """ • oI,a ;';'" WI",. 
bucld'''g. we mllst so, .=0 IOf . 1 ....... of <. I .... lho bat is stroighl bur 
""""'_ p,,", 10 bueklrtg Tn uo, "'" ..,,"~_'" ","011000 a"; __ ... 
oond ..... ' OO"c. kr ~n"!hO lim eq<>ilOOtl m OG "",1on ( .. "rIDS .. ", ... 
in ,ho"""""" oquilrbrium oqua,lon) 

_ (b~II,, _ O tN,., . O) 12.327) 

and ,ho ~ oond~lon. 

~bhll. . 0 ['. , " J 0 ' Su i . 0 
, . 0 0 " .- • 

(2.3281 

• nd _ """", . P a' • • L bocauw Su • 0 al • • L. AI "'" .. hOI __ ... 
co,.;I "" •• ' •• _t>:.olly .. IW~. Ttw. p'ob\ic~~ otat. I., • • ' rolghl 
t>:o, is. oimpIo ~ilbrium ... 1<1 of unirorm """,,,.oing uOOo' ax. 1 load. 
Such. <1>1. I. 011." called thO primory Of fllndottn. ,,1b.1 oqullb ,iom po.th 

, , • 



as. wceosoion 01 ",aigh! (tri><Jo:Io;Jod) oquil,Mum OOI1Ii1/,",'ion. "toen 
• • iol lo>ad is app ' e<I in . """'''_I!! ~ I . ... "". 

Uo, • • bar> .. form only ;,. tho oI'oortoning modo prior 10 buclding. 
Som. ba,s 0100 <lei .. ", " ' o,olly '" uan"., .. I\' . • . g .. ifillio.l~ ifropoo~O<1 

1>0.,. ,.-,"1"", [rom "",t>UI.c'crir>g <lef0ct5 or " .... "''''.t"''"-,I\' I!Iminotod 
c""""""'o bars (ouch as ,ho _ otoli:: $I""ln tho common __ 
tIIotmO ... , a ....... ""'''I' OIJUctu,o. oIllboHoif>!oo:.d composto ... · 
"""1· F<>r...,h non ·otr_ Oght ban. " . ",ust use tho """.....,., "G uil& 
"'m "Guo'"", in Equat_ 12.320) . ,.J 12.3Z31 pi"o ,to. bauoo.,,'1 oo nd;· 
u.m. lot ~q"""'" 12.325). 

2.1;.5.2 BuekU"I[ !rom 0 Strolgh! P ,obuc: klod Shope 

To <IO"""'in. tho buckling "'I",,' ions .• pp~ tho _OjoC<ln, oquilbrium 
1f"""'1 buclding cmorion 

f>(~'V) _ o 12.329) 

I""" Eq""OOn (2263). W. ";I lirot . <1<1", .. tho _ ;'1 co .. in 1fI"hic~ ,ho 
ba, .. ~ortecti)' otmight P''''' to ~. i. .. . ... probucklir>g oMpe .. 
""'Oghl. ., .-.;Jr!"o 'M' priOr to buckIinV • • 0, ho"". " • O. T ...... tho 
oo<ond .ori.tio n in Eq .... tion (231S) becom • • t~o opoc",t _ • .,1· 
. tion ( ... al ....... in t~. prima!)' oqLJilil>rium ""'to) 

in..-hO;;h lloe b ... d . "",. , . ... 1"'" 'ho' 0,. ''''''' , Ioe . "oy,1 p_ ",,"'-d 
oq"~_m ... t. <IeI""""-I from Eouo' ion (2.321) r";,,, Iho .""""""t. 
t. rm ' . """"'e<llauu .. 01 thO "'oil/hl o,~""1<Jtd o"wilibrio.o-n .,.10 ol 
, .. bII, (i .o .. 11>0 .. t .. m. ;",""";n.g v, _h '" , . roll. NoI. tho' 6'y "" " 
1>0 ... ~ ..... 

S'Y. /,'u . ~'u . S'U 
m, m, ' 

12.331) 

12.333) 

12.334) 

In "hlch tho '",,!IC~ '" de"",," ",.." b,a no oIiOC! • • oo -.ctlpl b do· 
""'0. _"Il . ff""",. both o«:uning duIinjj WoIoJing. Not. t~., ~'U .. - -.:l -" , ~ "'1\' on So ,.~., .... .s u.., _""" U, dope"" on .... T~ .. , to. 
•• 1.0< 01 "'u .. , is total!! _ ""_ 01 'he .. tu •• o[ il"u ... . nd S' U, 
'-"UM .... """ .... t. ~_n1 .. t\;otlo •• 

, , • 



n. .... ........ , .. __ ...... 

Now g.. vaflotion.' to ~ . cd /IY notiog!hot " . .. 1M "'l"_ 
... t ••• Iuo ,hat _am con, .. ", doring tOO va""""n"1 PI'X<>S$: 

That " . ... g~ . tho~, _ cnd ... , .. ..,., l,'v """""', ,.,"', ..... 
o.dIc.ted;" ,n. buckWIg oo~ ..... , ~_, ... «'.=1 Th.s. _ .. "'tr 

lI(fV) . Eb([~2&J.5<J,'2".li.,"",)h ' 2'j:"."r..",~: r.o 12.33(1) 

'olego.'" by p" " , lo o b\a;" 

EObI1 [ ~".~U ~ _ (&u"l>ud<. ",&',r.. ~. 1<,,,0., ~~ :_,.,,,,0. ~~ : 

- ([ u .. IN,. u,.sv" - IN"" {~ J IN d< ].0 12.337) 

rM multipliol'S 01'" 0<><1 IN, ,ospoctivo"'. ;" ' no mtogra_ m"'" to. zoro 
by h tundam o",.llom"", <>I 'no ""leu". 01 variations, 00 

EbI1o." . O , 
Eb"~u,,", . ","',,)_ E~: " un -O 

How.v.,. Moo " .. v,"'" v,. 0 ," '0"" poo.lo _oong ~ .... tM 1= 
IS ""0'111>11. ' M lirst "'lul lbr..." "'lU''''''' , Eq,,"""" «,,:l27). ro. ul. in 

" ... _ {I 12,340) 

..... ro.-. E"""t""'12.33g).-. to 

Eb n' 
E~n".r..,,- 12 "" ... , . 0 

E_t""" 12.:J:l.81 ocd ~2""'1) oo n to. ,."". 0 .... 

~N.~ " {I 

N,S." . oSM, " - {I 

12..341) 

12.342) 

12,343) 

_ 0 tho, Equo'ions 12.3421 .nd «' .3431 foavo va"''''"" in Ioree •• nd 
mom..". (I""" tno ~Oling ..... lgnt eqL>l .... 1um .,.t'I 'S __ to 
IOre ... M """"on" too_ •• ;" .... _ ... , oqoilibri, ,,, _ 'bn$, 
E_t<>oo ~2,321) . 00 (2 ,3241 TI'Iio dislinctloo is .. -.. .. pileiiii' ... , ed 
by budding ;"V"Oligo"'" a nd i< tho "'" .... 01 manl miw __ nd~ 
."""",,", ' '' pIon"tOo .. _ .nd "".n m ..... at..., ......... t". bucldO>g ite ... t" .... 
from Equ."'" (2.342) W<I I/O' .... ..,.", who, ,,;,-.. 1 ,. _ 11101 />N, .. 
oon"'o' ", zoro.1ong t". l. niJll', Tn . tofm N, in Equot"'" 12.343) ... 
indood, til. ". Iuo oj tl>o owOod IMd ,00, e ...... b",,'ing, I .... ""' "". 
;.oct;,-• . Tho """""""" ~"" lro", E_I"", (2 ,337) ~'"; 

, , • 



B ............. " . 
Ebh~u, ., " • . , , .. ... 

E""u,~. -
,~. 

W 12 ~ ... ., " ., ... ... 12.34<) 

,~. ., w, ., 
12 ~" " , .. , .. 

""'" .... '<>\ID<IS bo<.orlol)' ",,_10 .. 0' . _l. T"" .. 'u,,1 __ I)' 
"""",;,no ... Equa'On (2.344) eo. bo .tilten In '''0"1$ 0' ""ce. or.oj mo-
",on ... "" , ..... ,.!Iollo"" OS 

'", . , " • ., ... ... 
N~ • OM... =0 

, , • • 0 " w , .. -, 12 .3451 

'" -, • , . 0 " . -, . , .. 
E_' <>n> (2 .:142) ond (2.343) 0'. rom"ll"n<!lOUS dOHo,o"",' ""uolion • 
..;0, romoV ...... " . bO...o." CO<l<JIOon. " Equo';"n. (2.344) 0< 12.345). 
n"". Ihey ronoll"'e on oigerwalue pr<iIll<lm and al1l """,eel aecortlin\ll)l. 
The .lgoo<waltJ. IsII>e v. 1ue <>I N, "" II, . bucld~ load. The oIoo n.oelO< 
.. I .... ..,."" 01 , .... buo,*, bo,. 110'''"", 1110'0 ........ .,100 '0 Eq .. 'lon 
12.342) _ ...... ,hO ~n'.ue .. n'" _0<1, "", ., 1",1. w. OIl. Ognoto 
E_tOn (2.342) ~lomo1"oIy.'" can ... _ ,1>0, ,."',Ion. 0' U .,. 
1n<>optn<Jt., '" •• ".tlo ... ot • . ..,"", "*" not ..,"'. th. lndt!>ondonl -"I""'''''' Equ.,;on (2.342). 

NoI. 'hot " • • ""od at ,how '"l",,';on. wl hoLJI ..... m~ 1tf bo, to 
be ""t •• "ibIo ( •• do """' •• u""".)1 no' r., ,he to"" u.~, .. ~'v 
...... "'" ,,.,,,.. ""10",,,' " 0<1<, boT I""" Inlo""" ."'''!II' _au .. .... ....... 1 
"'''' •• mo"" "" oontrbution '" S'V. 1 ... , tho ........ 1 • • p""",100 '" I .... 
• ""'gy """,MCh •• 'fpifiod by m<J<h <>I the diteuMion in Soebon 2.5.' 
io " "'"_ 1 .... _ C<>hIriv9d ""'0" '" ,h •• 'p."'.';"'. Iod 10 ''''' 
"",""" oquaoooo to """'. F._ """""'" "",,,,,oct obl . ... n .. 
abo..< b., booh.v"", . r. m&do (bo" must «>n1l'll<' . ... Oy dUl~ ,h. 
_nQ P'1o< '" bucking: "'_. ""'" can have"" load In '''''m'). 
1"'0, .. ' had ,. W{),~ ha,,",," in S..".", 2.5. 5 '''''" in 2.5.', bul ... 01>
,",mod , ,,- ""' ... _lions wlh 8 11 1"- proper and <O!rect • • pIa .. ,Ion. 
"' ... , bLo<kIIng bohalOo,. 'r.ol.d!lg ".0' ~ p,lo, ,. bucklOl\l-

Alom.tlY • .,. . .... ~ _ thol , , , 
~'v _ IlU,. • ~'U •• Ebhj u., 6v! <I>. .!.,bI> _ ( ~!, <Ix 12.346) 

, , 12 

io ""leh "'. MV. ;9- &'U'" b.eo" .. f is • • "...u.od WI ,.,"'" '" 'M 
•• ria'''', of u I~) .. hlch is i~o:Io'~ '" the V",,,,'''' "'. (60). Tho' 
ii, 1I(~'U ) .~_ .. _nd.olly Of 1I("'U.., + 6' Uol . w ..... 1hO' 1M 
<WI. ,.,.,i::! eqoa'"," lrOm Equa'_ 12.342) ""'. _."" """ ,~., \h. 
diIt.,.,.,o.I ~""tioo goY<Iming b<.<;1ding co"", direcl<y j""" ,~ . 0<1 ",000 
O(S'U.., • .fu,) _ 0. R.",iI. Equ.'Kln 12.346) by raeognizing ' M' 
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o sclonlbl ond .n~~' •• Tim~"1<0 who LM"o<bubO...,. u_ 
just what hi$ _ -..- rna",*, 10 m •• n TIO><>$I>o,""" • • d",._ 
otrio<1'" '" ..... ny 'h. "'''''I' '" ~"" ........... ' 10,...,.. ."~. wo. 
~n. "hon 'My w.,. cone.mod ""II' wiln tru<klir>g 01 ""'ill"' I».rs. 
_ • • or, """. conl. mporaoy ..y. •• ..,V <0""."" _h •• "m"",lod 
<ompo.~. bars, P""." .nd ..... l. wilh p,. _ .Hd "Qul brium ...... 
I"QU'. u, '0 .,;"p,. """. hJnda",O<'I1ol and • • p1M: iIl)o PI"";" ' . ,mlnol· 
ogy. W. use 11>0 ""'''' • • p'ic~ 1Ormiro:>lovy in Ill. """.indo, of"... boo!<. 

2.5.!.3 II(JC~II"II flom. N""·Sl,aig~ P",b(JC~i@d Sh.~ 

To do,. "" ;,,., 11>0 buclding ""uotiono for 11>0 «I .. in whdl ' M 
ptOb,,<lding "- '" 11>0 1>0, i. "'" ..... igh~ apply 'ho adjo>Gon' "" uill> . 
...... (T,.1ft<) .""ldny c,;"""n 

bf.~'Vf . O 12.355) 
from Eq"'lOn a.2Mf _ _ •• or .... now -., tM 1>.1, in • mo," 
11""""" ""n·.t"9:>< pr«>uckled oqui ~brium"'~ doscrillod w~~ tho 001· ut"" to 11> 0 "on .... .. ""lui"';'." _iono E<p>t"'" 12.JZOf . nd 
(~ .JZl). 10l0i. Ihal " •• '" inl.,o .. od only In ~'V ... oIualod in 100 .qui-
librium ""0 who,. ~V~O. I .. .. ... . ,. carre. mod ,,~h ~'V. tho O!>K;' I 
_ ond .ariotion. Thu" 6'V CO" be _ 0" """' E'I"otio" (2.3'8) ... 

(2.351i) 

, (' ~U .. ,. 2Ebo r...v."",d< (2.35S) 

(2.360f 

s'u • EbIo' r IJ,,' d< 
b ,2 -'0 " (2.36 1) 

in "~h tho "'_'ip! m doroto. " ' ___ " 0 o~ecI. 
beoding oft"" ... boIh """"'MIl during otJel<hnfl-

~ -
Uow giYo .. ",,'ion. to .I<J and (N ' rom 'ho "",,"briom "",. ",,'ing 

tJ\a1 ", 0"" " .'. t". ",,"'alum <tale v.~ 1M' I.maln. oon .... '" 
du,o,g to. ...... ''''''''' p<OC"" 

&u ... &... i\ot r,., ... r,.,. ~ (2.362) 

, , 



". .... ........ , .. __ ...... 
Tha, is. WO ~ ln o spec .. l _ varioloo 6'V In Eq",,'",n 12 .358) 
. "",hor v. ' .. ,""' ,, ;0<1"",0<1", 11>0 bucking 001. _ , Equolion (2.355). 
lhuo. with , he _I.."., '. rm • • 'u ... aod ~'u ... in Equo'",n 12.351i) ,.1>,,,. 10 1100 _igh,·b.ar ""SO, w. """ idenlify 

b(~'V) _ lOb t [(2~.SIJ, • 2".&'," •• 2&..,.v . ... • 2'Y,b.,bu. 

' 3Y~~, .. ,)h ' 2" "r.. .. ~: f '=O 
' '''ogF.O'~ 1»1 po." to obtoin 

EbII [ (~ + v,~,)~" ~ - l' (!o" H,b." • v ,,&.,) <\oJ do< 

, h 3 2 
, 

' [ • " • .sv," 0 • .... .sv. ' 2 • SIJ,', . 2 v, by, - .sv". 
o 

-1'[ [ u" ..... . Y,'" '" • "",v" • &>."v, 

+ ~ v:r..,,+ 3"v" r..,]- r.."" ~: ].svd']_O 

12.36J) 

12.3&1) 

Tho .-...Iliplt" 01 SIJ 0"" '"' ... "''''''' ..... 10 , •• lntogo--on<lO muot "" .. '" 
by 1100 'u_me" .' iom ... 01 ,h. """u '" ol "''''_, "" 

12 .365) 

12.361'» 
lObi>' -

- ----;-2 bt ,," - 0 

_"". 111. r . .. nonl .... equ;a,, ;um oqwt'ion. Equation (2.320), Cdn 
b.a ... otten • • 

"". ', ',, _0 12-3151) 

"""',.upon E_,ion (2.366) oimpllieo to 

Ebh [",btu ' &>.,v" - Su,-.v,. ~ ':"" , 2'Y,v"b" ] 

,~' - ----;-2 ,w" .. - 0 

12.368) 

F"'~. Equ.otJcn.12.:l-IIS) . M (2.36B) <an boo ,,,itt. n in ton" .. 0110", .. 
• 0<1 """" .n'. ~"" ""' ••• "", ..... .. 

12.3Sg) 

, , • 



N,;;y".1>N •• "' +U\, .... ~ O 12.370) 

Not . .... 1 (_I""", (2.30>9) .00 (2.3701 flo •• ,~riotioM io """ .. . 00 
momont. (I,om 1M ",obu<k"'g "'lujl;blium ""''''I o. opposed 10 _ 0 • 
..... """"to" ~o_ .... ..... ".,.. ........ uilK..." """"I""",. Eq ... · 
liOns (2.321)'00 (2.324), n liO <lstinctioo Is _ e.pIiaIly "",IOd b/ 
IIucIo.ling .... ollgO", .. 000 • • "" ... .. lflo co"", ot ... "'" m_r· 
""'ndionOS, "C....",.. o,pIa .. 'ioo •. 000 . ... m_"'mOOIS., ..... bucklirlg 
,"..-a,", •. • SI>t<iolly In ..... .,. .. 01 ". .. 11\01 .'. r>OI st,aigl» WI",. 
bucl<ling. Tflo I. "" N. in E~",,1k>n (2,370) Is. _ed, 'ho ,a"," 01 ,flo 
_wiled \oQd thai <~u ... buolding. ;, • .. O\K oI>j<>ct..... Tho """_rt 
co""iOns ' '''''' E~"atiOn (2,3&<) 0,., 

Ebl!(oSu, ' ',oW,) -. . , - -. . -. • _ 0 

Ebhlu.oW, ' .... ,., . ' 0 2" oW, ) . 
Ebl>' 

12 oW", -. .. • . _ 0 -. 
0 _ 0 

EOh' ~ . -. 12 ;;y .. -. .. . , .. 
, _ 0 

12.371 ) 
wi'" 8 ... '<>\1<><10 _I)'~"" a' . ~ l. Tho " ." " ,,,1 bouOOort 
0000"""" in Equo'"" 12.37.) con b. " ,iltO" In '''11"1& olio,,,*,, 000 mo· 
mO.1S a"" 1_ •• ,,.'iOn. 05 

~. -. .. 00 -. __ 0 __ 0 

N,&<, . !IN,', . !IM., -. .. • -. 12.372) . _ 0 . _ 0 

~, -. .. lW, _ <l __ 0 __ 0 

E~u .. ""'" (2 ,369) . .. 12.370) ... I>,,,nog. ,...,o. dl'l.,. " 1io1 ....... 
1iO", will> ""ocon.lonl """nic ionl> (Oeca_ ot It>o _"uov" I. "" .00 
011>01 do'''a'''.' 01 v) ~od 1>0n"'9"n~ bound.u)l <»n<ft6on. in Eq ... · 
')ons (2 ,3711 0, 12.372) T~u., It>oy OMSIiule an ~""a ... """""'" 
000 01. ooI<od a<<<lrding/j'. Tilo ~igtofflo'" is Iflo . ak>< ot N, '" 1M 
_0 k>ad. TIl •• Joonv_ , ,, ,M ""- ot 1M _kIotI ba • . As with 
"'""v 1>u<kling ~_"" . ..... key .. 10 _ ""' '''' .. , on ... III ..... 1 
""- during butlding. b<' (2) _ I ""PPO" bt>f<" ..... 1 "'''''"' ' • •• 01. 

_om"" .'" 
' U .l U .. _ ... _, ....... __ ..... _ . .... " __ "'"' """"'_ .. .. _~, ... _~,...-.. _,_, ... 

"" ...... --.., ' . u U .. ... _._." •• _" ..... " ' •• ~ ... .... _ .. _ 
. ...... -" - "'II __ """ ~_ ""'" ""'"" - .... """ 
_"'_ ,.~" .... "' _____ .., _~_. r", 
......... .. IW,"' . ... __ ..,. _~ , an "" _ _ .... "' ... 

--.. P- ... - .... ~"" " ..... ...,.._'" , ... "'. 
""""- ~ ""~" d . . .... ~,) • • , " ... c-__ ' ''''' ___ .. ~ ................. ~~_ •••.• ,. 

""" c-....... ............. ,_ ..... "" . .... .... _ ..... ~_ 
....... '" ._ 2'u.' . 

, , 



". .... ........ , .. __ ...... 
...... c .......................... _ ..... -.. ..,.". ...... . _ ••• ,.. "'_"'> _ .. 0-, . . .. 

MaIO'\' inootroct omd mislea<tng ... to"",nl. ~a .. boon!Mdo io 'M 
1'I<o,.'u, •• """, th o lo ,",uh,oo 04 'loo bud,J;ng p''''''' "'_ W. "Mod 10> """" 
out """'. ot ,~ . .. 'I ..... io "'''''' ot t!oo ~ <Ie""Ii',"" ot _k)n<,l 
<rIO. ria and buci<hng ...... Ions. llopeluP,o. tho oonsiolonl do,",o'ion in 
,10 .. 00<100 wll 'p<J' to f . ... oem. 01_ unk>rtuno .. ""omon" 

"'''''10 ot tho con'usion .".,... ',ono t". o".,1y slmplt not",. ot t". 
PfObltm '" b""lo.I <>g 01 • _". bo,. n .. t otra¢t ba, "os • tffljo, . qui· 
Iib"'m .... ,. ~f to bu<kliog. i. • .• O1,a" lot"""". so bu<kliog d1sp""'" 
"'. n" .,. ut>!ortu""'. 'Y "'" ""'1 ...." lao. m"'" "'"1 """'" ltan ....... '0 tho bo" Ot """"" . th. bo, foo ... "" diopJ.c._n," 'h . OG"~ 
... ,. _Ou" ~ is • ""'oonabIo body canying load. n on, w. ofton H. 
co n!LoOln9 ... !O..,.,... "",,10 no ..... bo, iI .... ' .".;010 lo! COU _ . I .. "'" 
"''''. n''''' .... ring oq"'"""",,,11 . nd 'h. bo, ,,~ ___ dio!>Io oo rnonto 
ou<" oin uso<l!ll disUibulion _n. in loct. 'M bo, bu<1<Jiv} U...-_ 
diofM0. mon," " ,. • ",""..,;do' d~riIl ution (. rod .... "1ulb"" ~ .. 
~~,. ar. « "" f, In tM p, .... nt ""nsiolent do,"'.,,,",, , "rm~ 
Of .... Iotion '" inIroduced ' 0 ,mil)" ..... dilti",,_ betw, .. "'lu.t. ..... PO""""" . nd t>ucldIng prntolom.. PI.".""" ,ha, """"Ion io """,,",nod 
";Ut a<t ....... noIa'lon (Of oq ullib rlum _ .. "",nto.o owoso<I to b"",
~ng dlo!oloc. ",,,,,,._ 'n oddOlon, ,he oq_1ons u_ or. da_ as <>p. 

po...,r 10 sLmpty " y<>g '''' bucUng "1u.ation rom •• l,om ' he ""goO>-
dolOocUon .",ui'O"iu", ...... """ by . 1imina,;"g ..... ". __ 1Oa~. 

B""""~ .. J>OI On oquiloto"""' ~m """PIle "'" .... "'''''. '" lho .. ,,"" 
... ,~ .hal 'hoy u'" ""'I.'1I>rium oqua"""," to lind tIHo bucidioQ _ 

w. _oIopod ... lIo n. 1 .pproOOh 10 bucl<l;,,9 .nalyM . .. od 00 
..... \1"1 pOo>c;ipIoo, ond tho! "'P"""".,.;ro .. "_ thoougt>o'" Ito. booI<. 
In particul.,. ' M OW,oach "in bo OXlondod (0 ' plo' ... a rod ..... ,.. in 
CIuopIot .. 3 . nd <, ... .peeI"oIy_ In .h. p_ 0' do • • q.;ng , ho "" ..... 1 
OWlDooh tQ buc~~ ... ~ ... , Wo woo. oblo tQ clo...,. ,he • .-... ~-
I,,,,,,,,,,,, "'1'1""" oquilibrnom diff","",,", "",u.,"'" ond 'hei< boundory 
condh,,,,, .. oppMOod 10 boo<kin~ dlI.,onU. t "1041"'" ond 'MI, boun· 
<10.0)" """"",,ions, R..,.II Ih.t "'I,;rOrium dl'o!'ntWo' OQ04t"""nd ",'k 
__ ry condllons co.,,"~uf •• __ fl' val.o F"OI>lom in whi<:h ... . 
lind .... doll"",,,,, ohopo 01. bum to! . prose _ _ ng . In conu ... . 
"'" bucl<l<>g d .... ' . .... , ...... ' 10 .. ~"" Ih • • bo"",,",ry oondiIion" conoti-
tut. On 0Ig.". ..... po"'''''' .. .. ""h ... _ th . ...... ' load (tho . ;gon_ 
vou.f " ",,10 '''''' 1ho initlot oquifbrium c:ontig""""'" of "'" 1>1, (,,~01"" 
.... ;gh' 0' """_""''9'') io ",,~, <bbl •• and tho _ """"II)' bu<1o.I .. 
into • now "- Of oonhg.rotion (th. "i!JOn".,,,,,-), U • • 01 Ihto ,;g.,ro", 
' 1'1"'0:",10 wi l ~ .Ip cIody """,,, w. m .... do:> "h. n " • • dd .... PfOb .. m. 
invoIvi"og Pf. t>uckling dok><mo_, ,,",,"sed by ,10. ,,,,,,1 01(0<10 ox IM .. I 
_m.t.., .., ... rl""' ...... _ tho, , ho rigorou, ~ ""',,'n'~ ;". 
vo"'" a nonli .... " .. ,. in-diopIoc ..... nt .... ,""" .. on 10 !lO1 '~o liM' ..... , 
oq",,'_""ct ,ho,"", 01 buck)n<,l Inv..o;g.'o", ... m to bo """',. 01 

, , • 



:z.e APPROXIMATE BUCKLING LOADS BY ENERGY MEHIODS 

2.6.1 l.lmd<l<, lon 

Who, tho dII. ,. """, oqu.o,",n a nd ""unda<), <><>ndition. go.o,.w.g 
~ p""' .... a,. 100 <IiIf<;u~ to 00'" , • • diy, d_ ''''11"1 "'._ ... 
olton u.od '" find tI>o _",xi"",," oqu_ <101_ or "" .""" ai· 
ma'. buckOng Ioood. TM _""",,,",t . _ ono,w mo_ ,.". bo 
di><uoMd: ..,. R"y~ MeI'>od [2 ·211 "no Ihe R.yleil/h·Ri z Melhoo 
[2.22] ThMo mOli>odo . ,. coiled <Inc, -..u.. plouM>le dellee"'n 
_,,,lma'io ..... used 10 "'",U"'" 'ho (opp"",;m,,'o l com_. n .. 01 
"'" 101&' pol""!,,, tnt'll'\" .... tctry 1 ..... 1>O«t uOO>\l ..... , ... 10' oqu.,ionOI. 
Then. tho pfinc.,.. oI .. .,Io<>a<)' "",. nb.' . n .. w io usod 10 ""leu .. ,. ,ho 
amplfL>do. 01 ItIo """,o,lma .. ""'"""Ions I .. an oquWMum p!OOlom. 
a nd "'* principia 01 ",;",,"um f""o. tio l ono.vy itt " .... 10 o. 'Cu"'to 'ho 
""'11" __ 01 the b""",",g Iood lor allu::l<101 g prob" m, W. wi' _ ... 
001,1 Ihe <1<""" rn. _1ot ,.",ulot""ll tho bucldjog load, H .. ... m"'_ 
a,o a lOCl ""rlad......" "'._ 01 'ho ,."'u"'. 01 ...... "". a •• ,. 'ho l~ 
""~ d:ott ... ",. m otOOd . nd tho I .... 010", . 01 ",.1Ilod , 

Th. _.veol o,.tam. whOM b"');linI!lood. w. wioll ' 0 l ind .,. 
u ..... 1Ij """onuaus, t • .. ' h .... hn •• n _ numb. , 01 do_ a 01 t ... • 
dom (tho numb .. 01 <»<>rOinat •• nac . ... <)' 10 do .. " ibo Ihe """!igo"';'" 
Of pooit;", 01 1110 moohonical ~em.' .n~ 11m. ). Tho di" .::! melilodo 
addtoOMd dill., .. ,h. numbo, 01 dogtou 01 ,,._", " •• , '" ... ,hoir 
.""" . lmalion 01 "'* 'e. t .""'''m, n .. , ooov.,,,,,,,olo tho .,0<1 001-
Lltion .. 0 <:<>n<:ttn lot mulliplo dog, .. ·oH,_ .p~ho .. 

Tho " Y 10 """,,0MIu1lj _"",Ing dlro<' appro . ..... ,. m._ itt 
M1tC!ion 01 ..... ".".. .t>p< ...... bhg ~""1inI! """00,",,. """"ion ~ .. 
~u'ibrium ,,"lIKlion function l, Some 1uroct_ .'t sIm .... _ ob."..S; 
",h. ", .,. "",,,, complica'od, W. dov. q, ct •• rio 1<>< MIoe!ion 01 .lau· 
dO. oppro'"""'jog lut>Ct ..... ao 0 ",apr pa n 01 . .. "tibjog ,ho "''''' ... 

2.8.2 n.. R..,.loIgh Mo,hod 

n . Ilo.,.ltlsh Met""""ao. _...". d Or lotd RayIt;gh ~""'n WA· 
u m S"""I ~ l $o1~- lQlgJ, H;' mol""" ... .... P .. , rapKt .. ay to ",,",u"' . 
a n 0PFlfO'Cimo .. bu<king load (or oqu ibrUn ~_I with littlo . ffoo. 
Th. 90"",., ~" io '0 0"""",, a ",""obi. OWKllt .... ,. ""'glo . 
dogt ..... J·I ... _m w<'Iiog doll""tio" Iu<>;l"" , h '0 Oisliry.Ool> ~ lrom 
tho oquiib riYm '",",VotH dol",olion lunction. v. whicll io ZOto 10' ",on, 
bucI<Iog p!OOloms, ealcut.o'~ tI>o <0'''''1'',.>0;"11 10,.1 po''''''101 "'"'w. 
ond ow/j tho ",;n<ipIo 01 m""",,,,,, "",,,,,';'1 OnO'll!" '0 dol.". ... tho 
_g 10.0.0 , To be ... u_, ,110 "pp"', i ... , . buc'liog <lefltGlion """,. 
'ion must " 'isIy ,ho ~ou", l><lunda<)' condiIlon. (h ~ 0 ond h . ~OJ ."" " ••• ~ ....... ""'w •• " 'ho _ wlich r. """"', .... ,.1,1 " oo' ,,,. b,1, 
W<>J1!l • ....,m. upon b"'ki no f>mpl)'i<I\llha' ""mo dtII.reo1i11b11t1y co _ 
00"'''0 im".,- on .... IlUddng dollOction Iun<1Ion bv mi ..... p. ,. 
qu"'",on'l. 0 """ .. 11'. tho _k~ng <10110<11"" "'t>Ction ~' I ' nco .. ,o.ty 'ho 
""Iu,., b<>un<Ia<)' """""Ion. (I. • .• 'ho .. Oh "" rio,,,,,,,, in mo ... nt OM ond 
voriotioo . ... • h • • , OS tha, _~ higho' <10m ........ 01 &.. i .. ...... """ 
ood "nd ' IIitd as " . 1 .... 'h. first), and""' , ... boo p. " of tho ... ..,n lot 

, , • 



,M ..... ..... .. , .. __ ...... 

1M "",",u"' __ og load .,.;ng approdm.,. • ," 0 bu</;Ing do"«_ 10"",,,,, ""'1$1100$ 1!10 _olric boundo'Y <01><1-' 'h ......... , _ 
''Y <>:>ndo1ioo', ,rod ' ho ~or."'''' OGu.''''''. IID"orrOrov ,h. ~m. ,10 . " 
~ is 1!10 . .. O! ooIuIloo' B"', .... ' """,,100 ", ' a, 10<> m""h,o , .. ,istica1y 
0_' in 11"0" " pr<>bI • .,.. _" .ingI.~·o'·k_ appro'" 
"",bo .. ..... " _ 10, conlin..,.,. . y ... m • . 

2.11.2.1 strain EM IlIY Intog,als and lIuc\'in il en_a 

Th. pH>OOdu ,. in ,h. R4y\*igh 1.1" 000 "" book.ing ...... "'..,.., •• 
""ing ,no .pprwc0n01. _""g dol~ lunc~n in th. v. riouo .. ",in 
"""'gy ;"' '?'Im .nd opplying • b""~ "m hon to 'ho .. "' 'I/Y , • ...tIa. 
Wo .... , ho ",,""ion 'a .... _ in tro. .... ,.. oIopI.oc.m,,,,,, &'!' ), in ordM 
to .,.,.pi>ooiu In. I~CII,,"I ~ .. </",,1 ~,lh ,n. ~ di:t<4",_ ' ''''1 'rom rho __ m "" • • i .. ...... adcIr ... " b""kling prob4om . '"" an 
OGulol)rium p,,,,"om. In _ion. 'M 1>ounda'Y conde."... . '. som ........ , 
drtlo ,"'" lor . boo~"" probIom .fIon 'or an _tor..." prob4om, lflo 
_ .. rIo...,....,.'Y COI\d' !oos .ppoar • ." ... , ('''''01'' Iha, ","y a ,. on ...... 'ion. 01 displo". m ..... no! <!Iop,",,,. m ... . ... ) , but lhe n."",,1 """" . 
da'Y oondibon. a,. oIIgt>Ily """. oompl>oolod lor ..... buc~ romr>lo", 
tI>on fo, th. oq uilil>Iillm problem, In o_n, to " .. , b"c~""' '''' m"" 
US< I/o_ .. ""nd • __ 01 ' ''" 'olAl ""lon''''.''''' 9I' '" 0 .. ot two buek· 
ling crto"". F .... , ...... <ldro ... ,k. _"",,""0 .... in onOlgy int~ .... 

F<>r . bal ''''' I. ~octly '''''''''' ' .. 10<. bucIoJing, ,ho ..,.., .. 1 OKOnd 
,.,IA,Io. oIth. lola' "",. mlA' . ... !II' ( ......... ,0<1 in th. pri ... 'Y oquiib
,ill., SIa'. ''''' .. I ... prIo, ., bur;klIng) '" cornpoMd only 01 ,",m . norgy: 

~'v . i\·U ... + Ii'U .... . f Ub 12..Jn) 

'IM'I Eq","ion (2.331) on p.g.o 111 .. _h tho 1",,\01" 01 ,121 on I"" 
oeeorod vo""lion '" V in lho Toybr H M " expo""'" 01 V 

V . 6V ~ v . w. _L~'v + _L ~'v ~· 12.374) 
~, 3, 

M. b.on om",0<1 -. .... ~ .pp •• " in "'""I ' o,m 0/ Equ.';on !2.373). 
i.IorOO'o'el. we _oganl b'U" -. ....... 0_ "",-"I.'''~ '" tho 
oth. , lwo ,. """;., E_'100 (2 ,373) whon . bookl;"g critorio . .. oppOod. 
"';"',h. , ~'V . 0 Of ~.'VI ' Q ( ... Soclion 2.5.5). Thua, w • • " loft wilh 

~'V . 6'U",+.rU. 12..J75) 

in .. hien .'U", '" "'. ",rm 6'u" in ,,,,,,,,10. (2,373 1, n . n. " 0 rec. ' 
lrom Eo","I"' 0. (2.333) 011<112,33.01 1 ' hat 

.'u .. ~ ~bII t u.~! "" 12,376) 
o 

b'U ~ e",,' t IN' <Ix 12.377) 
.'2 0 " 

All ... "",,,, ., • • "'0,.,.,. leo •• ""',," I.."" I/o_ . q"i""""",, 01 ... , No" 
IOvort to 00",,100 ot ,ba • • ,lAlion. 0'1l>o <hp~orn." ... nd Iholr <10<;". 

, , • 



· ''''0' Irom ,~. pfIrMry oq uU".,m . .. to bolng «p, ... n' od Mlhou, .. 
""."'" I,,, 11>0 .... 01 "" ","~ . Thu . . ... '.Il<' t~ ~. ~. , I f>d W" .. 
'-' . ~ , . ond ~ ,"' _~..,. 000 ,."do ........ a .. ""0<l1l' ihlOQt>liIo.' 

[2,3781 

12 .J7~) 

in "I\I<~ w. t"""'l"izo " 0"' €o~brr (2.3<17 ) """ !ho quaril i<)' €obi> u, "' 
tho bar .,;aI 10«:4 N, in .... ...-nom ""0 (pooiIioIo in Ion.",,) 0' _ P 
in wni<~ P i •• <0_._. Iotc<r lor bu<kling problem.,.., w. can _ . , 

~'u .. . - L I' ~! <iII 12.3110) 

"" 11>0 b""Ung ""'.'''n i •• iIh., th. -....1 oquu. .. ", m. thod 

r."V • 6·U,. • f u •• L' EI fN!, <ill - t P .s.~ <ill • 0 [2,381) 

'" lho .<ljrrc"," oquiib"'" m.thod (1110 T,oHtz bu<kI>'>g crlo",," I: 

1>(b'V) =![ a'u", • ~U. = ( €O I b'~ d. - f p !.: <Ix ] = 0 12 _382) 

..t>ic~ '0' tho ~",-<io9< .. 4~'._Il.~ ... . thod .. oq""o"nIIO 

:. [f v] . o 12.3e:J 1 _h if, I ~o ono-dim o"-"I """10\1 at i>(;i'V) . O ~ . "' .... "'"9100-
"-\I< •• -oI -I,oO<lom po ... m.' .... USUOII)' .... omplrtodo 01 'no 0;>1"''';'''''. 
dolloclion Iunction . Wo ... i l conconk.,. M ............. 1 oquiW"ium buck· 
'"' 9 crilo_ which "'0 tho >imI>!* , .. ul t EI.s.;.d, ' t P fN; d> 12,3841 

T"" 1011' ""00 oido of Eq..,;.,n (2,38-1) is :S'U. "'''''Ing 'no """'on in 
curv.' u,o, 6v", . <>:1 ~ bo r.!.,J<Id to • • tho> • • n ... " · .. ·<urvatu'. ""rid· 
Ing . ,"' .. ..... '!I)' mog"''-

..... , .. ,;,. 1)'. 'no """"'i,"'o .. ta_ 
"' . EI." 

CO" b • • oried 10 IJDI 
12 .J8I;) 

50 wo con ~·riI. 3'U. as 

,_ "" t-..- ........ _ .... , ....... """ ...... .,. ._ • " _ , ;, ...... -~ ~- ....... --..... , ... ~ ... .... ,..,. ... ".,-
....." .. '- '--- ... ,---- ~ ... ., ....... ---................. _._--......... .-

, , 



In ..... ....... , .. __ ...... 

12 .3111) 

_. it. c . .. d , ... "'''' '''· ''_"",,,,,,n' .... ..,1nV ",,,,;. on. 'W ""OV" L 
Boo. lorm. 01 ~'OJ. ha\" KIo.mc.1 """' .. _ oSM • EI oIv ," ' flow. vo" "no" 
w. appro. " 141o "'" buck~'ng 00I1oct ... oIv . ....... tn • •• , .. Iio. in curva,u, •• 
bi"" .100 t>o<:om • • a pp",, """'" on<! oSM I>y ... Iie. involving oIv 0 100 
becom •• """"","'01. , hLlt '" a d il.rMI ma . no, '" 10 . dill ... nl <lo>gr • • 
'" _ • ..,.,.,., ...... bi" , TIro" 1Il0l10 no "'.11'" ..,...110 E'iIv".'" 
Ilr. lwo lorm. '" ben<Wrg "',ain ."'g~ In~is. nam. '" 'M ,a,Io,""· in"",,,.,,,,. b.rr<IO>g ",oin en.'(TI ;n,.",.,."", tile .. a,"'t"""in-<'l'om .... 
.... .-g .... in ' '''11)' "" 'wal do """ y __ Ie., ", .. 10 ", •• n oIv .. 
• n .pp'o. , .... t. I""",,,,,. 

10 ,h. A.,~. m.'i>od .... ~ ... . Imoys ~!T.~' .. g .... buckl'l1g 
dispIoc . ... nr • .., w. go, two dIIBrenl .. alllo. 01 S OJ, '!'Om EQ"atio>n 
(2.3N) on<! (2.J87) _ . .... "'" ' '1'10''''''' "'" •• ,;. ,,,,"o, """". 01 do· 
pe_ on a n "I>P"'<;""'" oIv. a M tho .,,_uion "'" the 1.pp!oX"'~"J .. ria,"'" ... cu, .......... bi" 10 on "W"' .... ,1on 01 !>igloo, ""'. r 'hon lor 
5. T .. r.I"....IroI. ,,," .ppm, ;"." • .Iv and 111. """ro' ''''10 bi" a to in· 
.. ,."'" "' . dlf.,.,. oowroc, '."';'-0 to ,Ir •• _ bi .nd 6.", T"., It. 
Equa'''' (2 .36e) .. /001 "._by ""Y _""imlll~ bucklint! ~""J 
or """ .... lw. "' ... SO "",U"", ... to ..... ,n •• '<><1 I>r.o:klO>g ""l_ 
OS On '. ppro" "",. dOlIKtl<>fl" ''''n Eq.ot"'n (2.380) would .... 04' 00110<1 , 
Tnus, .... goO dill .... n' truckling Io.ads """'" .... . ...... appro<;"",' . 
_ g ,,",Iac,_ ""'" ...... rio ''':'1,"'' """". nH .. ,_ ~'OJ • ... op p-o_ 
to ,h. variotioo·tn.,,,,,,.' ,,,o-tr.sod 5 OJ • • • wo....., "",n confirm . 

l ong (2.231 ......... tho variltllon-"'·mo.,ont .... .-9 wo o, ono'W 
InlOgr.' ocpm&ch '0 .......... "."'''' ""'I' &CO . .. IO tM.n tno . a,Ia''''''·in· "u ...... 'u,. ""rrdO-.Q ........ ono'W "" OV'" 1m ' '''' ptnhlom of ""'king of 
a n "' .. ,~ oomproooo<f ."LIt (bar) wl~ """utoil",., .. illr>tON [EI(.<)] In 
_~ ...... riotion "' ..-. ", .. <IO-OCI", p""",,,,""" to thO ~""kllnV do
Oac\IOn 6v. Without OVen add,eOSing ~;,. p""",, we 8 'gW tho, trio con
'ont",n Sftms "O!foct I"! ".;"g sfmpf. """"",,"_.,._ oon<opI£. 1 .. 
..... ,"'" ... """"on, ... 0 ..... IIro ..... 'IOn ... ""_ <Ii,..,." ., ....... 
moo' .rm·. a nd w. CO" u, •• ..,. ..... lz. ",h. , ,h. v.,"'ion In bucking 
dOllac,"," .... uld.... ffo" ...... ,n. varia,,,,. in <u"'.'u' .... ""' .. ,n, 
_ <IorN,tiv. 01 tn • •• notion in budding dall4rction wlriotr io la, more 
doIllc"1 '0 .,...,lito , a .... , . ... """ I .. ""', .. ~""" 10 ,.,,,...,,,, """,0. 1-
... ,. tho" tho ""riot1oo1 ... _9 <Ioft . oIio" ibo~. 

Th • • ""'" .... ,. buclding bod ",,"'" "" od h, " M 01 th. Ro, Ioy. 
m_" gr •• ' or lhon th .... ct ,,",,>ling Iood "~'" 11>01""0' co .. 
"""'" tho . ,,,,,, _ modo oMpo;" U>ed) . Th. _ lor thi. ",-,"I 
CO"" ,. I,,,,,, the iroIn>duellOn '" .011_' ..", .. _ on ,~ t'" 100tr!in
....... ) .y ..... b, . *'11 on a ppro, I ... ,. sinoto~ .... ""·I_ do· '*""'". Tno,. -.._ "" ...... O<I.ibr.." ..",'9>"""", _.s , .. 
10 ... o".rw II"! ltoo principlo of minimum po'''''''''' """'111'1, tl>o """",xl· 
mal. ' ''''''IIV . <OOod. "'" .uct O"''W, 00. aoootdoOrgIv. , •• ....,1Iing 
.1'1"0 . .... ' . b""~~ ",.d ;,. !igloO! ' ''''" ' lro .. ..ct !" ."',Iing ,,-!, F"'1)I. 
,.,.. <an """"Iudo """ . 01 _Ofal.""""",.lO l>r.o:ldjng lOa"" '.0 "'_ 

, , • 



is 'ho dNo., 00 ,h ••• • <1 5Olu!iDo becau ... ~. 0."'VI' is Ih o <_ 10 
be"", """0<1. _ .. 0' . ... do not Imo .... ,,, .. mt>;O/l /tIgiI., ff>o_~ 
... ,. b<IC~"'~ ",.eI is IMn ,,,- "'Hoi _~ """" 

2.01.2.2 aou ..... fJ condilions 

To dolorm'" or <hoN. a dolki<:oo • • ppro. ;ma,"" . .... mighllHl 
{/IJ""" ..,.". wI\a, by our """-..lodge '" ho ..... "'. dolloo<1. n .. , II ..... 
mighl oon_, uoing tI>o <1011_ ~u.I"n 10, . mm ."". , ,"'".,,_ 
Iood .... ,.nd<lo,o appro,irnol"" lor. buclMg prOOlom. 'Nt'{ 0I<>IJId 
_ do , ..... ,? SO",.., lHI=u .. !he oh . ... n. _h 'ho boom dollocto 
mOghl "" .... "',.." ,. •• mbt. 1M ~ into "Nch • bo t "' >iI/"II buckle. 
SOCiI _iii>......, ohapo. oro oft • • p<>Iy-.oioJ. Qf ,,", u..,;o..1 luno'''''' 
.... w. ,ecali lrom """'_ 01 "".m "".l lbr ..... ~"". "'not"" 'ricky oopecI '0 do.1 wi'" is ,h. posUllo ' jmmOlt)' 0' a ... 
.,,,,moW 01 o.lO"".oon 0I>0u1 1"- bo' .. 1<1-_" in a bucUog problo",
In cool,..,. in an ~"'ibrium .,,-m •• 'j ",mOl"'''''), _ "",,,,"i< 
.~uct"' .... doIorm only in a oymmotrlca' m ......... _,v" . a .ym· 
"'oklcally .... _ '~""o''''' OltOOi " o C>" h""' 10 " "0' oymmOl"" '" or 
~n!;.y",m"ric"')' dopor-dong on ,h. bucI<I"", Io»d ond "oneo modo. 

Vo' a nolhor""ky aO!>Kl '" _,....., is 'ho 1.<1 'hot II, . "'''''''''0 
con bu<kIe into mooy ""-ni bucklo modo oho ........ h • ....,ia,ad diI. 
10 '0" ."'kIing 100<10 (joJil o. lhoro oro many vill ,.,.,., Ir""" .. ,; .. ond 
modo .......... ). T ....... ..-if", dollo<1 ... owro, inI.>.tion m;gh' ba "'. 
highe' """'" 'hoo lor ,,,. loweot buc"'"", bod w. """k 

CouUon is "'{/ad IIoMo' O.""<1;'n undo, '''''''''Of'SO load Is qu'o ""_ ',om t>u<I<Iino;J <I01IOeI1oo .".,.., &,10' load. F ... ono li"OnIl . lho 
"",,,,I boundary cond.1ons '0 be "._ oro _ir<r~ <ill.,.." . 01 
"'''' .. . '''<I .." ....... , ~".'iDo is "So _ir<r". dlll .. _1 ThO". an ap-
P'O, .. OI • • "' .... MIl be _'"*'. 1M ... , on,wor "ill bO 100 "Y>--Jn 
tacl "9>0' '""" 0"' .... , __ ohoold ... . in ,.twch OIJ ' bO .. 0110<1 is ' 0 
u ... dotiKllon """"" ... Iion !ha, ........... ..... opp»o.blo _nda,), 
<0_' and '01''''''''' tho do~octio" " . ' be_ ..... . .-

In ..... Aoy\o;gh MOIhod. ' ''" I/Oo-monio "",ndory ~"n. 

1w .... _ O 1~.38~J 

........ _0 12.3901 

mu" IHI ... ,;soiod try ..... appw' ''Oling """lding dollO<1ion ILlnCliDo '" 
.!:wI an ob'""""'Y diftoron' phvoi<al pmlllOm ia ' roolO<l ll>on _. How.v.,. tho n ....... ' t>our-.d>')' "<,,.d ~iono 

I>M _ Ei<W _ 0 .... " .... 
_ fS __ E,o.", ..... PoW, .... _O 12.3~1 

oM<! nol bo .. 'ioIiod ""'0,. It1ey ' PI'~ loNho"gh il Ihoy oro ,..,. oatistiod. 
, ...... '&»gI1'~ ""'~"nr phvoocal .,,-'" .. "plood). Tn. ,.....".. "" II •• , 
ololm " _tad '" th . <oct 11 .. , ' ho ""Iu,.' bouoo.." ~n. 0" 01 
1IigI>o' <><do, in I."". of derivativ •• 01 "'" doIloctiDo lllan"'. __ 
bo..-.:l&" "",,<Ii ;',... 110....., .... l 111 . .. 1Ur. 1 t>our-.d>" """dillon. at. 

, , 



... .... ........ , .. __ ...... 

.. ,islied. ,h. n "'" .ppro ..... 'e bucklng load wil bo <lose, 10 th o <. act _0 load ",ao t "'0)' oro not " 'i$I"'" ThIo &ta'.m."o mU$! 1>0 
'"_ by ..... ,utzo"" ,.,., ,r. I>U<.I<Jk>g d.1I.etl"" "'u01 bo ,,01-_,,,Im.kid _ tr. ""u,<Io_. ThO' 1<, tho oppro."""ting ,.,..,,10. 
muO! 1>0 ""pob~ 0' ,~pr",,"ing"'~ too, buckin g dotorrMlioo t.irly '0'0' 
M'" •• , tho .odo 01 "'" bar. """00,. ... a" """11:1 ",,,hOd, .... ,jo" io 
1ypic'''' On . pproximo1ioo to ttoo ... t ph,..", probiom (otho""" wo 
would not bo .sing o.Of9\' mothod.I) . Thus. a.y sit",,"'n in w11<:h ono 
or mot. bouno:l,uy condo""" "hotho, 9""""Uic"' no.t.,31 . .. not .. Ilo· 
lied ""n"~ot •• ~ diII . .. n1 ph, ..... , probio", 110" "'or.dod to. \1' .... , .. 
Of Ie ... , ""tont. ,.".,....,~. Tho no"".'I>ot.<odo'"l eondlion> co.n bo 
..,;r'. n os 

bi" _ _ 0 (2.311:3) 

(2.3!l4) 

Tho ,.ro """tlon·in-<"",alU., boond:o'"l «>ndillon .. • • &II:y .. tls!ied wilh 
""'n~ .... 100<1;", .ppoo' ''",lon • . fiO ....... '10 • .-><1 _'"I oondiU.'. wl>ich it. ,,"',0<1 10 "'" ".,llllon In _'. «In b. oa,lstiod <>n~ b, tho 
.. 001 10Mion I h, and lNu , .,. I' 
"'" both zo,'o. Tho' ... .. listying tho 
.. me" '"" "","pOcot"'; v. riation·in· 
.., ... , boundo'"l eondlion .. 00' _ 
sill, unlo .. tho ~".':1 doftoctio" .00 
""'" a" 1<00 ..... """" .... '100, ""II> 
;,m.o,) in 1ho.' __ '"I eono:I!tion. 

Whon _, _0. sooIo 8' kN- " ... 10,,, 
_ • gou;doo<I _ • .....; In Flgu" 

2,,5 . • F"".~._do ..... w. 
""U_'"I """"'ion..-IC 

(2.3~) 

Only "'.n eo •• he """"00 .. I ... , 
_'"I eor.d'ioo !-S _ O be ... ,;,-
'ied. Bars " ilh gujd9d , uwon. a" 
",,"'D<i "' Soctiono 2.3 .& 000 ~.a.7. 

[ 
, .. 
". , 

10 .. . " ..,.,. " 

I '"~ ' , . , 
"'9"'" '""'. Ad • ., """"', ..... ""' 

.... LQwo, "nO F""" .... 
'_", .. , 0"""..-,0 

ROCO'I " .. lin. ~_<Ic l>OUn<larv ~_IO< lho WC~Iin9""'" ..." or. idontlcal II> _ 01 'loa OQ"_"'m ~m wilto , ho .. m. sup
p<Hl ~_, i.o " ... ~ 0, ,ho, .Iv ~O . ,-,j ~ _, ~ 0 , '.on .Iv,. 0 boo 
00" .. tho va,iotion. In """,""",m , " "'u" OO~_ II> "' , .. m, 010 .. , 
oIlun<1ion. as th' r!iop"""-mo. to ", om_tv ... Sirn ilaoly, lor tho "",.",1 
__ '"I <~ ~ M _ g , thoo &.I . O~'" ~ S _ g , "-' !-S _ g (, I. 
lI>oogh OM _ 0 _. "'" >mp/j' """. ''"'" UIIll M do., hOt ch.ngo ou.;"g 
buclding) . Th .. , .. w'ion help, LIB lind plo.-. _~ing deileetiOlO 
"",,0' ''''0110". ~..,.u .. w • .,." 'i ... ~ ... ,<1 ........ ".no...,.., tho ' ___ ... _""' ..... ~ro'_ ._~ ... _ ... ,,, .. ...... _ .. 

, , • 



"'I"I_m dellecllo, 5/1.a~. '" many ".ms oOOe' "",ov.". Ioo<ling. 
_.,." ... mu" akoo "I<OIlO'I70 ,1>,., ,""ov.' .. Ioodft\j on a boam 
''''IU" ' ~ -.., 1o!CO on", IN", o .. . nd '" , • • b .. _N. a t>uc, 1o<I 
b>" "". no •• rio''''' in ..... ,. Sach ,_" onoold .. holplu' in , .. 
P""" " '" " nh'\'o.,;, ... otoblo t>ucklng .... _ """"" Im,""no, F", 
0>:1lI'I'lpIo. oomo ... u_ Urn problom. -" 10 MV' "''''''. bu' no' a l . 
'" tho O""'""'.,istie. "'. buckting p«>b'o.,. TI ..... koown ox"", oqoi
,;t"ium do/Iect"" Iuro::,,,,, m;~' be 01 UM 10 U. in ~.ima'ing • buck· 
,,~ -,""" 

Ho'e 11>0, , !Ie I/OOmemc: b<>undiuy «lnd!1oM inYoIYe de,IY"Ote. to 
tI>o ,,'OIh .M fir ... "'''''' _,.a ........ 'u,.1 boundo.". condIUo .. In
.0"- de"'","""o tho f;," . 0K0nd, ond ,_ ",do" H .... <10 .... "'ioIy 
tI>o lIOOO'olric _". ",,_Ions ""I> a ""floc!"", ~.ma'ion, "'on 
.... quito _ ... ~ 0 " .... "''''0.,;, "to C<)""", pIy<ica' p_m, M wO 
<10 no' oalWy ..... na'lIr.lIl>oondo". """dtlons, 'hon ~ ill ... . "'''''ioou ''''' 
_" .. "'" 00"'"'9 ,1>. "''''',,' phyU<4' prot> .... , rf>a' io, rh. ",Ott. , i • • 
'" tho NgfIo,-oJdo, bourd:I.oy ""_ ... '" 00' ob. 1ouo. 01 «>u ..... 
I. i",. 1D ... , .. ty oM ' ho bo Yodooy <><>nditioo. ond rh. dill ... " , .. , ",, " 000" 
_ . min<l ..... """,10m . hw.y,""","" 'ho! w. 0 .. "" _0.,;, til. "0 ... 0<1 
01>1.;0., problo.,1 W •• ' • • \'0"""0.,;, 10 oct.o ~""''''-m. in .. 
• ,'p"" im.,. ma"ne,. 00 u must ex""", certain irIcoMd.""iM ond in-
aceu,acl .. in 0"' p,oeotiu,. 

000 01 'h o pilfdS in cu, cI>O<: •• "" • • ---.. "'. ""'IOcI"".5>" 
pro>_ 'ion io "'" abilly 10 ...... Ia. ,ha' ""flOcl"", ' PPIO.;ma,"" in 
.. """ 01 tho "o"'''''''Y _ 'hot ~ mU$I .. " .... , ~O., .. 'I<I, 0, in 
"' ... co ... only _uld oabo!'; I"",",~IIIO achio'l. a good "",",Ion. Tho 
hum.n -r- o.n • • • ., "."'0"0 ,Ito doIlOcI"", . ... ,Ito &lopo., pIottod 
10, 11>0 ""'""" .. I . ' . ... nt, How .... , "'. conno1 ,_ozo'" ••• IIy,."" 
_ MnpIy """"'" ........ iz • • ,,, a''''! n ..., 0", . ........ n' of 'ho •• . 
IIdly '" a _ I I< d. noction oppro.imalOon mllOl be 110_ on wI>olho,!ho 
malhMullic. 1Iy e>:pnlSS<>d boundory co""~ioM a'~ oali>roed . r ho' .. , OU! 

Ii,,", stOp ",Ih a ""ndlda,. appro.;ma!. d.I~''''' ''''''''ion muO! be '0 ••• m., ... c~u.no •• in '.rm, 01 "ho'ho! iI .. ,is/Io. 'h. ,._. 
bourda .... «lndi ion., TG <10 "", .;-n~1y ""' . .......... lho <Io'1OCI1on lIP-
proxima",," •• m'.1 times ., "K ..... ". and co""",, •• ach ,," ... ,",. 
""'" 'ht ,_Ott boun, .... ">, condNion. SIdIlPin<l 'n!. '_1irIQ ".p io 
"".~ 000 01 'ho mo", impon>nt aopoclS '" "'. Rayioilt> .. _ . 

... t ho"", ..... USU&I",,,,, 0' _.o!rio boo"""'"" ",,-dUO" io • _ 0 '" 
~ • • O . "dlor ', . 0 Q ' 3., _ 0, •• ublio fo<m 01 ~ goomollio_ .... 
ocndtlon io. Jo. o .. mpio, Iho,. de!I.c!"" io """'>0 ", '" 0 oIopo io <Ion ' 

,,1<1 (lIIorot>y ,equi'ing impo.'1on QI tho COf''''po'_g ""Iu .. , __ .... 
«>nd-'''''). S_ a """"Ida,. ""fIee,1on _O, im4';"" imp'''' 1M'. 
deI""1on ('" oIopel io 'e«I . 1 one " "" " ........ in ,ho ,"''',I>OI",.'.~ .... h' Iho del\oc:tlon (or ..",.) io M/ """strained 10 be ,orn "' II,,, _. 
Th,,", tho eanddat. o.,lIo<1lon OP!>'O'iMo,,,,, OOfIospond$ 10 • ...,tho! 
~&ic;o! ~OOIom. no' 'ho one you',. '".ing 10 __ . 1 AcconIingIy. JOU 
mu" make 0, ,,,,,, 'n.' .......... _Ion aw<O, im . Uon 10 va"" "V WriK
~ting 'ho ""\u'o 01 tho bou",,"oy wndd"no I ... , ~ _ "'ioIy. I, ... 
both tho ",,"uoJ and impliod boundo<')' <O"eIi"",-

, , 



,M ..... ....... , .. __ ...... 

Noo. "," Imposition 01 . I,aosv. "" «><>SO"'"" someplac. b.", ... 
tI>o -. lor ~,.""",., tI>o c~"'o, •• In Flgu" 2-460 , 10. _"""ric 
boondaoy ""M"'" ,h., m"", ..... t~od "'he ;oom"'" boondaoy 
co_"'" ... ,g .. 1"'*1 by • c"""""". doflo<;lO>. """"",imatiOn. Ih n 
tto>, 'ppro,im.,iOn ~_ '0 • ditt.,~", pIoyoi::al probIom than , flo 
""" y"u',. "ylng '" ..,1..1 n. ... ... mu", ,,,,,,, ,,,.1 phyol<a l con"''''I ..... 
.. boo_"I coo~.iooo ... n ~ Ih. y _" "", _I ,flo O<K/$.,,"," barl T~;" , 
bad< to 1100 prOOlom 01 dofloclioo 01. two·..,,,o beam lrom .~on"''Y 
",,,,",,,n',. o[ "",1.riaIs in F;g uro 2 -461>. To _. ,h" ... Iicat!' ind.", ,· 
"'.,.,. pn>bIom by. drl!.",~;" 1 "'luotion ow<""'*'- " . b~!too .... m 
in'" ,~, .. "".",.10 ",. p, P-i),.rId B·C. in"\lnned tI>o lh, .. diIIorom"'l 
"'l,",I"""!or tI,. Ih ... ;.Io",ab '" '''''''In Ito,.. 11"" .... ..,10!"" l,,'h 
inl.g,., ,,,, 000 ... ""') lor tI>o t"'''' int"",. !>. • ." ..." I~. bOOOldo"l __ 
dillDns ., ,h. erds oIlho bar • • rod fiMly tIppIi<>d u... Ilo<.ond.wy <:<>ndoIio<Is 
., ,ho . 00. 01 n<:h In,."" 'l' . 01 which !>ad 10 IMtch wth _ 01 ,~o 
. djoc.." i'oI."'.~) 10 <101O",,;no 01 eonst.". 01 ..... g'a!".,.. Th u,. ,~ • 
... 0 <1OllO<1iOn . , • ""WOn oue~ • • B In F~'. Z·. O 10 _ . .... 
amoll'ic 00 0_,.,. corodo1ion .von ' hou "" 8 i, ""''' 0 baf orod. 

lhOi a ""_I. 00 ... .., " .pp""', ..... liOn ,"""',," <too$ ""'''Lo$l)' 
' flo .... , .,"1 bo"_"1 """",,",n. ", "'" "no, ,,,,l Roc .. '~o lhro. condi· 
tio"" on II,. dollocl"" k>, ,~o .""'" «>Iution 01 • pIlysicol prOOlom: 

1. saI ........ 1 _0"'" t>o<ondaoy eOo,dhOn' 
2. "''''''",5 a l flllI"",1 bo"nda,.,. «>ndilions 
3 . .. ' 1sI1o-s tI>o dtror.n, 1a[ -'I",,''''' _ornlnv lhe f1I\Onomo""" 

In 'ho Royloiogh MOlt.xl. wo do "'" O'Ion ""osidor ,~. oolul"" 001 II,. diI· 
10 .. ", .. 1 "l""'''''. ",ho ""'u,,1 oo , ndo", 00_' of ,h. od",d phy • . 
icooI problem oro ""I .. t .. roed, '""" Ino candid.lI. dotJoo:rion "!'P<O' ;' 
"",lion .. a~ [Of. dl lero"t ~.I problem , but _ •• mLlC!l dllerenl 
.... ~ Ih. """",u;c boundo,.,. corldj[;"."s ... "'" ",''''iod. Tho dtr . .. "". 
_ •• n .... "'., "' ... '" boo_", eorod~ions i .. io 'ho _ UOt •• 0I1f1o 
higl>e' <>«lo, _";'-OS I""'n .. ,h. go"",,",ic 00"_"1 rorod~iOns) .. 
tho f'III 'u<a l boo nd&,.,. oorodilion. l_ar\ollo"." momenl a"" _r """ .. 
• r • .... 10.1 10 l ocorod ."" thirtl p .... __ t" .. , ," __ 1.*), 

A _110'" 01 n. I .... , _"I _ tic ... ,is/action "' ,h., t!oo ""Iuto l 
p/Iy..,.1 prot>t.m mig'" llavo 

12.3e!) 

y01 0. , _ is "'" ,~ 101 «><>rH. ~ oSv. " 0 1M' . is • momo,,) Suer. 0 
co .. eo" ...... ... iII'I. ,,,,,,,,,,,,,,I "1""'11 """ ..... ,"' ol,ho.rod "h.r. M .. 
"" .. ~""",""""" 1~ !he ~ _I"", _. ' n uo. 0., . ... _ 0 in """' .... 
to ,h. simpt. r",od-orod ""rId.iOn. NOlo that EI ., "'.lO rm EJOv,. "",...." 
bo .. '" . 1 "'" ba, end .. b1>Ckin~ pr"""'m~ 1>0<:0_ . n . . ... Iotod "","""" 

C' =====i'c====j'~' •• ==~I'==i'c====;i' A: OlIO 1: A OlIO l.. 
• B""","" • ~ 

, , • 



lie opplio<llO' ba, wilh E _ 0 or 10. bo , Mlh. po;nlO<l oro! (I _ 0) bo
eO"" a IriI' ",od nn .... ro"" t~ oro!""" ,osuft ... ;"1inI ... '_ 
Not, 01$0 Ina' 1>IA . E'b,i , "' ~ ... oN! ~ ''', ,,0" <It!1O<I1on • lIe'ng 
us.d, 01"0"'''', I\I\I~.-.;l h I>'" . ' 0 only ~PI''''''Im.,. ~ O'luol. 

w. ,,,'" . ddr ... _ .amp ... ... "'. following m.nn. " 

" T .... aPI'''''' '''''''' ~ocl.lintl <'tI1OCI"'" '"""Iion is .. 1e<t0<l ,"" "",. 
'uJ)' o, amiMd 10 do,.,.".", ''''' b:>undo.ry eo"".ions 11>0, ., ... ,. 
,~ .nd ,-. ,ho, or. no! ,,'~;od 

2 . r ...... ,oa,""'·o.-"",,,,,,,, bt"d;"g .. ",," ontrw """'11'.' .""'.,.o~ .. 
<I>'>d along ".~ , flo • • rio'Ion· ... ·m.mbf.n ... "' .... 0"'1Il' ."_, '0 
(101 a buot.r.g 1M<! b, .... Raylo-lgh Me"'''''. 

3. I .... a,,.,,,,,·;"-<;<j,,,. ,",* benaing ....... _ • • 'gy iIIl"9'"-'..",...,.oh 50 
"""" ~1o"~ ".~ I ... . . rio,,,.,·.,·me mb,,,o ... ", ., 000'9)1 ."ovral ' 0 
II"' a _"""g K».d by t~o A.yloig~ I,j othod 10 lie eo-nlrastoo;l w i~ I ... 
,"",,_from.1ep 2. 

~ 0 0 n." ..,,,,ion;" ••• 'Ioblo 10< spKial p<oIllo" .. , " '" 000' "' .,.;"g 
'~o Ral~ MeII'lOd <on" <a<:ul>,od W. I>opo lrom 00' """" 01 
•• , ..... t>u<1.IintI ~m. 10<.....,., ." . ,aCt"""'" if. av. ito .... 10 1>0 
abIo '0 _iN .. "", ~_ to, how "' ....... pn>bIo"", 'or""""h w. 
don' Imow "'" .xac' ooIIJlion. T ... , ;,., _ <>Hd IIUidolinoo 101 """",. i· 
malo ........... 10 p_o"," , ... , don1 ""'-• • ' a<' aoIu""'o; "' , . "" ..... 
... '""'-"<I 001 .. ~ ... ~O>g to _ 0 I~. m a Pl'ro' ''''' oIyl 

2.6.2.3 Bucking 01 on AxitlIIy Comp'o"'" Plnnod·Pinnod Ba, 

, 
..... <a<' b<.doJing 1M<! 

To .... Ih o R-oliolg/1 M.,I'IOd. 
uw , ... known . . ... boc~1ing do· 
fio<Iion Iu"","'" and 1m '00 bLIC k· 
~og """" '" _ , :0 ""' _ _ ",iIJr tho 
""""'n ax"'" aoIution n _ bu<kIi<Ig 
<10110<1"'" ,",.,."", .. 

(2 ,3~) 

ill """'n ,\ is "'" u nk"""'" omplOudo. 

, 

Tl>al l lIia '" .. tioli • • bo'" I .. ~. ., 

, 

mOlt", Ib.t ~ 01 . "" ",,' u,al (r..." ~ 0) Rou", 2..0' A,', ,, C<:>n-,,.,,O<l S. 
boond&'Y ""nd~""" .. , •• dly veri- ..., p ...." £ .... 

, , 



," .......... .. , .. __ ...... 
lied ~h boundary condO",." inv""'. "'" .... lun<!'" ovalualod . , I flo 
_ . _ 0 _"". - If, Th. va' .. I ..... ~ _ioog tho b,> , ,, 

IiM . Pov ' !',,'" ';" 

Tho '., .. , ... ·.,·"""".nl _ ng SI,"., . ... ,11>' int.g<al lNdo '" 

~'U • t (liM)' "" . 1"',,' { ... ' " "" . p',,' l 
O ./"EI EI '" L EI2 

P. ,' EI. 

" 

12.3~7) 

12.398) 

IHOO) 

12.401) 

.., by lho neutral oquilib,ium bucI:Ir.g 0100_ P . ,'HL', r_ two 
ro .. ft . t.",.,. buc!<Jiog ""'" .ro ide ... ",.1 !>eco.u • • OM .... octIy oq"'" to 
EI,\o" tm>u~ tho Ion¢, 01 Il00 b>" • .0 lI>w_. ". oimpIy """. Iv«> 
"''''' .. " Ilia o •• cl ..,,,,, ... ,,, 'ho bucIdiog p,ob*". 

Wo eouI<1 a 'oo u .. Iho ~"" _'Wlo\um I~' T,. ffll) b",," '"'9 0Ii
torion 1>(6'VI . 0 "",,,n, .. this "'gIo·<Iogre.·ol·~ "" ... "' 

! (6'V) ' 2 ~~ t - 2P" ~ '0 (2..<02) 

Mli<n al.., ",.<10 to P _ .'B'!.' bocau .. " oaMOt be , . '" 1M buck'"g). 
N. ",. _ .. on OWtO,imot. _Iding doHocl ... !un,""", w. 

choooo .... qu ..... ,;; luno,",n 
" '~' (L -xi (2,~) 

in wnich ~ is "'" (unknown) . moMudo o! "'" b""kle, The <rit _iou. 
m.'~ o! lto is 1..-.01 ... io tn. t .. (.) .. 1Wio. Ito. _"""'" I>Outt<lory """. 
dillon of ""~ O 01 tho _, ~ O 0"" , 2L, T ... dOtt..t~ ..... 

........... __ .. __ o ........ ~ .. ... ........ "" __ ..... _ 

.... -~"' ... " .... -.- .. .... ""'-.. - ~- ..... . .. __ .. ... _ -., ... ,--_ ...... _ ..... 

.- ~""' I ......... __ " . ..... ;, ... _ ..-.". of ... _~ ___ r ... 
·_ .. _ ....... _ .oJ .... ·· I ~..,""'_ ... _ '''''_ ~ _"''' .... ,.,..,....._ ... , ....... _-_ ... _-_ ....... ,""-
... __ ~ .. _~ .... , nOI . "'-'-'J .. ... 

, , • 



IN, ~~(l - 2.) (2.404) 
1N,, _ _ ,u (2 .4M) 

Tho. .. aria''''' in """", •• , • • ch .rod .r • .,.U41 in mago>ilodo ond _ •• 

in 0i0;In • • _;On 10 too .,~"" lor . b""~I;"y dOI"'<t"" "'.t" .ym 
""'''''' obou' IN b.v mi<j.~. Tho! I"" _ ",",iv.W. ". <onsto", 
oq,~it •• COI'tSIanl .. ~rial;on in 0\0<'1\0,,1 .lOng IN W, ~ It , .. 
0000 ,,-. " . """" 'Oa' to. """'''00 in """" •• " mu,l W .ofO bo<ou" 
01 tho p in ""; ._. _or, _ lc MW t"" "", .. I •• rlatOO n "'.om_ 
!>a • • ma.imum ... w <>1 m<l·_n, .., tho v .. """., in momom it On · 
prnporty ,o"", .. nto<! tl\rougl'lout ' M hot M1h "'i. _"' ..... ling iLll'lCtio>n. 
Tho only ION .. ", ... ;,ty . ",,," ,. 1 """odory oondiI"'""!he va,"'';''._ 
;"· .."m . .. "on<lib,,". b .. 1110«1 is ;"deod onlt ono ".rur. 1 boundlt'Y """. 
,*"", "" _ , ... '" .... ""nnol P<»Ol>Iy i/O' .,. ""'_ "",",inn. 

Sub>Uule 11>0 deffl.t~ ... 01 Ill. <lo!""_ in 'M ... ';.'ion-in-<" ..... -
,"",·M...:I bonding .......... ,~ "p'osoOon , ~q",,""" (:!_37~1 to QOt 

;;.'u. -t EIIN!, "" - 4£1 ~'L' "" . _Ell"" 12.40E) 

Tho _ ond •• ,,,,tion in mombran. oI' '''"'''''VY ""ring bu<kling" 

-, r. ' r' , 'PL'~' ~U ... -PJo 1w,"" ~ -P"'.10 (1. -4",, +4, )<Ix . - 3 12.407) 

TIHI". by tho .... ",1..,.. __ l>ucl<finll emerion, 

pm 12 £1 12 ,WI') 

" M ornatllloly, b'f 'M adj..,on, OG"ilbtium bu<k~ "ra.rIo n 0(3·~ I . O , 

d j.'~ 1 . 2[4~ 'l _ liL> 1' . 0 IHog) 
<1.\ 3 .r 

II'M'I "n,," lot ""n,o",'" 1'0"'.,. ......... "" buck .... g). 

12 .410) 

TIK> "'" bucklng <moria yield O:Io<I,,,,,,I.-b in 1hio ",amplo. Tho "p' 
pm.< ...... bucUnoj IMd .. abou' 20% g oa'ot than ltIo ""","" ooI,,", n nl 

12.411 ) 

n • • ~t""""' ... i h 'h •• """ ..,kJlloo ",1<>hI "'" be . """,,0<1 to be 
gOOd in.- '" ""n" """"_ nl, ... ,,,,,, ..... liOn-j"~OIu r. b0und
ary "on,''',n, . ' MCII otld. As a manor '" lao', II1II o"""'n <!oI1..,1ion 
luoc!bn _ ~ _om ,_"",bn In '"".,"'- .tId ho""o "" nota", 
""'n"'n in """""'" ak>ng 'ho ~', In add,loo 10 .101.,100 01 II1II .. ,"", I 
.,.,.,no:Ia')' Q:)I'Idd",o 01 'oro ...... Iion in m,,,o",,' a' 'M ""do. "'" •• I'oclloo 
It",o' "", _jou"" don "'" .. tiel-; ttl. _oming ditI.,.ntia' _100. 
N.,,_ ...... 'n" appro>< ...... bocldin9 IMd .. <>Illy 20% too high 

, , 



"0 ............ , .. __ ...... 

W~h ,h. va"."_"""''''''''' toenok>jj " .... _ "'<IIraI 

~'U . _, _ ,_ <Ix .~ r (l'.' _ 2l.' U')<Ix . L~ 12.~12) t OM' _" c ' " 
o EI EI J" :JOEl 

tho """". 1 oquo",",,", _ng ,01. """ I ..... 10 f> . IQEI'L' "",",h " 
onI\I1.5% dbo • • ' M "dC' oMJIion _. "", .. !i&aclion 0/ "'" "",ural _<KIa,.,. """"'"'"_ 

So I ••. our ~.I .. >de"". ~ .. . oOlied La~" prool Ih . 1 'M 
••• ia'io.· ..... """,." bendir>g ...... "_W """gr. I .. _., . mOM "". 
cu,". bucking load lhan <100. ,h . .... riotion-.. -c ...... ''''. b.~ so ,.in 
..... IIY "'10",,", « -23). _ . vO . .... "'I. 010 ... .... va''''ion-'''-cu'''.I",O 
;"" ",0 1 w.s far •• sie. to .. " . _ . ''''" ttro .. ,Io'ion-" -mom. nt "" ognol. 

2.8.2.4 8ucki~ of an ...... ,Iy Co"p._ FI.ed-I' ..... Bar 

For on . . .. 1Iy '0 ...... _ "'" I;,;ed . 1 .. _ 000 1<0 • • 1 tho 
_ on<! as in FOg",. 2· . 8 . • MOIO oompli< • • od problem .' ..... 1IoM lor 
!I>o pinned·pin,ed bd. in 'ho ~.g.....,,;on. Sp<rcifIcoI1. ,W<> oo"ral boo_,.,. ~ion. 0" _.d a, 'ho I, •• e<d OM ~ 0 ood OS. 0 ~, ,· l. Too • • ,ho,o ... more poWb .. pla<;oo 10 go """"g" "'" """""j
ma'"" bocklhll <!o1loclion lunctlon. The geornoUio _ry oondi't"",. 
a,. 110. C aod h • • C ., , ... ' i,teI ohd ( • • L). It _ 1>0 "" """" I •• 
'Oo' • buckliog dollec!ion .ppro.""" ion ",tMch i. ' M • • ac' soUlion. , .• .. 

12.4 I l ) 

.. t.oo "'-' ",ed in ,'" v.,io.'ion'''' •• n. ,w 
lnI. g .. .. 0/ t!>o R. y'oigh Molh<rd Io.do 10 
' M •• 0<1 _g load 01 f> ~ (" I.JE ll' 
,""" Soc1ion 2.2.4 on 1"'1/0 ~!. 

N • .., . ..... p<r><_ t •• 00 a dofloc1ion 
_,,, ;,,,.,",. lor. ,antilovor _m ,~.1 io 
.... "..,... .. Iy _ ~t I~o /ro •• nd (;. 0 .. ~n 
"" __ loti. "'" ~ b"""'ln;I tH-
_Jon. b<.O ~uI'" tho "IU .. ~' m. 001-
"'ion . .. 00"",""" .... iIo. )' , 

0. . 4>r (lL _ 0) 
~. 

12.4\0 ) 

• 

, 

F9)'" " ... ~,1oOy Lo<r .. d 
FI ... ..... ~ 

'" " hloh " r. ,h. b"" . ... ~ __ "" amp'"""" a ' 'hO ,_ aoo ,;y.,,, •• ot t!>o 0"'""'9 oppm.;"'a, ion oro 
TI>o do _ 

h , . :' (2)l _ , ' ) 

bI,, _ ~~ (l _ . ) 

3..~ . - ~_ 

12_.'5) 

12"'6) 

12.4 17) 

, , • 



_.upon "'. Db .. ",. ,ha, ,h. _mollie: bouodory condiIi<>M .. , ho 
II,"" .oo IX E 01 a,~ ... 1I<1itd .•• tnav mu&I bt '0< ' .. ,p~x,","1ion '0 
bt ""0.1"_. Mor_Of. 'ho .. , .... 1 _ndory condilloo1 ~ ~ 0 ., , ho 
If .. end (l< . II io a!t:o .. ".Iitd. He ......... , 'ho o<h., ... " .... , tI<>Ur'Idory 
oondih"n 01 &S • 0 ot ... _ , ... . "" • ,..,. .. rislitd (OO"t _ w. h ••• 
oxpected f to bt .,'islied I>o<ou .. wo cl'loso u a dol""""," Iunclion 0 .. 
!ho' "" .... ,""" . tea ......... I"",o """y oppt;od ot 'hoi",. ~OO!I 

H " ..... ",-" . ,ho ,a,lIIlion·ln-CU1V8'"'. be<rlrtg &I,a'" . .. ,gy ..... 
!JI'I I •• w.1 ao b'U., .oo .ppl\' ........... "" oquijOrium buckling 0",,,",,,". 

ttton ... lind P _ 2.60E''L' wlh no . rro, of • .3% Ilbov. tho .xact ooIution 

::';/~'~Il:. ~'t ~ ::~o!~~~!:~:~",=;;n~~~ .... " 
" w. OM Ih. Q_'i< b""' ""';t doI_ 'W.o,"".tio" 

•• 
...... """ tho .. ' .... Iiv . . ... 

0., .?_. IZ.4' P) 

"''' -'; , 
6'", . 0 12,42' ) 

AII'I", ,h. woomo'ric: bouOOory <0000;"'. at ,Ito lixod ond 0' . .. ,wied 
'" ". _'" .." hav •• "",. _ Ih .. _On,,.,., , At. "'. I, •• end. 
".iIItor n.'"",' bourKIory condl;", • "".'ied. In 1acI. ,h. v~riolion " 
momonlto ;~Iied to be <0...."., OVe , tho .....,.. Io"ijlh 01 tho ba,. n Ia¢I 

in oontr._n ., oimpIo slot"" to< tho f"'«I-', .. t>o,. How"'''. thio 
buc~9 doltoelio" ",m .. m,m ttto OGu. lbr1um "" .... ion 10, • I~"-,,". 
t.\, ot.C>jocted to • mom .... Itt tho " .., 000, so M ~ 0 and honco !iId ~ O, 

"w, "".''''''' 'ht '.""'''"~n-w''3tu,. ~ .. , . ... t o"'IIY ....... 
gral "" wol •• 6'U", .nd thoo apply , . " M"" . I oqu, obr1um btICkling «I· 
to rion " . tIOI P _ ~E I l' "Ilie:h it 2 •. 5% • .,.,.... ,,,. .uct """';", 01 
p. (';> '4IE~'L· . M m.t ... !)', . 'I' USO lito •• ,iol;",-it! -tnOmonl be.-g 
W'''' .... rw In,-I, Ihon "'. \10' Ii . 2_SOE"L' which II 0<11\'1.3% 1Iion_ 
/o,ppo.,entl\'_ .. t"'"o"ing noitho, n",,,,,,1 _odory con<Mion ... <1> to 10 .. 
"""U'8'e ",sub thon ( "0 ... bol~ <>nO 01 Iho two ""'",al _ndary c0n

ditions, 'VIIh boI~ buc ' ing dolloclion _PJl"""imol.",O, lito •• , . t;"'-O>
"">to",,, boondIng "",In . n.rw ru9'. ' .' ... y. 100 .. 10 boKe< , • • "10 11100 
tho ,aM,;",-it!""UNa' LItO bending .train .,""~ In'egtlIl. 

No'. ,h.ol '" ~ E' ' .. 10'." df1!.,.n". ' ""","'ion _orMtg .... buckin; 
_ulb/lne • • pproac:I> th.ol "'0 f . .. studied" __ 2.2. Tlwlt ". wo 
...,., know." untl ". &<>Iv. lito d". .. ntiol ~tk>n ", . EI • .,- How-
..... , I w. m. k • • n .w«aima''''n 10 tho bu<~ling doIloclion ( ..... ,1\' .00 
Plo .. rnably l in ' .. """"ont .""o .. ion '" '0 "'- <Ut'II . ........ dllerOt"l-
ti.'",n 01 <N. tIton w. "",k. jo<oI ouch .ppro. im ' '''no In lito R.y.igh "'.!hod . .., 1>1.1 II "'" eq .... 11O Elo.., but it .,....,. 4n ."",o, On"lion_ 

, , 



,1> ..... ..... .. , .. __ ...... 

by ,n. Rayloiglo M .. _ 
"" •• n "'" _ _ ...... d ... ...",. "" "'"" 
"'-vi' in1<>gr.11o io <IoIl._. F"r a bocU"'1l problom "I~ two d .... _ 
""'"'a' bo u"dory .".,.,.,.", ••• ,~ .• "'" '~ooj.h. bor. _ lwo . p. 
proxim. rion. ar. " d . blo , .o<~ oaWyiroy only "n . oj "'" ,.., ""0",1 _ry """"""no ..... "'" ,,,. .. ro. 0 ,," a. '". <>Ih.,. *PI'''''i'''''' ...... 
No cIo. r ... ,. ",ont ""n too "",do """'" """'" '" tho ,..., .WO, .... t,,". 
_ to In_ ...". ' 00 ' ''''' b ""k~ .,.d. p...,.". "''''Y~ ,h. """. 
co"",I ... ,o,; nO'LlIai __ oy coMilJon {!IS _ 0) w.<>IAd Iu d 10 "'" ... nor 
an ....... '" po'""p' tn" 10" .. --0","' W _0 (IN" _ 0) 00""'.'", wo , ", 

, , • 
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,.. .... ........ , .. __ ...... 
:u.z.s Summ. ry 

n o. p",b_~ln9 p""'odu .. o. " ,.tull". , ho R'Ylo!\Ih M. ,hod, 

I . kIon'ly Iho 1I."",,,tri<: bouodory """"'ion> .rod .. , ..... 1 __ ry cor>""ion. o! ' M b""k"g proolom . 
2 . S'1o<! on _.Im,,",g ,uncn"" ,n ..... ""' .... 'o. "",Ol ·-"'" 

",,'u,. 1 _0)' ",,_ion. I''';' ,,' eou ........ ~ .. _ " . ,o. goo. 
omolri<: boundary <X>OO>iIiono; "tho ....... . Y"" ... "'" wor' ing 'M """'0<' p ...... io.1 probIomJ . Car. t"", .. am". oecn ""'-"<10,.,. <oMi· 
,;.,., -"'t.<l with 'o. "1'1'""",.tin9 """";.,." , nd """'P""" 'h, 
__ ,.,. oorod~jo.n 01 , ho ' pp"",i",.1io., '" ,ho, o!"' . oc' u.1 bor . • 
""' .. .. ,,,,I btouOOo.,.,. ro __ ." ..,,;,r_ you ' " "'.''''11 ,ho 
'"""'\/ p/JY,""I problom to , ..... , d. !I'" Ih.o., I.r ,ho goo",",';" _ndo,.,. 00 __ . Th. moo, n""",1 _,.,. <:<>n<jt""'s .... ),-
hod, 'M me ... """ur8" "'" solot.", Ibu, .,on ,1>1 ,,",'ut.1 _ndo,.,. 
0<:1<Id0tl0,," . .. "'lsi ..... ,h. ,h, .. or i. "'" p~ u"I0 ... ,.., dII.,· 
. ",.,1 oquo'''''' ;s .100 .."i>/--.u. iS5<J' "'" .<!dr.""'" In tM 
R.yloigh M, II>od). 

3 . U .. 'h • .-.<lotion-l,·morn,", .or>ding Ol roin . n. ,go,' .""",.cn o. ~ 
inll in h. ' .... .,. """" """"',,, ' .... n Ih ...... 'ion ... -wo-..' ..... . ~ 
proadI. It you "'" ••• ""ion·in·cu","' U" opproacll bocouw ' M 
Integral in , ... ,.<laOO,, ·in"""""h' approa'h" roo d:flioul ,,, ",.Iu_ 

." . '"on ....... Ihot tn •• ""r 10 oom. ' i", .... ~""~ 11'''''.'. 
4. M., . .. p<>SSibio r«lucIions ollho --.1 probIom y<>u ooIv. ' 0 

comp'" ,"iIh Ih .... OO_n. fo< ..-. ol ' M go" .ral prrolom. 
c o<h I."""blo com ... ri."," mddo ",ado,." 10 th , ' 1'1''"' ;''''' ' 001-
ution '0 ,~ . go , ,,,1 probl, ,,,. My _1'0'_ """'I""-rioon " . " .. 
donco ,hat , n om>< . . .... In "'" opp.o . ...... ..,Tution '" ' ho II"ne,al 
_"'. Tn;. 10"""";";' ol _.,. 10 . ",,'"'"-blo 10 ""'ry goon, .. 1 
proIl"'m you """,.1 

NolO ,n., ..... c. n _ tI>o or"" i" , Ravlolgh Mo'hod ","uOOn 0/11)-' 
~ ....... ~ ~"" .. Ih' ... <ll11>IvIionJ Tho' 10, .... "_ 'h" R" lo jgh 1.1_ in.~, o'uolion in ,,~i<;h w, <OUk! 0'1 .... , . its ."<KIiv, n . .. 
aoo ....... oI>\' 1M" about's ehara<,_ .. 1-10"."". In goon".I. ""'''~ 
1>01 bo in ..,00 on ...... blo po._1 W.,,"u' ~""~ ,h ... aot oolotOO!'l. 
!IHr on.,. common .. wo can ""'''' 00 ""lotion """u""-y or. 'NIt (II • 
~ Royloi¢' a ppro. Ima,"" Io. ds '" • bock~g load 'ha' is "" ""IIh 
by In u"I<»o,," ._, (Ind '''',olot. is ~'''''o ""On"'" ",. 
do~. ba'l, 121 Ih' _ """'\O>g Io.~ .... Ol>(.in 'rom .. " , .. I 
~Ioigh .1'1'<" ..... _. i. , 110 cloM .. '" ,~ •• xacl.., ... ioo , 000 (3) 'ho 
""". ",u",~1 __ ,.,. ooo,1<1on$ "'''''iod. ,n. moo. 'e<",~" 'M Ray
oo;gn 1.1.,,,,,,, .. lotion. Boyon<! ""'" th, .. "'"''''On'" .... . OV. "" 0 .. 
..... ,.,N. Th.s . ...... " oa·mot",.,od 10 mo"" many compo"""', 
""'" I<»o~'YI ",,"'ion. as -"'" so w. can 10.", ""' .. ,b<KJ! oow ... . 
tIto Aoyloog/l l.l. thod """"". Arid. WoO c.n.Ioo " " "pooYrl" '" to • • o#V 
"'" .... .,..... "'porlont c"",,,ooo,*'" aoo "'""'" ot Iho A.yIo9» Moth · 
od ""ioh "e no"e dioc.ssod atfl su",,,,,,, izod in Figowo 2-1g. Rocoll 1M' 
in "" ca ... can "" .. " do'o""'. ,i>o buoldo ~mpIl"do. 

, , • 



A COIITHJDU. ",e"A":AC OYOTUO """ 
... _. HIJ"BUI O' DOO.' .. O' '"EEOOOl 

APPI"""'''''''' 

""A"SACK, """"""'" ACCURACY '''''"" _ .. ACT lI<ICXUOO '.AD) 

"..,."., ..... "', • ......., ......... """'0""," "uor UTISF. "'" G"",","'" 
IIO<II<OA"' COODlOOllI I"",T soumC" II ""." OCCU"A •• 

, .... a._. 
.... 

" .... "' ...... """"DAIlY COOOTlOt<S A ... ..., ...... n.OI 

Fi7J •• , ... CM .otI •• "", of "'" •• , Iolg> Il10...,. 

........ ' • • " 1OEI.'-' ...... .., .... _. _ ___ ~ ~ __ ... , .... __ ~_ ..... _ ...... _ .. _.o! ... ,,_ 
.. - ................ --....... ;, ... · ~(I. · . I . "_ .... , ... ( .. ""' ........... ___ .. '-_ a ">I ..... ., ... 
"'''' ""'''''' .... '" ..... ,.., --..... "'" r.': • .-....... ... u ..... , _ ........ _ "'_ .. . I~"'-... I"- • • , ...... ...... 
_ ..... _ .... .. ...... H O UOO """' ........ ...,., . .,.....". .. __ ... _ .......... _ .. _ .................. -.,. 
~:. -::: .::::.= ";..~ ",,,:,:,;:,~, :;.. ::.~:~ =:.-::.... 
,, __ .. ,_.-. u ......... " ..... _ ....... . .. .... ,OIl-

_ .. ..- . , .... ..., ... ... ....,..,. ...... _ .. _ r"' """' ....... ~ _ ..... - ........... -........ _, 
u .. ... ...... _~_<>mo ... • • _ ~ ... -,... •• _._ "'" ... ---_-..._0,.,( ... ';:, .. ) ,,_ ........ ..-,. .......... """-.. .. ... --~-.... 

2.!i.3 The Rayleigh-RitE Method 

.. oatur.1 On""",. "",", of III. a.x" " "'Y of 1M _,maIO _king 
_;,. """ ;nO<1 l>y ~ing ""' .. I~' " ono byc~1o "",-"" "1'
prox_ lion III a ' ''' 0. Tho A~, Me'hod .. 0. "".olo!>e<l by Wa lther Aitz 
4'~7""'_) wt.o oj(O<1 01 """>om",,,,, ot on u~ '00_ Ho Pf<IfIO$<Od on 
inI .. ~e .. , .... o( 'DI>'<""'O~ "",lOCI",, , _ '""" 10 I.eol " mOehOn;c.1 
oy""m wlh On .. r .. le """,bOf'" <!o-g<_ of ,_ [2 -2Z~ 

~ •• I -\ I,4') ·.I1 1 , lx ) .~ I'('I ~ . 12,.22) ,-, 
.. wtMch lIle \Ix) oal;,jy th/o gooomellic _ _ ,.,. 000<11..." ... , IlOl MC
.... , 1Iy ' M nat"",1 _ _ ,.,. condilDM. n o 1,(' 1 <><><Ad be ,<Igono ..... .., ,",,,,t_ o ... 0 Fo",'" ...... , .... : 

~ ~, , "", . 2 .. 
&. . ~ ........ l . , , "'" l '~.'" l ,-, 

n o .Pp""' .... ,in9 ',,,,,""no ",y" be d ll1 .... ,ioblo to bo.-. .... .. 
tho at,,", 0" 0'9)" ... ogo-olo 10 """""at to Iho Rayloigh ~.\hod, ... 10,_ 
matio. obout '0 0 o."",acy 01 tho oo/u",," io ovolablo t.J consido ... g 
""'"' ond '"""" 10""';" tho inti . ...... on<l obso"'in9 '00 <h.>r.go '" 1M 

, , • 



". .... ........ , .. __ ...... 
, ...... , 110~·_. 'n" hi ...... ' 01 "'",,"'n, "" ... ,,. com",..,.. , .• .. 11 
muO! ". capable of """ ... oong "'" och, .. , ",,""ion. COmolOtono .. 
gu,,,, ",, ... unl!o<m oo"'. rgono:e and intotel>orogNloiloly 01 .. mm ..... 
• nd "" 00"''''''.' " ... .. din_"'"'~;WY , ., ~it., ... , ....... 11 u •• _"iIy, '11"" .... io noI oomp"". , •. ~, 11 noId'. rmo oiaolnl""' . ... ... 
a,. uO«!). ''''n awo, .... """"_"". 10 an incorrO<l a"'MI' is poso;bIo. 
0.. d on ...,., ..... , ......... uurd. Ih. " ,."""' ... ".r! ..... laI ..... .. "'" 
• • 10;1, OQ ' '''' wrong ""Ow. , .. obi....... F", """",,", " 0 "" 611 . ...... ' ...... 
im. ~ .. , .... como .... "" • • , om corw. rg<>n<O 0/ Fou ,'" ......... con, uR 
lobi .. [2.241 0, BtoWn and Coo","'" [2.25[_ 

Th. p~ I", ,n. R.ylo;9'<·A~, ~_ io. ~ f<>< """ ........ 
i<l<!ntic<!lto Iha, 10' "'" Roj1. igh 1.101_. na' ...... .... . n _ro.i""" . 
_Q d.'It<tion r ..... "" 10 calc"" , • • 11 .. , 'ho "., .. ,In"·In·""""O"'· 
t>o._ bending "',a", _ <,,""g. , ,,", """"'" Wring I>ud<Jif>g 

fu ~ 1'~1.I)' d. 12..424) . " • 

12_425) 

a rod ~ odd ,~" oecorod "8' .. ,,,,, olll'le "",mOOrn" " .. '" erre,1IY ch. ng" 
Ii>a' OC<U to d' ''knQ hue . iny 

5~U,"~ tij.r..:a.~ - (ji~:a. 12.428) 

'" 9'" 'ho ..,.,.,.1 _ood y .... ,"" 01 ,"" '0141 poto"h., GO~~. ~2V 1_.0" 
"",ed In "'" "riona..,. oqulilltkrrn " " 0), .nd U>tn .... . . ~ V _ .... 
tJooo..,. kn ' '''It<Ija.o"", oqu;Urnum m~1hod 10100 "'" nof!lz 0.-. ....... ) 

6(o'Vf . (I 12 .• 27) 

"" ""0 in II><> "o.n.1 oqu;~rium motOOd 

~'V.O 12..4281 
R«4If ',om "'. Rayleigh ~e'OOd a rod tiro <be • ...," kn S<>cIion 2.~,5.2 

ttrol lhe ~iol...:ond "8,ja, ,,,, in mo_ . n. "",in oneill)" i. mool <II>
o~ ocl"'" wo rlo. dono b1 •• ,0'''' """' .. du~"g 1>JO~1ing , EQ""';on 
(2 .4;>1;) Is a" Intogro, expr . .. "", "'" a boundory III".. Tt-•• ,." "" .. , • 
• 'ion 01 ' ho _ _ ..,.,. by . _'. """'.'0.''''''''0 on_ , ..... 0"" Ih .. t. ,m 
• p.ort 01 ,h • .., .. ilKiu", c.,,"'_, "'" 'h_ boc ...... cO"ulstJon 

n .......... dtlor.no. _ "' . RoyIoVo M",ltad ond t~. 

AayIoVo·Aill Molhad is in ,~. oppro.rc"""'ing buei<Mg _"" 'unci ...... 
"' "'" RoyIoVo·A;U 1.I.1hod. to. bPI""'_'O 'uo~-.g do_ io • '-- ._._ ........ ,...-. ............. __ ... '" 
.... 11>' _ .... """' ...... __ . .. .- ...... "'"' . ... " _ ..... '" 

""~, .... -... -~--- ......... --~-

, , • 



m"~iJ>Io-<legrH"", .k.4<Iom !unci .... 0/ n , a riobles. ~" A,. ", . .... 00 
~WV)~ (lmu .. 

"';111 '~e ""mIle< 01 , oro lirol partiokder1;I>l ...... """'" ' 0 ,he ,",",b.r 01 
dejj< • • • 0/ I_m. AIIe"'OI"'. Ij. ~ V. 0 ""1M. " .. , ol homogo noou, 
""ual''',. " nu"""" tQ"'" 10 I~. "umlle< 01 <IOg_' 0/ rr_. 

P,. o.umabiy . .... ,...,.,.. I"'" '" UM 'WIl>drnaling lunclion. ,1Ia, con
,. ,~ to ...... a01 """"lion •• '''' ""_ 0/ ,jogoH' 011 .. _ in , ... 
'Wo • ..,.,.,n ncre..... Union...,., • .,.. Ill_ "' ....... compo"'y .,. 
or ..... os , ... nu_ 01 dejj< ••• 01 rrHdorn IrI tho aj>pfO, rnalioo In-
0' . . .... ~_ 'ho ,,"mOo, of ~''''''IO'' ..,"' ... "' "'_a, ,,, , ... 
numbo r ol dejj< ••• 0/ I_m. ft .. Pl"4ctieal oo mpledy "' 4 ~iodo'.n<. 
to "' 0 W""'''I''oad" .. 01 ,h. Roylro;g h.RU !.IotI-...! I .. oimplo ..,,,,,;"no 
,"loblo 1o, """ in pr.~min'1)I dooi9fl . nxIio l . Typ<:aliy, Il1o Royloigh· 
Au Me,hod" " mplOyod only "'hoo Ih" ok"",,,,,, h .. -.. «,,,li9"'od in 
""",~ina l 101m and ""' ,. prtI<io& ... "",oono ol copot>;ll y . ,e boIh , . 
quAd . M josllIi«! to P'_'" do.., n tOo IN I oon~Qu,,';"". 

Foo'" FO<lflO, .. ',.. tnOOfll. I 10 ~ .. ..., .... t It>t ' unc""". 1. co • • . 
coo 2:< • . : sIn • .• 1rI 2, . ... Iom>. complole .... "lho .,1. " .1 0/ Iongt~ 
~ • . T'->, 10. 11>01 a rt capablo 01 " P'_ ir>g '''I' pioc<N.-'" con~n",,", 
I""",;"" in Il1o .... "",1. tt io "'po""", '0 n01. , ~""'"" ,,->, .. , .... .ry 
inlin"" ooq uo....,. ollunc1;"". ;. complo'. _ I only on. 0/ , ho p'OC«inQ 
tnyonomolric """"'""" 10 m;..;.,g, !h • • Il1o ooq,-",_;' not cO'"!" ... . 
Thus. in '1MorJ. 00"'. 0/ , ... ' 0.",. in such . _ .. nc. con n01 .. . .... 
to obl.t.in . aoIution "i~"' ".k 0/ I.l u ,* " ",,"v0ttl. to '~o <crr",,! '""~. 
Tha, ... pao1 0/ on in'in~ . ... ~u."'o .. not nee . .... ""' ..... a. an .p. 
pm . ..... 6on . We "Ho" ,;ok...,~ on . ,"" by <>sing <rit a 1_10"'" In ° 
OtQuo""" bt<ou" w. _uoly oonnol la , O . n " ',"",0 ""_ 011",0101 
poly"""' .... 0100 con .. M . a complet. _ 0/ fonclions. 

Fir .. , '''' <IotlooUon oppoo'''''''';'''' '" ....,.,. Ul ... in ' .. IIP",,"' __ 
_ .. ,1."",n 0' ,~. ""., polo,,;"1 . nOfV)' .'PI"_ " ( .. o k>o' od In ,ho 
prlrn. 1)I oqui lrl.nl .,a'o). n .... Iho opocla l _ valla1lon 01 '~o 'ota l 
polon!"" _ io "'dO ."" ..... " .... ,". to ,.,. .. in Ho o a djooco'" 
""uillbrium bucl<lng c"'. _ or T,.1ttz c,,"orion (or zoro in u,. ...... ", 1 
~m tluc"""g ",hlion l. ond thoo lI>e bUdding ""'" io """"" inod. 
A. more t. ""o . ro Ie"n in ,.,. butk1ir>g doI\oc1;"" appro,imotion . , ho 
0j>p10. "'.' . bucking Io&d app""",hu tho .,act buckling lOad d the ... 
rio. oj "-">ctioM .. "nlo",, ~ oon.0'9""". Boco" ... ..... to"" " PO""""" 
(Fouri. , Mrie.) .. """"..-gon' a ro:! ,,",a rep'."" on orbi,." lun(" ..... 
~ ~ ,,'m •. ~"' oo",,,,,,n.,..oed "h. n _ bouodo" <on<l/1;"" • 
• ro .. ,io(i«! by ' M s ine tone,;"". 010- "*""",,ottic 'u"",;"". a, •• 100 
U$Od .. _~nla "" Io, ",n., _" eonditions .•. g .. Founa, .. _ 
_ 0'.'. " w~" ,h. R.y~" "''''hod. w. cOor>ot "",. ",,;, .. Ih . . ..... 
, ..... '" 1~0 bucU • ...... v • • mpll udO 00111_ • . "'" in E ~u.tloo (2." 23) . .... • n ••• mpI. 0/ ,n. appIica!;"" 01 tho Ra)'loigh--RiI> ... . 100<1, do 
Problom 2 .6 .... 1 d .. oO"'OIing 'ho A.r\oiIl~ M01_ ooIution 01 ,~ • 
... me ptoblom (II"'klW>g 01 0 B. , u"",,"l .. 00-" Woigl", in _tion 2.6.". 

, , 



". .... ........ , .. __ ...... 
TM impon"n' <foaract"'~io:. 000 ....... 01 tiro R.,!oIgIr·R~' 

M_.mIr;h " 0 ,,"vo dro<rJ_ a .. ournm.arl7O<1 In Fi".". ~_W. Con
, ..... 'no R.V\O~- R i' ..... Ood wi n ' M a na_ OI\;Iract.....,,,. 01 'n" 
"""p .... Roy" "," MO'ho<t In Figura 2-49 on poge 135. 

GIV.,., A CONrffUOlJS ....,H .... O: .......... 01 " tTH AM ...... '" ""M".~ eF ~ .. S OF ,.,.oe" 
"""""""'TICH, ........,"MAT ...... """.UIIC ".''"0' .... wmo • cou........ on O' FII""T'tOHS, OUT ,",,,,,U. TIr • ..,. .......... 

NO' <>CWI.ETE) (HefC" SI'S1EM IS _0 Cem"'..,NO. 
","e ou.s """'.0 ..... eT. KIln",,,,,,, ... '00 s m ' . 
"'"OTH . """ ........ ,O.D. TOO ..... ' 

"""".'.K, ."""ERO' ''''' NOT eu .... muo ...... VOI IF CCNVDI-
<WOe! CCCOJRS, CO""ECT """"EO roc, ................. D 
,!OUO, m OIl """Y, ."ACT """.,,"" ,0.0, 

""""'0.01 ...... ' ....,., """ e ..... "'''''TICH S E' oars, "" ... FY .... E ox-
"""'OK: """"" . . .. c""""....".. (1'''''_ c""""cE,,,,' 
IF ""E H.O.TIJ.", """"0 .... C,,""""""" ...., . ........ 0) 

,_, .... cn.....,I0' ''.:s "' .... A'T~" ... ...,. 
2.11.4 Sor: kllng 01. Bar unci., , .. Own Wo~t 

A ... , In . v."""" po""" oa" .... kIo ....... b 0WiI w.;gN. "'al " 
",,",orm~ d,~.d along the bar l' Oll'h os In Fill' " 2· 51 ~ * is hoavy 
*"""fI> or ... 0"""llh_ GroeM.ill 'ru,O<I D .... , .. ,ic.1 po .... . ncI ""''''' 
(2 ,26(. cw,,, . .. ~ .. 01 our;/> bo " ... Iudo ""gpo" •• od ........ .tac ... 

Th. voriol"" In mom<mlln 'M 
bar III CI'<JM __ ron ",,00.0<1 bof 
dioIribIIt"" load q (uniklrm w.,;ghl .,.r """' .. r>gtt>, ""''''Il _1r.IO>g is 

• 
OM . L <i(~ - 6_1 <I; (2.4JO) 

In "-n,,h ~ o nd ~ . .. dr.<mm, .. ri
abIo. (~ is like _king~· 

mtnl b< """ ~ ~ ... 000_" •• ). 
T"'n. ,'" ' M bLK:kMIg dioIu<ba_ 
ow«>ach 11M _ EI 1iY ... " .... IhOl 
tho .,tegr<l_dllo",n'ia' "Guo'",, " 

" • 

, 
• 

- , 
"_ ... , IIId>"Il '" 0 V,""'" oar 

..- .. 0"" WoifI"' 

..tOo" oan bo d:rt""",.".., a rK! put Into "'.Iorm '" n .... r. diII .. ...".,1 
"G",,'Jan ( ... " "" T.,,_Iw .nd Go .. (2--6. p. 10111 ." "h"n _ 
<.0 .... , Off 1abiJ.,,,,d (f .g " Kom and Kom [2-27]1. Tho I ... , ",uk is 

12.'JZ) 

, , • 



W. now ......... Rayloligh Mol_ ,o ..,,,,10 an """,o,im.,. soIulioon. 
I. . . .... u,. """ b~ <10'_ appro. im.,ioon '''''''ioon 

Ov . ~[, - "".~] 
_h is 'ho . ,act bUclding _",n 0 ..... . '0' • ba r oubjeclod to an lVCio/ 
load ot 'he Ir •• ond. I. • .. no( 1h<J <OkJt.", lot _ ptOb_. "'" kJ, • ~i· 

ill' -...IIl. Thuo. tho _ " ., bouodo .y ."".,.., ...... 8' .... ' I,od ond 
and _ ",,'ma' """ndo", o;o<1dI!lon. a ' 'ho I, •• ond .t. ""'h "'''10<1. 
bUt .... ....,.,. ,na, ..... ""'"'ioon .. not 0(I(t0C! I>o<,U" '"0 bod"ng 0WOO' 
im. ,.", lund"" '" not _ "'" wi h" ,,,. _.-rio •. A~.". , ... " ....... 
in "", ""," .' ooy oro .. oed;'" mn" Fig"'" 2-S' .. 

W.tql ~ - M)~ 12.434) 

in -..n;ch ~ a nd ~.,. dummy ..... b ... (~ .. Iil<. Ov and i illb ' I. to 

~ . {l _ coa~] 12.~35J 
a nd w. <on ...-i.'. ~ in 'ho •• riot""-.,·"", ... ,,, 0""._'0 obIoin 

OM .~\t. [['-CO.~ ]-[1-_ -;~ ]].t; 
- ~r(L - 'J<O' " - 2L [1_oin rue II 

2L' ~L 

T". ..... 'ion·.,·"""" . n'·_ b-ending _ 0Mfgl';' 

5'u _I' (1)M)' dK . q',,'t' [ , _ g _ 321 
.o ~1 ~16~>~' 

aft .. $OI>$Ii" ,",. 01 ..... .. ,Io.ion In mom on'.nd "",,-u.,., In'ogo.lIon 
Tho bO' 10tOO 1-1, a' a"" _,ion mn oI'ho '" 10 ,no wo""" 01 ' .. ba,"""'" mn , 1 .• _. 

N, _ _ qfl_ . ) 

3'U.,. tN,,,,: d, • - qt (L - ,,..,.:, d, 

" r -- q.,'[ ~ H (l - '{'''~ do: 

-- ii ~:(! [ +-:. ] 
Thon. by mo "" .... I ""u .... 1utn bo<kto,g <rit.""n. 

( 'Il-l. _ 7.8g~} , 

12.438) 

12 .4-40) 

, , 



I.. .... . ..... .. , .. __ ...... 

lIMo -"dm ... ro ..... 10 .. !han 1% ( N ) ._. ,he e,.'" soIut....,. 
(~lJ" ~ 7.IJoEl·l ' . In Equation (2.432), Ot>.io<o>q, ,h i. aPI''''''''''''' ' ro· 
.ul i. qu~. adoq<oot. 1or uw in ~n. b .. ""'. th., w. ""MOl hnd ... 

"'to, .. tjy. ~. ,ho ".ria,"".;,,-o.o ..... hJro·b .... d b. nd""' ..... in.""'VI' 
• • P' .... m'_ , 

~'u.·r EI""~d< . EI.,'[:z't. 

_ 1'. 1 .l'[ 'J' •. 1'.1:" 
~'l ~ L' 

]'( 00>'( ~ H~l 
(2"'41) 

oft., -..Mion 01 the " .. iotion·in_n . ppro, _ T""n. u .. 
tI't . ..... '. , oqulllb,hm'l buddItog <t~""" '" goo, 

" (qL). _ 1.29 • 12.«2) , 
_.n . rro, 01 """'0 ",.n 5% IG ,4 %), co th. «llulior> mig/l1"", bo u_ 
in do"'9n . • ~ f is ou ...... I." P"."'in'!)' dMIgo . Ot>.iou.~. ,ho 
,O!;'t""'-in""u".turo-w_ bonding ~,.in . n. rgy .pP',,,oo io ..... , to 
e.leulo", 'hon 1M , . riolion·in·mom&n'·bo_ IHonding "".in "M'lIY 41" 
pro.oclo. b .. ,Iolel. 10 .. aca;ro" ,.""_. -............ 
a <.' U ... .. ~ .... "" _ _ ......... _ "'", ; .... R....-"..-......-., 

", ->,1' -_;;' ) • ..", -_~ , 

.. """ "'" _ ....... ... ..... u,"", ""' .. "" '" .. OW" ........ ThoI • • _ ... "" __ .. . _ ... ...... ... .... _ .... , ..... 

.... "" _ _ ... "", ... , ..... _ ... U,", 0 """' .... .,,01 ~ __ ....- ..... __ ... _, 
n . u .. 01 1>0,. " ith """"on' cro .. """'...., ,""'g , ..... Iongth is . 

wa .... 1 mo'_ In many .ppk. tlona. l •.• """" ..... IM ... is L-.:I lI1an 
.. " O< .... 'Y. F", • • am .... , _I ....... <Iod _nd 01 • , . rt"'l 1 .. 0<1.1,.. b ••• 
11>0 m<>rn. nt·rosisIing ""paci1y dra stic.toy ._lho, roqyirod I' _ ro· 
tJco.l)' """"II . '" <n>OS s.ct" " that """'~ ....... Ib .. "'" I~J ,""" LOCO .' !h. 1o.<Iod . nd , • • "' ..... urn.u. at tho 1~0<I ond """ bo 
_ .... \0 be . n op~mol uo. 01 m., . .. I. but i> 'l'J" _ to "","U'''''' 
tu,e_ Thus. a '1<!M'>'"," eMngoo "' b>, aD .. soclion .. often m3do t. 
e"""",,, • .... ' ... I . nd IQ _ ",onul"" uOng <U!;ou' lo •. TN. <""" \10 
""""~ """,,I~ t>y " .Idi"ll. bOlIinIl, or r"""iI>II1ldd1iono.1 pklt •• DO a ba, 
,hal 'HI mQnt be . ... """,d ." "",",. 1 .~.po . n .... lh. _oh is I., """. P'oC1lcaI than • "~od boa, in e~1 con"'""''''' prnjoct • • buI 
.""on mighl .,iI ,eq"'. " .. 01 • _od t>o, '0 . 0 ....... t~. 'Ohleo! 
posst>. 0"",,,,,.1 m._ .... . n 0pp' • • ." .... nd p,.<:tical _ .... p 
ool.rt""'. co •• _ 11>0 ,,.._.oct".!>o, in FiIIu'" 2_52 1M morn. nt 01 
....,io 01 ,h. _ r ~.'" I. I, a nd ..... t '" , ... ,, __ e n! is I,. 
TI>o modIJ_ 01 ""'''>C~ ooukI aIoo be dotl~, . .. in ,he t"" "'II'IIO n18, 

, , • 



TM o.aOl .0Mio, '" ,~o two· 
oe<;Jmon, bar I>W<IO>g ~m 10· 
vo_ molot1in11 ,~ o ooiIJoo., 10 Ihoo 
doII.,.,., .. 1 OG,",'ion, for • .ch ba, 
"111'"0" a t "'" boundo" be,WOM 
Il>e oe<;JmO,IS, 1 .. , • . f subscrlplS 
I MOd 2 '01 ... ' 0 ' M 'wo' and towo, 
00111'"0' " '"_ .... 1,0. ,M . ' ho ,"" 
doII. ,ontioi OGl>O.' iono 0'0 

~I, <--' •. • PI~ - <-- ,) 

. , 
.1"1 

, 
• • • , 
• 
• 

• 
• 

U~~_, 
la, wIIk;h, upon .ob.MLltion 01 U .. 

, , . .. , .. ,-52 ..., .. ~ ~ ....... , 
ooMla.," k , • P,EI, . nd ~, . P,EI,. _ • ""'""90 ., C«>M . .. "'" 

ao).dion 01 ,ho..., dill.""" ... """". 
tion". and UM 01 "'" __ " COn<IitIooo. 'ho char_or"'", OGU;O'''''. 

,. " k,L, to" k,L,~ ~, ' to:, 12."'5) 

_h co, be ..,~od lot .. rio., bar oro .. _ tio.,.rr<! Io'~ 
W. <;iOn .Is<> OM th. R.y~ n Met""" to obt.in "" opp""imolo 

""l.IIion. Fo, ..... plo, .... Iho.><><I don.ctio. ,"""tion lot ~""~1inII 01 
an ""lolly compo.=><! r"nd~"", bar 01 .... iI<>rm <"' .. """'ion 

12>446) 

... n OWto .... , io, 10 !tHo t1On.n'/ orm-<rr»O·OO<lion·"'" p,""lom . Th .... 
"'" goometrio too.trio" <..,<Iif_ OJ Iho fi.od ond ~nd 'ho ,..1 , ,,, 1 
bouo<Iary 000dII1OO • • 1 "'" " .. ond ... bOIh lIa'iSI_ t..l ... >.no ... lhol 
"'" -.lion it ,.,. «moot _"y" 'M buc"inll owro.Im,""n 1,00""" HI 
not Ox"",, wl hin tt.o """""", .... 

Tho ,""",",._'" ·morno , ' b.n<t;ng 01 ... " on,,'lIY" 

12 .... 7) 

, , • 



,.. .... ...... .. , .. __ ...... . , , 
l ' ..'2 . ~2 - J.- [ 2 - , 1 .... ' .... 

l l I , • I, l 

12 ..... ' 

...toic~ ;,. " n e ' P'i>it • • • ' • ...,n I<>< Ihe bvoUn. 10.><1 .. I."n' 01 Iho bar 
prop.n," The «<.'ac)' 0I 1~;" .'~."""'n I. QUM gDOd a. Ion ••• 'M 
mo." •• ts <JI 1 • • n;,. or. "'" v«y d;..;m;ta, _ O! COUf ... tho . M ..... Is 0"'" 
~ , ... """"O.IS oI l • • 'h •• ro k!o.,ic. L ~. ,ha, ~;,. Indo' ........ ,. _ .... ........ 
u ... ' ""' .. .... '-_ ____ ... ~"' ... .. ~.,"" ... ....... _ 

._ .. '''''. __ .... , .... , ... .. _ .. <_ (> .... ~ c-. 

.... ... """"'" <II ... .... '..,_'" _ .. ,,~ . ..... <,< . " ...., ., 
w ...... _ ....... "' £0 ...... '''' .. '_ 

..... Y ..... """""' ... ___ cO ."' ..... ,, ~ ... ~ ... , .......,..,. 

...-...----"~ ..... ,, ... ,-~-........ ..-.. _ "-""" .... " .... .", _~O<J w, ...... ,_..,. 

.....-. - -- ..... .., _ ...... ... _ " "'- ...... . 
2.!1.& Buckling of . ~"n-.l·Plnn-.l A.lally Comp ,"_ e . , 

.. Hh . Mid_Span Tr •• o..., .. Spri.g 

~, on ... d. lt,- I<>od ... I>or 
will1 O...-.ed endS and a ' ,a~.IiO •• 1 
In .. , ..... 10: '!>IinV " t h "'Inn .... 
". '''' '010"'11 ~ . , mid-span" '" 
f ;y. .. 2·53. W. 10.00 ,,.. .. net 
oolJlioo lor '~ is proD ....... s.ctioo 
2.2 .7 Now . .... wi •• dd, . .. ap--proolm.,. ""'"''''''' 'ha' ar . .. ,.;or 
10 .. .cui •. 

F", n ornalI &pring _n ... , "'. 

.<;"'=, ==:;;C=. ~£' ~ 
,f---L-'i:-, -'-' -I 
";g' ," 2 .... P ; ..... ---.... ..... 
..... , ....... c"""" ..... lo ... 
..." ° "'01-S , .., T" n' ....... Spor,g 

""' •• ,,' .. tho, ""' "", MIl bucI<l . .. " ~ oymmo'.;o hd ..... ·" ••• 
_. modo ""o".n" Fio<J ,. 2· '2 on pa\lO 6.2 -.,.,..Il10 haI_ . ... · 
"""'. _ p' .. ,he b""~ _ " h • • oo ",'ing"-' W. ohooId 01"" 
""_, I""" s..c.1on 2.2.8 'ho-I ~ tho ""inV ;. oIiI! enooq.. Ih<n ~ will 
<omplo'ol)' .... , ... ,"'''''''''',,. """,omo.' 8' m"hp.n so ' M' , he "". 
b<ddo-o 1010 'he _ (a"'"y""""olo) m_ 01 '''' ""~-.... _.OS-
The minim ....... "'. 01 -. ,," .oou..,- ;0"" Ofilic. , _inV atm" .... (f>at 
we ... ~. How ..... ..... -MIl lif .. ,,.,. tho oppro. i1n.,ioo 01 'no lin.",1do1 
..,0".. .. . ... ~.-dtg ,,""'~)_m FIayIoiQtJ 0 i>l>«>aCn a. f ,,,. r;p ' irIg 
"",,. _ p, .... nt: 

'" ,,~I<. " ;0 ,,,. o.,pOoI_ 01 1M I>uCkJO .. no ....... I .•.• , ... maV"_""" 
01 If>o dofloctioo 01 'ho m Oj· !.pOn &p""V. The va,;",.",·","".",.,,,,o 
bondiflg .. ",In _ 'III' ;0 

, , • 



0 00 lhe _ "arlan"" in m ombra ..... "oin 0'''111 ""'''g b"", hng is 

f L" , 'r , " U", _ _ ~1W. <b. _ _ I'.l.:,.\, eoo ':' dx _ _ i".1 ~ 12_~52J 

TO. _ ..... ,"" ... ~ Int."" 'ono,,,, 10 IS-. P""""m 2.&.6.1) 

6'U._ 'Ol' 

1Mn. by 1110 no .. rol_llibro..n b<JcIo;Iing om_n, 

-. -'1 , -' 
~ V - S U .. . S U.+6 U, - O 

~ ... ""', 
.. "'. """'mg ",.~ is 

p - 2L [~, .i ~ol - " EI [ , + 2ol' 1 
i 2L' e ~'E I 

(2.454) 

12"'~J 

(2.4S1l) 

!oJ. "hOI" <10M tIlo b<o:kling load oq." tho "'od . t lhe _ b,.;1OOg 

""""",, 1.0" "' ... ,. tho...""V is "" ,.0', 11>0, l pro.""b ' '''''''''''''' """'..-
010.' .• t>d h ...... I ... ~, b""~"'; " tho ...,0"<1 _1 ff>II ~ """'" _""lI "'" .. P - 4,..'e 'L . .., , .... , COM"ion 00<"" ,,""" 

L «I. __ 3,' EL 12.457) 

"' L' 
. "" , ... 0.11"", '.' " or tho <l><ing , "'In ... " it 

n . 0<~1o. 1..,mg """ ...... .. .,.,..'od .. ;,t, .hlo ~Io;gn ''''''''' '''01;'' 
is 1.~% ~ tho .. 0<1 ,.W 01 ..... . 1~"'E'1.· ,_ E~ .. ,1on (2.eo) 
on pIg. 65. 1"",",111& ..... Ito WOIJId be. do_ Ino in F"",. 2·14 on 
"'[10 65 .... ~ ''''''' P _ .'Hl' .... go;..g kI • v.luo '" 0 .... 'M" ,ho 
• • eel ""' . '~"'Hl' ., p • • .'nL'. TI>o .... """' ....... b""o,t;ny 1<>."" 
a r."Iways IOgho , 'ho. , he • • "'" Inuits in FI<,ju<o 2 · 14 .•• w. wookl 
~._t. Note that r<>quiMg 0. 10 "" 110 high '~at th41 bar buc:klK 10", th41 
...,.,nd bu,1<~ modo m.,.n. ""', ..... bu,klo .". f>O " tor from "' . ... ~ . 
.... """. tflo ' "". iniblt lll' osou mod. 
_ ....... a • ... , -... -- ..... -..... "' ... ~ ... ... -.... ...... -...... -_ .. .. , ..• _-<> .. ... , •.•• u ..... _~ __ ..... _ _ .... """'''an ... 

..... """" .................... '" ... -- ..... ..... """-. .......... -., ""-0 ... _ ... _ .. """"",., , ...... u 
, .... v ..... _""' ........... . ............ _""" ...... ..... "' ... ..-....... ___ ._..- , ............... Wh"~". """" __ " 

, , 



,.. .... ...... .. , .. __ ...... 
:U .7 Summa ry 

n . ditott ''''' 'VI' __ of R.)~h . M Ray»lgl1.RiU . , • ••. 
w noiv. 1y dooc_ . M ","", ,,.od 10 p'o .... ba<kg«oU11d 10. fu~~ 
prob_ ooIving ;., po;oblom. 10, "",",h lh. dIirf .. onNI . qu.lion, . nd t~o~ 
boondary condition. "'" too Iormidoblo '" too owkward '" ..,~ •. 10 such 
c . .... tho .ori>1 ..... ;., ""o;n . ... <vI' ;"~I> oro to",," .. '" ond '0f00 t. 
use. and can toe .<cu'a" I <e<lain lI"idel~ .,. loIoW«l. T". "" m. 
""'11>" In '~10 and l>uck)"~ C<ito," 0 .. ","", ;" both .... nod •. boJ, tn. "'_g .. M. 0'. doH. tont boco"", of Il>o oppro' '''o'''''' 10'0...-..:1. TO. 
flaylo"", .... _ ",o~ .. . ""vIo-<le?" .... H'_ OOOoo, i..,..lion to 
, .. ba, buckling 110110<:1100 -. .. 11>0 Ro)Ioioh· R ~z M. U, .. <I In.ot." . 
mu • .,I0~ .. -ot-h __ o''''a,'''' ~,om ....., dogt_ 01 koodorn 
~WOO"d • • ,.-.,ro I .. m •• ro ..... " .. 11>0 ,01 01 fu,,","'" o_nl, l h • 
• orious gudohn .. ......... tho •• rio'ion· .. ·...,.. .... . "' .... ,he •• ,,,,,100· .. """",.IUr. tH1nlling .. ", ", ''''11>" o<prO_o . .. ' istacoion 01 lito 51""" 
"",oh" """"""oy ~n. (~ 'h. y .,. "'" .. Iiol,"" , then \"<'" oro 
trooto:>g tho """'IIOhyo",,1 probIom), ~ _.010>0 01 tho ",,'" ral 
boondary <o>f\d~ioM (I 'h.y ~r . .. lisfied. ""'poet "'. Ravloigh 0j>p10X;' 
"",tiDn tD boo boo" ... nd .. ..", tho con," '9""" 0' tho Raylo;IJh·R;u 
M.d1Od \0 b. [ ..... r). \YOlo 100'" motl>o<lo. lh. owro,imal' 100<1 io _ .... y. 
olbovo tho .,"'" buckling bad -..u," tho Iowor "",,,bOl 01 dog .... 01 It_ 10 lho OW"",;maUcns tMn in tho , .. I. """,.,..,.,. moch.nal 
s y51em wtto.n inI.-otO numOt, 01 <l<gree> 01 ,,_ 1>'O'< ..... n on
no.lu,.t oon.".'" "" ,h. "'''"",. I>enoo hlgl:>e, en" lI>", 

5_ "" OOIC"Io'. _ .... 1 (hIIe' .... a1'l'0».1"""10 bu<k>r>g loa'" 
by "koll _.,al <W1o_ Roylt"'" bu<~",,~ tIOlIKlion 0l'l'"""imal_ 
Then. the low . .. b_G load 01 'he G""'P Is .... c_ '" 'ho "'.'" 
ooUtion and io tho,olo .. tho "PIl",xima'ion \0 .... .. dKIgn_ S",.,.,.. no 
....... oomlOl1Bblt do,,*,,"G on tOt u""""",,,,,'IY. _. b,' "' . ,. Ie 
oimply no .... y,., Iin<l. ·conoo"'atlYo l\aj1oigh buc~ling Iood". _ ..... 
we oro .tiI at a d;"""on,"\1* in Msign boca uM w. -., know I>ow 
",,,,,h bigho' ", • • ppm.mo,. "",,1<1;"9 bod ;. Ihan 'h • • • oc' .. .., ..... 
11oio ci,eum"'"", 01 dosq,ing '0 on """"","",a'lY • • alue of toD<I ;, 
_I, Kin. ba, " ""'" CI""",t .. 'ho Olt""''''' Oting <lO>9lod, an aceu· 
'", ... alLia' .... ;, roqu;,.d. n .... Ih. Ra,IoiIJh·RiU Motl-o>d _ bo 
_plOy,," (0' _. lOt diIIe,"ntill' _100" OUbject 10 Ih. boondory 
e<>rMf'Ioo,,- or u ... nu","ricat 'ochnquo """h .0 tlole .1Mo. nto) wh .. oin 
• _uo"". ot . ppro,,,,,. tion 'undlon, u .... gIv • • an Ind "",ion 01 ",,"_ 
'Ofll<"'" to tM ... ot bucUng 10.<1 ~ ."""'IfIll.1m'.ro "H<!. ~~""" "" 
tOO RIIylt;gh-A~z 1o<Id;' .. _ .1>("" lho " ",," """Un .. Iood, I ,. , • ...-.:on
so ",awo, _ oI>oulO too .... blo 10< ".. in dosiIIn bocau .. lis <10 .. 10 tho 
.. ><1 """iCOng load. Not. t .. , 11," ~ay~ 1.1 .. """ might bO qui:< ouI!
.... ""' on ~ning. b., ., tho prolim ... ')' dolign ".\1* 0' a"''''''"" 
(w'" Imp"","" co""'._. un<>orta"n at a 10 ... ".\1*" doslgnJ 

S .... .,.I opec'" proIolom • .,. ,,,,,,,0<1 -ril> Iho n.".Io;gto M. ,,,,,,, '0 
iI ...... nd. ,.,. p""**"" •• " .1 •• 10 via ....... .y.;.~.n' ...... . Som. 
01 tho p_."" _od oro uwfut .. _oIoping cmoria or guidolin .. 1or 
problom ooIving wilh both """,",''''''. "'. _ 

, , • 



2.1 EffECT Of TRANSVERSE SHEAR STiffNESS 
ON BUCKLtlO 01' BARS 

2.7.1 InlrodU<1ion 

In ..... __ lion • • tI>o ofIoct 01 tI>o t"' ...... ... . ~ • • , "iff .... on 
Ihol>ld<lino;l PfOC." 10 .. no~lecIod, W. wil ... "'n. """ nIkIoneo 01 
"""""o,oe """'" o'illno .. on boam dolleo:tioo ond. '~.n, on ba, b"''''''g 
_ f ... by 0 6fto,..,I"1 O<l"tion '''''IDQ<~ 0.0 ' hon by on .n .. gy 
OW'o.o~, W. IIMoId . nl;,;p.lo ;"cr .. oe<I boom dolle<t .... . od <100-
c," _ btu bucl<l;"g !Oado ,,"-n ' ''n,;v._ "'eo, O!toct. ~'" ioCludoO<I, 

2.7.2 Dillennitol Equotlon App,oach to EIIecI 01 lranove, .. SII .... 
on D.tIec1lon 01 an Encl-loM»d C.nl~ ••• , Boam 

lM dol:OO<tIon. 01 "' __ If __ , bo.m • ... mo,. ,"'" 
.doqu&tolf "0.10<1 by ..... 01 _g t~oo'Y .1oM. How""o,. W 'M boam 
.. !lOt "'odo" •. g .. 'M boam" ooon .nd d ... ~ (t~id<) . o~o., dolor ... • 
tJonooa n .. on _""'0 ' .. total bu." aot"""_. 01 ""u .... , ... .... 
ing "',,,,, .,,. cau_ ".""atu,o ", "'" nou''''' """"",, 01 a bo.m "'""" , .. , 

w. wil irwe";g.u. tI>o <Iolloc!ioo 01 , ... nd·_ C4II<lIo"., lHIom in 
figu'. 2-~ <au..,.j by b<>1h bO"""'9 momont _ P, . a nd . h •• , "'re., P. 

Th. "O"'*'Ii dolo",",.", of """ '-''" "odo, 'ho ...... 1 p,"","ol"" 
lhol plor>e 0«>$0 _no ,.mein olano "lid., ,"- ~ •• rIy "'rf<'v ""'me~ 
is ,""wn in Fill"" 2·55.0. Noto '~a' tn. """'01",. is ~~ 01 """ fi,od 
OIJpport wIlo,o tI>o ,"<>mon' is lo'lI"". ond both cur.-","!e ond mom_ 
go I<> '0'" as """ _m ond to appn>I1c1>od Fo<. 0.0,..10,., bo.m sub· 
;.<loci to ~ ... ,., .. '0'00, P . w........,, !<>tO. ;oeonsu.n" .nd 1 .. , • ..n. 
"'II_, ... t"" ........ n .. figr..-o 2-~, Noto 1M' ,~ .,. 10 "" .... , 
"'ass. hence , "" ohM ' .... in.' t .. Ie!>.nd boItom 01 ' M boam . 1M "'.0, .. , ... , "-.c. .• ~."' ",.In, " ~fTOWfI '" v''Y 'lTroug/1 tire depth 01 
ttl. _m. and ' ''"''' both ao_ • ma.o:im"", at t .. o. nuoid 01 ,~o _m 
0"'" """''''' (tnt 0 ..... 01 • <eo .. ngoJla, '" c~ .. , """" ooo\lon) '0 """h 100 '.'0' ....... ""g ""''''''''''iooo land bOndO>g ""torma '''h')'' _ ,od""o 'hO " . ",,,,..,. to. 00._ .. ,_, 'h~ lh • ..,...' u. I<>,· 
mallOh (combined bo-.,. ond ..... ring)", . hown in F~ 2·55<:. Nol. 
lIlal. boon" .. 01 "'" _ , 01, ... a"" ohooa, ' !fain , crooo _ no IIIa1 
_ .. p ...... bol ... bad;hg . "'WlII,- warp "'" 01 pia ... du'ing bo.do ng. 

I' 
I' 

. ·- 1 Of 
y 

, , • 



,.. .... ........... __ ..... . 
I ~----'i" 

b SMa, 

< To,..1 • 
'Y".,,,,,. 

~ • • A. 

Wo can ;;""'1)' ,M.bpo.' th_ ... "".1 .... 01 ' M bMm· ii<o mom · 
M'" Fivu'" 2-SS/;o . s th ..... ~oo~ oI.a". Lo .. 

".' .y - . ;, I 
-.~ ... ~ -.~ ... 

buI w. !mow from b .. i:: mochorNco oj .... ,_Is ,~.1111e sMa, ",,,,so .1 
."" poW y on a _ .... ,!>eo'" <, __ , .... ""' .. FYI .. 2-5610 

.. so 

" 
(2.461 ) 

in .. hi::h S is lIoo >ho., lo,ce. a 
10 the 1 ... 1 """""'" '" thO <roo.sectIon.1 Of •• • __ Y .. F9->r0 
2-~ .too'" !too """lroido.I . ... 
ll-"_. A·~,> . I .. tho _000 ""'" 
""'nl '" tho ~-eKI"",,1 &loa 
.too..! tho <o m..,....1 . . ... 000 ' 
10 tho wdh '" ,ho <KIM """'_ 
. t y in F;g..-. 2 .56. TIoe_, 
.... .. 4t tn . conll<>id CIIn 'h~n 
be oxpreswd in .. rmo '" th o .. • 
... g. -.,., ...... "" 

, , • 



' .0 , k is 'h o mukiph., 01 ,,'" .'OflIg. ""'a, ." . .. , SJA, 10 

k _ a ... 
" 

12.46J) 

_h ... fi.<w:too o,'h o ~ 0' ,h . wam ""'" ""'00. Fo .. ,0CW0-
1I"Io " <ros&-UC1",n M. m, • _ 312 .. "" , .... kI' a c i<c.",,·<JOOSoMC1ioo 
.... "" k _ 4/3 F.....,. .... Mn ""I. 

-

Th~. 

- k' dS . O 
Yo · AG <II< 

Y' - Y~ + ~; - [ -
Apply 'h o oIopo bound"",. «>n<liOOn y" q .' , • L: .. ' Y - AG 

Th~. 

~' C, . "" 
~, , 

y - - 61;1 + ' '''0' ' 

, 
Pl • • C 
2~1 ' 

and .pp~ 11>0 <Io,loc,oo 1>0.0<lil'1' ~Iion y _ a at • • llO go! 

12.4(5) 

12.400) 

12.467) 

12,46e) 

12.471) 

(2.0172) 

12.473) 

12.474) 

IH151 

, , 



,.. .... ........ , .. __ ...... 
f ... .,.. ' M 101.1 1 toe.m dollodlon ""usod by toe"""",.nd ",,"ring .. 

y -- 6~,I.' - 3l' • • 2l · ) . k:O l. - ll 

AI ,lit _.nd 0"" ""''''. 
y , • • =-

12.476) 

12.477) 

;" wMch tile In. 'e",," ' M den..ctlon du . '" toerdng and 'ho _ond 
'0""" 'M dot/l..,,1on du. 10 , ....... , .. .,... ... g ~o, ...... 0101" 
., tho , ... 0<1 end" .. 

. . ' y . - ,~ AG 12.0478) 

I. • . 'ho "'oa, OJ ,.In", 'h. ,.."h.1 0 ... 10'ot<oO;I). Wo .... thot 0 '~od 
-r doe. "'" "" • • zero &Io!>o ~ .., •• , d. _100M ore COIISido_ How., ....... 0 po"-"fuod.nd" 00"""' ............ "'" .!o";ary 001· uI"". _ of ",,*,,, . ' . """"_ by r..-- ond ~ [2·261. 
Tho . 01",,1 00_"".' ,ho ' i.od e nd" 0 . 0 toe o i""', . 10"'",,0. 1, ol'ho 
""",,,,1 ourtao . ... a ,""'""n. y. 01 'h ..... orig ..... 11'/ perpond>:ulo, to ,ho 
noul"" ....tao. 1-' . oll.,On' dolleo;,,,,, . , ,/0. Io;>aded .ndl . Th. p'" 
SOO' .oMion "11'' '' willi " '" .>licity """""" .. which .... 00 ..... 1 au ,· 
fau """, ••• , _'oh.d In F~'o 2·Mb. Wr1hooI tho sn • • , oonoctlon. 
ltoe tIoflOC1lon in (Q""'''''' (2.47tl) .g .... w~" I ... ,...,icity ~ ;" 
_h "'" line originoly ".'pondiculo, '0 ,ho Muual ..,rIac. """'os. 
M .. .,. . ... I M, 'Or..:! ond" _ port condi6on .. pertocdy .noir>ed, so b:>th 
-... ........ oppro';"'''lonsol , ... ~. 

F.,,- • rec\ang,,""""o ___ beam .. lIh ••. 25 1'.'_' 100 
.... I). tho.nd <NIl..,,,,,,, .. 

Y -- ~;[h ~G3:~,] - - ~[h;~ltn 12A79) 
~ 1ftI, which ... m.n" ", 01 _ .. ,",," do .. o ... . " . _ ,0 (po ..... po 
....... 5), .... . . 0 .. T . ... 2·4 iIIo\ ' M 1nI......,. 01 ..... , ""'""",tio" .. 
r.ogigblo. i.o ....... thon , .,. ., lIII _ fO land 10 .. ' Mn 4% ., lIII _ 5). 
Th .... 10. "'"d., _m", _~ doIon-n' """ ... , e ry odoqual. p,.' 
di:l1on 01 be.om bor.a-.iot. 110 __ ..-, ~ lIII .. Io"'''n , I .. ""Y ..... , w. 
wookl col & t>e<Om _au"" ,toe t>e<O." .. so oIoon ;" lengl~ a nd .;"H.'
... _ u>l'l "" ",""p). Ihe "_""0 of "'",u rng delo ,mal"" i> <torn ... ", 
"'..- , ... 1nI....-.c. '" bt-.g dt"""',"'"1 A OOOAIon 10, ~ 01. 
unilorml'/ Ioodod. simpi'! ""pponod b. om is ;1>'0<> toy T_.h. n~o ond 
YOUt>llI2·~I . F.,,- a or>Iu!loo lot br>n<IIn<.l oj a unllotml'/ Ioo<lod contilrwor 
boom,,,, Slo.am.,. and Pla~osi 12-30] 

1 ~ I·:· I·~ I·~ I·: I·: I·: 1 -1 

, , • 



2.7.3 Eno'gy Meltlods App,OlIc~ to Enoc:l 01 T<lon ••• 1M Shu, 
OIl Oon.<IIOII 01.., E",,"~ r;:."I~o",' su .. 

Befo .. \"0. apply . ... "11 """"opts '" b,u bock.ing wilh ''''''"'''_ 
ohM ' ojllno .. . ~oc1' ..... • 'oot a oimpkl b • • m-I>ending problem to <!o
le rm '" Mw!t>O ohM, 01,., ..... I .. d 10 an . nOfW """"P'"'''''' in_ 
to 111.0' _10 bending. _t< ..... .... _ I ... _.",nees undo< 

_" Ut . _""g """',ibu",on is impo<Iom ond wh . .. ~ is ,.,. """""""'. 
T". "", ..... ,~ 01 'ho """in "' . "11 """ '0 . " • • ,in~ ",",."">1",, • 

... fl. with U,. _ rinII"'''' in ...... rgy po, _.om.: 

uo-f"'", 
Scbo<lul. 'he sheer .t,e .. - . hn, .,,,,in '.',""'n 10 \jeO 

J " lI,_ Grdr - ; 

Mdt on LI. ma' .... !oornulo'ion GI 

.' U,_ do 
.. __ by ..... '" ..... .. , _ .• ~ . ...... I""'. ""wo. o,. 'rom .... 
"""".,. GI mato"" • . ' ho .., ... ' .., • • • .o, . oy p<Mo'II. y. __ • "'" ' 0"" 
trodol uis on. beam "ro .. _n itt Fig"" 2·S8 is: 

,_ s~ 12.ol)j) 

AccOrdingly. 'N lOIal _,Ing "'0 .. ...... '117 in Ih. b .... is 

U. _ t LUodAd • • t JJ ~~ r ~ dx 

• j 0 ' n_, ,dA , . , 

, 
"' . ,~ 

is . dlm . .. _ .. e<>n$jon, ' ... Iio. """',"" '" ,,, ..... pO '" 'N_m 
""'os ...:lion. No, • • ~~ ,ha, n "' no' 'no ",mo •• k .. Equ.tJon 
(2.463)1 lOgy.ro "",01 tno .. mo Jomt "'" do ' ''OY hove Itto .. m. 
I""",ion. H .. _ . (1 is delined '" make .tt. aim;" -' . rvY 01 • "'"""'" ....... 
...... on ,tt. beam " "",,·. 001;0 .. 1 .,oa oqool to ,tt. ...... 000'\1'1 ol . tt. 
"""",I ohoar str= _,;bylion!ho, oeeurs in . ,oot<lo""o wMJt EQu. lion 
(2.083) 0" tt>I .. "'. 0 ....... ...,10."" ... ta . • " """"" .. . ~ It ..... mig"," 
!brion lattor 01 Uto $he;I, .rr ... 0' '~I nt ullltl axlo OO_,.d .. ,~ "''''''I/O _ , ." .... Oft I~. oross _ lion . n . dill.,."". bot __ " ", • 
....... .. th o """ • • • ~ .,.. _ .. ~ .... , . "" oro .... , o"","" .. cOOne '""I/O" 
t""" 15% to 25% 

, , 



n. .... ........ , .. __ ...... 

TM co n, " n! Q Clm'" """' , 
to .. "" • •• 100 01 81~ I",. "",,",-
11"10 , 000 ...... "", 'OIV 10" Or
oul>, 0""" ..."ion, 1.2A; .... lo, . n 
I ..... '" ~.~ oI>oul ~, ,_, .,;. 
u in Figu" 2·57, ..... A'A. "" on 
I""""", .o ntliny oI>oul ~. Y-Y 0 ' ''' 
.. in Fig"" 2 ·57, A _.1\0..,. 
bN", M ••• 100. '" ~ """,""" . d 
"';111 tho Mm . .. PI.....,"" 8. I .. 
a n ~bN." Valoo, 0/ 1.2 A'A, .,. 

, 

• 
c=;:;::~~-) 

, 

• 
,.,.picolly U 10 2 ,1 ... ~O(.o. ........ Fy... 2 .\7 , . ...." C .... _ 
0/ A'A. ... Iypioally 210 8 . V.Ioo. 
0/ " t", .., '" 0.".. _ ,;on, ... kt ..... "tOn t_ to, (>t"o' _ t_ 
V.lu •• 0/ .-.10' bNm . ,,'~ l>uil·"p «ICI"'" "" ' ing _9 ~o,.., """Of 
plot .. . ,. • • • n hV- ,""" kI< 1''''0 ... , 
~,'M dolo,ma'"" 01 th . ........ adod contile, . , boam Mth. 

"'c\>'>!JI"'" 0,,"" 00<''''' in F;go,. 2·58 , Tho .. , tho dol_.,., duo to 
"" .. ring 10 y, .... ,h. dol\oct"" _ to bonding 10 y,. Th. oI>jectiY. 10 
to I.., tho .. to> of tho """""9 ....... ...... \1)' to tho .h •• m y .... in .n.~_ 

Thio .",,,,,,10 is otwiouoly 001. buckling PI"""m, TM momon' 0' inoItio 
0/ I~. 0.-0 oect"" is (', '2)tt11' . ..... 11>0 a, ... i. toll. 

Th. _fun co ..... ", "- lot • ,...,10"11"1>' em ...... ..., '"' 

""7 t ~' '" 
__ UN d~ =, ",. SuboIiMiny I .... '" ,ocogr>iling , .. , t • b, .... \101 

( -~- . ~)/ ~ -y)rd!" ~ 
IHB7) 

, , • 



B ............. '" 
Th~. ~ G ~ .<E ~"h.n v ~ ,2~), tMn 

( ".' t en L',J 

2EI d. ' . E -'_ bII' [ ; r ". '" " 
, 

". ( «5' "" t ~. m , IU'lll) 

~, 
~,. ,4Ebh 

The "".in ene ,\II' notio .. calculo.!e<I 10' .MOO, length-to-de!>lh rati05. 
llh. in Toll .. 2·5. The bonding eno ,lI'\' """'inoto. "'" tolol on . ,gy to 
~,ing oO<"'""I'!Of'_ ~ •• "'. ( 1.J ~>6), HOweY .... 10 '.......,. 
<IMp b .. m. , th. _in Ooe<gf 01 sIloa. eon ma~o sigolic.llnl ",,"',ib
ut""" '" II1e ",,"I <Iofloc';on. 

T_ N f ....,.,. ... ,., .... ". loo", ., Ooom _ to< "..... ~ 

I 
• 

I 
• " • • , 

• , .- - •• • " ., , 
w, .... Cutlglto,..,·. II ... ,,,, .. 

~ ~ ~ 

12.4Q/)J 

.nd ""'''M ond <Ionoction .. 

OJU . PL' Pl 
ilP JEI .c· All . " .... 

w." a M 61S ••• ",,_'ed ,."." EQ .. IX>n (2-"6,) IQu ...,to"II"L>, OfO ... _no Ih .. <lefle<1ion '.SIIl in EQLllltion (2.491) " oboIJ,2Ol'.1o,,"'an 
tI>o olos6cily soIotion in , ,,,,,,,",,",,,,,, ond Goo<io, (2·281 . ~ we .,b',ori/v 
,... . '<Om Equat"'" 12 .• tlal in.lU~ 01 a. tho ;"flo. ,.,. '" ohM, on • .o 
<lenocl ...... P'«isNt ,hol l .. td in Table 2-4. and, as _ in St<_ 
2.7.2. in ago-M'Mn' with ..... . . _n oI'M . .... bOy ..,Iulion 

n. ~.yloigro ..... tllO<l 1_ s.orIon 2 .G.'J """"", ... "It" to ca"'" Ia,. OFll'fO,imat. _m <Iolloctio ... bocau .. tM .... in on"'1lY 01 ...... ' 
_ no' <Ioop«Id on tM dolloc,lon Of ~' <Io'iv. ' ...... (and ,""" ,"oold b. 
a con""n' ill m. _'011 " p,_ n . .., ,na, '.,m ,""uk! v.n .... iIIlho I .... 
. . .. 'Ion of ' M '0101 pot. ", .. , .ner-gy). 

, , 



II> ..... ....... , .. __ ...... 

2.7.4 IlIII"nnllol Equ.,"'n Approoch 10 EllocI 01 Tr.n._ Slre r 
orr BlJCkling 0' an Axlaa, Compr._ FIlced-Fr .. BOf 

W. 

"""" only ....... .ogles or. ""osidor«l M i> OPPloprio' . lor tho OM<I' 
01 budding. In oddi6oo . ........ ~~,""" modoo""" 01 ",0.,. ';'101"" 
"'" <"eel ., ""0,,,_ ""or!ore. on doloonOl"" 10 10 11"1<'_ 'no 
*'!>o o"h. n."".I .... i> b, "'" omoun1ln Equo''''' (2.<60<). i. • .• 

In "'hleh k 10 Ih. O __ " .... pe ,'''''''' d. linod In EQUOI"" 12.463) 
(312 !of roctangula, 0"'" 00<1"'0' .00 413 lor circlJl>' crooo: o.otiona). S 
.. on. ',.,n ...... ""oar Iot< • • , tho poW ."'"9 .... bor bW>g "", .... ,.,;. 
A 10 tho 0..-_.1 "" •• rod (l 10 Ih. oI>cOf ""","",u. 0111>0 """.';01. 

Th. buclding _"'0 can be tIlougnt 01 •• be ing co..".,.ed 01 two 
part.; Ih. 1 duo .. be lKi"ng "",j ,h., du. 1o . h • • , ,,,~ , 

Y' Y,· ' . 12 .~Il4J 

eo in Figo.n 2-59 _ ... upon ..... ""n diII.r.mioto Eouot",n (2 ...... ' \0 go1 

,"=,; oy; (H OS) 

bouI. ,""" bol\diog _ .. ' iOnS, I.'" t f>< 'uod.,,'_I>' consI_uW. I*-
101 .... in E_,,,,, (2.4), 

if: ' ,. ' 10 , , 

• 

, , • 



•• - , Y.- AIJ 

,- P(A _ y) 

" 

P(~ - y) 

" 

..t.I<h can ........ "" as 

(k)' _ p 

E{I- _:~ ] 
Th. 1/<0 . . ... 1 ..,Iution 01 Equation (U OII) i. 

y _ ... . ., , 'x + Bo .. , ', +" 

1~ ·4"") 

12.5(0) 

12 .5<l1) 

., whl:h to. <:Or\Slan" A, B. arod " ar. dotOfmined I",," ,00 t>ouodary 
corod'ion. (0<1 ... 11y 001)' to. ... ,,"" I>orwH n 'h~ conoU" • • 10 obUOinod 
_>UN this .. ~n .,;go . ..... prob ...... 00 h I>u<"""~ .mplOudo ,~, <>1 
tI>o l,ee.rod .. _ . ,minalo). 
~ Iho bourKIory oondi iono: 

y(O) _ 0 -t B.,,· 0 12 .502' 

y(l ) _ " ... Boo, k·l +" . " 

-t BOO.k'l _ O 

Thus. A • O. B ooH 'l ~ O. arod ,,~ - B. """ ...... B cannot ... U<O .. """",ion (2.5OIi) """" ... \0110 A. 0 ' rom EqLlO,;,n (2.50.:1) 'ho. t""'. 
would M "" buckII.~ ""tIKI,," in ~"""'''''' (2,50 11. T!>US. Iho eha"",_ 
..... " oq ... ,ion .. 

12._) 

n. [ 2<1; 1]. ' . '.2 .. 12.5(7) 

nod, ... 

"_[(2' _') ~ ]\{,- ~ ] ' _' .2... . 
..t.I<h <>011 ..... lis !<>we" , aU. lor " • I. i. . .. 

, , 



,.. .... ........ , .. __ ...... 
p ~ .· ~I[, _ ~ J 

• l ' "'(l 
12.!oOQ) 

Tto. co.~;o;. "1 on 1100 '""""' t>ra,~." " Equo"'n (2.!oOQ) io mOfOIy 
• P • E1 

" 4 L' 
12.510) 

_~ io tI>o E"Io, _"'"";I »Od (io .. ~lch ' ,. . ... rw " _ " .. 1110 ... ;' 
MQI«:' od) . .., "'. ,...,... ~n b. wfitton as 

e. 
12.511) 

_~ ...... 01 ,no"w 1',", • • "' ..... """'" .. n .... p " p • . Tn. elTOOI 01 
" ....... ," ...... , ., illnu ." 'o !oduce ,100 _ 1"00II »od ho", p. tr; ,100 
flKl'" m"lip~ng P , In Eq""' ''' (2.~ l l) . TM I,,,,,,ion" ' t ry no.r1y 
unity k>< """" «>10m .. , For _, ,IOU MeI">no ..... on"", 01 '''' __ _ , "ill"" ... 0 • • ~ _1<lmg toad, by up 10 50%. 

2.7.5 E1Mf9Y "'-'!!od. "'pp",.c!o to Efloc1 01 r"'n ........ Shu, 
on Bucklin g ol . n ... .<3.UV Comp"'- Pinnod-Pln1'1O<l eO! 

floo I'.o jlolgl1 M. Uood .. "'"" 10 
_ Iht "UOC1 '" " '","~1M"'-' .. ". 
".... on ~"' p;ov-;.pin_"'IS 
., '" F;gu" 2.60. n •• b""kling .;.. 
IIo<bon 'WI",imolOon ",od i. ,to. . >. ct 
"" ....... 10' . pinnOd-p""'" b., .. 1""0' 
11-.0"" ," .... " .. ill .... "'eel" 

(2.5 '2) 

~ 
\' 

; 

" 
In "h:II " .. 11>0 b'-"kJOo\g ompti" Jdo_ 
The •• ,,.,;'n·In·,,,,,,,,. 01 bo.-dn~ .".r. 
.... ,~ lor 11>0 .. lolly """'1"_ ba, 
ii, from Equation (2 .3117). 

F, ..... 2-e ""'"'Y l_ Bo, 
.. .. p ........ E ..... 

rto. ...,0"'; .. riolOon olin. "",in . n. rgj 01 ....... 9 duOn<J \>udding , . n 
be _ ..... lrom E __ 12.-484) '" b. 

" . • l _ ••• Io'u ~ r "s dx ~ nP r I'H' ",, ~ nP' ,\ 
• .10 M; ,o.G .Io' 2"GL 

12.514) 

12.515) 

, , • 



f ino.,.. upon awh::., ion 01 tho ". .... 1 oquiWl,ium buc>J"g a .. _. I""" 
Equa'ion (2 .3e ' ). 

02",, -, -. 
~ ·v_~ Ub'~ U.+~ U .. _O 

_ lind ,lie ,"' ......... _·.ttoc,ed Duckling Iood '0 1>0 

12.516) 

12.517) 

.. ..-t>ic" p. ~ ..'EI·L' . i.o ,. tho Eu" , b" , ling ",.d to< lh io pinned·~ned 
bIo, "ithout ...... v .... -. enoct>. 01 course, on" btICk1in9 Ilm PIittxIo. 
~ , .. Eq ... "'" {2.S12)" "'<Io' O",B". ,O, 

2.7.5 Impo<1 ...... 01 Trans ..... ShHr SHH""as 
CI<O Buckling 0 1 11<><5 

F<>1 ""'" "" ... <1udied .. __ • 2.7.' " net 2.7.5, .... ... 'M ' ,n. 
'ran ... ' ... ·on-·.~""t<><l bucl(ll, g Iood con"" • • p' .... d n. 

" , . __ -- 12, 510) 
"!lPo'~G 

.. ".icft ~ 10 _ • 0'" to< .l ... , buckling p!Oblom. wiI. 'h. ~ 
""'._ bO<ng th. di'l ... "". 1>0 ..... " ,"a ""uo '" k ~"'m tho diIIo",nU.1 "'1"'_ opp"",cII) ana , Ile vakNI "'" (Irom ,It o _ app""",h) , B. · 
c.UM • 10 alw. y. go."" ,h." n . ,no"""" ,<>n.ONO' ",. (bwo.,) ana 
",,"po """. """''''" ,. bucldl!1g Iood Is "" ....... oy uoOtg , _ • . ThO' is, 
",col "om Soct;o" 2.7.2 ,n., k P""''''''o I>o~o, og_ mo'" ,.;tit ,Ito 
oIa.,it:ity ""kit"" 10' dollocl"" '" on o na ,Ioo.<I«I eo ntilo. o< b • • m ,"an 
000. "to, w"",h "'" dollocl""" undo" .... ,,., .,;. By ... m;"ino ,Ito 
le"" o " Eq ua,,," 12 .5'!I . nd tho _~ion '" p ...... can ""ncJudo INoI 
til. In~u.neo 01 , ....... , .... h • • , .,11"" .. on bar bllC.ling io p!imariIV 
,.u.Md by. ClO .. ·...,.""·"""". l unc_ (~ I '~) ' .,"0' tho" 0 ",.._1 
PfQI>.~"" I'"""'''''' IEIG) -.. .... ,lie ElO I • • ," <IO<>O!><b, 1<>1 .n ""'<OpiC 
""" .... I, only on P<>iooon's ralio, '"' whdI doe> "'" ,a'l' . "<HIgh (-. '0 
+1 {2. bI.O ",,,,, Iy ... '" .. " 114 and ' I:!) 10 .. , . oIgnilican' enOOCl on 
~p",~(l, , ... 'eduction In bu<i<lW>g ~ In EQ""_ 12.51&) Is MlIIgtblo 
10, 0>:>IId <:fO .. ·"","ion 1>0<0, bill con a pp""",h SO"- 10< """'" op." 
elO .... __ ba rs. 

__ "' 2.7 

'" "" ..................... "' .... .... ·,·'""'_ .. <_1··"·) · ...... 
• _E ........ {' .... , ,n c. .... " .... .... . ,..,"". __ ._" • . ' I ....... . '_ ,,,--.,-"--.-...,, .. -,~ ....... --w ... .. "" __ ...,,~ ... ____ .. __ .... ___ . .. ' 

,n c..~."..., ... P P, "". __ w,,, .. ,U. S I , .... _ 
;'- .'1"'-'" ",. _ . ' . """"" T._ '" _ .. "._ ..... " ... 
__ ... _""._, .. "'_,,_ .......... [ ... ' ,...] n.o _. -_ ........ -.. """" ............ .-.,' .' ., '"" 
"""' __ ... wot> u.. .... . .........,. .... .. U._A ~ .... ..-_ .... "' ... """"',""'''-. .......... ... _w ... __ ..... "'..." ..... "'-----,,----....... -, .... 

, , • 



,.. .... ...... .. , .. __ ...... 
ZJI EFFECT OF I'IITIAL GEOMETRIC IMPERFECTIONS 

... 
Y,· 0 ... l 

F\p.2.$' ......-8.'_ E._,."" ""po""""'" 
e,,,,~ I" ... ...,.. 1>0 ....... 011"" b;1, in I~. 0l0i. .. 01,,,,, Iow. Oj 
_g m<><Io 01 a .. ~act 100,. Thio "'- Os arv<>Od 10 bo 'h a ...,., 
dom.gIng 10 an u ;'.., _ bar In ..... _ I .. , ,n. toud\1OIg I<o.od 

......,"'". ...,... ",ong.,. .HOCled INn M ..... gooomOl'", ;."Pt<!ocU"" "' ... 
""1 ra""""' .. 'W'H"" .. .. ,ed Ie. b<J<Io;Io rno<It oIoI.po, n al;", WIno 
ba, ;" a.It~ doIO<med In .. Iflo """Pe inlo .. ni<:h f ,._ 10 bLICt<lo. "' on 
110 bLlC k>ng 1<0.00 ."""10 ....... Ino" .... Eu'" bad, or ~' ~ .. to<'I'lo 
... ~.n!io l cho nI/O oocu,", Som. """,1<1 of9UO Ihot """" . 1.-,. do· 
lorm od bars "*'10< toucklo , bUl \00 MIl OM !hal 10' . mall onoLigh 11*' 
"",. U", impd..,OOn .. ..... bohav;o, 01 ...,n bars _ . ", • • ",tn. _k>ng. 

An .,iaI to..,. 0" ,n. bar "';" ro ..... .. . _In",,' Ira . ... ... <!.II""'" 
1, . von I 'ho .... o .. no.,.,. ZO«>, Tho total do' _ n is Iflo ,"m",.Iio,, · 

~('I . y,I' )·'~') (2.520) 

in .. ""'" ""'I' "')" "'-" In~ 
Ii . ..... ... 1~.) .. Iho U d"., .. 1 
'''H'''''H <li09locomonl, From 
..... I,.'·bo<tf dOogrnm .. F~ 
2·62. lno _"rbin~ """". m al 
. ny c.-__ at posit.", . .. ,_ 0 ... ' F_'~ Oiog.>om 01 on 

• • ioIy i.Go<Ioo '"'PO_ !J.o, 
"' . Pb" 1~ (2 .S21 ) 

BCO , !of bending ''''''' a n oqu;Obrium "'''. Iflo d1~., ... " 1 oquolion Os 

12, [.22) 

in """,,h w. IItko y'" '" be ~; beeau .. 'holnili41 <"",aluro _. "'" roQuiro 
a """"om 10 ~iSl n .... ' '''' bonding dllfl"nll.1 oqu>'''n ~"'OS 

, , • 



Ety;+Py, _ _ Py, (2,524) 

('wMcn can '" <*IIo'on' la,." '_0 .., obtoi'l 'no onode<>t.t,- "'flO <>t
I'tt<:\IOn t<lui.,.....,.. OQ ... ,lot>, h ... Uon (2,324). I Iho • • 101 t<lU il>R,om 
OQ""';oo, Equ"l>on (2 321), is COtlSido,<Id J or 

1; . k'y, ~- k·a .... "t 
i'I ""I:n . .. i'I .... EuIO' _g prol>lom. 

k' . -"-
" 

12.525) 

alltlough by .... 01 W<I1 . 'o' m w. do M' imply 10 .... ' b<>o:!ding occurs , 
Th. 9"no,ol..,.._ to tho di!!."'ht~1 "'luolion '" Equation 1~.S25) 

ooMioh of tho homogonoouo ooMion 

y, • A oin '" + B <0' "" (2,"'ff) 
ao in tho Eo .... prob .... pIuo It>o ""m.::u", _n __ u .. EQu ..... 
12.5:!5) I. not Mmogon_* (Tnta. tn •• "'" on otg.on.a"'o 1''0l>I0'''1 '. _ --"--a ... E- _ __ . _ •• in E- _ _ "_ a ... E-

• l 1 _ , l 1 _ ~ ~ 

~ - 1 " i e 
in """"'" -. 

" 
y, . ... oin "' .Seos"' . " osin n 1 _ « L 

TM __ " <O<dtio ns " ' 0 . e ro ""'1o<:,lon . , 0.<" 0!MI. i.o. , 

12.~) 

(2.530) 

YIO) _ O _ "' ~ O'S " ' . " .,. 0 (H.31) ... 
• ,(\.) . 0 . ... sin I;t.. _ "_ . , 0 12,532) ,- " 

n ... B . 0 ~!MI A "' ~L . o. ~ .... do no' .Iow ... 10 "" .0'0, th. n ... 
\101 ih. EuIe, _n "Qm tho ,,1>0""'0,;. 1>0 OQ ... ,1on .... 1<1. . 0 ",""h _ . ,ha, Iho,~ ;, no .~oci of militol geomottie imperloctOO'. How"o' . 
..,...y tho E"'", '"""""" 10' th o perl"", W, honI l>oth .... !MI (l ""n too 
.. ro w~houll"_ing lho ~",,1<Jing _Ion, Th LOS, lit. \ltn.,," 001-
",Ion (or ,"- "an .. o, ... _ ""u_ bjlload P fOdtlCO. '0 

v- ~ a .... t<IC 
, 1 _ '" l 

Tn"" 'n_ ..... ' """ ... , .. dof,"",ion"' 'ho mp..t.oI too, 10 

._ , ,' y • • ..,2'" . _" _ _ ,",~ __ ,_ .... 2" 
, l I _ a ~ i _ ft l 12,.534) 

, , 



,.. .... ...... .. , .. __ ...... 
• 

coo bo ,,"rriod is otil , 

, .. TulI)' . .., ,h. Tam'" "",a.,., .. aI ,1>0 CU"",' is 

k_+ 

• ,. 
~. , • '. • 

• 
, <, __ 

I , 
• • .. 

~. •• • .. • • .. -'--

• 

'",m on_ 

• 

-• 

Ito. dol· 

, , • 



• 

.£.. .• 

" 
• 

... ' 
\: ... 

\. , .. 
L •. ,,,, 

o , ... "'-...... , 
, • • ' ...,. '" O, ... ,. •• .[f 

'---,----;---cc---,----,---:----,-~ d", ' ,- " ••• ,X< 
F9'N~"" A, ioIlhod ... ,,'" AoIoIIE""l Dollo,""" ", . a.._ 

.., ...... '"'J C"' .. S_ (S, ...... ,.., ...",. c.nt._, "' •• , 
""" • H. ' ....... W.'" """"ri",,,,,,,,,,, ~ •• 

(h wtOch a • lJO<'_trio "","~ .. tio<l • ...,audoJ ......... 1>010 "'" boo. 

~:::'C;:7 :r':"::'~;"b~~; :~~~::g::~~:~~~"~: ~::.: 
coull aIo<> t>o "'" bo"",.;g, 01 . , ,,,,ta"lr'lo, <;ro •• -_ .... bo, .. Oh ba .. , 
b . and h. igh!. no pe,p." ....... , 10 111. ox .. oj bo-.v , • ~ h j" . we<t",o 
oj bl _ The MI\a,'" 10,. 0;.c"1o, c.......- bot of ,.diu" A, .. ,ho 
k _ \ <"lYe ' I ' R 2 end Ih. ' _ .1 cu". l._ R20. T ... beh • • ior kw 
010' '''' INors;, '.""ad by caleulo1ing lIHIi< _ oj 1II'",\ioo. calculating 
• (,om , a"" a , 0 "; pIott;"g , • • k CUN' Itom , ... oqu.o''''' Ic>t , ... , ..... 
• ,"" '''''I00I .... 01>10"*1 in P_m 2 8 .2. Tilt I>et1nm;, ',," ,.COer
isb:: 01 "" «IulIl>rlum or bo<.<KIory ...... p<ab!om. ""'. bucki ng or _ilion· 
•• 1Jo ~m. That 1$. no dlsI"", ol " ooll"n """ur. "" ............ , is 
pe~"". Ho",ov. , . I • • goo, ... ";;'1y Onpori",,' DO' ""To",,,,',,,, ~'" 
a M 1M ~0<1 hOI bIrlIW>g ptOblom ha,. in common"'" faO! .... ' "" 
.d<>t_ 1 Iaod CD" be ""PI"'nod at p. """"'" ooc<>U"'omg . '9" "". 
fIo<bon. Thus, Pe io ' M Muoing _ lor boIh ~Iom • . How • • • r, 
On,..ri.", boot3 n'Nghl "",100, "" much 1""" ,. bodo.l ng Io.:;)o'~' 'hM' 
,..rlormon« """ld bo ouspod or 100 101\10 lor tho ~ rion. 

Next. """s_ "'" ~. in • squ.,. ClO ...... ct"'" b.r 01 .do b 
_ 0"",101_. of MI-"""'_". ~~_. Th. m . ... "'" mo"' ..... 
in the boor is., mid-ktngtll .,.;a. .. 1.10 lrom EqUllOOM (2.!;21) .nd (2.!;.3'): 

"'~~ _ P(y;.y,) _ P __ ' __ o""'~ _ __ ' __ a 12.~) 
. .. l- n l,... 1- ~ 

"" til. " , u.l , u"",,,".iIion .1 0 ... 1 01",,, a nd bo ndo.g 01 ....... 
~ , 

" ...... " 
, l ' .j ,,' 1 _ ~ • - 0 ~l 

12.s:m 

, , • 



,.. .... ........ , .. __ ...... 
w. '"'w """'I"" ' ~"" '0 0, _ PIA, "'" nom ... ' oxio' .nso on ,h. loa,. 
Fo< a.."aI impel'!OC!ion amplt_ a 01 .1b ( • •. 35 in Equa'ion 12 .!.:IS) 
..t1i<h .. do • • ". oboll. Il>o c"",. k _ .5 in FOgo .. 2-&1). " ..... .. 2 ~ c. a' 
p • . 4P •. 3 ~ C • • , p • . 7P •• ood 7 '" C • .. , P • . OP. . Fo< ' .. ,~ ;",p.,. 
l«<ion ~m""'_ 01 • 2 b IItlO """' • • _ ~ in F..,.. .. 2~1. " .... io 
'0 ''' •• , P . P",3. 20 x " •• , p • .7Pv . od 00 x " • • , p • . gpE, T ..... . 
no Ioogo< can w& sim pi)' Col."'",,,. PIA", CIy 10 do,,,,,,,, ... woo,''''' yIoldirlg 
00<"'" 0< '" a .a"" ot ..... '" <>e<.,m'" w","",., 'allut. O«U",. 1 .. 
o.wcod _"~ ." ..... c.n bo qu" '9"'ie,o' , "" ""'" lead '0 '0;0.., •. 
_no,to-; yiol<jo,y 0' to-; m.c:lur. , for lod. w.' boo" .... ,h. EoJor buc"",,9 
!oed. Pe. For" ..... . mal_m.trie ""~rlOC1ioft • . Ih. bonding ........ . 
.. ,. nat~. uobl . "",m. Iy "9> v."'" 01" ... .....,"od. Thon, ho .... · 
.... Of, tho £ulo' b<.<;kling!oed io Ih. ob.iouo _9 ",.d nkJ • • nyWily. 
W. Mvb. found ,h.t " . my" ."001 tho Euk" buoldioglM<! _ "' ... ""', lot 
1o'V" dol"""" .. _~u .. 01 inlIOo I goo.,."" ", .. rio",""n • .. 10 .. P, or 
-.au", 0110'\10 do!locl"n. oI ""rt.." loa,. juot .I>ov. Pr' Th. ' • • ul in 
boIh CMO. io "'" .. moo ' 10ed vol"" .boII. ""'ieh w" 

-.... ...... ,,, 
,,, 
,,, 

, , • 



2.9 EFFECT OF REST RAINEO THERMAL E~PAN SION 

2.g. 1 in.roductlon 

n o,,,,,,1 etr«to .,. """,1"'0' ... ot .1 ..... , 

2.11.2 O"gil\O and Condi.jo rw 01 Thormal 51 ... 0 . nd Th.' .... St,.in 

Ao "n,"',alM<! bo<ly oubjo<:t.d to "i>lo<m '.m~,.""o 1<10''''00 * 1 
oimp", _><PM><! (Of "",,1N;I l 'hO <O_~lu," -'OUU) d h ...... , 10 
<010<1 ".. 1I>«m., _in in • • <lre<Oions as in Fig<J .. 2·~5. F'H is 0 
,o""nr:. to Iho lack ol ,. .. "'." on m<>IIorn'" 0/ 'hO body: "''"''''~, io • ",'.,.r>«> 10 "'" ,~ ."~ in I. "'PO"''''' or"", ollh. 10<1",0<1 """''''''',,,.., 
arid _ in .. _iou"", • ""o"'oct! to tho <1<""",._ PO' un" Iong\l> 01 
tI>o body. No 0IlH0>n """"""pany tho lroo ",."". 1 " r.in -. ..... ,he body 
.. "'" """",;" 0<1. Cho.,. 0/ ... , . 
.... "' .... t. lor _ h doIormot_ 
is oot>lraty ond is ........ c,..,..., lor 

"", .... 1 "'IJM"'''''' ... Ior "",,"on· 
"""'" in Iho problem addre.-, 
Fa< ., • ...,... t. body .. ",,":Mo:. 
turod 01 roo", '.m~'.'"ro. Ihon ... 
MI.",'" ,_ room <om ...... al",. 
as ,h. rol. renc:. '0<IIp0flI''''' lor" ony 
_ ""., .. m~'.'"ro . ,"" .. _ 
ro, "'" body Arld U tho "" .. ... to lor 
. rty boo<ti _o.-..'<:I>oIV""_" ry...r. .... , f _ '''' on,' E •• on&ion 

d. ""00"I'Iy ~ ..... 8""1 

, , • 



I.. .... . ....... , .. __ ...... 

,~mpe<11'U,., Ina . . ... or <loa . ..... M"",".,., ", •• ,ed . , .0.,. hig/> 
\9fnp .... 'u ..... OO ~ coolod '" fOOm '.mpo"""" . bod . r. ott, • .... ,. 
" .. ,.<1' 10 <""'0- '"" _n~ n .... ,"<0 ... er ...... , __ .,U'. tn., 
you uM <IOpen<Io "" tt .. point In Ih. foistOf)' o( Ih. m.,e<ia! or 01 ,too t>ody 
yo<o ., •• d!Ir_ng. TI>o f,,,,, , toorm.1 . 1<0 ... on a """"",,tv """,O<! 
tnr-.diro.ns;onal t>ody in ....,tangub, """"""' .... . , . 

f, . ".n f y ' .... I.T 

.. "1110.,, io thO ",,""1O;'rot 01 "'0<maI . ,pan.ion 01 ,ho """.rla, ou, 01 
_. "'" boOt 10 mod. (aod 10. ~k. '''oWIy 01 _ 1. rIa, p .. .,.rtio., 0 
!\mct;", oI_FHl'""'''' f a od M io ,n. ,,,,,nil" in IOmporo'UI. from ,n. 
I. f . .. """ totnpor.,uro., """"'" " . logard It!o 00/0",",';"". o. a rotor· 
...... .tol. 01 'n'" <1010""._' 01 • • '" ,h.,m. 1 ." . ... Thot io. w. dol ... 
"r . r . T .......... fiQ ...... .. ~ ... reduoo tho t."'FHI'~"". """,!tool 
"""""lied lof",once "''''. ""'" "'" t>ody would ,,"-,e dilt .. on' dim~n""",,,
"" , ho ,.(.,.n<o ,.mpe,.'u,". ood 1>0""" It!o «10',,,,,, doto,,,,,'ion OW • 
• r~ """ .~"'" O<l>!ro,iIV defined,,, tile •• (Ofo<>Oe lffilp'''''uro is.,""", 
on orbit",,), iniIl. 1 eond.ion to, '''<0 .,.-. Fino..,.. w. no,. ",.,IIN1"",,1 
$Irahl io, in _,.,,, .. 10,."". "'" . tra in induced I • ..,m. ma ..... ' b'/ 
,,,. ,m.' _ ng . ..... m ... unlo.-." or '" gtaclltn' to,,,, . 

Th. t>ody tn"' io 0<Ibj0c\0<I1O a ".~o'm '""'P"fl"Y" rIao. bu' io ,." ,0<1,.i1w>d Irom """,omo'" in.ny di1octlon a. in F~. 2-f>5 u_'goo-< 
""plO .. ".. ..... ,. __ lhe<Toa l " ' '''''''. Y" no "'""'"al ...... ..,,,,,,,,. 
po .... '''''00 ~rm .1 1Im11\S: a cu>o of ,100"".1 _., _ut IIHI<!mrI 
_. N A ... i!om\tv 1I • • ,ed boOt with f_ thermol strain. in EQ". ,;on 
(2 .53Il\ I. _)octo<! '0 . .. ,01 m""h.o""""., .. _. ilion ,ho rin.lt ""' .. 
. .. t. ;. a ....,.<pOSit.", 01 'n" _""",I .tr . ... 

".,. ,. 
c' - E - E"' - E~' 

', a - ,. ".,. 
E a,' E - E a , 
,. ,. ", 
E"'-E"' · E 

'," i -~ ",-~ ".' ""T 
,. ",,, 

', a - E ", ' E - E ", . ""T 

" '_ ~"' _ ~""~' . ".n 
r" '.. \, y" . G r,,' G 1,,' G 

(2.r.40) 

Cloo.ry, ....... Ih • ....,_., _g ": .. *~>",,,,, 10 It!o .,'an . .. wOI 
ao "'" ,,,.,,, •• , Iooding conlrilu!"". This O<IpO!pOOition io valid ","",uoo 
Itt. ", ,,,, .. nUl ........ "'" 'pplio<l .. • ""h . monn", u,., ..... ~.o • • 

, , • 



01 I~. 00d)I mo •• (buI . re "'" subjK1 '" 8ny disploco.,oor rest .. lnl e ,· 
cOP< lor' a "'01< PO" pt .... oorlng rOgld -Oody mcwomonij. Moc~.n",a ' 

......... . . 100, buI "" I~"mal .. ' ...... aOl~ mac ... n"" .. ,.. In. and 1, • • 
,...,.,., .. ",Ino ,,;sl, n .. '*""""r to.gino ,,~." o'~.r ~ """".,"1 ,.. 
..... ." or a!!lermal gradi. n, io irnpocQd. 

rNtma' '''''" io . "" ••• """ .. it>du<"''''''n 'no ,_""",,, 01 
• body c,,"ngoo in """' • .,"nn. ' , y", is ,. ,,'mined /rom ,n. "". """' •. 
mon' 0' til. eo .. oIttoo tho,,,,,,, "',...... (0, tho,ma1 ot,u. ean bo .... 
duco<I bl • non""ea, t.""",'dtUro lI'.dion, on on un' ... U3;nod body ' j. 

T."., ie •• "'''''''''' "''"'' io • ...,., ... od .. ~h 'h., ..... Io.d~ ... """""., to • mflClIanie.o.' .., ... tM' is asooc:io.tod wilh moehon"'aI Iooding, ~ ... I)/. 
tho ... " no ....,h ,h;,g ........ ""'" "'. ", rot only 0 "".""' IY """"'.,. $1,_, N •• e~~o ..... .. o ... "'" It"" _ I .. , ... ..tin 'no UfldoOr· 
... ndtng tho, " . me.an "'0"""1)/ indI>c«l .. ", ... The,;mple'" .,ample 
01 th. , ... I .. ress 10. ba, 5<Jb)o<:tod to . uniI<Hm 'o""",m'" ," ,,,", Y"' Is 
,.&\r. inod 'rom any .. 10' """'omonl or .. onds a. In F9uto 2.(11). To.... 
"'orrnO' so r ...... ___ .s. I.,. bar It_ 10 . ,pond ax .. ., ,,~h • 
' r .. Iho"".' _ 01 .-..n t . b .. tho,. is no I",n .. _ 

" 
Beca""" '" tho .. io.' ,.",.",1 an<! .""""",ed "c~ '" .. ,,' """'.m.~. 
tl>.", 10 M . , .. ,.u.;": 0 04S8 oI lhom,./ ,,"~ "';!I>ouIIMm,./.tr,,", 

""0"" .... "",.. ." ...... , ...... J t , , < 

"."",,,,' 01' ... ,," u • •• " ..... c a ... 

J r' , , ., 
J • OCTIO . ...... , ... T . . .. TO 

, 
, 

,_ (to .. . ... ''','0''_'","" __ or ........ _ ",-, on ......... ....... -.... ""-"""' .... --- ~.-.. "'- ...,---, _ .. , --, .... ', ... , -_ .. _-"'- -'''' __ .... _ .... _, ~,_ ..... _-

, , • 



I.. .... . ....... , .. __ ...... 

t. , t 

Tho .".." lit'" on 

• 

, , • 



ot the 'op _h .. Ie .. thon ,h. " N 'Mlmal ",am "" T <OII~ 
to ,h. AT ot ' ... top .nd~" ....... _ .. 'M 1>0""'" wh"h io mo'. " 0. 
, .. zoro otto .. w,,",h wookl ", .. rwioo 1~&<J I ".m 11>0 zoro ,.mp. ,a,,,,o 
chango. _ . ,"', ' M o .. iro txxfy . o" . nded b..,ou .. 01 tIto l>6ating. 
No ~~ 01 ' • • bod)' <<>01 ... "", 

I.Iool ... ,ed -. .....,. t.o .... ,h. ,mal .. "' .. ond ,h""".' >Ir." b)' 
. .. .,. <>I mo •• m .... I."' ...... rtdIo< '.m~'.'"'. !I'.d-. t>oing op· 
plod , T .. , .. ""., ",es .... ,. """""' ..". n,".", 1ho"",,1 su ..... 
in a Pt~oot ... , ... "" ... "" 1>Od)' . ond ' .. ,,,,,,,., .. '",., .' ...... ..... ' .. 
,, .. tf'Io.rma ' " ", !no 0' , n u. ,"',ained 1>Od)'. Ho ....... , .,. <,.not "<iii 
idoontily 11>0 I."''''. mogniludo. 01 , • • ",. rm.'.g ..... . nd moe.,,,",' 
.......... . , ., 'h" ,'-mat " "''''o .nd moe h,,,",,, ' "".!no, T .. . ~u.oon 
io <»mpico'od by tho ,.." ...... , '" .ddition ,. tho .. ' ... ·.h'" ",10'_ 
aI """' .. .. 'ho bod'! musI "" ioIy tho I",,,,, oquiObtium "Quo'ion> ond 'M ",.in oom"",it>ility <"nd • .",. M ""~ '" 0 _ .",,_ ..... "" ... Io".,itr 
"""' ...... W. d """"""'rat" '" , .... ""io. or< "".4mo""'" bart 
undo< vaoou" ''',m.' Ioad;"go. T""-dlm. ' .... "'.J , .. , pia'" and thr _ 
_ • ..-".'011 ... ... " .. ,od in Chopto .. 3 o nd 4,~. 

Z.V.3 Fund.menlor n..,moeI .. tic A.r..i"". 

w. """.., • long. "'''''''', .. "'IItM t.u of koolropic oIaotJo m .. arial 
with "'0 ,,10 .. 1100 • • • ,.~) 'h«><q:t 'h, , •• lmid 0' 'h' ba, em .. 
_ no T, •• ~.," do!o<molion, (bonding) .,. porm itlod, but , • • • ring 
dolo,,,,,,lions . ' 0 ""'li. <lod, Th u" ' '''' ...... ., ... io ....... . .. 1 otMl 0" 
""_ .. mo 101m 01 , • .,.,.... ,"' ....... 1tO dioIt .... 60n ""0' !h. bar ,01-
urno , Th. IMrrnoeI .. U, .".in· .. ,.... ,ola'ion . ,. point to "" .. inod b)' _""''''''in!< 0 m"""nico"t,,in " •• " .. th ..... , ..... iII: 

in which', ;" t .. to"'$1 .. in, ~"'E;" tM m..:t\O.nicol "ro;n, o nd ".IT ;" 
, .. ,, .. ' Mlma' .. ",in ' . ... ft lng ,""" lito 'ompo" "'" cl\al>!JO a' . "" ~inI 
in , • • ba, , <>kim . .. a lu",,,,," '" ,1m., n ......... ~T = T( • .)'.z.,) _ T ... in _h r ... ,.. , ..... nc. '...,.p,,"'""" . n .m;r",'Y ' '''' OOn" ._ 
ba .. lin. conl>gu""ion" "oro .. to .... . , ,"n> ,Mlm.l olrO .. , W. YriI not 
oddr ... !h . 'im. dopondonco of th o ' .mpo,a 'u, • .,.diont o .. opt l .. fe' 

""" lor in ,II. ou mm. 'Y -.lion (2.g,1). n. thorm<>ol ... " .t, ... · .. '""' 
,. 1o'ion '" by ....., ..... '" Eq"'ion (2.5<2) , 

in _h " _ a.) T .. _ _ ... , .. moo"""". 1 " ,.in 
In atypical ",u,!uraI mo<haIt". problom. w. ""~ .. <:<>ndbono (1) 

011'" IoIaI "'oin (suo" ", •. g .. , . _ 0 on a h •• ted ba, t>e\w""" two 
"" ..... , 1»0 ... US .... F9Jr. HIS., "hUl ca. l>O , .... ,,:led . 0 • 
diopII .. ...", .1y?O I>ou_,.,.~. " g .. " . 0 at ,ho._ 0' tlto ba, 
Of (2) on 'h • .. , ... (""'" 0 • •• ,g .. " . ~ 0 .n t .. ''" . nd '" a _,0<1 
<""'; .... , ~ .. .. .. Figuno 2-681» .1 ,0 ... ",,_tw. """""'""" «>odiOOn. 
S""""" 0<>tI<t60n, .. I be __ In "'c". d , .. ~ .. S"",,,,, 2.0 .• . 

, , .,. 



,.. .... ...... .. , .. __ ...... 
J r J 
..... '_W.h 

, ;go .. , .... r"" 8" "..,."" Condn,on. 

IV& mighl I~iok ,""" "'" ~<>ceding ~.,ivolion Il001 we ..... & me
cllan .... I .. , ... on I~. Ieft'Mnd side c/ E_ ,k>n (2.543), but ",e wool<! 
"" _"II ""~ '" I •• ,." • . W .... '. 10 _~ Eq,,""n 12,~'J) U """<>Iy 
• ",,""~"'/ve "'1""'_ nrlo,;"g Sims of _'. ve, ori{I"" 10 """'" '" ...... 1-
~., <HigIn" that poinl. IV . .... mIM two bar r . .. ,.IM condit"", • ., cia ,· 
~, I~., ~.nlion ' 

'- ~ t~.r ... rIO ""la l , •• " . .. such os In tho coo,love , I>or III Figur. 
2~ • ..,. ~T . O. I~." ,_, $ 0 """"0" "" •• "" MO" """'. In 0'
der lor the b., to ~ .ppM<! ."us. T""n. Equo'k>n (2.5431 ,.. 
.....,.. to ~, _ '" ,_ .., '" 10 ""''''''''''OI.~." a ..... p"*"'b'l' t~ 
or • • pOC1od. 

2 . " t~o,. is 11111 ax. 1 r . .. raint ouch ao in tho ba , ""tw • • n wa" in Fig· 
ure H'''' and .. un'/orm ~T 10 impoood. I~." ,,,, , ~ O b..,. .... ".;. 
'''''r _ can move ond Equo"'" (2""'3) ro<b; •• to <> • • _ E"-'T .nd 
""10 tho ... m • • ymbol ~, Ir<>m ..... sam . .... ..... "'''' r. :"t"'n rIOW 
"'0'" 11 .. """' .... "- not ",,,,,,,,,rOc. 1 .Ire .... ~ m ... nl", 10. "" 
"" .. I ,e"ra'" """". 

AIII><>vgh ... "'~"Vy b""".# c "'to Ih. problom & • • m"",",""ol . tr ... 
1IO""""in9' moc ""nioal .... in. " limply m ........... 'h. sI' ..... 1 • F>OinI 
!lvI1 ,_ wl'lM lI1e IorIcmv and "' .... ir" .r. to""n .. to O«OU",. ThIlS. 
we m".'''' •• ry e.".,v' ...,~n .... Iry \0 . """ ... e 11>0 oho ,IOOt ..... ;c. ot 
m""""nleal 0< '~.rmar as .djoc! ... . """ ." . ..... or .. rains. 

Of til_ O,roool ,E"", .,..",-c.""i->g rrypoln . .... me '010 1 $". 10 
•• _ ..... rI'/ 'h""""" ,h. "", IIoic kn . .. (,ho1-<1iroc1;",,): 

c, - <>~1 ', 12 .~4J 

.. which, io "'" . """" .11"" cor"'IOida' .... oj ,~. bar .nd <, • ,"" bar 
""",.-, ..... ,,",vo'ur. 

12MS) 

Aloo_ "'" ""'" ..... r "on'rod • .I·",," .". in·diopla"o,.,.,'" relation lor mod· 
"'.,.~ ""110 dofo.motJon 10 

t,E:: . ~ [::: r ~u" ~ t .. : I~ · r.o~) 
.. whic~" and. 0 .. cent_I· ... is ~isPoc • .,."' • . j,e ,. ", 10 lI1. r>:>nIin
... ' b>" corn_ .... ,1r. ",ain. Not_ '1Ia' ,n. BerMu N- Eo'" hyPo!_ 
is .......,.bIo"".,. 10 I"" toIOl "'ra "" thai r.,,"~ 'rom awl""";"" '" pur. 
bonding , , .•.• tho ""'" ""'ding" a _g momon' a' """" on<! '" 'OO 
l»or • • l foou!l1 P" " _ ot VI •• ~ """" _ . r»l ,"'n~ ,h • •• ,;,jity ot 
tho hypoln .... IPio n. Met""" origN,,>, p."",ndicllla, to tho bar axi ... ~ '0""';" pIono aft .. 0._,,,,,,). W • ..",PIt _ .. ;rut. tho ' . n""dol· .. .. 

, , • 



.... "'. Equation (2.5-104) In ,h. "",,·_.noioMl ,trHO" " " '" ",,,,ioon. 
Equa'ioon (2 .~). 1<I got 

", . EI,, _ y~, _ ''''T) (2.547) 

T~ . .. .. , 10", . .. ~ ho"""llO"l«'u" '- (_n' E, \ ....... 0)" 

N, ' J ". dJI • 
. et(l', - Y'" - ,,"ndJI 
_ E<, J dA _ E." i ,dA _ E nj "T dA 

• • • 
12.548) 

o eA", - e o/ ~T dA, 
• , - , 

K ",. _N, 
.... h"~ tho mOdI. "'og,a' .. tho lI>iRI oIop io , om "-u .. JAY dA ;. ,ho 
dftI ... ton of 'ht Ii, .. """"'n' 01 'ho . ,oa .mich .. '"'" 0' , ho co ntmklol 
.. ;S .• ""', N, to 'ho ,he, ..... "",. INn depMd. on lhe I. <roper.'u ,. 
OM"~ aislritI"""" <>II. ' .... ba, O"' .. -MO' ..... ' ar ... ; .... 

N> e " / AT dA 12.54G) 

• Not. ilia, ,h. "'"" E ..... .. Equation (2.54B) is no! ,h. mod\anico l _ • 
•• """"".,,,,, ""'" th o Iho",,""l lo«o , N~ ~ . . .... CO""'" " on,ity <J." 
E_,ioon (2.543) • • 01" . , .. ,h. ,mol or _oIe.1 "" ... "nOj ,h. toO· 

.... ." oondlliom . , . "'-. ~ "'" -'-Iule Ih. 1lOO""'" , Irait>
dioI>Iaotm",, ' ,.tatl,,". Eqoa'ioon 12 .546). 'h. I"",. ~m .. 

N, . E A ["" { _.;] _ N; 

S imio,Ii'. Iho mo....,' on. horno-g. n. ou, bo, is 

.... -/",y"'"' • • eJ If, - P,, - " AT) ydA 
• 

• eJ <, y<IA _ e J yv" ydA, _ e ,,) AT ydA 

• • • 
• - E." ( y' dA_ e " 1. ~TydA 
Q - EI.,, - M~ 

12.551) 

In whlcll lho 1 .... if,,~.I" "'. lhild I ... 01 Equ. tion 12.55' ) ,aobhu 
__ uM c, _ . "'" •• ry <>II. , ,,,. ba, ...... ...,._ , a ,. , . .... 'ho origin 
... , ' ho coni",," . .., J.y dA • O. Al..,. M: ;. "'" "'0"".1 ,..0"'00' 'M' 
~ on "'. '.mpero"re""Mnll" ,""bJI;on ""0' ,h. bar cross. _lion., ., ••. 1 .•. , 

, , 



,.. .... ...... .. , .. __ ...... 
12'=, 

In • &imitat ".......,0' 10 ' M " ' """in<;) 10, "' . Io<c. a quation Equ.tion 
12.549). 'M , . ". Ely" .. Eq .. ,.,. 12.55') .. no' !ho ",. <han""l mo .... '" 
.. «>"" •• 'od ,,;,., 'M '~. 'm~1 "",.,.n,. ~. 

Tho mod' ''8'e/y 10'\10_00 equ i ibOOm otieron'iII' equotio n> 
.0<1 ouocioto<l boundary «>n<Iitoo. as w.' as ,Jo. buclding ..... ,.." .. 1 

-"I ... ,Iora .O<I 0.""" .. ,0<1 boundary _lion. ClO" t>o ,1/,,'-1 ,,~Jo 'M 
'._mental """'Ill' appro3<h I>S<>d in SO<1OO. 2.5.5 .' and 2.5.5.2. 
Simply ~_ .... .......,.1 '~o;;l0 in 'M ...... on' 'VY doooity • • p<.-" 
I""ain . n .. ~ po<..., 1 Y<MOJmo ) 01 Equation (2.3 11) on pa\lO lOS: 

U. _ _ ~_ a! __ ?I<. -" ~T)' _ -~- v! _ 2Jo, a H -~. ~n 12 . .'>53) 

in wh",h 'II& ?, 'e rm .. ' he """"I o" a m .""'IlI' density ' o,m 10 0<1 ,100 """ 
,."") ...,.., 1I>t""'" .~o<" ... no! ",_nI arod,h. ,e,,,, <t' 4T' io m.,t ly 
an oddl "'. ""n"'''' '0 U. and "", .. 10" _ not . ttoe' ,h. ,.wh "h . n 
tlto princ:ip~ 01 _';0 .. ..,. po' .nli.ol one'lI'!' ar>d minim um potonolol on · 
_ .,. appOe<I I_"u" ~corut.nll~OI. T ...... ,flO <>rI:t od<l,h:"", ' 
,."" In 1M .. , . in ~ dono"'Y t>oyond 'no' O>.uso-d I>V moe .... ""1 .1· 
leel:! .. 2<, a~T. _al ' M' i" \IO n ... 1 ~T - 4T(x,y,z.t). btA loa. no 
•• ,Ioli''''' ""'u>e • " nol • lu""liOn oI_" • ...,.,ts vrhiOh a , • • • _ . 
T ......... '.,....1 P'Q()O" 100<1$ '" "'" nonIino-a' _ i'briom ond ""'Of 
_ 0 dtl ... ntiol oq .... "" ... . 0<1 their • ...,., .. , 0<1 oou"""..,. rondition. 
in Ih;, _100 (.e mte.tlo" is ~ dO • • Ofe .... in ProI>tem Sol 2.9). 

Fm", Soc"'n 2.5.5.' . 'h. m_ . ,eIy 1o'90-<lelIooctk>n ba, oqullb.." 
eq .. lionS _ • • pla l'-mol .no< .. . O<I wl hou' body loren . r. 

N,., _ O 12.5501) 

12 .555) 

in _h ,100 Ion:o aO<l me""",' <4n be • lunclOO o! "",,,,,,,I . nor;'" ouch 
.... in Equa'ionS (2.5-(.3) ar>d (2.M!)'" ean b. ,,,ittan 00 

ill ON' 
EA ,,: - ",' ~ Q 12.5%) 

12.557) 

fo< a "'"( will! un~Ofm ~T t!>r<M.Ig/1 ' M ,~"""""' h • • • 0 in 1M oq uiib· 
"",m ".Ie ";" r 10 bucIding (pn;ov"",, !toe ba, w • • pe<teclly ..... Y>! bel ... 
IoodInOI : 01l>erloO ... v ~ 0 

l~. " """",",'O<! equilibrium __ ..,. ~n.l .. a too, 0( \IOno", ' 
CIO .. _lion 0 (0 

'" ___ ... -... ...... ~--.. --...... -
....... -" • ..., .. ___ *Y ..... ..... , ....... .,.. ... _ ' ..... ~ .. ~ ......... --....... _...., ...... .., -"'''''' .. _ ..... --

, , • 



. , M . -. 
HEAIU,. ~ ,:l-I<:}.-[EI, .. -Ma.] ~O Of 

• •• 
[E" .. - M~] _0 or . -. 

• ., 
••• 

/I'< ~ O 
• • 0 . ., . , .. 

1~S58) 

_ .im .. , bouncIafy <OO<J~"". al,. L .,~ I .. '~. Ior,. 0<>n<Ii1". 
[ _EAlu,+>:,2It N;] . p .. , 

_ . ' ''''' ,,, ... _oy C<>nCId"'" ,,"n b . "''''' ...... 

". -, M • -, 
.. 0 .. 0 

N, ... ~Mu ., M • ., 
. _ 0 .. 0 12 .s60) 

M,. _0 Of &. .0 ,.. ' ... 
i.o " .. ......... 1 bourdo .... '0 .. . ..... on !he 10" .. E~"'tioo (2.500) . .. 
lI"OII'etric boo"'*"Y «>t1Oft.ion. on ! flo r;gN: in """"" tho lore. "nd mo
",on' .,. th. 101.&1 """ntil ... io'OClL>d;"g "".mal ell"",. "'pliO.!)' Ih,ooilh 
E"""b . .... 12.~al 00<1 (2,5~'). _ivol)'. 

For bu::I<Iing p!'Ol>lems, ,hit ,.,i.tio .. '" (o'co acd m<>II'!e<\t or. 

m, ~ J 11<>, <IA 12.5El) 
o 

l>M. - l.sc., ydA, 12,\'>21 
o 

• .., 1.<. />0 • • ""'Iion '" I"""" '" t ... vo_n. '0 " 00<1.. _ . 10>1 
th. ~.If to .. ' .. <> .. E~ ... \"" 12.5-03 1. <10 • • no1 r-.. ..... ,;",. ; .•.. both 
n."" AT . r. eon"''''",," diopla«tm_ •• r • ••• ied as io '''. Ioad, P . 
,*,,-u .. ..,.,. "' • • I""",,," ol <1Iop'>CO"' • • ,*. M.. CO_""". 
ON~ • 0 and OM; • 0 -.0.- !h ... ,""".al lo>t>d;ng'. ~ ,"" moe", """,! 
_"115, . re "","",,0' in !he ,0, ... 1"",. 1 prooe ... 0<1 ""eel ooly ,,,. 

P<tbu<iding ""'''''''m "',_ OUt. 
1"0 0'.,., b., _1<1"" OG""' ..... .,;~ . ,pOOl '~ ."""'. rm. ('" 

body '''''''') 'rom Soction 2.~.5.2 . ,. 
01" , ., _0 

" ,&.",+&.l" ... ~O 12~) 
10 "hie, ! iII .ho opocja l ,.rlallon 'rom 11>0 prlWClding ""ulloO,i<lm .... . . 
W. _ " Ino ...... 01111 0 prebuOldk.g I""", ", , ... y",10;10 a ..,..,;0" to 
E_,;o" 12.!;.65), i .• " ,ho . !gO"' ..... of tho ""ualion , ",. Whon only 
l'I'Iocl>a"1e4i b&dIng ill <onoldo,ed. ", _ EA",. 

, , 



110 ..... ..... .. , .. __ ...... 

T"- D. r buckliog equations , including _mal _ , ","pond "" , ,,
•• ,lal""'o 01 !he !<oreo.nd .... MOm,," , bol '~I Iha' !he lit .... ,lal""', 
'" Iho Iho""al ~ a"" '"o,mal mo",onl . ,. "ro Tnu • . • ho ba, Iho'"..,. 
..... " bu<Ung eq""'''<>o~. 

N, _ £A -, , ;J;: - N, 

..t.Ich 10 !he . 190"" .... _ ... k ., Ih. tho,,,,,,,,, • ..., buclJOorg pmbIo", 
_.u .. , "', a port.." ty ' ''''9'1 boo, .... _ .... rlo'_, " ., th. 
p<.buckling equi~"m ..... 10 <oro ( • • OJO .. do""o*' •• 1 . 0<1 Uo i. tho 
p«bueklil1g cenIJ<rid;>~ ... 1o <ioplo.«monl. T"- ,."u,. '" N, "' EQ""lion 
{2,$!;Il) muot ... _ ... ....., ....... 10 buckling I""" lho ""''''n ol '''-

oq"irroum •• Iue PrOO:::.~ .. ::Th:;':::_;::'_:;'~in could .a<h be.1 " 'n_ 1 ) , , 

,~, 

r EA",b., - Elb.", - N~ b., J 
E~." 

., 
" , 

" .. , -, .. , 
-, .. , 

• 
• 
• 

" 
N,~, . I>M,~ _ 0 0' .. , 

Old . 0 0' , , . 0 

• ,,' ., 
• .. , " ., ., .. , · -, .. , · -, .. , · ., , ,. 0 

12,510) 

£"",,' ions (2,566) .nd 12.561, aro ~ diII. r.",Ia' Iquation , 
,.;0, """"'lI"n"",", ~ <00<11"", in Equation. 12.560) <><. otler· 
",,",. ~ , (2.510), Thu" , jh. y ~~"'.~" e9o ...... "' • • _m~"" , .. 
.. ",.,.;l o"""r<IOVY. T~e ei\l,,,,,,"e is tI>e •• kIo '" N" jlre b""k~ Ioo~ 
Of AT. Iho ,h.""", bucklng .,.d. Tho Oig&nYeclOf .. "'e.hopo ot ,,,
b<clIed to... ""''''''Iy. 'h.,. Ia 0<1 ""y~ """"'"'Ii$O"'" 10 Eq ... · 
!.ion 12,564) be<:&" .. "'_ ."". ,"_" "'" ;"v_ ... w. <.n Ognor' 
Equal"" (2 .564). Voriol",n. o! u . r. in<Iopeodo nt o! • • rio tio,. of ' . 00 w. 
,....., 0<1, ooIri. tM ~ ClitfOt"n"" "",",,!ion, EQ""_ 12.564), 

w. ,,11 u .. ""* IU"""_OlO ' 1Il0"""lost" ,."'Ior"Is" pro."",. 
in""""ing oquiNJUIm. nd bu<klir>g .ftor w. ,"" . '"_ . ,p_ tho is· 
OIJ. 01 oar ""P~ co",,' _ ao rolal"" 10 a,lal , •• ".lntln 50<1"," 2.~.4. 

, , • 



2.9.4 Sor Support Condlllo"" 

DOl om '"1I!>Of1 "" __ .... crucial'" .... natura 01 In. pl<ll>l<",. 
~ ba ... a r. Ir .. '" .,,,..00 o><la l)' ..-.dor a ' ompem'ur. m ango .. in Fig
,.,. 2 ·6110. '~ .n no t' . rmo'_ing con 00<'" _ 'u •• "" COftlP"' ..... 
m.rmo' n ...... co.n _Io~. If ".,,. .... nO' , .... '" . ' p"oo or """''''co 
""io l ~ undool 0 tomporaturo cIIongo . 0 in FiqtJI. 2·691>. "' on comPI.""O 
Of ,.odo ,hor"",1 n ..... _ olop. Dt>.iouo!r. 001\' <0_ • ...,& "'0'· 
"",I . Iro .... ","u .. bu<.kling 01 0 bar. n . b<>(t"", ""10 in F;g... ... 2 ·$g 
. '. _ ",,"-<I oinn.d~. bu' ' 0. ~ey diII. ,onc. b. tw" n tI>oom " 
no o , iaI rMlnlm .. """, porlOCla<iol """,,oinl. Thol'" th& ",nn<ld ond> 
in F~. 2 ·~9b co.""'" "'''''. in ,h • • ,,,1 ""''''''''''' _, ... 'h. rigtII.hoOO 
".,r>Od e OO in F~u I' 2·e~. <0" mOV. beca ..... ~ " on rolf .... 

I I 

• W."""" ....... flo"",,,,, 
''PO'''. a.r. W,_ """ W .......... _ 1_ 

Tho JQ1., ion.l.oo n ollol""., _","". 01. bot """",I ho levol 01 
11>0 'h. ,ma l _1din<o Io>a<I. ju" ao d"IO'/ a«oct tho ...... 1 oIlho ",,,,,hanc.1 
_0 Io>a<I!h;., .... .,LldIod "', v,""u, suppor! <:<>rdIlon.", pr_"a 
_ no In lme. ch""'.r. _ • • • r. ""I~ mocho.olo"' I"",~mg "' ... ~. 
_'. '~. ,,"o l b""~n g "'od p_ ... do "", leG u' . movomom b . ...... " 
11>0 bor . ndo to "" .... Iood ,,,. , INdo ' 0 _ loins!. in Iocr. rl!Om><li b<.ocIr. 
""9 ptObIoms ~"n "", &Om. rtlSIticoon 011 mo,""""" =ut ",. .... n 
... bar . _ , Tho' .. a_ , no m""om on' c. n <><CUI boo. u .. l"'_ 
c"n"'" mo •• "'10' .... to """ . ""0.' or on .1 .. ,;., to .... .... ,;.10 .go"", 
"""omen! ouch • • a n n;' 1)' 01_'" OII""g. No'. ,h., tho I,,," expon· 
aiM 01 • h •• t<ld bar wilt &.ceed l~o conn.<Iion of ,~o 011""0 ''''''_by 
do,.bplng an ",,,,I p,oI>u<.ldO>g I. , ... 'hOI .. I&>. tho., ....... , _ 1>0 
do,.1o!>t<1 ~ tho o nd .... ' . i.,,,_ .bIo. 

M or Ihro _ e""" 01 U .. bo.os in ","'-'9 oecliono .re tIe< to """.In ,h. ad.1 rlireclion just .... ,. l~o bars in F~"re 2 ·6 11>.. T"", ia. 
. 101 ' ho 'u __ roioms "....011 • • ,101 ...,....m.n1 in ordo< "', tho bar 
\O"""~ """""""'IlC>a<l. WAl">Out , ~ . ~r 01 a ... """'''''''lion. 
lho ""co ""0"" 1>0 100_ " In" ",,,,,he"""" Iood. ~o" .... or. ,hO .. _ 
port. do not 0'''''. 1h<t, ... 1 _10<>11 under • constanl ~ T Ihrouvtoorrl , flo 
ba, becau ... no 1I>ormo l lo<ce eon _.Iop "'''''''' axial r. "",int. E.on 
~ .... '. "'pe'"''''' OM " go •• ri • • in ' ....... , ,,"OG"lion. Iho o Hoct;o 0IIIj' 
10 Iongtfloto .... ba,. no' " OUCklo~ ........ , '"",p. ",IO,* lI"'''''''' lO ''"'"L>gt1 
'ho thicl<nooo 01 tho baa in Figuro 2·_ mor.~ , .. ul in bor I>ondin~ in 
proportion to tho magnitudo or , flo gradio"' ond oru ." .. "oion in p!<>pO'. 
tio n to Iho a, .. a go ' ompo"""'. r'" or ,h. bat. 

, , 



,1> ..... ....... , .. __ ...... 

4<eordlnglf, '" define..". bo,""" ... _ or ,..".In! ooncttioo . 
t!>a, oan IN<! 10 'h.' ..... ' _kling. 110'" ond _rl. ,an"'" M<Wo I<>
",ard "". a M""' ... FIou .. ~_10. a .. b • • ~""ugh '''' ","ng __ """ 
_ """,,,, FiV<o 'o 2-10< CO" """0 '''''Y ""'" ,~. Io~·" . .. ~ \too t...,· 
PO"''''o ina ..... an;! can lOla'. <lUring _kIing la rotrnoo"l',o,onling 
. upp<Ht CO<JkI b. p __ la, '0 "'" blOok"" "" ..... o"""OP of , ... 
bo., io F9.o<o 2·6 "" pogo 51). T~ ..... . ynilomo I • .,porutu", ioc ....... 
_no Ihmughout ony of u,. boIS io Fi~u", 2·70 , .. <10 10 "'''prossi,. 
u, .. mo' ........ thaI u" be h\sJll .~o'o cau .. tha be, '0 _klo 
"""'., .... ~,." d.",lio n "'. n ... , .. ipotll"'odioulo,) to tho bo, .. "-
How.,." bolor. 1M' _1dinIl oonditoo OCCU"", 1M bo, .,.,o4y _ olop> 
comp_. ,ho ,,,,,,''',,,, .. _",."" ", .. I "', • ., ~ •• , ,,,;,~ • 
"";jo",, ~T tM>U~ trIO !>Or) • • ".pt Ito .... ..,mg __ c ... 
io Fi~'. 2·TO<. ".n ... luncI.," of .,"'<:OOI<Iino'o, ' . along ,~. bo,. 
th.en bo!h 111 . (jopllocom ... ," aoo " ,oin .... 0100. fu .... ioo of ' . I. . .. 
u ~ 01') .n~ f, ~ ',I'j. 8-0"'. "n~o'm <IT 000 "" . . .. , ~ ' . .... ;,,0 <IT '''~ 
., <Ornp ....... ,~ ."".,_ ,">1 can COU" _kling, !-'O".,.,. fO< ,rIO 
"" p~ _ ... alld tix""·li .. d ba ", io Figu'o, 2·100 .00 b . ' '''0 is 
toO ntt <l$pbC.MO" 01 0<'10""" .. Ia"". "' .... Qt""'""" ... opec .... of 
_ho, 'ho ' omp. ra'u", """_ v.,in ......... .. , <liroc',," 0< not. FOO" 
tI>o '~"' · opring 'UWOriod "'or, 11>0 I!OI to<c. rom .. lro", ,~. intoyra,od 
onO<! Qt 'no ,aNbIe tompo'.'" '" chaogo_ Sirnllaoly . "" gui<Ied.,,,,,,,,.1Id 
yuOled.pO-onod b ... oj F;gun.o 2-22 ond 2-23 on pail"0 73 ond 7$, "' _ 
_ .... ~, roold 1>&,. "'oil load ""-',IM bo, w~~ _ .. _II UM»< 
.... 10-0,,) 'Utod ... "~""'.,.,..ti<>" ao ' 0" b .... hay. "" no' diopitlco",o'" 
'" """.Ild ,""",w. to II>a 0\1>0, 0";, NoI. 'fIo' ,X"" ",,,,,, in! io 'h. 0010 de1., ........ g facio! fO< 'h. ",obucUng Ih«mo.l !or<. "' , .. bo,. j,o" toy 
101.01"",,' """" ... , is irnmol<,I0',,",o.,,.. of COO"' , ..-. dete ,mining ,~. 
bUci<Mrlg "'""'). Thu .. ,<>< 'ht .. m ..... I"'g «>ndil .... ... c~ 01'''' """ 
io Figu ," 2-70.. aoo~ o. wo' as Ito Figu, .. 2-22 and 2-23 fill. Itro ... m. 
",obU<' 1iog t!>ormol fore . On1\o 'ho . . .. ~ ... """""" ba, h ••• 
611._ prOWCI<ling....,.".., fO<co lhO" lilt "'''0' 'Ou,,,,,,,, ___ 'rIO 
opmg PO'''''' .......... """',,' '" .... , """,omo'" ;" P_"" '" 'fill 
!ore. " ... 1>pI1<f prior '0 "'''''''"'11. 

" • ba, !>a. b. o" ohorl.nod by • d.tot"!t\O,OO""""K>l1od dev"", O<J<h 
a . ;" 0 "" ..... tlP" _ ""m • • • 0WOoed 10 • "","". uie .,." ".mo. ,h on 

• S~ • ...,...... b f~ .. -F_ , F __ Sp Ong S"""""",, 

' 9'" 2-7" eo" _ ""'" 1\0", .... 

, , • 



• _nleal "-I ~n boo. intJO<luced ... i~ on 'Ldot _,.. " no .... 
PO""""_ Tho "",,"-Iypo"'" hamol. a ",a~ oI."~ k>ad by aJ>
PMng 0 dloplaoc..".nt '" ...,.,.n 0 ... ' or """' ~_ E ...... iaTlv. ,n. 
_ 01><1 '" 'ho "", in fill" "' 2-7 1 ""' . .... do..., "WIVing • IO<od b<.oO 
,.maining in poootion to.- any Ihoo.."al oxponoion ~ ""oting o«ors. 
S~nlly , 0 ", ...... llMding oan boo ap_ 
pO • • , .., !he buolo;lng ..,. ... 'h" ",>UtI '" 
II>ormol _g on 0 I" " tflol .. ",oolfeSHd 
.,;", moc:honi<:al .... d. Thus, bucI<JO>g u __ 
"".,Iy oimulo noouo 1l16rmalar>d moeh.n;,;. 1 
10eding io po_. In rna.,.,. "",r. <>r<k>a'Y 
0 . .... b,o.", """""' ..... _"od ... rn . ...... 
"",n .... 1 boto buo ' liolo;J duo 10 ",O<I>.n;"'1 
_ ."" buCking duo 10 11>0''''01 .... <11 01.>

C",. r"" io, bol" ,.""".1 800 moch.nc.1 100<10.,. quo dil"::"" 10 .... ul .n4'OUOly do· 
• • Iop ... o .. ·dimo."", .. 1 .. """",. 1 mom · 
be, "",n as . .. , ~.,.. ' hey _ roily 
'«lull. 00fIIt""1</oIy. 10 .. ","'ually •• 0 ....... 
""PI">" "*,,,,, nw.o th., . ", .." i k.", 10 bo 
oo"",,,ad in pnoClioo. 

_ ...... 2·11 __ 

l~",.B ... 

Consider II>e opring-""p(IOf1od ba, in Figuro 2·72. II u.. 1>0, .. .... 
chanbally _ wi1h Io<c4 P on ' '''' Io ooly movable load holde, ( ..... 1>0. 
_ 'ho ~ _ " In Flguro 2-721. ,n ... tho bar boc ' los.r tho Eulot 
buci<ing ""<>' P _ ~nL'_ "'n" bo t .. """'od u ",01 "" "".<ha.leatv 
_. Itlon • • 'p.ondo in th. "" .. , d....,· 
bon rnov;"g both IIHI _ing 000 IIHI ""'" 
1>DIdo, up_Ill. He""",,",, the_;n; '0''''' 
bo'" .. n 11>0 bad """,", ond IIHI bo, ..... 
_. no' <"ango, lo" ~ ...... in. P. Tnu., 
nD ....".., b"""""" oon _ ... '01 ,,, .. b., 
in conhot 10 , .. IacI Il101 'ho "'""11' 
-"'" bo, in Figu'. 2-100 ea" _ 
undoI,ho,ma'lo.d. He" ...... ,,,", ""'" 
1>0l<I0, is ' '''""PIy a ""Iotm.ation""",,'rc_ 
.... "" w<h." in a "", . ... 'VPOO ""'" ,,,""" 
""""'_ n Pho ",",""0 ".,.~h , IIHI 

• 

Opfing!OfOo .. ,~ ... " ,h. kIO.d 00",",."" F.,.., .. '·72 Comb .... TI .. """, 
'no bar 0,,""1/" • • IIHI 'O "lP"~'UfO n· and ... ,......, .. ~_ 

« .. H •. Thus. boU1 mo<hanbol."",,-" 
","I load CIlJ'I boo inlrodI>< ... in ouch • oupp<>tI .v.tom '"".-by ~9 ,ho 
poooi>ilily Qi Oolh mochon""'ond '''0''''0' b""~ng 

In aI .uppM """'s. ..... do no' _ ... ony hoo, " a nsfe r lrom ,"" 
bo, k> tho ""PP"". "" •• d, _"peel PO . u.od.,od """'"'11 a...,."'" 
k> take ink> . _un! an)' h .. , " ...... , to ,he . uwort.. •• ".~ 01 doOI""'g 
11>0 _ t"'ll o,lIHI bor os w" os ~. """""" ..,. ... m. Tha, U •• ,,,,,, 11oIIdi1lg 
c.n. I"o>¥.'.,." co ..... "'"'king on"" ,h . ", ... , .. 1 , . .... Int 01 ,h. bo,. 

, , 



,1< ..... ....... , .. __ ...... 

2.9.5 Thermol Oco::k ll"ll 01 on A.I<oI1y ResI,alned I'lnM<J.Plnned 11M 
_'""" .. d to 0 UnW<><", r.",P""""u" Chon~ 

How"" Yr. """. tho"",,1 bu<~.ny p"""' '''' ? ,.. 10, .., .. y ot~ 
mo<loonio. p""''''''' . Vi ' CO" b, • • k tho OW'" p""'Iom i"", "0_ 
"" .... aM then OUPOrp056 Ihe", (ao long. '" """""'. o. "" ..... pM hao 
iIfl ... , ~,). ~",,,,, .... ~ . " . ",,"1<1"""'.101. ~"" 001; •• !iOV"r.in; 
diII .. e nt'" """,,'ion . od """0081"f 00<>d~",,",. ,e .. """. an eige"".1ue 
prnblom. W. I..., .... ouperpoo<tlon 10, ,hlo sirnpIo proble", 

eono;do,. ba r "';'h both"""" plMod. ""n"'n' "st.""" "po""M 
outojtCItd '" • "nilorm ~T ''' ....... _, I~ too, """_ .. In F9>r"o 2·7310. 
"'11<.1)'. Ih. ba, is po~.<IIy str.1ght 11. •. . no impoo~ect<>no &f. 0011 _ 
_ ) Suporposllon." , .... I, ....... ""., "P"noIon problem in Figure 
2·13b .,.., ' ... ,,,,,,,,,.1 "'Slr.~ '''''''' problem '" F;g,.. r. 2·730 ...... ~ 
'" ' '''' 'oqo.rirom"", 1M, Iho '0,,"' dolormation "' , oro. i .•. • ,ha' 110 . I, •• 
tIHorma' ... ""nsion proci. o!y OG"""' U .. 'hormal "woining lor<» con
u.",1on (I .• .• w' •••• 'he o","pro"'" to",. , .. , ,.;a .. aolly " ....... 10 , ... 
1_Iho""ol o,p.n. ""): 

" (m ' ~ ~Tl) _ (.!.,"" AE ) (2.571) 

in w, ,,h "- .. ,h. oo. Kbonl '" , ... ""., ' . poo""'" '" ..... ba, ",",,"00 1. 
Thio C()f>(lll1on l .. d.lO. compr .... v. 'h ....... ' otrUlr'" mogn.ud. 

<r __ ~ ._ ~ ".l.lL ._ EIl~T 12.572) 

Tho "'pica,;'o .. ,001 tr .. ,,,,,,,,,,' .. ,,,.n$loo toado '0 a <>o<o.m.,1on ,00, 
"'uot .. _ . . .... by. 0001."....,. "m OC Oonoca'· 'o"," p . 'holn(" .. ," 
tho,,,,.1 ,ootro""g """" P io Fjgur. 2·730 (doliflod 10 t>o po';' ..... 1· 
"""'gil ~ "' • """'''''' ...... ""co)~ whicl1 0 ....... .... !ISH It! '0. ba,. W • 
.... , ... .au. oj P or <I . h. "". ~T. ",", wll c.u .. b •. dd ng 

How. v01. w. a lrNdy know 1100 vol • • 01 tho "-Mnicollo",o P tt>ot 
00""" bu<hlin\I! OIl. work in ."..""" _bo""." Chapl .. Two .. 10' iu'" 
....,h p".,I0"" . Th., .. " . 00 0 , ... ".og' "quo,,,,,, i2.S72) '0 gOi , ... 
\1>0,,..1 bue, inv ",.d: 

A ,. i' 

~ " ... n ...... ' , Thor., .... A • .,,",..-.g EA",,_ p",""", f 01Co ~_ 

, , • 



B............. ". 
f '" o ""'pIy ~ bar, os In Fillofo 2·730. P ..... Ell'. 00 

"T ~ n'.' EI 1 ~ n'.' I , 1 12.570) 
l'AE~ Al'~ 

WO """" ",no VA, .. 1 ....... , is , .. '84" 0 01 IIY'OI;"r, 01"'0 " 'U """0' 
_no TI>o 10,,_ bu<klin\1l:><o;l aM~' <>e<.B ot n. 1. i ... . 

.'IT • ~' .L...l.. .1. • • ',' _,_.1. ~ .. __ ' _ 
... l ' 0 l ' ~ ~ll.I<l' 

12.5751 

'rom "M"h " . oMeNe " ,,,' 

1. TI>om'lol bu<kOng io "","""nde,,, 01 th. b., m.t. tiara modu .... 01 
elulio~. E IE is. mecl>o"",~r_n, '" I ..... , .... ~. 

2. Tho",,"' bu<lolng is Im., .. ~ doponden' "" ,h. 1>0 , ","I.,,,,",, .,.,.,. 
f ieio nl ollh."" . 1 ""panoOon. ~ (n is 0 'h.rm.'~ropo", of Iho mo.lo· 
';"'1 . Tho' io. ,h. hIghOf lh. " '" tho bat.1ho _ , tho <l.T_ 

3 . Of COUfSO, u -MIll bu<lMg "noH, m"""""",,,' _9, 111 0 lMfmal 
bu<1din\J bod io itw.,...~ ptcpQtlionallO 'ho oquore ollho .. , Ion¢'. 
"" "",-, ""'Y .. ,. _ ... """", fa ' 10" .. "T Il>o n do oI>ort bo. .... 

4. TI>o mOl1l o!!ieiom 'ho c"' .. ...,.<>n iI in , .. _ 01 . h;goo, .al.o 
of i' • V .... t~o hV- t .. 1I>e"",,1 (acd me<l>on"oQ b",,~1irIg load, 

n. p,odict..:l.H ea" ,a"9" ltom _ .,a' MII'." to _. 01 do
!T'I.' , ,, 11>0 .... ' <aM ...... ",,"Id _, ,~., Iho rna_ ' P"'I"'nIQ 
"" 0" m_l>o.o ol'lo<>ged ovo, ouc:h . 1a,1IO ' ornporalUro '"ngo. ocd, in 
addi[<>n. ,"-, Iho p,ob""klinII ~'o_ .,"I"O\i~ "",,"g~ ,~., ;""'>lie .1. 
',1<:1. mijlM IHI _n,. B<>'~ oW"" .. IMd 1<> aignfie"ntlj ......... "T 
IMn ~Iod "it~ ' no .. . " "". """" 'Omp6f"''''. _rtis. ibotn 
.... ' ''''''1 .. i l,-"' ..... cd ~) .. <l<rT>O<I>trMod I<>< IHI .. by """". 12-321, 

W. OlIn dO""",! O'i>oI'ule I~. rt>Od>anb l bud<long load P "" • • 
_nieol ~ _ cues If>IIl " . OOI<od in p'_"' _"""" '" 
Ih .. <"" plot "' Eq".,<>n (2.573) to 110' , flo Il>orm.'t><>r:~1O>g load u long 
~ ..... ''''''II''a. OM' ",. boo, ..... ~,. "" .. unabI<o '0 ..,... __ y 'rom 
....,. ~OOIhor. T~ is. II>e OCI". I , cd ouppon cocd. ioos to , m. IW<l 

"",blom. _ m""""nic.' bu<Ioln~. "" ' hormal t><>r:ktng. . , . qoito ddto .. ",. 
l><rI 'ho two "",uti< " . '. <10"'''01. 01 ooU_ , .1 ', • •.• "" m."'."n".1 
_g ooMion ....... "" .""~ u .... 

W. "0"'; ... poet ' "-I ttoo in~" 1 po"bucl<~n9 boh,,;,.- 01 tho uni-
Iorm" """,ed "'" woo1d lo0Io. ..", .... , to thol Jot .""men! All '" Fillof. 
~-3 ' on po,," "~, _..."r, "" " loll .. 'omp.,.'u,, >, Iho pao.tbucklirlg 
bo ... io, oMuld kl<><- .... "', 1<> ,nO! in f jglrr. 2 -29 .,., P"OO " 5 In 5_ 
2.4 tor ' ho ..... .,. as .,ng .. 'OO bar mot_ 111m . .... ,. .. ie .n<! ..... 

th . .. mo ~U' • !>lid.' "" .. ,l<>:o<IIng (>cd h .. Iho <Orr"" ,""",n ,.1olw." ,h. Iil<od-I, ... bo , ot _ 2.4). Of co o, .. , ,flo high .. ,flo Ie_'u ... tno10 .. lI<oIy ..... , 'ho boo,,,;1 """"0 . .... " " iIh " n_ 1t>
_ pt<>p<>flio • • n., io , an o.;, ••• od IOmporallJ," iI kl<oly to ""'" , ,, 
both ., ola .. " bo",;"-., _ u do< ... "ood ........ iIt _fIioo 

, , 



11. .... . ..... .. , .. __ ...... 

w. louod bl,reoU"" bt.<:l<Ji.ng lrom ,~ ...... ;gto; oqu_m ... ,. 10 
• bu<klod .... ,& In ''''o'''llOinIl """">I",,. TOotn"'" 1~-.3 ' 1 , • • •• do,· 
.. ",,,,,,, ""'-"""'" _e~ 10 ..," ..... .. m. ""'on". k» I><ObIom' H • 
..,,, .. ,,,. b<ocI<li<'Il di'l ... n,iol ooq .. ''''' ('n P'_ noIO'ion) 

E I ;;'(oy) _ 'I ;1("'.1 . 0 
a." ix' 

In ""'"'" ,"" " .. 10, ,,,, In tho ,h. 'TMI """"0'" _. "", ........ ' ,"" ,h.,m.' momo"' , M;, 
M;.E~ j.\T1 dA 

• 

(2.576) 

(2.5m 

10 ;_ z.m beeo"" lhe .n "' unilo,," "'ving.~ .,,,n Inlog!al in Y 
""""h I. a~ .. !Om, Also, 

N, ._ P (2.578) 

I. •. , ''''' a, .. ' '0'00 io "'. 10",. dovolop<od ., ,h. immav.bIt . od ,uppo~, 
("",,,,10 "" PPM' """ do,.,. ,,,,nola,. , btl! do ._ """''''). Th .. , .... 
con "''''.go Equotio " (2. 576) \O .... d 

in whio:~ 

t(&I) H' if(3v) ~ O 
",,' ix' 

~' . p 

" n. ""unda.., oo;o<dtio "U ' O "" d""""",mo. t.; 

."" 'or "",mon,,· 

SM(O) _ i( .... (0 , - 0 
;', 

1oM(L. _ i(.Iv) (l.) g O 
;,', 

The g . .... , """"ion 10 th. _ . minQ <iII. """iol ""u.'ion io 

b; " c, • c, • c,"' ;'" • c, 000 ;'" 

Aj>pIica'''' 01 11>0 Ix>undIry coodfions." zo,,- '" 
r60(D) * O.l 

[(oI,I(O) _ oJ 

(2,57P) 

(2MO) 

12.;&2) 

12,&e:l) 

12._) 

12.585) 

_ ,."""" 0, and c • • '" bolh z.m (b""o , ,," ). <"._ 1>0 z.," 0-.1 h • •• 
II,. 1>0, buc kle). Then. the bounddry oondiI .... ot x _ l I.ad to """"_ ... ", ; ':,"'-, ..... --=-,._--_ ...... . _ .. ... --.. ..... -.. -"'"' ... .... -..., .. ""'_ .. -

, , • 



[b..IL) _ O] O_ o,L+o,";").L 

[SMIL) ~ O] O . _ ~;"oi")J. 

l1<li. 'oo.in , • ~O" no!. ""V""",I~ ....... nirlglul ""lulion, "" 

O. o, .... ),L 12_S/!/l) 

mu .. b . Il>e oo ... ion '" ,1>0 10., boundo'Y oondilion_ Tho, • • ,. now two 
poo.>i;M ....... ;,n., Fi..t. c, _ ", ~ 0 wt,;J. .. ~ pl,yoieo lly .... , ..... ing 
..... "" oo ... ion 1_ ... h "~ __ concludo til ... ""n be no I>uo;;I<J;og l>O<oou .. 
II>e<> b.. . O. 1.0, . !he ba, , ........ .... """'. n o _, """" ;"!e'"",in\/. 
soUlion 10 ~Q"';o", (l.50.) o rld 1<'_508) 10 

0, . 0 

",")J.mO ", ...... l."l2n " 

_h i. 'ho '.milia , .ulo, bockin\lload fo< 0 aim~ "'wonod bo, in ,h. 
","nne ' Of F;g.,ro 2-70» 1;'0_, ""'~ •• "" ....... ~). BO¢Ou$O '.0 p_ 
orn ba, io ... ia'~ '''1ra irHKI as in Figu," 2·7I a . a ' ,,"!mal 10"' •. N; . .. 
do,. bpod ord" "," "0 P in ~q"",;on (1'). i.o_, 

A' . is . ,,"l l 
E" A A l" " 

"""" ........ """' 0 , ....... Equa'ion (2 .S7~) .... In "'""' olgo""~I .. 
proI>lom. , _ <on"", 1"-:1 ..... omp~udo, e". '" Ih. _ .... g dol,"""ion 

, , 



,fa .......... .. , .. _ _ ...... 

2.9.8 Thormal Boho.lor 01 8 n A. Io"V Reslra lnood liar oubjee!ed to 
• Un, . , Th'''''gh-1t.-Thick ..... hm pe"wro ChonII'" 

""",, 

I~roug" In. b., tlo"M'" 
' ",". 

;. """h "'T • ., io I .. o . ... g. bo., ' ."peralu,. ct>o"ll" . rod .loT" io tho 
'e ...-a' u,. ' 04"11" 'rom """ !IIJ ~aco 01 'ho bo, ., tho _ ""rf.co in 
11>0 ~.di t""'''''' ao """"'" I" F~'o 2·7~. 01 """, ... ,h. ' ... p.,.'",. 
ch'''II'' Gould '" ,~n:It<I • • • lu",","" or I ..... !. tHA w' " iI flO! .... 
dr ... lr.o .. prOI>IO .... in Ill .. bOo • . The rom._ 01 _____ .. 

modoled . ft .. TIo"",,,·, ...... .. Igo'''''' 011111, prOI>IOm 12·311 
lo, ' .... m.aJ morn,nl io 

M!" - E " J.AT YdA 12.500) 

;" "h,," ( • .,., ~ oro con"'''' ,.~ 'hoy ""0 ...... bo lomp" " "" 
_ nt). Upon ..... ' .. Iion . Ih. inlegrttl can bo "'"""" 10 too 

" f E n ' ~T 
~~ . h ' 

Th .. Inorm.1 """""'" co ...... 100. "''''''''''' ••• n • • n ... io 7010. 
lo, ,"O<mal ,<>«< io 

N; • ~ " J. ... T dA (2.598) 

Yof>i<h '''' . I.""" n IIIrouIlh TO 
11>0 ,"","",os as ;. E""._ 
(2.~ 55) roclucft ., , 

N. _ En " T ... ... 12._ ) 

• .,., ca n. by ~ ... ~ Ii. • .• ~.i!hoUt 

• 

tM ",o. onco 01 . tM tm. 1 mo
monQ. co . .. ,h. bot 10 b",kio 
.. In Soo'''n 2.~ .5 , 

..--,' ''"'po , .... " 0"'_ 
T"""-9I> .... 80. _ .. 

, , • 



T"- problem now i. 10 del.""in. "'" ba, f<lspoo'" "r.de, I~. inlkJ.. 
__ 01 bo ... M; ."" N; ........ n",,_ t 01 TI'>OI""'" 12-.'11 1. H. ""'1Id ..... , 
..... cho,acI. , 01 t"- pwblom c .... fl\IH from .... w...rc.lion b""k'O<>g 
"",b"m in SOCliontg.5 "' . b. t>d;"g ot' bo,.;"g pmt, .. m. ThaI ia. 'no 
Da' _ ost"- 101, ioaWi Od 01><1 ""' __ , Of .",..' ....... N; 00 "'" 
a n .,,,,1 lorat. p , Iha' will ""..., hocki ng 0 ' hoc ' ltng·1i!<o b ..... ' ... ~ ,,,-
"_,",, cho ngo 0. b"J' . "",,!jh.nd ~ N; ;' "I'I'liod nr boW Iwt.~ h 
~ is noo). Sp"die.oly ••• ,~ • • "",age 'empe" I"" chl!nvo~, IhI! 
ba, m~n ,fa" ........ dtlloclion, _, In FIgu, • • ·15 Iner • • ••• un .... 
".,.,.. wiI",,,,, .".;, as IT.,,, ..."""",,,-" ' ''- . .... -'T", ,.,m S"""n 
2 .g.s . n us, ..... ,0"'ionsIMp l>o1_n Iho .tI>o,mollo-Dtding lOP"" ~T..." 
00<1 I T, 00<1 '00 1>0, ,"spe" .. .. hIIl~ ~ "".i"u " Thorn"", ot.""""'1I">o1 
""'ion~ r", r~o . IUI'" h . ... v ... 01. ba, <ubjO<1Od 10. "KIt '"OlIO 
01 ' ompor>!"",", in ,,,- 101i<l..,;"g m.nnor 12_31) 

Tno ~,iollo"", N, <1<>0. "'" "" wOn .. 0.1 pod "" • ...,.""" oIlno 
""""" ... , «I"iIM"m «IUOI .... 

12.&00) 

Thuo, w, can WI N, ~"" to - p. an .,101 torco oausoQ ~I '''',a'ooQ 
"'.rmol ~'p"n"""OO . ffOC1od nr tr.n ..... _ delloclion, n.. _. P .. 
do'.k>[lOd . , tho ..,"""' .... . nd """pOrt, """'" Ih • • ""po,," or. , • . 
""",«1 000 ' ....... Od ''I n tr,. l..-cUIMy "",Oft, _OVO'. ""il<e ....... joi 
'0"" in 1twt uni/ormly _t.o ba, or SoClion 2 .g.S, .... """"". _ . P is 
10 ... IIoan N; ..,<ou .. ..... h ........... <101_ , _I' ). 01 tho ba< durin~ 
heolftll doc_ ..... """ Ilor",, at t~. _rio. That is, Iho bar band> 
aw~y "om ~. or\gn>1 ."..igI\I oon'iQur.ti(I" end ,0110'0-" ...... '" , .. 
to",. at tho """'O'I.b ... r.de. Thus • • 1 '"·~ diog,am o! "'. _m" 
U _o .. ,.,od in Figuro 2·75. ~ ""'"It:! bo inIu i"o ~ _iou" t"-I 'no 
to"", p ,,,,,,OJ .. ~9>! r ~ tho b.u "'yod 01,.111''' ... tood 01 b. r6>g. 
_ . tIIot ,,,- .""w" N! 10 ~ ... tor 1twtn ,n. """no,"", P ~I>ic~ " . mUS1 
""". Thus, P 10. "" .. .0 Q .... ",iy. ,,,,, " oonttollod . ua ntity. T"- oon-
troIod q.""IiIy " ''''' " ... ,,""" Iooding. and tile ,_no. Q""ntity io , ,,
mOl."!"'" U"fI>\OfI~ dol,. <:60" '" ,r,. bat, 

, , • 



,.. .... ........ , .. __ ...... 
12.00') 

c," b. _ .n •• 
12.<102) 

12,110;)) 

whi<h 10 . ",,1O>nb1o "" , ,,. en~", 10000o,g .. n ~. I", 110 ... , (.1tIooo9" "'. 
"';1 ... tho, tho load e.nnot .. , Md tho bt.ooI<t;"g Iood from Sodion 
2.~.5) . Equa'"" (2.1IO;)( is & ·conw"" oq"ation o>prusing ' '''' eO_ 
tion thollh. ov . ... ch.n ll";" d~,"m.nl bet . .. n t ... (. "", ""WOrlo 
m"oI b. <Of'> boc. , .. Ihe .""port . ...... """"eblo·12~1). 

Next . ..,lye tho mod",,,,.,, "'f90·d.~",!ion oq"iib rium oquo'ion 

. i a'~ EI 3 v _ N __ " • __ _ 0 12.60-\) 
",' ';n.' ",' 

( .. ",,~ is ~Q".''''' 12,22') ;" s.ction 2".5,1 , wi h an ._II>Omo.1 torml 
",,",h is 0100 EQ""'ion (2-1167) O<Jbjocll0 "'" <>O<1doIion nut"': 10 __ 
~nde"'''' x. 00 E~ ua,;,n 12.00-<) ,"""". oIQ 

• p ~. 
l. .TI~ - TI 

The d""",co"",'" I>o"_ry co""h,n. a,e 

'(0) - 1) '(L) " 0 

."" ' '''' mom"", boundary co , ......... , . 

'
i . . "'10) _ _ I • (0)- ".. - 0 

" 
"'Il)= - EI :: Il) - M:=O 

Th. g", " ",I .ooltJlion to tho _",Oing dM&r""'imI oq .... ,"" is 

12,6(5) 

IUKI7) 

12,1IOO!) 

12.609) 

, , • 



..... ' h ,ho lou< bolm""..,. "" __ . ,ho lou< .,'. gr.,"" """,,"olS _., 

v(.) _ ~: [[ ' -;;:''':l.l.l ]Oin) .... O""I.>. - IJ 12,~101 
01 00" ",,",.,. 00 0' know , '''' v . ... ot). in Eq",,'ioo (2 .~10) boco_ J 
• r. lo1.d., tho " nknowo bad p, Ho'."" .... we 00 know that tI>o "". 
llectioo v!<) m .... aat;oIy ,h . con ........ ",Io~. E_"" 12.003). 
Henoo. w. _ ... 'h o <!olio<!"" v(. ) irllho «><>II","" co""!"" to get 
(.ft., ""me oimp!if'oc.1ion 1 

(NT _I') l _ , ~ [
,1 _0<»).1.)' [l _ sk>2J.l] 

... '1.1. 2 4), 

-(l -o""lJ.) "'/1. _[ ~ _ oin.~u. J ] ~ o 
12,611) 

C<>moutationol djl~u'''''' 0«"" irl Eq"""" 12 .&11) as ). L awe.Oh .. 
~. "" UH t~.1fie irIon '~ios ., , . , ... on. r.nn' 

(1 _ ""/U) (l _ oo, ' l.l) ( I _ ""b.l) 11 _ "",1.1.) 

oin'U l - oob.1. 11_ OOSUXI ~ ""'U) II -_).ll 

12,~1:!) 

NoI. 1tIa1,.,.. zoro "'; ' Eq uo,,,,,, (2.6 1 I ) rod"" .. 10 N~ . P. ;, •.• til . 001· 
.. "'" "" ,h. Uh""t"fr ......... bto. p_'" it< s.d"" 2.~.5_ 

" _ 0< .. 0_ ,'''' 'h.,. ... 1 Ioadirlg cordiOion vio tho I.m~r.' ... . 
OM<>go • .,r6"""" "' E_'1on (2_5\16), ". w. get ''''' """"" ..... 01 
N; ond "'. n-.... ,1\0 only unknown it< EQO;>''''' (2_61 1) .. ~ (I' OM .. 
.... ino''''' try .... 01,,,,, dolioit"" ).'.PIEI ., &,0.0,1"" 12.lK>!Ill . ...... 
,hoi> _ 0 ,ho highly nonI .... ' "anKondon .. 1 «IUO'ion. Equation (2,GI I). 
fo , l., . ~.~ of vo .... 01 ~r ...... "11 ~T. to do,."" ... ",. '.I>'~ 
IHItw •• n 11>0 bad P ond Iho 'raM'll .... deIIoc_._ 
~r on millly '''8~, rocI .. gulr>r-e:ro. ' .... olion • ..", ..... sup

pottood, 7075_T6 a~m", u m .at outJjKtod 10 a""r ,om.-.,,,,. <nan"" 
_rtlUlion It>rougr, tha bar th~_ ~ith ""0' '''''' , .. ' rain' 01 ,ho ""' · 
pie """"""", 1'0' 1075·n o., m"um. E • IO.~' to' 1bi\rI' 172 GPa) . "" 
" . '3.hIO-Or F (23.0,'0 'rei . Tho bar ", .1 ., 12.5-< mm) Ihdl. 1,00 
In 12S.' mml ,,1M, a"" • In (101_6 "'m) "' "g Tn" . _ • • SIy ""leu",' . 
11>0 .... , buc . q load •• 

P • • ' --"-! . 5341b 1120 N) 12,0131 
C' 

and ,~ <,.,.1 .H .... ,., II,,,,,,,., _~~g wlh "" ,h. "". , mo"",nt "' 

~T"",= E!'" =39.2'FI2U"C) (2_614) 

... wol o. N: ond "': 0.0 ' unotion ot ~T: 

, , 



~ ~ ~.~P1~i : ~p,h:Hi . . 0.. z 

ci ; i ~~t ... illhi~i5~i~~i~ ~ ~ a a S 2 .... I _ ~",~ .. ~.., _ !~~:Ei~ · ~-zt ,. '"' 
_ <) ~.B .~=:ll' ~ .l! 8·~E=·&~f ~ ", l 
<) ... '!! ~ 1; ! ~'~ '" .. ~- - .. K ~ . I" " l! E .I' . j~ ,0. !;;" .. 'i!~Eqi3.::-~ .. ~ "_ "T~" H r 
i' z E= ";i"l- ~ ~ ';I~ i. .x g '" ~ ~ ~ f,J~ - , .. 

... " :;" .l!&'i~~ !.i~E .,-.,:~ j ~~,:. ~ ~ ~ ..!L J; ", ~ 
., ~ 0 _ ,t "'~ :" .~ ~ ~- " <o:~ 
• , . ".,,_ .. cc c • • - . , '~ <" " 
g "'.: r. ~".:'~ Hdj~=i"- ~ :1.J ~ L ~ 11; ", i;. ~ ~ ! ... ~~.B~l!,:~r O~;] tiS ~ ~ - i ~'.: 
.. u. <lo~" ,,"lI ~ • • ' . .... g ~ '" ., fi!. i l:I .. ;:~b ~;;,g-"._~"I.2="'·-~~i.pl ~ t ~ i8:!: -E l~ I .i _·~~~~~.h "e~ o]ti ':; .!§..: r ' r _ .. . .,E i 
... i' oil ;Hi!i!;;~!~ =q . :l!~i! ~::: ~ i ~ 'B~ -N' ,h I <l ,: 6~ll-~ .. i.c i~~t~I::~ ~~ \ ~ - . ' d ':' ~: 

, ; i IIW~:;~,h i,;thi ! ~ ~ . 1 ,' .; It 
~ .:: i'::i~,;,'jt '~~l~H! .~i~·~~t ~~ ~ ;;''' ~~ 

£ ' 0.... :~ ~E-- ~.. . • • ..~ r.} ';"f~-N~~~ll::;i~£l~z=~~~ .' j ~J .. Y 
.. <l ~: ~~L>.:l .. ~~ _ - £~.l! .2 • l.. \ ~ Il' ~ "~~~- • . . ~ . "> .. 
l w .:: !>a!.!:U~F~"'''li1!:;;,~~~ :: ') - ~ .2 

• ' ~il - - <l"'~ "-'" ~- '-... .. ~. - . ~ ~ ~;H .. a r"- : 2'~ i CB- ~' ", ~ z ::Ii . .. .c S ,..,2" 'E" . 
! i~UJi~!!1eft'Hiiid'~ ! ! ! ~ I 8 ,,'" " i ~_ E Q ~ ~ .s~ '!!~ II -Q~ E o.. ~ ... 



01 ,~. \o.m. in , ...... 1" • ..."", lor ~ 000 '(lIZI, Equa'ions (2 .~ lll and 

12,517) 

_rooch inlln~" so ..... romp"'. co"'" in "'0 "'f'IIIO 01 va'un _. 
in F;go •• 2·76 """",,I l>o 01>1._ ,,( h Malh . .... ta'll Th.1 if, , ... 
eq",,~ in tho '''" ......... a •• inl'l'"'''''''' 1""000._ 1<>, ""'",.,... in 
""",. '.ngo oI .. ';"b,", HOOCOI, only '''0 !'O"""'" 01, .... cu"' •• '''01 '". 
b. " . I<ulotod " ... M,.'l'Io "",6co.® ••• oho"",-

Th ... I 01 ........... n' .. ty """"11''''.' '0 .... 00"",,,.1 ~ r, ' n .. in 
f Ogu,. 2·7~ is a 50i 01 oo/ .... nt .. T, ...... willi ""'IJ'I""", I""" Ie" ... 
IoH to _ tVnI, 1O"f IM'C), :i3lf III ,I ' C), 3O'F (1~.7"C" ~O'f 
(22.2'Cj. 50'!' (2l.r e), 6O' F (:J3,3' CI, 7O'F 138.~). 8O'F (~U'Cj. 
OO' F (50'C). "nd l OO' F (55.60(;1. 000 ~/ic cu",o , nomoly AT.." . 
3'.2'F (2 ' .$0(;), Il"U '0 , .... u" ' OIm ,.mpo<ol",. Iho<m&, bIo<klo'iQ ""0 
'" ~ b (I;eo ~I "' 1'1 lOr<> .(lIZ) .s .. r. {10K 10 lOto. Num ... "'" 'o""to 
10, """ .\ r 1'1 • O'F We) OnO ~T 1'1 • $t' F 130' Cl ... goIy.,. in To .... 2-. 
10, tt>o .. "'..., _ 10 0 1'1..," ""'W o.o"'u_no, ~o1 . ..... ' Ih. """"" 
10 ...... we", <Ion. in U. S . St.ndIlnI U.to. 10 ' ''0 ,.Ues ,oponod in S, 
Units .,. noc.soan-t _0''''''' . 

Th . .. r ... at bot;lding""'" unilorm lomP<Ofat"'. """'ing io 

" . E... 53-1 ~ • 5.3-40 p'; (36 .• M.P.) 
" .lin 

12.618) 

""""h .. 'or Ootow '1'1. yield "' ... 0113 I<oi (we M.P>,. 1.1",. irr>Pf><UIII"' . 
..... n ..... n a'"""" """"0 " • • , .... "" AT .. h;gl'l ••• , HI. tigI'It. 
10.0."" . nd oIlhe ~ T, • 54'F (OO'C) ,"",. "ill> "n .... 15'.I°F 18i>' C). Ih. 
10.11'1" .... 08 <Io'""".,.d from '''e .,ua' PIMMOII .. w.o _ .. one. 
_~ .. of tho yield SIr .... TIl ... ,1>0 b. l'la,"" ""''''" in F;g"e 2·7& .. 

,_ 2-<, R4<p<o"1Oo" on """"y '--7tl1S.T~ ............. So, 
lo .l .... '~Th ......... t~OQ,_ 

, ... 1'""1 

, , 



1M ..... ....... , .. __ ...... 

TM lemFlO""" e .... """ ~ .. """. I~"""", I~e ,_OS, ~T" .... , 
,~. aoaloQo<>. roIo ",,". ' ,,",mall\' _ , ""'I\' ..... ,.!nod 1>o" S ,"0 
.mploOL<IO <>I a flo_I ;mota ' gootrlOlri<: Impe~""tIon . '. _ . on 0 
mocn.n;c,""y Ioa_ ba, .. _ 2,8, t"", is, wt" .It. "00 .... ... go. 
amolrk: ;"porioct"'" amploOL>IIo. a . CO""'. momon, IIoa1 bond< the 1>0, 
,""" the ... ""'01 on)' "-'. _h., ''' .. mal or ",..,~ao".,. ;. ___ 
Also , 1M '''''90 '. "'1""""'" <~.n9O. ~T WI' ,... ~ "". bgoo. roIo \of • tho,,,,,, ... loaded , .. io.l!' , , "ra,n.d ba, as ...... .., Io. d. P. _. on. 
mocn."ullv _ . ... ""~..,, M' ''' S""'"o 2.8. 80th .n ... and P 
co .... ""', ... ...0 b.nd"v ~nd "BV, Ih. timii, y v .... 01 th. Eo ... 
budding '""'FlO'"""" 0. th. E.1o! t>uckling load. , .. pocw'I\', Tho boo. 
""",al",. io. 

J'. (l<)- - M! [[ -,--=-.~'~ l '''').)('CO').)(J 12.GIOJ 
dlf' EI ..,/.1. 

-..""" P _ ~' E I. NOI_ 'na' "'" "u,"a'u,. a' tho ''''pl\' OIJpponod . nd> 
ia "'" •• "'! Tho <"",a,",. ia ..... ,. _w, which "' •• "" ,''' bo., .. .,& 
"'''''' ... do""' .... 'd •• >how.", f;g., •• 2·75'00 2·76. Th",.,.,~ <"0 
"l>o be "",. n '''''" tho .. 10' .... 

M . _ EI ;f· _ M~ 12.620) .' in wIli<~ .1 0 "mplo _~ M • O. "" 

12.(21) 

w. _ .. the ,""hI\' """,", ... , ". .. vlm <>I ao a,lolty ' . ..... ,0 .. 
p"",.d-pinnod.Of .. ,h ....... t.mp"""u," Qr"tlOon' 'hrou?:> 1100 ,n",,· 
". ... n OlOmp.",'",. cIuIngo caLlSeO th o "'" 10 "'_"1\' bow"'o 
an .v., o.u.. oUngIy conco,o do"",,,,,,,, oonf;g",""'" " F;gUfO 2.7S. 
Boca_ 01 tho bowir>g. the 1>1, MIlO( buckl .. , bu! mora l\' "", • • • • • 'M 
bowing. ~ ' '''' '.mpe"'u,o g'!Odjo'" w.,. """ .... ,0<1 Io""v ' COM ...... 
, • ...,.,..," '" "ho"ll. '~rough ,h. 'hcmo .. 0' !ho b. , 1ltId.""'I/ b Iongth. 
the ",""nl ootut .... """,0;1 roWca 10 1M' oj $"",,,,,, 2,g.S, No!. a loo 1M 
OIfiki 'g sjmilo,;,y 01 '~o plUM! ooI"'l<>n '0 'M . n.1ogous .Woe! 01 a .ino· 
_ , ,"~Io' gootrlotric .,.",.~O<,.,., on 1>0, _vl<>r '" Sec! .... ~, 8 . 

2.$.1 Summory 

Wh. n ....... I.d un~rml\'. mO., 1><><100$,.00 "" o, ... nd Ito . _ _ ""'
~ 'M _ . a re nat ,"""'i,O<Ilrom move ... n~ ,ho" "'" ' . ... Ring "" . 
... n>lon Is ",,11od. ,_ ,h. "".1 " ,al" and is no' a«:GlllFIO"Iod ..... nv 
......... , Min_ "'"" Is '.Sl,air>od "n_n h • • ' .... ~, ""'""'" ",,,,,,,.n"" 
Ioodng. ,h.n ......... . r. """" ... ,flal,... "d ''''',m.1 .. , ..... . nd no 
.".",. 0<C0IIIp""'I IMm. Abo, ' a "'"" ........ , ... .."., • nool ..... ' 
,~.....,..,. '"'" g"'''''n1 ..... 01 ""'" """,.m'" ...... in,.. tnon boIn '''''''''01 "" .......... Ih.,.,.., ..... in. 0 .. "-10<0<1, How""..-. 'ha Ih."".'."" .... 
ar~ nat a . hig~ • • in baro witn on ax.,1 ,," raint, atKI 'ho tn. "",,1 ""ain • 
... not •• high •• 'M " ....... ,"'. ,_ 

, , • 



W. " • • ,ed I~.""", boclJing 0' .. 10 1 ~ .... ","""" bo .. II'! both " 
~rpoo!l"" aoo a dill_.1Io.1 oq<>a'k)n _'h. A ~Oj _ rva,k)n: 
F".- "'-"".' bucir"'~ '" • bOr. " 0' 0 ",,,.' (00 ... "" , .. 1,,10,1 to ..
dov~ 0/ <~_"'" _ ........ , ,._ ' ro . Ih<ormal ~_...", 

>mdor IQ ..... "'fI/ ... ""',.. .. , a_ .. Ih<o (00, ..." ",.~ "p,md """,. 
"'" dirng4r 0/ bucI</infI. T ... main ,hol lo.go in liOM.g _ "",Olom. 
io ... t.""' .... g .... ",. b"dw.g Io'ding .... ,. <:<> ...... . , w .... ,h. _ " 
oyote", for .... boo,. T ... dill.,o. 'io' oquo1;'" thot _omo , ... "".1 ond 
",-.nicai bocloang eao "" ... """·eo ..... o' ct>anic;" ... oHo. loadO>g '0 
..,me".hot ""mp"",,~ .... _ ... 11""'''''0<. mo"" pfOlJlo .... ,,"vo , .... ' 
po,.'ur. oMnllll di.lroobons ol'd """.,101 ",,,,,,,"10. "" Mlich ,he """,. 
lido .... " <ono .. ", .1'd he,.,. 'h. di ~",.,,,,, OG ... lion 10 .. ~t,. 00I<1td 

For no,,,, ... _ oI'ompo """" cM_. """" m.'_" hov .... 
,,",Ioly <on"'''' """"honic.' aoo 'normal P"O!HI","", _ ... .... .. 
....".,. " ... nl/O" 0/ 'omf*""'"' " ,anl/O. In . .. a'ono' p'''I'dloo <10 ,. .... . 
Hmco. ~. body .... ~ '","porn' ",o<lopo_", m.' orio' "",po nio. is oW· 
j.do<! 10 . .. , !l" ... .-...q. ' ompo""",o ""Y". ' ho body "-'>m . ........ 
mel/O "oou. wi h rospoc! '" motorio' propon ioa. T,o. 'mo.' 01 'L><~ prob. 
_ . ""<lld prob.b~ ' "'1 " ir • • r ... io . Iom on,.""..".., h, 

W. _._ 0 ""plo .... ""., _"'"'9 _ 10m 01 o. """Iy "' , 
"'o",o<! , po~",,'" ..,.~, boo, oobjoo<tod to . .... !o'm , . .. po,., .... 
eho_. For ThOi ",OIJ"m , .. " 10""" I!rt or~;U1 •• 1". 01 ,ho (".10< .. ) 
tempera''''. <,,".go 10 co ..... _klW>It, Th. p,OIJ iom '" mora eompi. 
'0'''' ~ ~ 'ornpo'a' .... eh>r.go 10 "'" _ ,hrouoh lho bar , Oi<: ...... 
In ,~.t "" ... " "' 0" ,,,,1 mom. nt is -..oped...t.ich CI"otS ,~. b . , 10 
",,00 m~"I)' . Th.n .... _ '''''' eioWoa' Mo,,,.1ion t>u<klW>It 'rom 
a. ",,~"Iy oIrolgh1 ",,"figu,, ''''' """ "'" ""'won. ' ""'~"",~., "'''''''g 
"""' . ... "",. a max""'" 1Dad-a'tying <>pOblily io , u ,hod which 
co"._ ,. ,.,. .... plo """"0' buciding load ('ompo",'",o!) for 0 
""'orm~ IInto<! boo,. otbo, probloma coukt "" .<1<1_ oucII •• " 
la..".""",," d,a"ll" _,Ibu!"" .... , .. ... _1 rdo"~ Itr. bar 1oog1~ 
Of,!of .. omplt ,. _,i"tI,," Ih., .. ~I a""~ tho" r Iongl\r.mI 
11. 0., ' h"'"gh .... Ih~ ... , 0<. ",n., ," "'ugh.'h •. Ih~"" ... ,.mpor· 
oT", •• ,,"n l/O _,ib"'''''' «>uld "" ..... .,<d. Not. ,,,,,, .. ngl hMM (1.0 .. 
""") ' omporat"'" cMl100 <list_,,,,,. 0< ,.,Iab" 0 o. on .. Ia~ ,. . 
.. ,.,.,.. " . , .... h "ni<>rm 'hroogl!-tho~hlokn_ I>oal~ 000 n ohotJld 
M,".,,,,oct 0/ , 

"-,, - Fro. 10.""01 £'f'""""'. -i " (lo:).H('1 "" 

10 "" "ud 1o £~ .. tion (2.571) to ealoo"". ,h. " T ., btrlJO>g, n..... hoi 
spr>b ol'd cold zoo ... <:an """'"" o~ ,bo bar, and "'.~ .ot on",,! is on 
anomp' ltd oIonga'In. Mlich «""4, a '~o ,mal .'""0,,,," tha, muot bo 
oo""!.,.., "'''''" f""'" ti>OI CO" ""_ tI1.oCIJing ~ ' '''' lOr,. (al'd . , pon· 
-.) is hlg~ ono"gh. Tho ~ lor ouch 0 , orioly 01 1<l mpota"".·choo l/O 
_11>",,," protW. m. <Ioponds o ...... <!oligo o •• _ mont lor • ba" 

T,.al," g tho temp' '''''''' ~n' , "T(., y. Z),'" lunction 0' ,;",.. 
i. .... H( • • y. z. tj , io • ,~'""~ physical problom boca" .. til. th<>rm&1 
eonductlvlly ~ """" .~1n'_9 ""', . .... ", 10 1Wgh. Thu. , , ... ,n di<tr jb· 

, , 



'" .......... .. , .. __ ...... 
Y!ioo;s ".~ Ie> 01'>0"110 q"~. ,,,,,i<I~.,ilh I .... , AI"'nowOll', ... "",,1<1 
• • o",ino a _nco of quasl· ... ,;c p robOorns "lit! diII.' .... . \T 00 modol 
I .. ""'ual ~1 <h!rlbul"'" , .. , <>CeO, w~h l im •. G .... .. 1Iy. becau .. of 
,n.,,,,., _Idng (lOIal ob$o'l'lioo 01 h"'1 01 • _1. 'h. '.mp.'a' .... 
\>,adit<>1 doo' ..... witto ''''' , Fo< ltot,,,,., """ .... og p'.'''' ''''' , q .,' 
....... Iy ",nc."""..Jih 'h, "'gO" '_P""'''''' g",""n' ,. ,",", ""'" 'h, 
boh, ... " wittI timo. Thuo. igno" g "'" ch.11\JO in to"'lH'f"'U," 11'0-.. 
wittllim. , but .oo~ing 'ho Iorgoot 'ompor."uro ~"'. is _riato, 

Som . IboH. inlorcod compo.i. ""',. ,; . ... n ...... 1y "',.,. poIy __ 
""'~'" n'l&lor .... """ . von """'" t llHlr>. C.n . b""ob ... 10, I",," . ""..",. 
m. nta' conta,1 or d~.'" ..... """. 110 .. abao_ .......... ca __ .... f>Oly . 
m or mo'orialo ,. ' >pOnd or 010,1 juot as most ",olOril l> ox!",nd or ..... 1 
"""'" Il1 0y oro hN IO<I, " 01. , 1>001 .... '. tha, . b .. _ mojs"". in . ot_ 
'0",1 .Iomonl ;. 1ik.1y ,. bo ~ui. in l>omogon""osly diot,ibIJ' ",; thtoul/h 
tho 'hlokn .... 01 ... n 0 'hin . ,,,,,,, " ,,,,1 ,'.m. "'. Ori)o w~h poolo>ngoo<lox. 
"""'ro ....... 1Iy m",,"""" in ""'_'od .... n YO,,,, ..,;t ,h. moiot ... 
dlotrlbul;"" t>o<om. unilorm """'I/h .... ,,,,,,,,,-, Th.". <Iolorm . ';"" 
oaUMd by ,. "",ined .,pon"'" af, .. 'N<>'ption 01 -.. .... lrom <>nil' 
one oklo 01Il10 110, ;. Ilkoly 10 be 01 ,,,," oontinoous bef1dt>g nolu,. 01,,,," 
fIIob" m '" .... ""'" _ . "" 01 a n .,lolly ,o",a ined bo, oub)ec1O<! 10 • ...... " "'~"""~".·ll'He kn ... '.",.,..01",. O"'"!PO in SeoIioo 2.~ ,& ,.,"
',,"" • OlOssa l """klin\j prQb~rn. ""W" ". f m<>;stu,. OS .b_ ,_ 
bo,h _. oJ tho ba,. ,h. n "'Of' I> no """", n'.'OO tho too , _ . .. 
, .. usual ........... ROSI,a lnod moistufo " po """" ",Ih. _ " \cIont 01 
moist ... & o, pansion.~. ClI O "" u ... , od m ,h. sa ... _ ""0 ' as ,000",lned 
thOlmal .'ponsion .. ;,t, 0 ."..n","n' 01 ".,""" .,po""'n. rt. ""111'''''. 
,"'" ","""u,. <iff u"",", _ffOt"' " ol)Oyl .......... , ""'11""""" 10_ 
IlI>n tho ,h."",,1 " illusioo <»officion' 10, many o"",","ring """.ria ... 
Thull, 11>0 11",0 "'.~., dolo"".""o ,ha, 0CCUfS boca .... 01 mo4otu, .... • 
po"OIOfI i • • bout "'" """". 01 "",goo_ sIo_ 1M" <IoIo<ma,,,,,, bo· 
0._ ollhormal .. p.n. ioo. -.......... 
U .' 

>.t.' 
'U 

a . 

'" 

u ... ___ ........... ____ _ ..... ' _ ,, __ .......... _ .........,. _ ... , .. . "'w,",_ --",--u .. _ ___ . .. __ ................. ...... , .... __ .. 
--~- ... _____ I_.-.... ... - -..... .,.. ...... _"",. "" .... _, --_ .......... _ ..... , .......... _ .... .... '_"'00 ....... '''' . --""'-""'" _ .. . .... ... .... _ ........... _ .>T ... . .... r . .. ""' _". _~ or 
c .............. ""' _ _ .'T ... . h_ ' ... ... _ ... ... _ ....... 
.. 'M .. ...... .... or .... ""' _ ,T "" .............. ... ,or .. _ .. ... 
. ...... un," ... ,;n_ n r __ H 30 ...... "' . ..... ............. __ --.- ..... -............... ..... , .... -.. ,--"""'" ."" ............ "" __ , 0','" , ........ ,",..-" ... ~ "'" 
_ .. ..." of "' ... ................ of . , ... ... , ...... "".,..-_ 
... -.._ ........ , . , .... "',.,,,. "' ... .. _ ........ M 

"' ... ..,., ... __ or ..... , _, " "" """" • ., .... _ """" .-- ..................... -.... - .. , -- - ~ '\IoN '.T<Ic .. , ... ,n. , ... "'" """'"" ____ ""f . ..... , _ - -_ .... ....-... "' ......... - ........ _-'" ....... . -..... -- .. _ ,... .... -

, , • 



2.10 PL,t,STIC BUC KLING GF BARS 

2 .10.1 '''',odudon 

For nu rl)' "". "undr.d , .. ,.. Eolofo l7 0g """',ibut>on 10 bucking 
{2.l l " .. _.~dod bocou .. his on.or.licol Pfoddions .... , • • Iw. yo 
",,,,,h ~"., ''''0 ., .. ....,... 1>0, _irlg .,.da, Un1or1u""' oIy f., Ilim. 
tl>o Ie"'" _'" ~rlo,,,od on tl>o tvP<a1y """", Ih<:k 1>0", 01 """" day. 
to, '"'*'Il ,n • • ,lal"'", ""lor. buckWIg .... ""oded tho ,;old .. , .... or.d ""'n ... n """,,_,ll, O",""ing "'~h . Th ..... -.t oll~. ba, • ."., 
monty u_ Wring fils iii. <lid "'" bucIo.Io. LaIO , , "'_ <o~.ssion tnts 
...,. perlormod on 1or\iI, ... -.. bars, E .... f . predoo:tions " .,. cIowty ro." .... l ... _"'la l , •• "IoIkln 01 ELlItfo 'h--.- 1$ """ ...... , ..... 
muot rem .in ... otie. bul "". ,.ct ""'$ nol 'O<OgI1Izod lor """'I' Y" "'. 

Oucl<W\g "' . ph"",,","",," """ "' a ,",,,aero...,ie "'UN modo 01 
comp"'""'"" 0Md0d '"in "",,", raj "", .. boo .. , ....,..,..Iy bono. pio.roo • 
• nd , ho b . lh .. " ', _ ""v, boo " ,ono.mod 0<'0Iy "t. b4",""';" '" 
~" • ., ~.SIiO: .,.,.rio lo. WI ""'" "'. ",.nt to inV'.OIl'" tho bucldirlg '" 
b4ro .,.>do 01 mo.to,lo.1o ... ;0, non,""" r " ,.--,-,Ibn !>o",ior ouch .. 
a .. m""' ... NoI. """"n. un~ .. m ot, ... ...,o in . "".,~_ 1>0,.
.... 'i~ leado '0 0 kI.d-d<ll«too """vior willi 'ho .. me sI1apo u t .. 
""" .... I ........ · .... in c""'. boca_ 'no I"", <"" •• dI1e, o n~ by >implo 
_lnv IOCIo," ,elolirlg "',. .. to ... .,,1OOId 10 _ PI" )''''' "'", in 10 . . .. , 
_,,,,,,lion (tl M ~) , TOO5. "'" "'0 __ Ou"," 10, .n .. ioly 
Ioodod , si"n ply..,pponed!>or in Flguro 2·77 aro !donlie.' in sMpo , "nil 
_Q 00<.". to Ih ..... ' mOleriors (daohodl .... U-...... Cu'" whit. 
!>as a y;'1<1 p>inl on<! M ""''''''t •• lro .. Iov", ("",t.,Io' I.l u .. in .".,. 
1"0""'0). II ..... bar is 'hin 0 1>OU\1l 0' long onoug/1 , buclding 00" happ on 
.""'0<0"1 'Vo" !or ...... "'_ '" m.' ..... wit" noroine .. '''o .. -or",10 
0""' ... U"'" in Flgu", ~_77a. I .• .• bol"", ""ntn • • , ....... ..,.in be-
!>avior Th . .......... p.o~ '" tho "".",,1.'0_ til", 0' ..... otructu' •• 
i. • . , th. bar hlilo by boo~g at ... , ... w.1 boo"", tllot ",."h <o'O\JId 
CO"" y;'<ing , m"," 10 .. m, toriolloiluro, ~ tho h. , irr 'h;"~., (~9- I) 
or.rone, IIIan the b., 10 ' Figure 2·71a , t!len the bar I .... yio!do at a ylol<l 
_ """ th O" bucIo.I .. oft ... ,po"'''''irlg ""100 """,", •• , bol>a.;" ... in 
Figur. 2·17b, bot _ not h ... ~ oigh or><>ugh " , ... to .'po""," 
""".riol l ...... T_, t!Hr bar;' 50id I. _ ..... ""'st"oly. i .•.. at . .. , ... 

'-""",,,,, ---
, 

b __ no 

, , • 



I.. .... . ....... , .. __ ...... 

p.i EI 
II I 

(2.&23) 

10 _~ E"'" unk"""'" modulu"~" 
.... _ I/'Ian E Doc,u" V""'10\1 '0-
""""' Ito. """""J.. oj ,he "" ""', ' io 

" 

,to. """"" mo ... n' 01 ' .. I>a, orou- '" _n.' aro>,."" L' .. "'" ... ..,,~. 
length do_ in Soctoon 2 .3.6 on I"'IJO 
76. Oil/ide by A "' goo! buckling .Ir .. o: 

(2.&2.) 

• u .. luI'orm .... _ wtoon _tng do figu .. , -," 
th ... ,._",In co",. and in wn.," , 
.. 'he "'dioa '" ;y,.,.," of A (.-' _ 1' ..1,1 

, 
., ...... "...,w.o 
T',." .. "' ..... -... 

For mo'''''''' Iho'.-doly <101",", in 0 pa.h, mann.,. , he '",,'oKOfI

ta,,,, ........ ",,10 """'. " F;9"" 2_78 .. ",0£ '0 <101" . "' .... ".,.,.. .. """",,,'_leo. Tho ol<...- '" "'. "" .... ",," .. Cu",' 10 E bolo .. "" 'h. 
yOol<loj, .... 11>0 oIopo upon un"-ling ''''~h. ' I""" .".,.,. Of .... " 

y_ing) io u""'-1Oy ide.lized • • E. n . 11><., ol<...- ._. ". ja 

00 
E ... . a, 12.625) 

in whicto Eton io ,h. ta"90'" modu ... . ' 'ho point "ndo, """.;.;""'",,,,. 
Bolo" "" E, .. io oimp ly E .. w . .. ~ in ,h. flO" IWO . uto·ooc1"'" ,,, 
domo" ....... how ,II ... l>aooc .. , .... ,"""' """'. doliniOton. ea" bo "_ 
to lind . valu. I""'"' ''' ,..oro "'. n on. va l • • ) lor E 10 EqLlO'io>n 12.6231 

, , • 



~ 

. .. . ,I H!H .~IH ... } 5 
E f=H~~~;§ Hh$5 £' : ~!~iH! ~ __ .. :~~H~ .5 ~ ~ ," ~.:t~ .a - : '~H~~~ .: ~ 
I, '·ihllfl,l, HIJlli;l~f '!Ii nmnimnm ~J)d ~1>!l: " £H -q " i it : ~,,;~~ . ~~ !! ' ~ <t ~ ~ ~;;:hH~~!~ gHiH~~ ~ i5~! 'j': i (l-~- - I" f l ;h~~~.ll , ¥il · ~.a.l!:l!.!!I" t : y " 1---
• I-l'!l"· !" ' ~ Hl·l! '1 1'.' : :" I-~ . ~ • i- S ~J ~ -!! ~~': - - .l!! . = ' j" , 'I ' .. _I 15"E

Q
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,.. .... ...... .. , .. __ ...... 
Booong ",ain, are ",""ed to 'ho <"","',,'o.~. 0' ,h. bro, " propor_ 

tion '" 'ho distant<! " om ' .. .... N_ oI .. to ~ .. , .... (I .• •• pI.>"" 
.... lan. ' . m .... pia ... " _, _"II). 00 'ho ' "'''''' .M .. ,.In$. c.o.n 
too .. "" ed ... __ 0 in F9'<o 2 ·1~. Th. b.~ .. ",in, . ... !tv .rod 
" I~ . U', Ie tho loc.,,,,,, oj , ... po,lioo 01 zoro _g ....... ",on 
equ' brium '" ,o. '0"'" a • ...,.,' .., .... h b0"""'ll 01 a' ..... """'" <", .. 
.. Clio" 011hi<~"0 .. , orod _ b ,oquo .. "", 

,[", ] '['-' ] 2 V ' ,b _ . P 1,b 12.6203) 

12.6.n 

TO. bonding momen' is 

M_[{ 12.428) 

B ... -.._Llt.Io" , in '0""" 01 t Ifom ("",,'ioo 12.627) to 11" 

lE~ E" , _ . 4EE .. . , 
M • • " , . 12.62G) 

~ r (E" t E~:)' (E '~tE:)' p 

in ,,"k:I1 l d"'1l2 to, a ,..,"'nguIa, CtO$$ .... lan. Coml"" EQ""" 
(VIZIl) .... Ih tho """01 "'"'''"'«<'''''"''' OXP'_" t.I = (L'p '" 001 

~EE ... E_ . _E, 12.(30) 

[E''''+E:!] 
Th. oed""",·"""""". ,,,,,ott J\oo 0 0011""" . ..... , Mot01Y , .. , '''''. 

no.,ly . ixty y...,. 1o "_0. Enge_ ' prop<>$ed'" 1~!hal E oimply 
be ,h& "'''!IOn' modulus e", [2-3.'1]. AI><> in 1889. ~'" sugyeoIod 
!tot "" ... ~modol<>& Id •• ,hOt boCa .... Ol "'-d ng on t!oe OOnn . 
_ 01. b<>ckltd .. , E • 00"'" com""",,ioo '" E _rod E,.., . ... dO:!,.,. 
ott .. on eQua' ioo 12 ·34]. 'n 16(105. J.aOlnokJ ""'''' Con_a', _ arod 
poin' od out """ 11>0 oornp" KiY ... " .... on ",0 .,.",.,., _ 01 , .. 
b<>c+;Iod 1>." ""'"'" 1>0 govom.d .,.,. 'ho _ding m_1.oo E [2·J5]. 
_~, E"II"'-' "mooted h i. 011gno1 <"'im in 1 8g~ [2--36j.rod 
do'''od tho '........,..,.modu .... ~'pr .. ""'n .. ,gIO,'on 1«\",,". ,_ 
,"ed EQu&1ion (2.4100) ond a<:c<l""4>Oniod _ .... h o.po_'_ (2--311. 
so tt.. ,<KIu<"'· mo<IukJo approoch b. <omo aocop'od. 'n '04~. S .... nl. y 
[2-38 & 2-.J9( po;",od oLlt , ... , .. I b." ~,, "'" ~rtoct. 00 .. ",in " , ,, .. I 
do .. "", """", .. bucking , golng broc' to 0"9'*""'" 019<001 .... im ol 
i:: _ E,.. "Oh von KOmuIn'. ,'''' a Pl'"",.I. aocl<ling ~ I"od"'od ,,;rh 
E, 0,. hig/"lo' , .... n _ ptOddod ,,;rh~ ... """' ..... ~ ~ E , > E .. , . F~,· 

'o., diooc""""" '" b""" ng """" C41eu~18<1 ~'i1h 'ho ,oducod .-..."" is 
dOl. "", 10 So<:IIon 2 .10.8 _ . "suit. I,,,m th o I"", ,hoofio. 0" com· 
~,'" " lh _h ",h"and "~h moo",,",, buc~1inw IOo-d • . 

, , • 



2.10.3 Tongenl·Modulus HooIY 

n o '_on,"' Pf*"1'" 01 ,"ngen""-"'UI '~oory .. ,"", no </"'''' 
""."",1 <XCUl1l .r Indq. 5,,,, ... ar. p'0...,rn.,;!10 cont",",""", ... 
« .... . ov.n t1M>ugI> ,11<1 .. rain on """ .00 01 t~ ... , ,tlHl oon" ... _ 
'" too buc • ..., .... " ir>c_ • .,,,. '"p;d!y ' han on ''''' "' , .,..,. I'h. 
con, .. _, «rUM<! by bo ndinQ. who,o"POn 'ho modulus ,olalng """". 
in9 .. , .... 10 bonding """ ..... ;" 1M .... !111.'" "'''''''k>o. ~ T .... ' ... 
bo",,",~ .. ~ •• P",co """obn.,,,,*..-ilh mp<>$i->g '" o "ot .""0"0'" 01 
load u the bucking boo .. rMChe<!. 

In • rn"n"o, milo, to tho, "_ 
to dor;'-. 'odueed_uuo......,..,.. " • 
...... _,11M"" 10, "0 , .. I inCro· ..J 

mMl' 0/ iMd is shown in Fv.>ro 2·&0. n ..... ,, __ to ben<IIno ,,~n till. 

'Mory <IOpo_ only On ,!to 1'000'" 
""""""'s. T"., morno'" is 

M_ ' [ ' J" 2'b .
E 
.. ,' ~ . 2" 2 2 3 • ' ;gu<o ~·to S,.. .. I"'_ 

12.&31) '"'""It_O 

so . ...... 00 . ...... by EOOO"" in ,_ \2-')310"" ClO t ...... by SI>o"'"' in 
1114& t2-a8 & 2-a\l1, E - E ..... the "'1u.'_ ,,(lV"roiog bUCk'n o, Eq""
,10"" 12.8231 om (2 .624,. 

2.10.4 n.nKendonloi PluOc Bucklino Equation 

For ' IHI pinned'l'in,,"" bar in fv.>ro 2~ '

'l>t ~.'Io buckino oqualion ... "'.9'>I-I."'.'~ 
moxt'Ico,,,,, 0' .... Euler OqU>tion. ""moly, 

" , EIPI' ~ _ ~ (2.6321 
c' 

in """,,,h Vou,,; .. moxtuklS'" 1_ 01 buck· 
Ino k>ao, L . .. <IP,. CItlYiouotv. tlHl .. ft .... ""_ 
'" Equalio" (2.532), P." .'unclion .111>0 r;gl1t· 
,.."".... HoW.'.'. tho ,;ght· nond _ 10 • 

1'_ 

, 

function 01 tt>o 1011·"''''' .... _au .. Young. fig.Mo,.." ~ '" 
"""'u"', 10 • 'ood"", 01 100. . TOu". ,1M pIo.lic • __ e., 
buc<linO ..,,,,,Iion io '",n..,._ntal, 

TOo ooI,OOn o! o.uch. u""ou"d. nto' <qUlltion ...... "' • • ,no lolo""".l 
... «~ .... OHOC.,;!o, •. ro.<: .• .....,.." . ",",kIO->g '""" 0"" ~.,.,.. bucl<· 
tng st,,,", TOm, r .... m. moduk>o. EIP),'" tho, .u ... 10 •• 1. N.". c.o.~ 
c"Io,. tho bLIC" no bod k.m Equation (2 .&32, c.,,,opondino 10 'no mo· """'_rty "'~ied In ,h. 'irst .. ep. __ " t.e 00100,"10<1 bLlCk
'ng ... d WII~ ,n. 0 .. ; .... ,0<1 ",","ling load, H tho ""briotod bue . ino Ioo d 
'" biooo' tn." th •• 011"",,0<1 buc'Mg load. tnon "'" ... Imo,.,;! bocUr\g 
load .... to<> ..... Th" OQ"""""h .... oily ",oe_ """" yoIO~ .. 
IIlat EIP) ~""~Y. _'N_.O .. , ... _ ..... , From Equation (2,632). 
~ E(P, 10 _Iligh, ""'" P~ " I "* _ Ilii/h. n", ... ,ion~ .. 1 

, , • 



I.. .... . ..... .. , .. __ ...... 

be ,eloNod "' O. tho 'l'ec;"I""'_1I> bel",". tflo e .!;m""" 000 e..~ 
,uJatO<! b""l.lno,j.,.ds (0' "'_f. Fo< e xampto. I, It", ~1asI'" Voung'o. 
_los 10 .. lteIod. 'no , ... ....... ,od b~ "'0. ~'" .. b, impli
'01;0. , I~e """.' y;o ... g '" "'''I' .. How"" ... _g _ no1 __ 
",""ri¥ tal.. plac<o ., , ;.kling. In '001. tIoe """.riol ""n ,_ IHI,_ 
""""'" un" a oon_ob~ h91- ....... 10.01 • , ... ct>od . 1 "'-1 • . b"",,_ 
~ng • ..t yOold;,.g ,... IWO ~"' P*'Y""'" , ' . nt>, Boc~,",g ,.n 
"""u, .'otfOSSM b. bw Y;Oklir>g • • ..t. n !hal eo .. , tn. btICkling . . .. .,,,_ 
In 00"" . ... ' ...... 0 can """'" ., ........ beIo" bu,.ling, OM . On IMI 
c ... . 'h . ..... k1ipg • " loci pIo."" ..... k1 "v 

Th. 1on90"' m<><lum .. ..- ... E(P) in Equ.lion (2.6(1.2) n ac. 
,o,do"". " l h SIoonlo,· ... '11""'''''' J2·~91 That"', " . _, .m. ,h. 
;.,r .. ~-..I dio<>lo<;om.n'" , .... , oocur on¥ du,;ng tho """~ oJO<eO$. 
ThoM .............. 1 diopboom .... "'~ ,000,od ., in1in~~oi"",1 ........ ..t 
'" infinit_.l otfO""" '~ 'oogh on "";,,;,_ ,.,, o-.in ,. Io'ion 

I><I _ E .... & 1 ~_6:l:l) 

.mieh com • • 'm", , flo doIinition fo, th o oklO' of 0 .. 'n .... "';. ''''''' , 
12,_ ) 

F", ob'''."......,.,., .... _..,.,eIl to ... ..., be, boc]d;ng .. known .. 
tho .. ngo"'.m<><lu .... 'Pp<04C~_ 

Tho 00---0010<1 _-<n<>doAo •• ""'".,," \0 ""I<uIoOOn 01 ' ho b<>, b",,~
'ng Io.ad"' beoed on the '''I'Podioo Il001 tho be, ........ 11)' "nioo<lo on " ... 
side •• _ b""k,", Thai U"\>a<ino bo ho.", • 00'0","" by Ih_ . , ... ,;, _Ito. _ ... tho ",.ding beMv;o.- on Ihe "U·.e< _ of 1M be, 10 
_...,od by tho ," . gon' _Ius; _. 'h . to,m <Ioul>lo _ ..... , lflo 
_0 Ir>a .. ",odiclod wI n In . <Ioublo_moduluo (O! 'oducad-rnoduIus) 
""""'00' .to . _. "",h Iflo ta"""",~. ",od.,,_.<>Q ", ...... 'M 
_010 . ....... ... 000<> ... Thu,. tho ""_ ... _ """,000' 
is no1 "PP'op<Io," '0' _ in dKign_ 

l o' ... .-.eo .. 'h' ..,.,....,""11 oq"""'" Irnm 'h" 10"" oj Eq""'ion 
(2,6(1.2) by dNidng botk oKI • • by ,n. «000.00<1_, .,.., ~ 10 go, 

1~_635) 

Then_ 100 <!oi;n. l'A o. 'M . .... 1 sq<>Il'" 0/ 10. ,-... 0/ 11)"' . '00 0/ , flo 
1>0, c", .. "''''", ' .''''' ","nlty PI~ o. tho"reo.' buc'<fing 10 110' 

. , E", 
0 • • 

(lJr)' 
12,6315) 

kno-Nn ., 1M c,/tical . ..... 0< , flo """king ...... (bu' _ 1M , __ '" 
'e "" 'Ot~iea l b"" ' 1ing "''''$1. lk" Q .. nlc, LI,.""""," ao tho ... _, . 
..... "',;." Thuo.. too, wM~. h!gll U, 10 vo!)' Io:>ng _ __ • • • 
• ",., "on. low lit is . oon a.d thick_ Go ..... I)'. ba,. wI n a tMslh lfr 
_ oIostlcal'l, " .. , ... ""IS WO" "'w V, "",,1.10 pIa,",a ll,< (O! , . n 
.... on ho,. . "",'oriol 'oi " ra " in F90'" 2·n "" P"\IO '~1) . 

Th. Ir>ao·do""""'toon ,urvo 1.,,- • boJ wil ". idontic.I \0 tho (oe. 1ed) 
ah. ". 01 Ih . ............ '" eorv. I", Ih . matoPiaI. Thai 10, l.,loI.,.d .. 

, , • 



pioIte<I versus a,ial""""ening 01 tho b,a,. 1t>o _ .,. 01 tho curv. wl ' " 
_t~1 '" "'" snap. 01 .... ow" ,",ain cu",~ n ... ob .. ",. ,.,., '"_ 
lrom 'ho '''''' ,na, a oIngIo "", .... , .... " , <!. occurs ", Equation {'I.~eJ . 
.., ...... 101"" b. ' .... " Iood ~od "",,,, ... ,"" io . ....... , "",..." 01 ,~. 
,ollllon botw • • n "'0" arld .Ira." 

2.10.5 Solution Sto-. .. gy 

" . in 10<1, , .. t>a, bucl<Ios ""'''"'''ill', ,~." , .. IO-sO e$Oim.,ed b,",I(i"ll 
load ~, ......... ''->n .... oorrospondlnv ""lculo,o<I bLIC~1inv load l" in 
Fogo .. ~_~~ B""ou .. 0' '''0 ".0.10 o,,,'c .... -..a'" na'"" 01 ' ''' 
.... _ .• "-., "y",. 10 , "",.1 molorio .. , , .... mo ,.Iol.,n .. lot. botw. o" 
aI , " .. al .. arid «laIloted bu'kling Io.od • . n . ... im.ted bucUi"g Ioo d 
io , ... '''n 'ho ""yol buddin g Io.d lot ,h. ~rst ,h, •• , "imOl"" bookling 
_ .. Fi9ur<l 2·8.2. Tho loOOh _oled bool(iog Iood _10 0 "" 
<ulo,.d load 'Mt is b.1ow tho .. lima'o<! t>uckk>g bad b<!causo tho ... i· 
moJ. is .hov. 'ho 0 " ",,1 boo~1ing 1Dod, O"Oy who" , .. . ........ 'od 
~g 100<1 i. l .. O<1yol bockling Iood do , .. ","""led. «OIcuia'od, . nd 
a""",1 b<J<kling "",d. ooincido 

T .. .".cial ,. ... ..",.,..., bo_n tn . ... im. ,od, o.lculatod. and ac· 
I",,' bLIC""g 100'" is 'ho ". ... Io!" .. ""'P" " ,al.W 10 dOl«"'.,. , .. 
• ,,, ... 1 bu<' 1i<>g load 01 • ba,. Tflal ls. if .. buckiinV load .. Hlim.,od and 
.. booUnv load oalculato<l, '~on "0 mow "".",., '" Inc_ .. 0' dot-
or ..... ' .. n,,' . .. rmate 10 110' <_ '0 ' ... CIUaI I>UcIdO->g load. 

Tho " 0,1 "'-"" io "" .. m '-"'" 10 100' ..... ,h . .. oood . .. im"o4 
_g Io>d."""" !!HI tnt .... imated buckliog k>od. "ho bockling .. 
"","oe. T .. """'" ~'" ", Io'ionohip betwo." ,,'im.ted, <._ted, 
ond ocl",,' buc"-'"'g ""'''' _. 00' ""'."" ... t~. mo~ 01 11> . no'" 
.sIimatod bu<kio g load. nus. _ my" " sort to _ply gu. ssing in an 
""""'ted mann"" .nd thon ... co.n toi'! upon tho """'n spo-cio' , •. 
.. ,~ to d. ' ....... tho oy, of .h. ""., odjuol"""" 

'. 
;.,. 

' . 
. ,.,." .. '''''''' 
; ............. 
; .. -'-"""", .. 

OI'FO."'TION, ~ 

fi~", 2.80 ~ . ......... """ c ........ 8u<~ L-' 

, , • 



1M ............ , .. __ ...... 

nu • . "",.;",po,. m.rcto up ....... r ..... tr. in CUN. or 1M -.o.k>r. 
mallon C""" " In F9n"' 2~ "",I 'hO kll(lwn _iaI .... ,.,nohlp ok;
.,," ..... , ..... ~.,. inc< . ... o tile "'i"",,0<1 ~L><ki,.,g Iood 10 _ ~Ig~ • 
...,0-1. TIl"". w. kno .. ,.,., H tIma,od _ ",.., bfackM 1M .<Wa' _k_ 
""9 m<f. For .xam""'. ~ .. " _"", a nd ' .. Ioo .", higlo. ThuO, ......... 
nlUS! ... bel"..., J.,. ond l..._ 

Now '~al"o ..... b,odo,O<J Iho .0 ..... ' .""kOng " . 0. I-<ow do .... 
~nd thol " 0<17 Agoin. wo hove no qu.ntitll.l .... .... ~ of c-.ng tho ,., .. , 
.,_,o<! ~ng _ . ThUS, ..... mu. t .\jOin rely uoon ..... known 
"p«itJI __ p.nd adopt . "P<'<IoI..,.rchin!l "".,_ . n ol """""" 
... rchir>g .. ,01_ <OUId toke .... '.1 k>ffn.. Th. ",01OQy <OUId be to 
<Irop back \0 1M ..,_ ,-" b\Jc:king load tha' is too",,, ,~" "", ... t Ixo;kmg 
load . nd ""''''~ up the k>o.d_ion CUNO .t inc"""," n", 01 . .. V. 
_-'on'h ' ... .,.0 0" ___ .. n ~>o 0"" l...- 1h.t io. <1>" , ... 
br.rck. , into '.n p;;In. (1.0 ., int. ",. 1 IO"thingl .nd 'i"" whlel> a! 1ho t. n 
" gmon," • a _, b""'kOl Oh 'h. """uo l b"'k~ Io.d Iho n 1M ",Ig ..... , 
br.rckOl. That cIoN, bnlckot can oub •• ~u.mi)' too..,.. inro IOn pons 10 
'1'" 0 ,., .. on 010 .. , 1><"",.' Tho .., .... ing a nd -'<Mog P"><odu .... 
'opeolOd .... l. brackot " Ih _ioion! o«uracy io found. That • . tho 

....... _""ond low., """"" "" ..... "'. "'. , """ be "o"wed '" 0"''' 
on • • Ii""". oIlfle "",,,,,' Ixo;k'ir>g load. Tho ."or in Ih.t o. limo, . is ,..-
10,-" '" tn . _ .. lion of 'M bounds "" tho br.ekOl 'rom ..... ""'11" 01 
..... bourdS. TIl ... . ,ho ""0'" ..... br .... OI. 1M 1IIg"" \!Io """""0)1 01 the 
<.IcuIo",d t>uekl ng Iood 

Anothe , hU",.,1ea1 ''''''''''ut lot .... 10""'11 , .. t ... oolu'"" 01 • 
""""""Men,.1 oq ... 'ion io 111<1 in'''''"~I_n~MIlg or """"'''''_",h prnc ... 
d". _ 1 ... _ ot dNMlO>g 'n' .. g ... '" b.tw •• h "'. upp" .M 10". , 
boundo _ Ion p.rI • • • in 1ho po"oco<!;"g m. thod, w .... roi)' n.~o tho 
_ gm. n'- Tho. ndo 0' . a<h hoi ~on' "'" ... mined to ,nd ""w "". 
per . no ""' .. bounds 10 Ifle ooIulion (000 is ..,1Uaty a n 01<1 bound). 
Then. tho hal .og""'''' lha, pmvidos the no" _ aM ,,_, bounds 
io irwestigotod. lis ho r 'hot gOre. yel a notnor me,. ,.'inod oe' 0' _ 
and Iowo, boundo."PM in 'woo ond5O on. This inlO",.I·""Mng ,och· 
~ ...... is I., moro ....,ion" i.o., qu ....... I ... " IhO l", ... oHonU1i<>li proco
wro. Tnu •. in,,,,,.1 hal<inII will boo awliod in U1. _n 01 "._. 
dO""'oqu.tIon" 

T .. in'.",al· •• Mng lolulion p"""",,",,, Iogio • dopio:tgd ochomot· 
ioally ... F~. 2_83 Tho,o, tho ..... , • • ~""'to a! 'no buokio9 Ioood. 
~". io .... ".;old k>od.l.., . 01 OOU<MI. ~ lho <ab.<lalod _9 -. "'" 
io .... thon l.,. 'hon tho b",,""Il " .t.."'"'. ond "" r..rtt- co""""oo"" 
"ro '*' ..... ".. " ... > \. I ... ,., __ mu, t .... rch 1 .. Ih . eoract ,oluo ot 
.. Ih.t eor"""",odo 1<1 'ho com,," moto,iIII """,onie._ Tho ir\lllli """"h 
...... m.ot Silo , ",-. it o"'.r.';o:y .... a . ono-I.."h 11>0 ,_ """" Then. 
lho m.lOriol p roperty . in 'his COl .. '~o _"' moItJIus. is <.Icu,.,-" 0< 

'OUnd gr.pNcal~.' 'he wm,'o<IOuckilng ".d. !-I' XI. IM b.., klOl9 IOOd 
• co",""',,,,, from Equa' ion (2 .632) using Iho ,"ngont modul Ul juS! <lo. 
t.tm!nod_ Tn,n . ,no "" .... ,-" buckling load, i.". it o:>mPl"-" 10 tho 
_"'""",o<! buckong Iood. ~,: _ r ... "'''''''' ' ro .. , .... belw"" tho oo_t-". 
, ,,,",,,,,0<1. ond "", ... 1 "."'"'11 load . .. ,oed '" dot. "".,. ,h. n .. , __ 

, , • 



' .. " ...... 

H 'h. calo""'''' .. d liflO load . 'eoO<l$ 'ho ....... ,.., Wo~ _ . 
thon ,~ . .. Iimol"" bucking Io. d .. inc,oa...:! b)' 11>0 In,. ",,,,"_ ing in· 
c,omont in .000000od load. Thol cl>onll" in ooti""".d _ ,oqu~ • • , •. 
,uming '" tI>o """.,inl prop • • y d'''rmi .. ''''n step in FiI/U'" 2·83_ 

~ "'" C4I::It .. ,.., _ kl ..... load I> _ ,""" , 1>0 _ lod buckling 
load. ""'" Ill •• 1I1m"o<! _klnIlload is"", hill h and mull b. ,oduced. 
Th<t .. ti .... " ... b""""'.l ""'" .. f9d<lCOd b)' 'ho int"""""""ing inc,.m_ 
to .. 1Um 1o 'ho p_ iou, . onm ..... bL>Cklng "ad th .. "' ....... dy I<r>o" 
to be 100 ",.. Thin ,..woo..nl coWntion' in modo 10 . .... y • ... in .. in 
.,." . ... ' ..... '" tho OW.,.tt<! 1OYr., bou_ on Ill. boe' ling "ad. $;
",u,"" OO\I'I\'. tho .. ,,,,,.,Od Iood "",'."'" II ""~Od lot •• ~ 
eo'CuI.,;g"I . Ac<>ottlOyy. 'n o d .... nc. bel_ " Ih. bo unds .. ..... y. 
""",,, ... d ... ,1>0 t>umbe,,,. "'leub' ...... na-... .... 

TM. ",.",. ,.""" ,,; ..... no" ptoeodutD " l..rtho, 1iIu." ... d in F;gu.-. 
2·M "h ... . ...... ' od "",,1& 0, ohd " , ,,,,,, ... nl l.,.. and .... I""" F;gu.-. 
2·83. ' • ..,..,"'01\'_ S<mibtloj. ""I<u'",.d point> "> ond c, '_""'''' 
, tt<! l... . .. _~otv TI>u$ . ~,. "'" ..... .. 0 I>wOt ~ on ~ .• tt<! .... ,.p, ....... on "PP'" bound. W. "'"tt<! 'OO .... Iu •• ov ..... y. goirIg 
.,ound tllo tIgItt·h. tt<! _ 01 tI>o k>gic llOYr CIlatt in Figu,. 2-83. TM"" 
•• u., J...,. in Io .. ,han .... 00 we oxt "'" eompo.rioon ... p to , 110 len in 
FIgu" 2-8:1. W. drop ""-ck [,om '" to J.,. ~ J.,. ond. in ac<:o<do.nco wlh 
"'" inletva H","iJ>j;J .-u,o, "" I>a"o M, 1.0 .. W. \10 (""" y lO '0 
420. w • • It •• dy , ..,'" that ),'" > J.,. (1)1>1 w. ,,,,,,,leulo,. .ny .... y). 00 

.... """" " . "I ....... up 11>0 .. ' _""""' """' •• Ho",,,,,,,,. w. do.." 
""'"'" up ...... """' . .. much •• b.toro, ;.0 .. <>ntv to J.,.. Su~po •• 
I.e. >..... Thon, " 0 ........ '-so Oy .l>. to got 10 ~,. who, • ... ..... 1· 

, , • 



,.. .... ...... .. , .. __ ...... 

.. 0 ~ tAl.CUUl1OIO 

., 0 ~ 1;$TWA' , 

re.dy <aleulatod >-.. . ~" . N."" "'" """'. up by .""",", h.1v<od "" ... m.n' 10 ..... which " . _ io ~""""', ""P" _rid th:1, I. ""'or tn • • 
l.r • • ~ .. 

w. 1=. nam>_ tho __ . rK! .",.." boundo from .... < ~ < .... 
to ~ < ~ < ..... _ Tho Ion., _odo "'. ono·j"""" ,h •• """"" oj load 
_~ .... , 1M origInol_ .... ' • . NoM ....... , ... """,.o,re ,,""n """. 
tin"" untillh" __ o,..~ " r>O\IVh IMt ..... ao .. y).., is OGUOII t • 
.. '0 ...... 10 .. ' pfHCrbed ao::uroq we _e. AI thai poOIt. 'ho -._ 
ro, tho _0 load h.s bHn obta ined 

Z.lg.e R"ptoMnl<>1ion 0 1 'M No" N .... ' S1~_St .. ,n CurYI 

So tw, _ implieily .. ",mod ""'t .... oon o/foclWl)" uw tho 01,. ... 
...... "u"'. 10 <ale"". tho 10"9<"" m<;>duIu. o' . ny poO\I_ How ... , . ,h. 
10>1< • .....,iotod .... ~ 1I>ot • .....,,~"'" '" "01 ouiIy po~o""od. Tho __ 
do_ sit"",,,,,, io to havo an ooq,,","'" to '''p, ... nt ,h ... , ... ·"".in 
eu .... "" we con dt odly arK! oimp~ ook:ulo,. E_ ....... d of ,,"-,"'11 to 
poolorm <Iff.,.""" ",,,,.Iot;"" bot .......... <10. .. poOIlO whon roo .... t
obIo ooquo'oo "" tho eo, .. 10 ovallable. 

Th. N~ OI,_",aln cu ... . 
(2-40( is a jOlO'"I"''"'"' ' ' ' model 
~ nonIinea, oj, .... ..",in be""""". 
TM C""'. is IormuTotood in...., re· 
1J1O"I , bolow .rK! _too" yielding: 

o " [ ' - ', ]' , oy"", 0.,. -0, 
in """"h 0", is tt.. oho' y",kl _ .t. _"'" PO'"'""'ol ",,_ in ,:, in 
figu'" 2- 55 a rK!" is on e .poneol 
tl>O-' oM<! ~ bo M ;"tego,. W. 

" 
"0 

., 

, 

, , • 



con ... ., Eq .. ' .... 12.838) ,flo, lhe .. "'., _e v;.kmg i. _"""" 
"'0 . Ia .. ic: ..,. • ., pw p l .. ,;c ",a". Th<>&, ,::,. is oao4ly.nown '0 be ,flo 
...... ;0 """"' at 0"". i .• .• Ih. "..,.".n. n' .... ., .-., dol. "" ... 0.,-. A 
common v ..... uHd for<~ is ,002 "" _ . tool and aluminu"" 

Th. Nadal .. , . .. · .. ' .. n cu",. "'I""' .... ' .<j>O<IO'" n con ",,' t>o do· 
.. rm~ "I" a ""'" appIOo>dl l rom Equation (Vi3a). T .. _ , 
.., ... ·.t"'"' c'",.' 10' "" ..... 0 v . ..... oj n 0'" ... ""Ioy"' '' F~ u ", ~ .•• 10, ..,. dic: YO kIoo- 01 0" 0.,.. ,:; ond E, 'nt l9Ol" VaJuN of n 0,. ""0..,,, 
but, will i.,..,. t>o 0 "",Int.IIO' va .... "flo. It,. oqu.tIon ,. uHd ,. ' OP
, ... " '0100 1 OIfU$-$I.-.in <!ala , 

"""""Iiy. 'NO p" .. m~ ... , E , . ::,.. 0" 0",. and n, "PPO" in Equ""on 
12,638). "'" 'our a . ""irnod. How. v. r. nol d ' lVe por • ..,.t. r. oro 0Id0· 
""ndont _ .... Equal"" 12.838) eo n boo w,;ne n .. 

(2 ,6J~1 

... """" .... "",. only low p","-ma_ E,<""'",, (2.6JD) '" • 11"'"" 
a liutio. 0' ,'''' '"'''-po.,a mole< Rom~ooy·O.\IQOd ""oM--4t"," c"",. 
,flo, 000. "'" ha .. an int "" liMa, pMOO 12-41). NoI. IfIo, ,II • •• Is 01 
K mu", o.on "" .. .,. "PO""" <!>a_ • . In oont","" 01 quantltio . .. 
"_too 12,63S) ","v. 00._ pllyoico' .;yM"""'" w; h no cIio"l/O ... 
_ • ...",. .. n CMrlgM, Ho ...... ', ... <"n oIIow ""', 

T". 1<0<10 ; " .. oo-ot .... cu"'. in !too '.'"' 0' Equo'" n (2.63DI is """ • 
... ..., uHd ' flon Equo_ (2.~38) bo>coUM n <lin be dI""' ~ clllcolalO<l. 
I .• , no curv.·, ...... or trio,.nd ono, wad is .""0...,,.,. 00 lind n, 

•. ""'''' ''' (20'°7 ;,;- J 
'-ul:: .. 

' . 
• 

/u ........ ,,"""'" 
" , . .. .. I(m_ 

• 
• 

'- '! """ 
• ("'" r ' -'i":" ~ ""', 
, , --- -• 

---, • 
, ., 

" ••• 

, , • 



I N ............ , .. __ ...... 

TM qU .st"" ""'" is 'M olgol leaneo 01'''' . . .. =. """'" p"",m._ 
., 'M ,._ ..... M-"' ... , Ourv. _,_ , ""'u'l\', 11>0 """'"., is no1 
u ",,~no.' u .... c~o!1OC1 .. o! 1M -._, CU<'I" , For .'.m~. ' M 
N"""'; "",""' .. "n """'. ",I , ;ts .... ;" "" . 1 .. ,., "g"" 10 p'voea'Iy """. 
on,. " ",. '~oo . ,,. .. ·otla., ourv. mod.is...., no .Ia .. ", ,og"". Ifow· 
...... , .... muot 1>01 .,.. .901 o! 'M ploy""" ... .I/ty ""', ""oi . ... , otnoso· 
.u .... """'0' a,. ~ ... 'a ll\o 0 ..... "" pe,o.pt1>/oJ lrom!hot ,.to ot_lovel 
a rid _ do no! n"",,_,;Iy MV. a ..... 1-<101'0"" , iekI . tr ... wl~ • 
o,"'.~ in •• , e""'", t<tgOo" b.1ow aM """~' 'og;"" _. 
MDr...,..,.,. " . cannot tow sight oIM ' 01 H, . ....... , ... , ... ..... _ to 
• groa, ..... , o! ,_ '0 .... , ~. !hot ~ .. ' ...... raln ~."".io< In 
suc~ . ... y """ ~ io m",~.",'leall)' 'ra~. To ."""""" """ u .. lul 
... aJi>., ..... """' .. ""9>" "w ~._ .n""" Ihut. I ... TnU!., "'. 
"""" .. , MoM Iho ........... .. 0""" "",uolio>n ilia, is """""'. n' wilh out 
"",'h"",.'bl <Ioal""'"',. "",..It 'h N&o.; . h • •• · ...... curv • . 

2.10.7 Nu .... rica' A .. ,It. 
ConoI:It, b . .. mado 01 2O:/4·T4 ok"'''',m lot ... ~lch ,1>0 ot",,~ ,"1n 

Cu rY, io.....".." in F'IIu<' 2-37. ThOI ctro" h .. rh. '_";09 po ...... _ 
"'"'" .. p, . ..... in 1M '0"," oj • 10"'·,.. ....... 6, N_'ot, .. s-ot,a., curv. _I, 

n _ 2 .• 0g "l' - V 0..; (1{'6 ),I Pol 

"", _ ~5 0..; (310 MPol K _ . 18g~9>r'0·'(o..;f" 

E _ 1 0,\I);l o' ~ .. (74.5 GPol 

10, ""'"'*' ,~. ,_ ....... ,ed .... _strain cu rv • .,.,;,01. u_ '0 do",m'" 
n .ro [e, • 37.5 ..., (2~& ",P. " <, ~ .~) ""<I la, ~ .5 .... (310 MPo). 
<, • ,006 1[ , 0"" .... 011 .. , j0010 . "" .. 10 '", . ,002, 

0 

" 

• 
• 
• 
• 
• 

" 

1_ .." ... _ 1 -
-
-

• • , ... . , .. ..,pu .... 100 .... . " .~ " ..... , 
"" . .. '~{11OM'" 

·l.'--,._;!;- ... - _ .. ;-._ .. -.".;-~,.,f 
• 

0 -

, , • 
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• 

" I ... H· ... _ I ~~ .. • • · .. .. .. .. - ,. , 
• 

-.--

n • .,.lou!to6on 0/ 1M . .... " bocking Io, d "" , a';"" va l, • • 0/ lJt 
(" which f is IfHI ,-.. ol gy'.t ion 01 1l1. b .. <:<OM _l lor "'1"",,,. 
o",...-_\.ion bo.,. io oui. simp. and _ '0 the poroboli< OUfYO "" 

.,. .... ..... ., buc"'~ '" FIIw" 2-.50. r"" pia .. " bool,"g ,....~. "'''" 
"" .. _ b'/ uo. 01 "' . intorva l·l>alYlng tKO"GUO <Iosc,1bed In 50<1 ... 
2.10,S. Otoviou'Ij', 'h, two <'UN" _ .. I""" '"'" ..... h.' "' 'h . ....... 
01 U, _ tI3 ",,",. Iho _ 0 "'no .... ' M yioid ",no ... For bano " on 
Ur .... !hon 63, "'" pIo"'" bucking _ '" .. re ..... • r • ....., ....... tio.ly 
bolow ' M . .... io bucklinO ,.suh. 

2.10.8 COm .... ,..,., of Redu'*""Modulu.lh.ol'\' wl\ll 
T'n.gonf·Modul"" Theo<y.nd _.ufed Buckling Load. 

Tn. ~'Y ~."'tioo in dot~Oog ,.n.""" _ . ..-..t\< , 
thoory Of 10"11"""-"'" ."..,ry _. \0 on <><Ioquot. ~d"" 01 
pi .. ,;; buo:Idio1g io "", , !h • • tho 1>0., bo_ 1Nl1o", ot .H., ''''' buokw.g 
...... is ,_!>ed. For perloct bars. thero ""oms 10 be o\ll'o.men1 ""', 
"" t>ond">Q OCC«" ".IOr' 'h, t>u<1dO\g .. t ..... M(I I . .. , . .. bon., ... IS 
_ . ,nt<! by ,6duced_m<><tLllus '~ry. How."". Import"" bors do b .. d 
pfior to b<J<k ing 00 1M . bona.ie, is "" •• me<! by IangonHnodul". , .... 
Of'!. BOCO UM "" be r ;" tN't ",,~0<1, "'. t.o~. """""""'" tHt<1J,·ng m d 
io """'''''''''Y accoptod •• , .. 10"." bad lor "n i<ll .. .-q ean occu.
with inc_ "'g load. Tho" , 1110 '. ngen'·mod ...... bucldiog load io now 
rogo._ ~ 1110 pr. ,,,,. 1 b",~'"'s Iood .,... n by."" K,"'ml.n 12-37) who 
,. !'<oed th. ~".,.M ..... pp.."..,~! 

ThO. coneu.ion io ""'n. out by bidi ng t . ... c<>nduclod by T. mpI;". 
S'",m. Ii.~m.n. on<! ""~ (2--'21 "" ..,"" 0"'" ,"' c<OU-_!;on l1S-T 
atoJmioo m bo .. , N",. ,ha, tI>o moa"",od .0luQo in F~"r. 2_Sg ' 01 on Of 

YO!)' c_ to "'0 tangont·m0W40. tn..,.., a.ov ••• ~, lor tI>o point COf' 

roopondO->g '" tfHr oI>ort . ... ",,<1>""'" (10" ... L'" ;" "hich L' io tho 
""0<1 .... 0 Iongth 01 tho bar •• dolo-! ... S""'"'" 2..1.8 on ""ge 78), Thua. 
"".r • _ ,.ngo oil'" . tho tangon'·modYlls tMory ... \IOod p,""'lion 

, , • 
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. " ... ' .... , ........ ,. 
c· , 

"i"'" , . ., _"1/ St .... v ...... [ _ s ..... ..-. R .... 
(A"", r ..,."...,. SM'". fl.,.".,., . ",1/<"" (2-<2U 

01'0. plastic b<.doJftg .. M.",. n .... ,po''''on .. 1 bLoCldIng ,.outs oro 
.. OUWlootio l OV_""nt .. ~~ I~. '~OOrot.,., , . ...... bOt~ ..... ;0 rot .,..,
do, bars and pi .. ,;. ... Mro .ppIic.bIt . 

As o • • ~., .. u.. Ie 'M ~.,., 0"",0.00" ;'$1 disc_ ("*n ... ~ 
oleo ... uood 10' pia'" ond .......... CIooopI. ro 3 ond 4, rospecl .... Iy). tM 
IoJlowIng ._en ia u .. lul 10' ,h. ba, bucking ' ''11'''' prol> iam Re
e ... ,~. buckling oqU"'''''. E"""t"" (2.623). ;" ", . I", "",. nd. "",1 rotm 

.'E(a) •• (L·,l 
and ..... " • • 11<' Equalic>o (2.6<' ) to _ . .. 

[ ~ ]' _ .' E~«) 

• 

12.114') 

12.642) 

12.1143) 

n"". lor 0 """"f;od «. u.. ,oklo 01 E(<<) is .. ~ ""leulaled il ,~. 

oqua'ioo I." th o app'opm" "" .... $1"" 0"'" Is know" TI'Itn. "".1-
~ 'ho LIf (Ol L'"I can too IOIJrod," <UN ••• UO~ • • F;gu,. 2-8i ean 
o. ,,",.,m ln<><l di1~ I""~ 01 going "''''''''" t!>o pmo ... 01 OO~ng • "",,-_m., 0'1""100. YOlo P"""*'*"_ io "'" .... 'u, "" do.y" ..... 
....... -. ..... th. un'.."..n ., .. , .. , Is ,"',o<! to f . t!>o radi<J. of \IY' 
lot" ", ia 01"" on "'" tIg",_h. nd _ 01 Equa'''''' (2.6<3) ;",pIdiy in 
do!in~,," 01 '" 0 .. ro .. 1« ' PIA). 

2.10.9 SUmOlo'Y 

w. doo •• 1opod on opproac~ to linding "'. b •. d;ting to.<! of • !>of 
.. !>o" 'M oppliod at .... .. _ "'0 )'loki ."<l... TM' I • . ,ho ba, hu 

, , • 



,_. and ...... " w~., "'.n" i . _g ." ... 01 load? S .... n .. y 
e<>1Wnc.d US ,!>a, ",. .. _nt _. 1$ , .... II'I()&I OPIIJq>riato moduI"" 
10 ... it> 'no .<J<k~ oquo' M 1<·]~J Alte< ... ""'~ ,!>a, <_ .. to,· 
",ulaUon of ' 100 tronoce_ nta' b uc1<lir>;J equ"ion " .. ","1g/l!lolw.n;l 
1'1""'.".'. ' .... ..,1UIiOn 0' ,~. ' .. nsc<Indontai oquolion invo~.s 0 .. "".~ 
\!\a' .. ... ..,. on • 01"",10 """, ... know ... h ..... ' ..,. ....... ,.,. .... d .. 
..-0 tho _ng ""'" 0< ~ .. ...,,.. " .. b""k~ lood. n ... , foOl 0 .. · 
bIo. uo to do" . lop • oimplo ooIutJon . tr" .. ~y. w. 010<> faced "'. problom 
01 '"","Q oquot""" to "P'_ '" ,h. "",liMa , ." . ....... ., "'''' .. t\lp".1 
of " """u"" .... ,O' ..... T,,"n. " 0 .... .,.,. .., ............ ,"'" ... u .. lor 
_ g 01 bats _ 01 a "p;c..1 .. n,.:tura~orodo .lum .... m. FotOl)' • .... ,......blo 10 do""''' ...... ,1»., ..... buelWog .... d p~ • ...r"g tl». 
'onll<"' __ lu> . "",oo<n ., • .,doed ""~. <1<>00 '0 .,p.,imonlol ,. 
..,Is. Ar>d. In """', .... ,h. I~rnoduw r .... ~.ro u l ._. th. 
""~rlm. n"l ,.""to. No .. tha, no_ . ...... .... dot. rm.,od tho buelJo 
.. "pQ""" b __ 'nl$ P .... " .""k~g I)!'<IbIom. 100. Is on ,ig&rw.luo 
PfOOIom. 

_ ......... '0 

'10 1 .......... _ ... .., ... _ .. _ . . ... .......... _ ....... ,"",, ""', . '0.0. ... ""_ ,,, ... ",. ... ,~ u, ...... _ ....... ~ ",_~._ (U .. I _ ... _ ... "" ..... ~ ____ _ '-
_ .""" ... _ _ ...... _ .. 7<>7~u ........... .......... _ 

"", ............. "- ........ .., ""'* ",,_ . ............ ,"""' ... • _~ .... _ _ "_1'_ · ,"" '{'I;o 

.-:.7' [; ·'·-1 

• , • , • , ,,;,- '·(IoP·1 ..... r.' 
"0" {'''') ~, . , .• 1<2'1 - " .... '_I -.... I"" - ... . ,·071 - .... ,<121 -.. ··1 ... 1 - U .I ,",, - "' .• ,m ) -" ' 1- ~, 0>0 1"" .~ Of.' ,'10) ->T'I_I - 0>'> 1_ -, 'U ,....,) ~" ""-' 1- 1 - ... ·· , ... ' 1 -" '0.' {_I -"'~ 1'001 - ... .6 1 ..... ~ 71 .• ,,<>0) -"" (''''1 - .. 0 ,_ - " .. ''''"'' -... I'''' - " .1 1- -, , ... '''') -.'" 1"0, 

_ . 
000 I • ..., .'" "., '-I -.. . 1'''1 -, .... , .... .. ". 'UiOOO) ~ • • 1'''1 _"",,, ., .• 1'""1 """. 7'" {S07) -, ." "'" - . '.6 ,_ J",," 

'" 
.> n ....... _ _ ..... " .... __ •• , , ,ft_,.' •. , 

'" 101'>-1 .......... -._ ... . . _Ior E- _ .. _,.' "'_ 
u .. _ _ .to ..... " ., ... _ ""~.., ..... _ ..... _ " .... 1. "" .... 
,,_ ....... _ .. .. _ .~ .... ...,,,._ """"' ...... '" LO_ ... "", ._-, ...... .. "' .. _ .... -
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... .... ...... .. , .. __ ...... 
2.11 ASPECTS OF OESIGN OF BARS AGAINST BUCKLING 

2.11.1 InlmdLXlIon 

F", m tho !l"norol EuIo , b .. bucIJOooy "'1uo""'" tho Ionn 

P . Pf . ~' EI . ~' EI • • ' EI 12.64' ) 
IL)' L! L!-. 

we ... !he orincpoJ ",,"Iy'" facio", th. t .. 0 ... "". tt.o bucl<i ng b. ~.vior 
ood "onco m .... be co,.tutly add,osoed in do., ogo;not I>uelJing: 

L· y L..~ L_: to >cCOU"' fo, __ condit;.,..,.., ,h. bo, . ndJ 
.0<1 .Iong 11>0 "," Ion\l1h IH. s.ction 2.3.8 on oog. 76) 

E; ma'otilt P'_~'" - ... .,., ICO<r:ltanl .. ~h ",ad ....... ) or in
..... ., 1'_ "I ~ ""'d Iov.~ •• " • • • • oltro, Ta<:Io", ,h., c. u •• 
E to c",""!IO. nomoly cro.p. t."""'." ..... Ioa<Iing , .... "" ..... irno. 
""""uro. OI< 
t: _&lOcot _,ibU:ion 01 ba, """",·sed<>not ., .. ~ in 
",,",h I i> , .. '-:00<1 """" . n' oI!Irrr 1»., . , ... ""'" u'o o. i> 'hot 
.. oorpO-nrjioola, 10 II,. ""'no in "hiotr "<>C~~"Il """"'" 

01 ="'''. ". _,d "'" oct"", b., length. L., dO 0 ktrown '" controi6d 
q ... nllIy ,ho, 10 chon9&d only ..00., ",$I""'" ~n eOmrrnoton<o • . For 
exam""'. 0 ba, u_'" I>t-.g coIIJmn typ;oo". has. l. ng!h"'1""' '0 
tIr. 00;""0 ""'"J h. igIrO unl ... !Irrr oonrwrction 10 0 mJd.<:olumn.h' iIJh! 
fIoo< Is"" 11o. t." .s to .... blo to ."M on innu.nc. on 'ho column Ie 
<rnIy """ ...... I,""","n 101., in SOd"'" 2.11.31. T" n. t .. -.mn ~h 
is coMidorood to be ., ..... '·NO .. ",10.. In 0'''' 'wka'ions such ... 
_co tru" , Iho r,ar I.ngll'r <X>UkI .... doo-sIgn ,.rIoblo ,"-u .. tho tru" 
.... ood conligu",' ''''''' "_Iun'" 0 ""~ 01 ,~ "" ok><)' h. y.tJ. 

W . .. ill QXom'" Ih. princip.al .MIy'" ."" dosigo1lac_ in SO<Iion 
2.11 ,3 on 00<1 00<1 I,"oral ""WOO ""od<""o, Soctlon 2.1 H on ma,""1 
prop. n;.a, aha Soctloh 2.11_5 on ,,,, .. __ 1,,,,,.1 Ohape' Com"",",. 
OIl ,h. oppIico.brOj;y of doo9r c_. oro oHorod in Soctlon 2, ' 1.6. Fo-... 
Iot.o pulonaJy" ond doojgf1 into po'speot"'. ",10 ... 0 10 00'" othor, 

2.11.2 A".,lyoi& ... , . .... O .. ign 

W. ,,1I1H1 """' .... analy" , "rih -..1"ri<:h _ or. pr.""",."~ quI< 
lamiliar. aO<l , .. pIrOIosopIrIoal CO"""" .. 01 doo9r_ Analyols is ''''''od in 
Frgu'. 2-00 Ih ,,, .. mahh,,, an~~ is 'n. drrto"" ..... ,.,n "ft" b .... "" 
,,,.., ~ ~ <t<VC"fu",1 CO!Irigu",'''''' •• h_ ""<W ~ 100<10. TOo, 
is, "","11oa<I doK , .. <ttuCl., ... ~e? Or. how much _. lho ,,,oct,,,. 
dofloo1 01 a 00"''' ,,,.d,,1 po;rrr1 A".~ ... is 0 ono _wo, .. _ . W .... n 
with • ..,. dic oInIclur<r . 00<1 .sk; ""'" g><><I " "'Is .tructuro. how much 
n • •• ct.n iI "'ko. 0' how much "" . .... load con ~ ta~. wiho .. '-~ng 
on, ... .. imiW"",- d. kcl"n ' mit>.'ions, 0' 0"" 0Itt., po""""""'" 
limjl>'Iono? Whot io ttro toad 01 which th . .. "",t ... buol<.lo.? What . .. 

, , • 



• .... LUI· 
TIl ........ ""TIOI< CF "'. ""'VIC"~l ••• "'~ • .,..."".o"r 
~ .... ,"'u .... "RllCTUR~l CONfIGI)"~TIOI< UHDEII ... CIAO I.O~DS 

{WIUo' lC"" OOH TIll' . '.""TUM , ...... , .-
TIl. 'OCCUS C F AlT'"'''' OIW!NOWO/IS, .......... ~ ..... D W~T""l.S 

TO ...." TIl~ BUT (0 ......... ) IIi1'ItICTU HAL """""""'~ll<lN 

TO C""'" .. 'C.., 1.0_ """ ,'O' COW S'",,"'" ' U . S 
(WHAT IS .... ·.,n STRllCTU.' TO T~" TIl, I.OAO"» 

."", .. ,..., A"~'!s .. " .... 0.09> 

~ •• ",.'<>n I.oq......ao • • Thus. ~"'ty .... IT ~" ".,.rnN ~ .... ."",. '" d 'ho 
,"SJX!.u.M <->1>11_' cI",. "'''''''~'". w. m~ .. i~ ..... OI',,,,M. ' 
oonl"", .. b,o Mil ""iquet; del. "" ... oil 11>0 pen'oom "''PO'" c"" ..... 
",,,,,<:0 &UCh., do! .... ions. SI,_ ,. _k~" g ""d'. v_'<>n ffoq ....... 
c ... ",c. TI>I. p."" .... . _ ,al)" ' 001''',," 01 dhO ' bo;w"" .,).Yaluo 
Pf"blo-m. or . 90",," .. " p_.m .. AcooJdinW • • ""lysis io . <1<>1. ".;'. 
;.60 approoch to soIv;" g ••• ry narrow _ 01 problema. Wo Ihin!< oI onal· 
V ... .. " YOI)' bn>.d pror: ... 01 .. _ 0 1 ... ,,,, ... but. tolatN o to d. aq, • 
. ... 11',.;. i. ""'",iIy. q"~. ", .. ",,.."" ... biot"" p""' •••. 

Many . fIaIy ... ,orMIIO _. th." <Iosign" m."'~. _ ... nco 01 
..... Iy ..... They 0100 ,. M to ", ... thol r .. l . "'moot .... Iy ... .. tho """ . 
moo! lI.olgn 1001 in Ih. world, So ... ..- ",""w "'" be .. .. a 1;"10 
e1<-me,,1 opec .. "", . "" yo,. I did imply t"-Ilinit •• 1em.nlO or. noI tho "bo 
0 • • " orMI . Ir or l1'I. 1'00", ;, .. t."", .. ee.taWy lin~o ole ... ", oflaly'" 
.. . " ir<I lopon .. "", . ,.., ",,;,.- IIdrf 0' "'0" <IHign »<;>01'" lor <Ompli
o.tltd st,,,,,,", ••. 1t0T0eV ... II", _ir9 souI_ a..;gr, .. Ih. /oglc 
101 /tow II> chIt_ 1M d .. /gn v~,I0""'. ;, , • • COfIIfr/<J""itYI II> m_ , • • 
aeoy, I""U,..,., •• lt. n .. l 10. Qt."", 10 t>eI>."'" modI""t"" ot • "rue
M .I Oooiyn oa o be . "omollKl '" o<>m •• " ont; Ifio dongor io 'Ml ~ ., 
ta .... modo. 010 no' incIudo<I in tho .""'mal"" p"",* .. , thO. tho pos.
otM~ oj '8 ....... aom. ",h. , modo 10 "'!ally Ign«.,j, 

In co",,,," to analy';'. ~ ~ ,~ 1"0<.'" of oforirtg . , ",. dim._. 'N _ po> • • M porllap$"'. """ . rioll "" , .,. inYolvod ;'. 
~u",' ", .. figo.<nT_ " . n.obll '''''' ="r'!l~'"'oo '" "'''T ""oel., 
_ fJOrIwm ~ I .. "", "".111>. 1N0I, ,...;gh ItH. ""'51 . ...- .. 1i>Iy 
...,..". OINt cd.,;". /", ·fIOOd . . .. • TMI irs, '"~ ...., the p,"""'m .!CuM 
I""" . ... Iy ... in on. _, W . . .... ,o"V: '" do ""I ~""" the Olruo-
I.,al oonIigur. t<>n. b\II " e know only thO ","<10. Wha' ",uel",. " II ca"., 
t .... _.' rM pro/Wm <100. "'" ITa •• • unlqu • • "" .... " W. """ lind "'""1 Mt.",tI( "rue"" .. 1001 ..w ,,.,,,, tn. _ _ "0. Tho "''''' ... 
ot <Iooiyn .. Irying '0 <Itt .. "" • • • """,", ' M """ .. ...., .. or 11"_." lOT 
' M partieula, objool _ wont to <10010", "'Oo' Is ,hO ".., .tn.o::""" to "'"., 
tllou ".d • . Th.,. ,.".. dHign" no" ,0 ... """"""", plOCM>S. I." ..... 
dos9>" On ~.,~Iiv. p-. '" .. lOcting . ""mlv""'tion."" ....n; 
1>0 .. <boo h cap. blt ... a", to ... IrrtyOlg th. dKi<1n J<IQUir ..... ntI , OM 
tho. mob>g c •• ' !100 It.,,, ... I>opo .. , load "',,,.'" .. tioIa<t1M 01 ., tho 

, , • 



>0< ..... ....... , .. __ ...... 

do. 'oq.~.m.nl5, TVPically"", __ In ,~. design PfOCHS Is . sia' .. 
m .. , "'" COOl m.", bt u "'" u po • • 1bIo and """ " olg/>l mu", .. as"'" 
a. ~ ... lin'."....,.. lao""'" oon_''''n • . 

A k. y ...... 04 Q' a ",lion. ' do. P'''''' '' I • • sl_i-og a .. ' 01 
moocIoaniolic ", .. Iionolo;po II,a' , ... ,. , ... ",,,,".ra' oonfill ura",,, to .. 
".rloo' ..... "". . lJ .. 01 ",""""ni&tC ,. .. ,,,,,010., ... "' .. , _",~o •• , .. 
""""."" design. , from • m • • tOnigno' Iwtoo 0.0 "" _~ .... t"". ). 

Poilo"""oica .... duign it """"'..-. IM" ;.w 1M....",... "I .na~· 
.......... " ... , ........ <Io&;gn .. not . ma"'. mat"" inv .... pK>blom: ... 
f~, ...". . .... n In Flgu,. 2·~ 1 . W • ..."o 1u""" mo.ufy oJooryod 1""" 
• dolO""inislic """" ... problom I" • nond.term Oroiolc <IoeioJn ~m. 
TN. "'09> .. <>bloom ha. monv de<"""'" ,h. t muOl bo ..... do . • nd tho .. 
_no ..... , . <Iooigo v • ..,. comPliCate<! • • ,. .. U noro<ltll>,m"o.t". 
The otho, ........ ' _inguioI1i-og o!em. nt '" ,~. <Io,;g. process is "'" logic 
'm ma""'g ,ho ,oqu_ dee".," • . /.IorOO'll". ,~. ond ' .... 1 0/ '0. dosigo 
P<'OO''' . not . ....... "now. _lion 10 11>0 Qt.;;,. OfIO<l ""U"nsl Thai 
io, mony po""""," """,;go"" ",,,. mill"' 0' .. 1 "'. doljgn pof!orm. "". ro· 
'1""""'0" 0. And, ltoet. a ro .Iso """"Iv ,oqunlll. nts on 00", a nd ofto. 
on ".;g"'. r .. " ... , Q .... ""' ..... n _00: """"h 01 '.0 po,,- """" 
liIl",,"t;'n. I, ' 00 b . on O.f1ning tho 'boor io otto. va ..,. .w"'ul, So ... · ti.,." _ _ , ovar .. ok 1~. boor, but~!O .. ticfi. d to m . .. " hovo 
mad< .. th"'"l1 ' tho do. ~ .. oneo, m",," 10 .. to hav. iIoratod 
lh""9> ,h. do,;gn proco .. ma...,. 6m • • 10 _iou. ,h. b • • r <Io.,;go 
~ .. . urnplo 01 tho cont,. sl b . M •• n . n. " .... nd <Iooigo1 , 0<>1'1. 

ado, tho ba, bocki"'V problort1 . To ."""'" lh" booekMg '.,.;""'''00 ol • 
..... " .. _od. a, iolv _ bo, . ...... tho eolo , !>u<' !0:09 ~I"". , 

I' . ~EI 
C' 

1~,G451 

in..toic, p .. "'" bU'kliI1g load. E . ,M modubo "I e".,d:y <>I "'. "",. 
le"l. 1 .. tho...,.,nd """" . n' <>I "'" "'"' ,,,, .. ·_",,,,,1 .. n •• nd l .. 

........... 
• OVACU O .. A .. """ .. or 0 , .oe,ne: Of""''''.O 

• OET ........ nc .OOC!SS 

• ." .. " . " ..... , .... UE """ .......... " ' 10"",.o.wf • • 0 .... ... 

. -
• """ flIO _UM""'. S TftllC""" ntU SA".R •••• "" . .. ",.NT. 

• ruNcm N 
• COST 

• WOlOH' 

• _ on£RM .... "" PIIOC_ 
. l.OQC .011 COWGIHQ """ 1"'"""'"&1. COIjAGU"ATtoM COIICtAl. 

...... T .. TJ<! ' ... T ST....,"'"AI. C."."""".TIOH1 

, , • 



(2.645) ao 
~, ,. 
,', 

"'. ~""''". 

12.646) 

_OV., ...... dOf.,. n' "",moot. ,,' ;,,0fIi0 to< •• , . ollhe '0 ", ""'''''''' "",'orio. (hone. <IiII.", n' moWIi ot .Io"~) .'0 obI.inod f""" Eq""1ion 
(2 .646). 1.10<_" , knoofl09 1M mom"" '" _ oh rur do .. "'" ,., 
II> iI>o _". '" -";""S 01 • ""rl Wo ". ,,01'1 .. _ • b., 1"'-, ". • 
• mornonl of in_ ., ..... lOS g rM I .... IhIIl <le1O."iM<I f,om Eq"o1ion 
(2 .646). _ ••• r. that ooloclion P"""'''' """'Ily , • ...",;" «>Mid. ,;"g 
q,,~ • • to. bot 0"" _ ...... 1 mo" Ih. _II" , ..... ,."' ."~ Tho.>$. 
we m<»1 ""ere ... """0 01 .. , oriorioo l>eojd .. avo;dinll_g in order 
10 ~ Ihe actua l 1»., 010 .. .... .,.,. TMllo. mony 1». , <roM 06<110"' 
o.n "v. Iho $NIIt rO<l"kod """"to' of "trt •. 50 hO .... do ... _;cIe 
_. 1». , • "bu n Pe rM!>' cost • On "_"n. b .. b on ,,~ich to 

• """" ....., Ul.., .... ALI ... 

•. • ''! " '.\. , p , 
• '!<...§BI .<GA ..... """"""" 

• • 1>lSI."O ~ l.U 

."I. .,.., ..... ~.I. .... , 

.,. I. """ .... ..., .. ~T ...... I. ..... C"I.D. p, ... ' _ • 

• 00 "I. ...,....,. .. 0 ""1! . ......... ucno nIOIII 
"n,!.. COfoCO .... WOO<>, """ AlU .. NU", 

~,"''' . 4~ E .... ".", ... r. 
Fig<> .. 2·0:2 Bucl<linsi 0"9> ...... ....,.",... Eo,,,,,",, 

I' 

, • ... .. r 

, , • 



>GO ..... .......... __ ..... . 

_ .. " " 
m." "'uS! I I, 

-'" 

.<c~.nl/O (01" ""do) _ 00 ....... _,.. lOf .""'~ ... , • .ample • • .."an 
_"ht " .. " ........ <,On be accommod,n"" I>y O"M"""" th. "'''1/0 . 00· 
e''''''''g '''' payk> .... '"'< .... ""'11 t~. ,",.1 eor>.um.,.""" '" .. "'" """,,,," 
'"lI"" ol.~ ....... ""ntrilil,", n • • ppJ<>!>rioto ""do-oll 01 !fro .. """ . 
" quo""". o.n ... a""'''' "' only I>y . >omin;"g th. ,oquir~""', 10< 
oucc. oslul "fI. ,alion <>I tn. oi"",," and docidinog ", .. , rombin;ol.", 01 
,...,to", ;. ' ho 'bo"., i.' ., Ih • ..,., ......... gtu11o< tho awOo"''''' ot , ... 
o ir<:foft. T",do·o",.re conlinod to th. no,",niquo dooivn ~ bo o 
eo"", 01 ..... .. ....,"'. of ""'''1 poo.sirle ..orutiono to U,O doai!l" pr<rbinm. 
T,.d • ..,ff. do rrol .. is! in ' ''1)'''' bt>CO UN lhe< ..... _ ,..,.;o n an .~ 
,oa<ly-dolinod .ool ....... oon . .., cMnge •• re not "" .. 1bIo 

T ... ,,,,,I cone • .,. <>I de"q, tMI mUOl be addrcSO<td .. 'ho m"lipIic~ 

'" poS$Ibin fa"" _. IMI a S!rt.o:Iu '. ean exporio""". B"o~'ng" 
WI_ 01 tho _W I • ..,. _ ... Failur. _.n,1)' lim .. the m",,· 
imurn Iood-caR'\'ing <:apaIl 1~ 01 a ""ucMe as In FIgonr 2·113. All ",,!lSI-
... I ....... """'" m . .. 1>< InVO"~I"" ,., bo . ". 'Od 01 ....... ' .... _ . 
And, w. conrrol ""o"'!Jal. loilure mod., "~"",,, ... b ble .n.I)' .. ... 

.... ....... NJM t.O.\""' .... "1'IHCI c OJ'AOl.m O. A 8 " '''CT''' • 

.. or 'EHTOA" .. ""r<r"""'~ .. 1>f;S .... 

W4J O<,H'"",O. A OT""CTU~ To eM.' A • •• c .... D 1.0'''''''' 
...,., "NOW ..,W """" 1.0"'" ~''''''''TU"' """ 00"'"' """""' f''' •• ' 

• F"ACTU •• .~~ 

• .. e ......... OfF •• C1'lOl< • F.T1GIJ. 

OfS>GH "'0 '"" ......... WAD 4111 cWSleY n ...... D BEc"",", ... "U'''' ~l ..... ,. TO ..... "rz. ~ SJW""'TU~ KF<I~1 .... CAN Dl$IGIt m 

, , • 



2 .11.3 End ond LIIt.rol Support Condlllo". 

0N0 oj ,h. p, . .... mpIlcrIo Of def.u~ ,"n<if""'" 01 ,h. dio<u""" 01 
ba, t>ucI<J;ng up um;1 , ... poinl n 11> . _ Or t .. t b.", _ on,,", Ih. 
pIo .... of Iho i>oo~ POll" -..UM _ i • ... h., _ ....... t to d,u, ond to 
dil>c ..... Th .... 'he 1 in tile b..,kln; equation ... about a e'o .... "ClOnai 
. ... thol" 1"'''' • ..; ...... , to Iho P"' '''' "' ... toe" bu<klir.o;t """,,f> ...... ,," 
""",endiculo r 10 Ih. t>ook pogo. _e.e,. in <k~. ,." m",,' bo P'~
"._ to <»MkIoI ,h. poo.>olIi/,Iy 01 _<Jm11 in . ny p/>J". <1>., incWo. ,h. 
boor jo"~"~I4>1o. 

W. " ill ,eslriel 0." .~enI"'" ".,. 10 be,. ,"'" hi •• two p""iPO l 
pIIo"". oI c"....·...""""" symmotJ)' end t!lo,. """ two rnotIIO n" of lne<tia 
.""'" t..., CfO$$·$8CI1ona1 POI"" a , ... S""h . bar Is ......." 10 FIgo" 
2·~. wh. " , ... >,Y.' . ' " ... ~, .... lor th o recta"V, .. ,·, ..... 
HCIion b." n lio ba,. ~ ~od "'nticdy in t ... . . y pIo no lIS 10 t ... 
.., "", no. bucIdooc 10 tho .·z pro"" beca""" I, io oil • .,...., g .... '.r u'an 
I,-- A"" "" ,'0"'''''''' boU"log "",, , mo a 0 n>lo<I ...... . _.,"'"9O ""' .. 
• • cnon o • ., Figr.<fO 2·ljoIb. Bocttu .. I, ~~, "'" ..... ·I\ong. ,0Unn 
buddos .. 'ho '"' p ...... , _~td .t tI>o . ndo in tile .. m. mo • .,.. 10 
u'o , .• pIono " .. .... ' _y ....... Of 'o"'~. ~ .... o nd oupport """",,",n" 
a ro ditt.ront n , ... . '1 pIa.o 'ro .. tho •• in ' hi N plono, , ... oonekJsjon 
.... to ,;Nc" pla n. bLlCIdO'ig o<curs " ""'" bo rifI., ..... 

In ... hlch pia". of two p ....... ' .y o nd ...... Figu .. 2·~. <bo •• 
\10 ..... , bo, _ Idt? r ... on."er d..,._ On Ill ... ,_ ('1 Ill. m0-
ment o. IoM'" (_ .. ,,,"" .. 01 t!lo eroM·S<!CIioMI ", .. ) " bout . ach 
a ' a o! tho etOU--'~ ...... (2) tile """ oupport 00,,",' '''''' lor 
b<oc<\ling in • • <h p"' .... ,0o,"1nO'>\I _ 01 , ... 1r. " ••• , ... -lO~h'~ r ... . 
• nd t!lo ""' ~.LId"'1 ""a 01 thl boo".nd (3) t ... ",, "OV. r .. _ con-
ddioo. alo<!!l tho ba, .. io in "'" Y and z <Iir<lClions., Figuro 2·~, 

For . .. m"". "'",""',. ""' ......... ,,.,.....,,""'., a ,o • ., "'. ~-z 
pIIo ... ..... ich h.s. <*rio""" 1 . bo", ' ho y·a,,. th"n oboullllo • · .. is ond 
also .m.,om """"'" cond ...... lor bu<!ding in lito x-z p"no than lor b..,k· 

• 

• • 

. .... ""'9"b<""""' • .s_ 0" b _ .S'" ...... """'''11'' """"'" 

Fi9" " 2 .... p_ ...... for 110 .. 

, , 



>GO ..... ....... , .. __ ...... 

, ... """ .. .. ---....... 
• 

" .... _""" 

log III ..... . _~ plan. as n FOgy,. ~_Il!i , Fr>r ."""lIng III 'h. x_z pia"" tor _. 1'. , 1',1 lor 'h • ......... , ... eno# a,. rOmpIy _".d. F", . "",-
tog n 'ho x·~ FIla"'. lor whictr , ... I 11,) jr. tiro . IIl . . .. , on •• _~ .. I~<rd . 

Not. ttrar h igho' I __ to trighor _my bado, 000 simply suppMod 
ba,. t>u<1Jo '" ." " , ... d . th>" Iil<rtd-. r>d ..... , At tiro lOp 01 , • • bo, . ... 
",10 .. 0" oom._ ,,,,,,MOd Or fh<r "", • • • blo lixlure aOO ",I orr Iho 
• • rtical .. a l oor'f..,o on 0"'" _ ol In. fi>luro ( .... Figuro 2·96 Jot moro 
doIoilo 01 0 po_. """"""" .... ""h"",o). At lho boQom 01 'hO ba,. ,''' 
",10, is _,,,,«1 io t •• o lKl 01 Iho bo, olKl ",\01'5 io a 11'''''''0 in lho "" ... 
Not. lho, ,he ..... I """ ..... "d' '0 _ PII' ","ooonod endo wh.' .... lh. 
"'PO" lco ....... od. lo [;,rod . rods, Thu' . lh. condooiGn of v.+rI<. pl ... 
llro bIr, .... ldes '" '" otr' '''''''Y I •• x-. oIlno. 

W. ean im.~ ""'''I' poso.bIo -" moe""o ....... . b ut . 11 o l lhom 
~I I;I:.II' ..... ..,me impr>rt>n1 Ita". ,,,,t m.~. """" 00',.",,-1< PI_ II' .. w, """,\<I ""-. A "'",plo support lor n""'ioly ' ..... nod eo"no<' .... 
,'''', PO""" , _ ",,,,,"" 01 . .. '''''' .... 1 ... ''''''' ' _ .. .... pn. _ tv",. 

tiro ,""'lion jr. """' ... porta<tIy ~ bocou"" 01 aM-a,~,.-.r lric1io<r . • "'0 o!m,plo ouppor1 Or '" ... 01 tiro lOp 0/ • oolumn (ot I • •• od 01 any 1>ar-J. "'on ,n. support mUSl .too rnovo 1_ 11' irr It>o • • rnco'direction (0' . long 

• 

• ""","",0 ".c, ... "'" 
~ 
~ _"- ..... , .... , _ orr .. " '" ..,......" """"'" 

, , • 



1M ba,) " orde, to 1nIrod<>c;. ,he .... I load. nis , . n""" """' ...... n' ea" 
be OW>01m<><L>'~ bv 'no """' ..... ",nnod-o"" '""wo $I>o>wn in r """ o 
2-..0. $pherbl ... bear. a,o ,a",Uf~ " a ""h".,., .,.'11'1 .. ,n. 
_ II"",,, a~ to 'ho lop ol 'ho "or in f Ogy", 2-116. 1 ... 
!Hoa'""'" r<>II in a ,o nical ''''''''·li0ii001 _. In "'" "<00 wol. Or. b.1 
..... ,""'" oOuld bo • ..- b, ... avlIy ~"ng 0 0Iiding ooolOct .......... 
.... moYO.bto ~"u,o 0.0 "'" vo rt"" , ".1. 01 """"" •• dapo;,.g tN, I<irKt 
01 ''''u''' lo r a f iu d ond ("""'''''~r ... bLd sIiI mO'ioabio in ttIo , o rllCa l 
din>ction) .. rolo.' '''oty oimpjo 

ConoK\o, . t~o-"o'Y-h? , ....... -I10"9"..,.."n ,,~h ... o \>q",. fao
.. ned to ~ at mid.neigh' ... in FlgIJr. 2 ·g1 . This oit ..... "" miVht 8';.0 t 
d ..... ftatn ."""k wo ... bo ll to 0"""" • '_OIo"f cpo n aro. ('h. bMm • 
• ,. ,.....,irOCl to....,..,.., " D:1O .... 0"" 'h" .. ,_ """I. Tho CO"'o1" ;, 
eonlln""'" in .... ''''O::dl diroclion. bu, ,he boams f. bo'~.~n rofumns. 
.., a re no' eonlin...,.... ''''g ino ttIo eonnocUo., . , . ".1<Iod. so tIlo IIgo ... 
Is .... n'l.olIy oorreol I"OOP' 101" Joo.,r "",,", _lhro"~n pIO," '0 ·,,'.nd 'ho 
..... m ""OlIO" lhr<ouVh .... rofumn;. art... typoo of OOO_U.n". '.V·. 
"'_ or boIIO<I .ngl ... could be"_ in .. _ 01 "tiding. Ou, p_ipo l 
_"'.,.,. io ""' .... con""'"" in F~",. 2-117 Pttm •• _om In 
.... Y '*""'''n. "'" .......... ...". .... n' in , ... < tlirect»n. 

D.'I'~o ItK> foct \t>;I, Itlo """"""ions in Figu", 2·Q7 'pp"" '0 pro. 
,ide a r .. ~ ond !of .... bum • . ;A_, pro .. n, """' "n of .... «>nr".-cIod 
" .n"-. widing daoig,,10 gonornlly ~'" Ih • ., ""' ''' oon_ ".' ;'-. Iy 
as _ply _0<1. Thu. , w, "" 0100 "'!III'" aI <:<>nnecIiono t. sifl"4'ly 
oupported. T ... ..,.."n .. F;gur. 2 ·g7 """ ' '''A t COMooUon. d' " top 
and bottom . Mar..,.. ... , .. ''''' ol'ho column;' f ..... n. d '0 boam. in 
boIh tho Y and z <if«' iono. TiMJs. ,n. ""krmn """,." """'" in .~h.r ,h. 
y directio>n or tho l <if«'ion ., its top and botlom_ 

1-10 .. <011 .... ' •• ",.lin g of t .. eokrmn In Fv.- 2--'J1 1n ' '''' ' -z pl .... 
and in ,ho ,., plan • . 'n .... ,-. pit ... . ,h. <oIumn i ... mpIy ~O<l 

at ,ho ''''' ond bonorn of its ""'""'<>1"1 long'" (2l ) a"" .. , .. trained from 
_ ....... "'..,. l dO-O<tIon.t~. mO:! -"'1\Il11 (l). m ... 'ho <Okrmn 10 
c",""","od \0 b",,~10 in., 'ho _ ond ..- Im~ 2 wih "'0 h. l·si ... 
"",os .. figu,. 2·VS) in ", .... pIo no. In t ... , ., ", . .... Ill o corumn in 
Figur. 2_Q7 is .... ploj oupportood a ' tho t"" and bottom 01 its two-.to>ry 

.. 

, , 



>I. .... . ..... .. , .. __ ...... 

length (2l) wlh no '''''''''.,M _ 
alo!>g b"",r. 1 .. gd1 , rhu' ...... bu<~· 
.n~ loodo in tho ,,",0 plan .. . .. 

P _4.' E", 
<Z (21.)' 

"" , "" ' "" ' 

Bul I, ~ I, k>t . 1Idd •. ",,"9" -''''', "" .... «>kJmn .""' Y' buo*Io. in ,ho 
, .y pj.n. boc.u .. !hoI pion. OOl"'spor<Io \0 ,h. 10" . .. h""kling 100<1. 
~ tho col umn w.'" lO""o<! 110' o>bo ut tho , axis, tn.n I, > .... and ... . . 
" . ""MOt dol. "" ... ,h. low . .. buckling load ond 'ho ""',*"""""",g 
""''''' '" I;ouo;;l<Iing ,..;t!ooo.o\ .,.,.Uutioog ,ho .",,,,,1 I v.'u .. .. lho ..... ,"". 
and oomp'''''' ,h. ",ouIts, TNo _ 01",,,,,,,10. wo uld be mo<& on;<""" .... '" ' M rotlM·_ ",do.'lanyo ••• .,... 

TM 0<>n< ... 1 01 ..... P .. ""WO'I, i.e, . • _~ , .... po rm," I, •• 
rolOl"". but _ . "'" 01.,,. 10 .. "" ~,. nsv., ... ) """' ..... n' in OlIO 01 bot. 
d .. ct., •• , .. only • vO'Y 1<10 • • ",<1 oil .. '"". I.Ioot PI""~' _ eon· 
_. provl<lo """. ,.." a;", '''''n 'ho ","",""pit _ , • . g . ., ..... 
• modo .. , ..,un, '" rotnUOn" , .. ~ . ... it. PIO'I_ by , • • ar...,h., . ... 
~"LII" u_to la ... n a "", 0< column '0 th ...... 01 U", "oucN",1 

F", . ,,,,,,,,, ,,", a oo .... n <an be "'''on"" 10 on CV9t!ying .. a m by , .. 
","0' " " ""0' boll"" ong ..... oI>ovrn in F9-n 2·\lIl, Not • • ,h. r. in · 
loreom.nt dollib .,. &how. in Figure 2 ·W boca ... th. prine",,1 .,. 
t&<hmon .. "'. tn. ",.in "'.""goo, Evon ~ tho "",,",n .. ". !dod 10 tho 
ovorlyng boom. tho ful """,.",., , ...... inI of • "fi>.od .od' """"'" bo 
..,_ -.. ... ,ho OV4'~ "om is • ...,jo nnd eo" ~ .. ~ rolol. 
somo"ha, o"h . """nod"",. r hus. on __ ..., on 'M t>ue.<J;n9 kIod 
... 0 r~.,; .10<1 10< !he column _ ..... Iow' r bOund ... . ........,. 0Up
polled end, The •. -..""" , ho I".d·_ cond i loft .. LlI1COI1SM'Iotiv. 
(0 __ 10,,,,, wlh 0 high", budding ~ t~" can actudy be od!iov""' . 
... ~'" .. '''' .. ~ ellO<> .. ,,,. C<IIIM",.'~. __ n. TM$, w. nOv. 
no ... nOMa, <IoIfICu l y In ignomg ,,,. ",o,aoli<ality '" .e"~!IIl .e'~ 

F ..... H ' fIop. ........... COo , ... """ '" • COI.xnn .. . flum 

, , • 



sim plo """""" utHU ... I<y 10 "'~'" bucJ.1ing load:> ("' ",,'''roe. 
WI ... nd ""~ 10 h;o.~ _ . P''''''AoaJ _ 10 COt1t!optHtd 10 , • • 

_ '"PPM$ in ""' .""'Y"-

2.11 .4 M,'"""I Ptopertln 

We odoY ... od , h. inIluo>nco .1 pholie dolotm,"'n "" bucki<lg Io.th 
in So<I"'" 2.10. n.o,., .. ~ "'0"" , .. eh'" 01 de<_"'g ,~ • .-...... 
aI ""'''''ciry o. load inaeo."" • . Tho pIooIie 00.:10.1<>1/ bi>d .. '~'Y' 10" .. ,Oa. Iho ., .. ,ie b""k~og load .... n """""~ 1MI dop".,", on "" ""01 
aI plulic <101 ...... _. OIh .. m". ,ia l <"''''''' o,lotlc."oct "o";,,,,,,,,on,"1 
eIIo<I. """"IJII tho mo<U.IS 0' '1iI"'~iIy in I~o [ole, "'1"",00 in -... 
ma.no , .oct.re dnahd in INs o.ubsocI""'. 
2_11.'-1 ElIKfol C,..p 

C,oop .. "'" pIIo""", o"". in which. mo'o"l oom;.oo", Iy"oct in· 
<'''''''911 dolo,,,,. ,,'" ~mo M" consI.o.., load i. OWried ( • • op",,_ 
to havihg • <cn"'n'. ~"... ""._<0 .. ,"'" d._,.", k>< 0 >peen, 
bi>d ,,~ic1t .iN., ... ""'u~ """."" 01''''''"'01 mil,"""" "1Ido,_.., 
«><1diOion.). C .. "" ,,,,,,ure is tIHt <ha,O<1et1sOie.l. "",'orial w~id'I h .. 
lIT., inc ...... _"""'.., ones.. con ... m .,,_ .... 'Ono _oct '" 0. ,,,,du," ., • • 1' .... ..... _" tho .,.,ie .,'''ogt~ of ",. mo'or",'. Such 
ma, .. "1 .. hoy ... is <ommoo /0, pkt,lI<s a' ,"",,",a'.1y o""o'od ' om· 
~,al"''' aM..,"" 10'''''' .. "."u,al mot ... ....... Ih.~ a,o .,po"" '0 _.'0<1 to.,p.o .. ,"' •• ...,., •• 10 "up.o,..",;c IIiIIh' ",on • ..,.. n '" •• on 
1>9>0, __ "" 0 m;";". MorOOV1tr. mO&1,ilm·rono1<od <»"'1'0 .... 
""h,riois con . _, _iIor .. h • • iot 01 """0" "" _ ,empo,""'oo 
.... n 'ho .. oI oupo.-., "ight 

Croop b",,~1ing is ttoo P'''Il,o''''' dolomwrt"" and linally co/lop .. 
01 odolly """'*<I baT • ..-..do 01 """ .,'-\0 Ihot "'_ _ Hoff ... , • • tha, 
eroop bu< k,",~ co o <>oly """'" lor bolo 'Oa' or. ,." initilolly ~rloctly 
..... 9>1 "or is !tHo. "".1 load .W~ in • .,.rtocoly coo'ric rna,..,.. (2-.a]. 
Thus. tflo c,_ buckling problem h.,..,me 01 tflo .. m. lundom ontoi 
coM'""," M '''. ""',kog 01 ..,,,,,Ilod b.t >$ " S.<:Iioo V,. 110/1 <10-
.(:r~. "'" "'HIt buc .... <>1/ aI """,,!:to>$ as to king P"'" in 'he I_ .. ing 
mann. e 'The ,u"."'", 0' ,he .,11o: 1y Impo rt« '!:tor ina ..... sIolOly., 
II,., 0"",' 'h. "",On 01 ''', <:0.,,""' load. nOft. os~ ... inc ........ ' ho 
101." , do'_no I>OCO_ """,.nd 100,," noIic_. F .... IIy,tt>o I"" 
col op ... , I. t .. Is u""blo '" corry tho bi>d to I'~"'" I hot """ oubjooclod 
"" u""' _ cnticol """,' TIIo, io. ovon ,_ , ba, "",gil'''''' "" hrgloly 
..-.o<I!}h _d to 1,,"'10 ""modiol.ly. Iho long-ti ... o~'", 01 ",". 
(!ha' I'oukllHt .. 1,,_ ototIcollyl) sri l COJI , ....... in cfO<III bucltling. n. 
"iIic. 1 tim. tor <nop buckling mOO! exc_ th o . ,poetO<l d. sign liIo of 
tho " ""'," 10. Tha, dooigo iii. "';ghi bo mi,ut., lot 0 "' ....... mo"y """, 
lOr o n o ir<;",H, Of y .... Io, 0 ..... ordinory . I'oct ... . 

Tho ,.-, is "" .. _ in ",. dosign p<O<o .... __ h", ,ho 

mal ...... "" .. ~ """ ..... 0<1 " ... W>«'PI bIo " ", •• p_ M II-.oy .' •• 'h on 
"oop de"""","'" ond or..", oo.:kIing muol be conoid,red in • • sign. 
f""'- dioc"...,., 01 creop o1!d tIC"" bu<,Ong in K,a",' _12-441 . 

, , • 



... _ . .... ... oo .. __ _ 

2 .11 .4.2 lOlled.! Eoo1l1quokos 

Som. ,..Wo",od-<X>tlCtol. <""m ... , ...... " ."""10 to (l'U1 dam0l/" 
d<Hing ... rt'>q ..... ... Tho ""KOP~ ".mo 'rom t~o no. mo .. 01 oxOoI 
0< vo rt""" 010" ,0Wo",0 .... nt (lfIo' for .... m.jor port of lh. _ ood 
fMtnMt 0/ tho " o",""rmod ct<>SS·-=tiona' a roo. ' 0 .• mornonl 0/ in . ... . 
0/ Ih. eo/umn) to Iho . " ..... $Urto", 0/ tho .olum" in ... ny lyjHeol ... . 
oigno. EM'>q ... k. mot"'" CO""" lor"". tho, in<1oce _ ,ling o! 'ho 
",,, ..... Ined (. xcopt by t~. _.nl .. r.nglh 0/ ", • • n,oinlo,_ 1X>tI. 

<toIO) out .. IoYOl 01 <0,",'01 • .... V!""" tho . ,10.,. orlontod .... , .. in· 
fOrCing 1>It~ . m ••• I.at .. 101 , ... "",."""" Is ." .. ~rtt<l.od Duck'" 
as in Figuto 2·100. n . ... . -.mn Ilia' . _ od on _"""'" to ,h. 
San F,anclooo - oakland 6.y 6,Idgo Is """"'" alter tho 0<101>0< Ig89 
lOIn. P ........ rt.......... SIlO. ""'"". COn _ to _ ... a.vod.,;'n 
0/ tho coNmns ood __ on! coIIapoe of Iho .","".,. o.ppo<\8d bj ,h. 
00",,"1>0. W. reeol ""', tho Ooklood _ 0/ ,ho b ridgo .pproach IIrue

'U" d<:I co .. ".. ' 
Ono ooklt"" 10 I~ ouo<op<ibi ty 'or a lreoody.l>.Jil """"mno 00 to cir· 

<umf. ,.ntiall' w,o" .... m IOiIh higtI· . ... n!JIh. hiIIh . ..""..... _,· .. in· 
"'",od co~t . .. otorioI IoY . .. (Fo, . oI<><1j 0/ ' ho n'Iocl\orNc. 0/ ""m · 
po .... "",10 .. 10. .... Jon • • [2~5~ Wf h IfIo! , . inlo,cemon!. ltHI COu.o. 
I"". I., IVghO! t ...... "". I. ~g . .., O<IIoIM ... ogrty ("!IOC~ieall' ,h. 
"'''golly 0/ '0 •• , Jall' o riontod .... 1 '."_"'11 b ... ) Is ",".,to 'nod to be 
abIO 10 wi nSiaod ..... n.' IOY.IS O' .. rthQulkH t~.o" ",.oenl. S"M'" 
opproaelle. could be o!Iod"~ """'" lor no"'" do;gnod coIumos. 

,,_ 2·100 E._~ fIH'OO<OOd·C"""", .. CcbM 
S'-"_ .,. s.." f. _ _ O. ~,,'" Boy Sridgo 
I"""'" OOU<\o" '" tit. J ,m .. R . ......,) 

, 
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_£~ ~ =:i l~ ~: i i ~!i.·il ~!: I : -l- -,~l~ l J!! !jl;l!i;~ 
~~ ~~ ~1 e ~ l ~ ,' , o~ 3 ~ . - jl ·· ~ . ~~. 

i'11 I'!'ll-I III" 1111""1" 'I" ' l,olll.! ~ ~. ~ ~ ~ 3 a !i : ! - ~ ~r~·~ ~ .§~ t~~ · li !~ . t~i~ ~~ Ii I· I~;iii~ii~:~ '. ~ti~li !i~i!g~ ~EI!I~3i~ ~ ~ :j l i s~~~fl ~ ~J~[j~l:i~je~~rili: I~~I ' !~ ';i~1 
~ ,~~! ji;~llli~ ~;'~ ~i j!~~ j!I:1~1"' ~i t! ! : i!II,&,li 
,g ~- .",q j". - ·e 1;l",~.lIll~ .~ .. ~-!!>~ " ·'.6ii.· :.~ 
· i ~~ ~ - . ~ ~ :~ I ~·~ooo~ · ~E S~~!,~g ; ; ~ . ~~ ;~ ~ 

!i;§~ ll ilji l~tlt~~,· !jl~,E!I ~li~i l ·lil~l- il,! ·,ti! ,~iill 
~ ,\1-. E ",~c", ~.S ~ ~ .o~ o . • -, ,-! .. ~." ,. "' 'to" f' .l! - '- ~ - .s ~ . ~- . • g ~-~!~ - i ~ · · ·"' - "c , K~ 

~) ~g ~l~~ ~II ~ I ~1;li (!,~ ;t ~I~: I!i~ =!~ I -ill~l~i IJj;I~ ] i~II ,~l ii~ll lli~!~jf~~l~~~J iil ~ !t'I~I ;:I!!I' 
'" :; ]~~ - ,,~ : i"'l!"'~ ~c· . t ,!! B.f ~~, f~-~'" 

~ :~'!i·I ~ ,~ I !·'i~ J ~~~i!!·i ~ 1r!~l ff~; ~J i~I I ~I~I· B.,n,~~;;~ ~.!~ "'~ • . §E ~ "' ''1[~ t;~ :l" ~ ~ , ;J ~ &S ";il3 ,g ... · K.l! , 

1 · 1 ~; !;I;~i sl~ ·~i5 i l ' i~I~ :-j·~: ~i 3Ijl~~ ~I' j·~I~~t~;· . 
.. ~~ JI!. li e - !!".- j":\ _ _ /i.-"; : - ;; . ;; ~ "'" !! '" 
~ .l!~ ~ t~_ ~~ . ii~~ ~ ~i r ~~ ~ ~ .. I ~ l~~ K~ J~ i : 
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... .... ........ , .. __ ...... 
2.11.5 So, C~Soctlon.t S~apn 

tn """Y common dHigo prob1orn .. a n e ng_ ....... uI!od '0 'iM 
Ito. _9 10.<1 k>r bo.", with 11>0 000 .. 0001;"'. O/OO"n "' ~;gur. 2·101 • 
• mong rn. ""! otho",. no. 001..,1 .... f • • M . 0' tho .. c"," . ocIiono " 
11\0 <Mo ront ""'Y' 10 obI.in an o~cio n' cro .. oecI;'" 10 ,osi>l _!ding. 
i. • .. ...." • IVgI. ...,." on' 01 ino~io . """, • po~""'" .. io fo' • "" • • 
amou nt o! ma' orial. Tho ""I/O" ' 1o, 'n o ...... r.a (honeo, .. lUI"""""" 
01 ... o'orloij Is , .... ~ oIljoc1",o Tho va ..... itA Is olhe_ """,n 
as ..... "'1 .... ,. ol,n. radiu. 01 ~ '.'bn (d. , inod ... ~-.", s.c.;". ~."). 

,oJ1 .""~ w.", h.,. II-.e Ch."."' ..... " "'_o, ... lion bO",", ." ~~ on """"" _,"- ."or ~L>C: ),Iing ... """"n in F"",,,, ! · 1I on 
pal/O> 7 Tnu>. '.0 E"'" _kIInIl bo<Ilo • p ra<1icol ''''''''.tt 01 , .... 
",.,'m"rn """". """, can",-" Scm_ hOI 10,,,,,, Ioo<lS Oln t>o <up
ponod. bu,., 'ho con. -'blo di .. dvon",,,,, 01 g .... ,1y _ •• _ .... , 
&ho<t_g and O<Jbotontio ' ''''or.' dtop"'com.n', 

0fd00r0,vy. _ oro .. ...,,""'" oudl a. 'nO ",,"are. 'odanglo. or-
0;"'," ore not 0/1;';'",. f h., ... 111 ... , io too .",al lo, tk.""""", 01 mo · 
'0 .. ' u...a. Hollow c«>os _ tiona ouch ... 'ho bolo ... 0;"'10 0' hotIo" 
"'1""'" oro I., mo,. oIIid.",. liolow ti"",", 0""'" _ligna . .. Iypb'ly 
us.od in • • ..,..,. lou ..... boca .... 01 ,ho . .. '.0 .... '", tr;vh cost 01 
boosting.ho '<tIM mombe,. "" 0 _, •. 

Maoy p<rMOllo eto .. ·"""' ..... 1 ' ''PM o. k<! for- • be, as .. on In F""" . 2·10 1. _ e" in • "*"" deSign erwirOruntrn . .. y on """. 
buikling , only eon.in ~ Of Iyp ... 01 shoPl's mitlht be desirable. fn 
, .. o"reo ~ . ... mplo, • Mixttn '" "".,... , ;",Ula' c,-"$OC'ion 
mo-. .nd _·.h.~ _-'10"1/0 oross· .. otion m._ ........ Id 
~koly cr .. '. ",""""""s eornpo'ill iIrty (atlact1m on') probIoms belWo. n ",rue

'u", l oIo"", .... Fo, mony " ''''O'lS. """"'""ibO«y inckxI<KI. elrcu"' , e", .. 
_no ",Ould no< w...1y ~~, U" .... 11>0 .,,"Ioc'_"'''' '0 '", ••• 
o .ta1."",,,,· and hod 0 Iorgo i><Jdgo), T~"". common _ ·stoot ero .. 
_ ns would ~koly be u.aod. Jlnd. 1lll>ougI1 many rollO<l ..... I_tion. 
4,. o.o;b b/o. tha1 "u_ ;. obviously m h . ... "'" """"". in • "f'OCl" 
design 0 .. <;urt. Iirn~od , An )·toeam (",meli", .. ,.1Iod an S HObon) ~ .. 
" 1MIl~ _ rnom_ ot U .. CfO •• """' ..... ' .... obo<I1 ono ox .. {lho too,· 

o o 0 I --
I I I 

--, ... .. "'"-

, , • 



ixon'.' "' F",,""_ 2·lnl) &00 a much om.'" , .bo", II, .. 0'.0' a , "" , 
,.ng. 01 ,.'".01 1 "om ~., 10, 'n contr.OI, a _ -lIanoo _Ion toloo 
c,IO<I. W Mctlon) h .. a ", nllO 01 rafOoslrom 3510 3 wilh ma.., cokKn • 
..... irI'''' "'" 110 01 3 '0 ' 0. T .. """. ' ...... Mod __ '''''11'' .. """'. 
a,. in11o,.""", Ntt., ..,i\od k>' <>oIUm .. ttoot mill"' _ . bo .. oit ... 
...... B.am • • , . oHo" '- oI l_b ... m ... ticn. , bo' '_bNmo .nd ,, <10 _ 
f1an llO H clio. """mIlS a,. ,.1a,jyo~ .... "Y to .rt_ 10 000 """'h . , ••• 
""";" F9-<'''' 2-~7 "" P' !I'f 209 . no;!2-00 on "" ... 21n. Wh. " .'. nd
.rd ",oet",., roled-.... I _Iiooo.", "'" odcG U01&, 1IHo Iilot """,o.eh 
...... ry ,. to ' .... '0<00 ,n o standard wctloN w>;h 0 '"""or pia'. '. " • . , • 110' 
.... , pia,. plKO<I irI, ~ornn .. .. r n paull. 'rom 11>0 ". .... '"' is 
to giYo , .. "'110"' ",",,,Ib .. 1on '0 , lot ..... "'9"' _ a. lot ' .. ,.It>-"",:0<1 '-tHoam in F",,"". 2·101 , WIHo" ... ndard _ _ • 0 .. no' _",. 
bIo , <",,"""_fllado .""""no eon ... eonOlru<'od b)' buildir>g "" _."" 
",,0 110. from pIa_ willi variouo .nolo _ no "«<las conn« tiono 10< 
tho bo·,._..., MC,;c", .. In' ¥>no 2· 10 ,- E"on ' tho , __ Ion, at. 

, . inlo«:«!1'I'ith """0' .,.., .... in tho bottom eont .. 01 FigIr' . 2·tOI . , .. 
• _.nl> 0"" b. ma"" _ \1'''' <3illWIty. 'n G<><>t,MI, . ' I.oOing 
ore. "" oross·""",;c", coUrn" 10 a .., """', " """ur.1 .Iomo'" is quI< _0<1."" ex.,.""" . MIt.., <>Ih. , __ crt>SS HCl",ns 0"" column <:OO>1fUC1_ h, • • 
!>Hn uSod 0"" ",. ~oa,.. Se. O1'u,,,",,, O1oe' ",.igo> IX>Oko ." ou<n .ppIIc"_. ', 0 .. <l.,ioRI, c...ylord, . nd 5""1m0'/. , 12-48). 

2." .6 De.ign Cod ••• !>d Th.i, Do • • topmont 

'n ._;c", 10 • • 'M desiIl n aspocts mon!_ so ta!o tho .. .,. 00· 
o9r <0<10. k>' con ... .. om. nt. of 'M . ngi . ..... g com","""" Vot"''''' 
building do. ~ "isI in , .. Unilod St"" . Eu~. aod 01 .. ..-• 
.. In . .... _ . Th ... 0_'." . p~ioo 01 100" , . . .... <10 • • rio:y '" 
..... aOO """ ...... uMd irI &lruct., .. .,. '" b. IUIdlyzod and d •• igned. 
SYC-h cod ... ,. do'oiopod ""or • 10"11 p. riod oj ~mo b)' int.,"",,,,, ". 
...... " """",,,,aI bolla" ..... """","ots. . ,,""''''''' do.;go." .• 00 pubic 
01"" ...... . O>mmitl ... "".....,,~., '0 hO<>e,ulty 0< ....... 'h. ,,,,,uilO<l 
bola,..,. N "N .. n "'" , . spons!blo ".moo In 0''''' ' '0 .. 01. 'h. pubic 
.. ,. '" 000 OCOOO<I'IioO .... T .... _is '" _ .... """'" wil "'" t>o 
• • • mklod in Ihio book. but .,. lott 10 ' no eO""otn'" ,""'" ,..d9ts In 

.0"'''' P'"' of 'h. "O~ ....... 0,. i1-MIod''''' I/O'. "*' b)' "" """""
OIl! .. ",,~ ..... "'" boond b)' b<OIding Mo9r 00000: fo, . , amp". 
",«ott _ 9 •• " .,. _IIy ~"t'" any .. Iru. ""o '" bu;!<fng 
e<>do. 10 • •• "'''''''''" """"''''00 comm"l'Ii~ _,ory MO no such 
oO<Wiod deoi<.ln Me, beco ..... 'h .iI ~,uctu,.,.re ,., I . ... conv.ntional 
aod rope'iI .... _ M"'~.", "",,, deoIgns aM"", \1<1"'0""'" by a ny """,I 
""""'"'~. _ gn outhOri!y ex""'" 10, \l<l"'OIn"",,.., " """,ft <o,,~ ...... 
_ " .', U",""",,,", OI''''''U", doo9>tro "" p.a, •• " _ 101 . n.n ..... 
to "",ct>: .. ("" ...,.,10;1 _or 10 110 h OI.,,", \0 t...- 11"1'" '" .. t • • iIc,aM. 
Tn. co"".m in III. boo>: 10 with ,n. _", noU,," '" desiIln wi"""' o. 
th. (.oriablo) do ..... nd _ Ih . o~.n con"",,ing p"""rc .. 01 """" 
01 eno ,._. doo9r <><><1M. 

, , 



>I. .... . ....... , .. __ ...... 

One • .,.e<l'~.' mu" "" add",s ... " in ."" design p,O«<Iu r. " ,flo 
'"",1(>1 01 ""01)1 10 "" uw<!. Tflo ,,,,,,,,,, 01 ... ,"" _nds.,.. a mj,iad 
01 Iac_ in<lodong "Il. _ ,h. otructur. ir. moMO"'" '" """",nMd. ,flo 
"'''u'' 01., . poI..,'iall.~IJ!. (""n9:> '" ""taWOp/l"). ,flo u"" .... inIy 01 
.... . ... .,. . .. , ,,,,u""Y. etc. Tflo koy ,.ol .. 10 _ "1%. in dnign 01 • 
ba, alJllin" _g is .... rokU"".,. ea<aSltophio natu,. 01 bol, b""kOng 
o. ''''''''' in Fig"", 2-.3' on po!JO .g . l •.. ,h. b,odling dol""' .......... 
.. \too, \0'110""" """"Ily """ocop_ in 0 ","",u,. IcorlOinly in . buikl· 
~I I , Thu,. w •• ,_, "'!<>I. oI " 'oly 1o, "'" ~ 10". in .... .". 
pe, ronllO 01 u"".I •• Iue. 

T_ com""",,",. of ong_ ing . , • .-10 .... bIe ,~. elloct!. • • nd 
' W"'p,iol' ~ 01 boos: I I ) experimont" "" !ypleal b,a,. '0 deOO,miM 
'unda"""""lHoha • .,, •• ,n. basi< 10< . ""ly ... and 'flo" .. ,II"a''''' .nd 
«I '''''!y_ to un~ .nd • • ,. nd "'" OXpOOnonta, n ... n • .,..... mu" 
00"""''''' illcUde I>oOIl . .... ., and pia"" ""'""iot •• 000fI in Soc ..... 
2. ,g, A~ . ...," . H. ct> .. rooxtuol ........ a M ...... 1 1/«''''''''' Knp<o " 
f_, both """"'" I>'\' ~~<><, m.n.taclUfing proco ..... , m ..... bo 
addo-• ...,J ber;.o.u ... 'Io. y ~ 110. 00, buckiing bod. AI ,,,,, .. 1,,,_ 
are IOken "-. ""n,ido,olion by ' . ""u, loc!oni<al committ ... fil" '0 
. ... _ • com""'n con<!e~O ndit>\o 0' Ioow, 10' .. ""' .... , bO .. Of <o""mn< 
tHI ...... und., oonopr_ o load,. Th. n. 0<''''' l_nicol o"",milt ... es
t&bk>h IIUitabIo design 'UM. 0<1 .. ,10 .. , Of "u"'os '" bo uw<! in ,flo. 
_ ' ic .... 01 ~,,"'b," "~ing 11110 ...",.,.,. on "_to,. focto! 01 
.. 'o1\'. In ~"",j_-. w •• <am'" ,Ioc .. '110<> ._ 01 (' ) • comm"", 
_''''''''''g 01 bo, ...... ;0.- aM (2) • dotsY> 0<1""'<0" 10 ' ba ... "_ 
as column. in buildinoo , btidgoo. aM orh," " """"'-0, 

M a po-><,.,., boh .. ",.1 Ioou. of """" .... 1 "",. 0, """''''''" b. h ••• 
and "'w ,.. dKign rha m. ,.. . .. mina ",me pertina"' experimonta l ,.· 
... 10 f<>t .......... nd roII.d oo,"",n • . Tol ". '1 ,"". ~ ..." ... litod ,10. 
tHlIIa.Io, oI FK""'iool a . .. "" ""mp!o_ cOQ-no, in a «>mpr_noiv. 
"'''''''1 Miein (2 ·.91. H. 8dd,«Mod many «SU •• aM dolOi .. "," 810 
ilnoonanllK""'ic., oo,,..Ie,,,"o,,", but ,.. ,..il """" on on~ a f.",. 

In _,." ,~. _"""-"'ling <:apae/!y 01 0 b,a, ...,...... "" Ioc .... I is 
_ , "'PIOO'1Od, ~nd "'odod, Tho _ing.-.......o ... prim .. .,. lOp

pIioablot 10 oroina..,. "n.,,,,,,,,1 ...... and ' M pro<4_ uw<! '0 m.~& cof· 
umn. lor building conotructlon , ""mOIl' _ ..... coIUIM •• nd ......... 
cotom .. Irom pia" otocI<. VI. d ng _. tooth goomol!ic ""'flgotI .. 
_ II .. '...;dual ........ in ""lumoo. Rotirtg _ indIJo. 00 ... , • .;;,al 
.......... but 'h. y 0 .. 110 ...... "" muo~"" than in __ ooIu",n • • ond 
""'-o/~r.~\h ." in muoh 10 .. DI . prol>lom . T.I ...... "'>Volded 001· 
"",n. 'on" 10 ...... 0 i''''''''' ""'-o/-"ro 9>ln ... ,hon to1ind co"""no, . nd 
...... n ""'ugh a l cof.""" 1If' otr.iIl!"._ '0 min""um "'10<.""0,,- ,flo 
oombioOd "H"", 01 , .... O<JI-«" .IrOill!'ln . .. and 'ha ~II" m&\jniI_' 01 
.. -", st rHO I. so 0''''' ,hal "",<>j''''''9>lno", rnuSI ... ""'_'"" 
""" wel<!.d """mn., "h ... ~ 10 nQrma., .-..010<'"" "Ith ",10<1 """ ........ 
(2.04g. p, 20) AI",. ·U. , .. irlllal ." ... <hIfi>uOion ••• in • cross __ 
""" 10 "oIoiing ""'1 ... "olly "".,,"' kom 1tLa, ••• in • .- .... po du. 
10 ~· 12·'i. p, , g). ~.". o/-.;MIId • • pa<I "9:>0' "'lornn 
.... "glll.,<>I "'~ coIum .... ao __ '" _Idod ""lumn • . Mo,"" • • ,. 

, , • 



___ use 01 .flo hiIIo ,_uol "r_ a ",!urn" COIJId 1.1 by havO>g 
..... _. thai "000<1 ..,. .. ~ngth 01 ,1\0 .. 0'_ . I .... by _g ""., . 
..... _ Inst .. d 01 Inl<lili<>g. Ho" ........ ' .... _ <0000 .. ann ....... 
a. 0""""'" ""~ ... ..-,nUOI), ~ ... _, ....... . '" ,.. 
Wc<Kl1Iy """""ling .• IGITTl oj ""at _'monll. 

Cct\oiojo, ..... M" .... g "''''"iI''' 01 ba .. "~,, '"",or ,oled aM .... 1mNl 
cro .. MClion> \H ..... 1;>0". Plol tho. .,"";...." Iood .. . lmelion oI th. 
yi6ld "'od (p ",.,P,) .. _us ,II. oo-called .~n<lo"", .. ratio. in wild! 

~_ lL _ la, 
.r'Ve 12 .6481 

to, pjMo<I-pln nod bars in FiglJflI 2_102. NOl. ,11.,1. i1 dimonslonleos. 
01 """_. tho ,~",,,._""gtn loot"'. 0, ""uld boo .,od It> dMM Llo ~ 
, ... ft . fo r o1ho, bou.o..ry ",odit"",. in ."COIdo...,. """ ~q""t"" 12. llJ) 
on fId!l<' 71 . Nolo tI>;ot;' io. mo.,u,. both 01 ,o. """'1M Il"""'0trical 
... _ ".,... o r>d 01 tho mo1.riol """,ort 'os, " . and E. Th. " .... . 1 <:<>I. 
omn ... illl hi<J n", .. ,oogtil tho n mild .... ' CO" .. 'W"odr " ........ ted. 
ItS can a luminum cokImn • • ;" Mdition to ooklmno m.do 01 0111 .. met&1o. 
01l'l<>"II" tn . ........... 1 .. In ..,m . .... ' ."'10 . r. '!>on not p",POIlV 
I,N'O<I, Tho ~,..ntily ;. .. OIlen ""led 'no oItndoffi ... rot"'. D<II oIlv;
<><Wi ''''' "",'orill' p«>peIIio •• re imlot.ed, • '".y.", Ii>:od, •. g .. 10< . 
opaclk: """ .. 10.1, Ihon " "lrtJ~. goo<>rMl,lc ... ndo' .... ,a"". 

n'H """' .. . , • ....,..,." ... flg. '. 2- 'Q2 '" """""'" 10 lho •• per-
;"'_1 <!ala. "' ""'~ .... ""~"'II ylsl<l cu ..... , 10. Eule, _ ' ling "" "' •• 
arid .... Column A .... rch Counci ICAe) lnow known u , flo Structura l 
$ loM iIy A . ... "", Cou>c01 ....... .;0.- """'. _ Tho '''''''\1 Y"'" "UN. ' Op
' OHO"' . CUI<>II oj rioldin\l OJ! <flo mo,,,,,,,1 ~jy~ oj,.,. ""_,n ... 
",Iio. TO, Eul" buckling <""' . .. f igure 2·' 02 00. 01 """"" . "'. hypof. 

, 

" 

, r """-" .... <"" .... 
---0 / , .... , " .~ cu. .. 

,p • • ~ <.., , .. ,"""'.,.., .. 
o "( " • 

, 'r I' o ~,_. , 

• . ,"". oa , · -.. .. """ ....... , · -.'" .. , 
, .. .. 

f"oguro 2·''''' B"'~OiII A ....... ""' Smol_ ..... _ 0;,0.0. s.tk<» 
""""""" n •• ",.,., ... E.".-..... "'" A.,r .. " "","'" n . ..... 
(_ I.n {2-"J' 

, , • 



... .... ........ , .. __ ...... 
look e~ .. ic boe1o.liniI be ..... " , oj. <OIIom".s coicu""od by Eu_ 1 .... 
CRC parabQl;c boha.1or 0""'. In Figu,. ~- 102 " an oq,-",nl by ""m _ 
",HI .. 0' .. "at IOP'OMn" tIIo «' .... 1 ...... Ior 0' rGl. as-rnonu'a<;'u,"". 
", ••• H, .. , ~"'n •. .., _ .. no!...--p~ 1~., ,~. CRe c""". p ..... 
tIort>Ugl1 'h<r milldkr ot "'" rolo<kl ... 1 ""klmn <>ala n F;g.ro 2·102. 1h<r 
... ""0.,,, lOr , .... CRC CUfV .... ..., p .... , 111'" _i<H lOr II,. , . n!/" 
Or "hi<~ "" 0.10_"... .. .. ," ;S OJ ... a nd (2) t .... bolo • • i<H lOr t flo ''"II' 
in .. -ni<~ Iht oro_mess ra'"'' I>igh (Md ,h. ro,"1Is "",,,,,,:0. _ , .... 
Eulor bucl<ing """'. 112.50. 1>011' 32) 

'_. -,- " 1o, ~ ~-/i '. • 
p .... 

12_6491 , 
Iorh..ji '. -" No!. """ th. CRe _'"'" cu ..... m . ... rt.. Eu_ buckling <UN, ., 

........ p ...."P, _ 1'2 """ ~ _ -/2. ~ . """''''" ... '. Pt<1oct~ st,.", .... 
,_ 01 ,.s_ "'0-.. OUWO~od on ,_10 ... pons. and 10._ n. 
Pt<1""'~ c.nI,., ""'MO!. ,h.n ~I data _ pr .... ""'bI)o 1. 1 on ,""or , .. 
~ ylo\:l cw",. Of "" ,ho Euior buckMg cu",._ 

"". \:Ied ..... co_no ty;r"",~ hov. ""'" _ .... g ""'''' Ihon do 
........ Ionl "' red· .... ' colJrnn. os ... n .. Figure 2·102 lOr 'smar _\:led 
tu>d roIlod ""' .. """""'" (H .nd bo.) •• " ••• f>eded t..c.> .... 01 ,ho 
ch ... ct, "';c> 0' _ \:lad . ro""n', m" ,,,,,od _~.Iy .. , .... _""'. 
The H _ad.,....... """""" .nd "'" Md.·fIonoe ",I.d e"", __ .,. 
"" ..... Ion'. bur "'" identical Tho wide.flonoe _lion, m"", 1Mr •• IIIp&'· 
ed IIong •• ",,_ ,~ -..-ha, • • • Ih. H _"" .. ..- w~h_n'
lIrickn ... p"'" as '''n~ • . Also. H-c!OOS-"",lion colomn. &ro .. _ 
llran 1>o><-<<<>.o·_ lon coIum .... ,,,, troIh ... kIod . M ,oiled con.',",c'ion. 

Tha 1oo<I>."~ c""'. " Figuro 2-102. l a .. tho IOMiog y;eld c"",o ... 
, .... li"n i 01 rho y;oId . U .... 0" '0' 'h ~~ mild ..... 1 " .. , .. uwd" 
buildiog con"ruello n. 1ho _Oiled .... .......... """'. fo, tho • • r1y .. , .... 
.... !n _.Ior 01_" ....... io _"n'" "-1gU1~ 2-103 .. ho, . .. o .. o 
on ""," f . .. sl., """". -....ed tr; P"~""'1y pIo .. ic y;.1dftg . T~ be· 
/r.avior is ,.,mod ... _ _ portKIf\' ~ """Viol. and .. notablo 10< , .... 
"""nding . ;"king 'h.' ..... placa n' 0," FI!,i"" 2_103_ 

" 

" , 

, , • 



TM be~ .. '" 0' Iho """orIo'. ,'" which Fo n 2·103 .. awroprio" 
.. 'OI,,_n'atb"o 0' 'ho oa ,1\' .. ,.ss-.... in bolla."" 0' mild ....... "Hod 
10' buicl;,g oonotrucrlon .. "" an ."en ..... yield-ot,a'" ,anoo 1>0/"10 tn • 
.... __ . ' .. 10 "" .... ~i/Olo rise. '" 'h "l"",,', otreM ond 10" ... 0' tn. 
matoria' as in Figuro 2· ,04. Tho> horizont. , Of yOold ,.n\lO io aboUt twonl}' 
U.,u tho "'aOli< &Ihtlo to tM yield .. _ . "",; """ .. .... '""110 01 "",'no 
modoltd with tho • _ _ ~ty p .... ho ....... ·ot, ... cu .... 01 Figur. 
2 · ,03 ...... y hq, ·str<onglh ...... tno' . , •• Iso IFMd in bu iklr.g con· 
OItuct"'n "' • • • ...-....·.".in b<!ho>vio, "'milo, '" <h_ non lint., .. , .... 0It'" b . ... v"" .,t ~'""",,"m Or F'1"re 2 ·70 "" P"i/O tl!9. 11"",0'''. 
co!urn .. mlIdo "'!hoM mo, ...... a re d. lIigMd . o I" wore Iho mo.i· 
mum ...... l1>oy could _,., bod"'li- NoI" , ... , " , ''''.ouch. " ...... 50 
0rU"0Cia1ly <IO,,*, • • a",. 'M 0110.1 yie'" sI' ..... try Iho "'lo'oO<''''' .,t,,,,, 
.. , ...... "'., cUflie will> & ir>o p" .... , II> lit. Inllo.' oIope E 'rom 'M ~ 
,:" (.mount 01 po""...,,' .. ",In . , "ar) on Flguro 2 ·85 on PO\lO '9!i. "'" 
try Iho proponOna' )<n~. ThoS,' no"~.,.. . mount '" non~ •• '''' "",,,, <>«,," priO' '" ",,1dIng" lor ,h_ ·h~''''_h' _ . W. 01>00'" •• p.,," ,n. d .. ign C"fII" '0( .. rudu ... mado 01 mOd .... , •• owoud 
10 "",m,nUm " n<! 01 .. ' ..,... ..... , ",oO$-strain 0""" mat. ""lt ' 0 . avo drl· 
'. rem """p •• -.. ..... 01 ' M dl:fe ,'" """po. '" "'. ,o>ptct"" otro .. · 
..... to """, . s (Fill'''' 2·103 vwsu. figoJ ro 2·78 on ""i/O '8SI . 

Mor. gono.-al bucl<l"'ll -..porimonto' ros"h oro _wn '0' mony 
Iyp ... '" column C<O" ud ..... rnonu!a,...mg I""" ....... "d . , .... Or 
Figoro 2·,05. Th. "". n«<do symbols >hown oro '''' • • 001.11""" co n<li· 
lion> .• "d """ t ly _,. OC;lttor oj "'" .. 'OnaN_ mM ..... monl> hIado. 
Con ...... l~' '''' "'" v~r.ou. oondOIon. '.0' . '" octu'l)" _,.~o<l 
(2,,",91. Obvio~. In. CAC Il00 ...... ,,,, 0""" "" .... lIIrw\1> 'ho heart '" 
t!>o dati>' ""'. bit on "",.;go side. Th, .. 0 ...... in FigoJ'. 2· ,05 .t • 
.....".,.., to 'M .. ;. "9>" 2-\02 . .. m..,. ,lit ''''iIinil yield rorvo. ,o. 
EYIt, buckling C" .... . nd ' M CRC ... ... ,." c" ... . H<tw. v ... on._ 
tiona' curv •• Ill. A'SC (Amorioon ""'Iut. '" S'''' Con.truotion) dHIgo 
00 ..... if._ II> ~ l)Uirling an<! b~. "'oig"" who u .. <It><i>Ir 
.,"'''' .... """"". w l h ...... n .. , .. , "'H' "-....... "'"",,'"'" w".·1<>-
lItickn ... ""Iotr. r ... A'SC <Iosi<Jn "" ...... quotioo. a'~ _"-' ~ <Ii. 
vDn~ ' M two CRC boha.io, CUtv4rO by a 'oetor Q! " ''''Y' 

r -
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• 

F~ 2.'0< S,,. .. ·S~.., C."," .,. " ;,, S'"' 
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p .... -.,-

.......... .. , .. __ ...... 
. ' 
• 

-

,..",.., ... '" "" ... 

"H~ 
t 

F9-- 2,t~' E,p"_U, T"""'""" ... ...., Do'':/n I)odjing ........ 'oo v,""'" ~ C.,.. s.c."", .... $_ , (A'" roJ /N9V 

.' .!: m .. _ ._~,:'_--'.'-. 
P, 5 3 ~ _ __ , " 

3 8-J2 ,G../2 12.650) 

p ... , • 
P, Iaclo , 0/ " ' Oly 

F", ), ~ ";2 • '.0 'OC\QL O' "'oly _ on l, oM VOMe' 'rom' ,G1 al 
l, _ 0 10 ' .n ., l, _ ,12 . oM , fo , l.> ..$2 , tit . facio, 0/ .. My ,. "", in, '" 
U2 [2·50). 

Th. "'SC d.oigrt ooq ... 1ioo& or. in_ to ' ept ... nl ... Ie .1Iow-
able IoIId fo , • , .. I SltUC1ur'. i.' ..• I.ctor '" ... I.t, is induded. wiler ••• 
'1>0 CRe bol»v;" 0" ...... 10 "t_ '" ,.P ...... 11>0 00 ..... 1 """klo>g bO-
I""", .. ~_ ,lector 0/ " 'ol\' , Tho loc\or 0/ so' ''y is," ",""",om. on ,it. <><do, 0/ 1.:!O, "'" Ia'ge" ••. ,. Iot'" to 11>0 """ . .. of tho <10. .. piottO<! 
.. f;g..o ,. 2· '05, "",,11>0< '0'1' din ... " """"" """,OOC" eo"" Loaa oM 
~ ....... _ F __ OHilth !2-~' 1 '" _cod 1' . "'SC ""1Ii\In O<l"olion 
in Equo'''' (2.650), but ou, .,p""""'" 0/ ,ho ,I .. ign pro<:<-SS ,. ",od '0 
tho -"'Ior tac,. .. bon., .,omploliod bv ,1>0 'old m"'l>od' 

For ~ m.do 01 ... , . ..... .,;," "''''''*"'9 .. ,. _ _ .. co","" ' ''''h 
.. lor . kIm"um .. FOgu," 2·71 on pal/O 18S. ,ho,. .. no limiting yiokf 
"U"'. os """U'" ih F;gu. • • 2· 102""; 2· ,0,. Tho. i" th. ,. io "" yiold 
.... .. "",.01( " "'". -.-u" tho ""' ....... .. beho';" , _. b O)'ood 
yioldng, Th"" , bue'Mg """ .... obo,. "y .. ..,10 io not • . 5m~ 01 ....... 
SIt"", beho."" lor ,Il ••• highfy nonama, "",., .. 10 M ~ .. lor .~"' _ 

... rloct~ P .... " .......... 10, T ... , t'" ."'''''' 1>ucI<I"";J lOad """"'" . "" • • 
tho yiekllO<o<l io .Ilown fo< "_inurn b"", in Figure 2-119 00 ""go ZOO 

, , • 



2.11.7 Summ.ry R ..... rk. an ~gn 

n . ("~ 10 $lIIboWy o.~ Cf4 . ..... lor MfIII l SI<UGiv,.s it ~ <1<h 
"""«:4 01 """"".Iion on ,""ny ._ .... 1 ... ""''''. """ ... "'" OOV1I,od 
in ' hio< booi< [2·52] Fo, ."".mp" . ..,m. 01 ' M chap"'" ... 10'. ",1Iy 
oupfl<H!od boa,,,", box ~_; b • • n"K><>I< rr .... o; I>.po'od .. """",.1 ", . ",. 
bo .. : "" .. po"'. cokrmno: """''''''' ,.;0, Iocing. bon_ o( pori<>,"' od 
00 •• , "'"" 0; m.mbo .. wrth . .... ic 10",,,,1 ('''",into; I",,,,,, ""'biiI:y ; ood 
a rcho • . C. E. Ma"""net ohoi,..;l '''0 E""'POo' ' '''' ''n.",1 <"",mill ... on 
,"10. !of 'Inign ., "' .. eMo. 011" ..... b<o:kling lor Eurocodo 3 I"HI) ood 
p'~ .. nted unotIicOal eMlmont. on 'h~ com mitt •• •• eonaide,.,., •• [N;:I[. 

.... etO baMd ..... rm dol>. o hd on 

' In ... wooJ ho 1oId ..... , .. t 0' . ""' . .. .. " olM mot,,", PIogiorizol 
Ploglorizo, 
lot"" MO .kwr'. """" ""."" you. oyo. 
A_.mt>o, Yofly 11>0 good"'" _ 1"'" ey .... , 
So _, _)'QUI" oy.s. 
BcO ptag" _. plogio_, ploglo rlu· 
Qr11y bo ..... ~..,.I'$ Ie>.,..1 _ .,.... ......... "'". 

(COPYOghl @ 1~>2 ond 1\153 by Tom LOh'Off, 

2.12 BUCKLJNG OF BARS SUMMARY 

n . _LlIbiog momen' vet .... """"ng momOnlaPl"OO'h to rordrlg 
tho b<o: .... g _ o!. 1»., _ . ","", h~",w."' . Ho .. ",,",. '";. ... 'hod 
io . e ry _",,"-IO.~ to more ge"",.1 p,oble," 'Mn """'" 1o , ",hieh 
~ was ""mon .... ted .. Sec1"'"" 2 .2 ohd 2 .3. n . .. _ • • "'9'1 "p. 
",","Oho' "'vo~ in s.ocio<» 2.5 . no 2.G hoy. "'" _.n .. go 01 
"",,~;,y. yOI """ • • ,. J>o,..,.,.d by lormiooiOgy ,h. , in"o,.",1,0 coo
, .... 'h . morOOd '" " 'ac_. W . ..... ,1,0 .. nloG on tho 'on ..... nl . ""'VI 
ol'l"<la<h basod 00 'M calc""" 01 ,arlan,,,,. OIartin!l I,om ' hO nonlo .. "" 
_-<kf>l1Oomon' .. 1a';On. No'o , .... , 10"10, .." .. Iy _..,.,od tho 0.0.1· 
<"krl ", •• rlario .. ,o 00". "'. ba, buckling problom 12 ·2~ ThO' _rooeh 
con be usod in _, 01 two 1'1\0 ....... 0: (.) .... 01 tho va,;";"" in " ""'VI 
.... g .... 10 obto" tho I/OY.~ <IifT ... n,",' oq..-t;'" o1t>ng W"" ~. 01' 
"",,,,'od t>o" """ry ~nl Q ' (2) UM '" '0 . v. "''',n in onorgy .. 10 ' 
wols in "'" d~oo' m._ ollho calculu. 01 va_",. namely, Iho Ra-,. 

'OI..._,..-w ____ .. ' I',.. .... ,..' .... _,_W_''''''''''" 
'-. .. , • .,., .. on _ _ """,. C-"" 0< .......... __ .,._Ion 
_._ .... ,,_'_-..~ ...... l· .. .. ' • .."....", 
.... ""' ........ k<_ d ......... __ ........ __ , l __ • ...., 

-.. - 1. · .. 1 .... "" """ _ .. ~ ..... ' ' " _ .. _ ......... "" ,--, ....... _ ........ _ •. ..,. .......... ___ 'HR."-_ 

, , • 



or' 1·""1 ~ I· ' ." li"""!I·" l'B ' l l;" P' '" ~ 'l;M ~ l! l! <> .- <!',!!~ 'i '" -~ ~ . - § ' ~ · ~1>~E .. -.-,1 ~ ~!~! ! K l .s~; ~ :'.1: ·i! ] lit~li~~i=Jl IIi l - E~~ :I ~ ~ '5..!1li~ < ;j - .~-"" 1f .. ",-tiE "" ~~ ~i li 

,:i !Ij~ !; ~i i~1 I;i ]lll~ ::! !1!!]i~:i ;ll i ~ ~] 
~li.:! ~P~I '~ 1PH -sH", iPh -5 1a~H=~!:iil lOU 
~?! ~~ i~ !H af~.9o.~piH~~ i unf!LFii~E'l'l =~ ' .~ 
'l! j;"l",j l!ll!' Ii!l!I:' lJllii l',lj l l' U;· Ii! ~il in ii ' - B · ] ~!~:gH~~Hh 1g.!,'!~:,, : :1>"'1 · : 8 

i ~ii ~ihli1 §1~-'£hH~j;·~~lt~!~!liil i =.i;~~ i;51U IE ~$I 
I 4! li J .~5 ~ Q. "~ .9o" ~ ""·,,"m_ ·~l~i - E~ ~~li'l'lI · '" H ;i~ 

I ii;i jlt;ii: : li~ilt;!:IJ~i!211!~~i~!:J 11~.91·11 ~~~ 
~i ~ .l! .. ·~.!!8'Pl! q~.i . - ~'l!l: gg~lf" ""~ fi ·l'l'~j ""'l~ 

J "! .!~i !glti. 'gj; ~:!~~i §i,l,i~~! i!~.Hi!l~J"~! ·L'·I·L,q~1d 
; - • • ~ -" '''' ~ .f! !';. "' 9, p .~ - " ~ .. ~ ~g ~.ii ' .. "Do Ii _ .: "' ; 
r . -i .:j}~ !.~l ~"'~j:i,"~ell1l1 ~~ • ... ~~"'5i._ "- ; E5a~<i.15J1: ' -~ 
• £;~.;·o~n ..:;; a l!j! ,",-S~ nti~ 'ii~~~l-~tJi:h~;:;1 .i".fi~" 
l 1i!!I~iH~" ~i~ :ii t!h~lli!~ .d~j! H;h "-a £!_~ 1· 1H! 

j€ _g.£p;~h ~l ..,:jj..;~~ -l!" ! <>~ i_~B",g~;:'f i!8 "E~ ~~ .. ~~..,;; >.,. 'I- n ' "· !" I' l'li«'ll! ' '''' ' - ,~,' -&"-1 114 II . " ~ "'3 ~ ~~ 0::1","'"" 
E l &iu -!d ~u i~wH~ H ':lL ! ~ ~ ~ ! ihli.c!.:d H 

~ 
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F~ 2.'~ ........ """,,",goO . r,..,...,..,. '-"-d e.-

ti .. , on<! llo 0100 <Iovo1opo<l • """''l' 0' plio"" b""kiny 0' -'m"" 
rhoM uporim. Olund many o!ho, .. ,. admirably <10_ by SinllO'. 
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ArloOcZ, ' rKI W . ... 12-58),'rod I OI'Ong", ""W.OI you ""nsul ~. 

orho, _ .. 11)1 o .. -dimo,.""" _.Iing probloms oueh as link· 
a"oo . .... m 00""'"0. f,. m ... ar><l mIlO a,. IouM In s""" OOIJ'_ a. 
r..-- a"" Go,. 12-61. C •• joo 12.JlJ1. a""", .rod Almroth [2·&-<1-
Sim_ 12·fi~l, arod AI"_ (2-66], Holt 0...,_ ma"" up...:ts 01 ,,,
.iotory , • • po_,i<>n. and coUti<>n oI_g protKoma in his ,,"'..., 
w .. "' w~ U. _l l odu,. (2-$7) 
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3.1 I~RODUCTION 

Chapter 3 

BUCKLING OF 
RECTANGULAR PLATES 

A plo'. io a n ........ 1011\' plo"", "ru<l",ol,""'on' wih ''''' 10,11'1 oj;. 
"'0"_ •• 0"" b. In ,.,. ...... 011 ....... ,., .. In Fill<" 3-1 ond' much ..,oJ'" ' '''on'''' In,.,. _Ion p. '1'. ""Ic .... '., .... ptan. 01 ' '''' plat. 
("" thick" . ... '). Tho plato .. _ """ in u~. In bu<1dO>g on· 
.11.-. ..... pbl. io II"no tilRl' modoI.d .... bfMnV pe~o<'I! I.", c . ...... ;n· 
~io l l'.""vo~ dof~lion, W, .. ,ero """ tho onti" .. rl..,. of 'hol>lot •. 
Tt>e""" • . lhO _S. ,., 0"" "',. 0"""" 0""01", ... "". "'Y' 00<1 " ,., . 
• " • • ;"iti,OJy ,ero. HO_'."" ,.",lcllon •• ,. 1>1><0<1 on .... '"1>1"." diIpIa<o"""'''" a M • . SLlOI> _ I! In·plo"" dolorm.bon. a,. po&SibIo 

only l "'" 10.0 • • ", .. ,h. plot. mid""",n. ( •• ~. as "'" wiI .... , 10< 
plot •• tho'. ro """I""m."ioo l)' lomin.19d about IIHM, md·plo .... ). Tho! 
;,., Iond. 'ho' .'" owl"" "."" •• ' ... ., tho pi.o n. 01 , ... p .. t. <10 "'" <ou, . 
bu<l<inV' ~ ,r.. ",""",no _ ina . . .... tho In·p ..... defo, .. ,bora "-
e' .... LlnI' '"'-"'<I<~ .... p"'. "nd<'1IDM & do,Io,1on [,om ,h. r ... , >!m. 
"' .... ,_ 'hot 101>0_ In 'ho z<[;,.oIion . r ..... ' ho InIn.,fiSO dolloc-
1<><>. oIopos,. O<I CU"",, ... -...... 1>00",,101. , ••. , Ihey .q";" nonzo'o 
•• 1.>0 • . """ ,. go"""'l)'. the polo "_'9'>0" _ .. bon lrom """'" "'" 
__ ""!!y, but r'l*ariy. Ilo, _lWlrium .... ,. '" • 0" " ,hot .. (""''''J 
1>0,,0<1 In Ih. , ·o""'bon . E,. ""<>n ot th. qLJOoi ·ototio load . , ""'Ooh thio 
""""II" In """".Ior <>COU'". I. • .• tho _k1;"g load. io tho p'lnc4>ol <>bjec
!iv. of "". eI>8IpOOf. "OOIho, "'p,,,I .. ,,, ott;o.<livo .. 10 dol", .. ", the,..'u" 01 "'. 1>0_ .. ;0, IOI"<>"ng t<lOl<ing OQ " . 'a" ...... I". p .. cri;;r.1 
"'P'''''''''''' ot '''0 """,ub,.o ...,~ baod. 

"",,."_e' M"" . : 
rip. ,. , .... .. G_", 

., 

, , • 



... .... ........ , .. __ ...... 
T"- _os a"" mom."" 6" a ","" . Iom.", .,. dol;n«l '" F ....... 

3·~ ''''' :!.-J, ' 0-"'01\'. Adu • .." '" our .. o!y$4M;. " .... uSO lort .. 
PO' '"'~ " l;Ih . "" """".n" po.- un~ .. l;Ih 01 m. pro,. «1\10 "" ""'''h 
IIroy "'" ""o.d 01 _ P, . 010. Or ,,,-,.rious "",,,;on' '" ordo, to 
rod""" QU" approacn '" • two-<limo""""'. 'Ih<ro<y. no .. ~_ .. 
PO' """ _ n .ro ""."rbtod •• 

P P, p''-. P_ ar, 
N, ' b' N,' . N", ' •• 0 

Not. ,ha, K, "!I\o"'_ 'o<e. , ......... <D. to tho plo'. p o< o M wdh ('''-)<;""""" 011 ... , ,"",. " Ho" ... " . ....... 0'.01 ,"- 10«0. por ..... wdh . "" 
mom ..... PO' un~ wd . .... pl\' _ ... nd mom, ,,,, ' or <"m.r>io"". oj 
,ol ... oc.. Tho Ioreos .ro positivo Or ' o"""n. "" • • bocklinQ _ oro 
_ ,;. , (",,10 .. boo.., -'<l;--..,l). ". """".m .... ,'''- < ..... .... oro 
o:rpIied on "'" ~ . _ 0 """ x _ a it> Figu" :!.- 1, tI .. ", N. would b. 
"""u,i""'mly _,Ib"1M oion-g ,,,- ed\IOS it> ordo, '" IIbIa", ,." _ 
"' ..... n' """,.ene. 01 OO","" , .n . ,10' 'oro. P, """"'.Iso> ... 'Wit<> 
lOading '0."..,.. """,poe . <Ii$j,;r,ot;o., 01 N, aion-g ,h. e<IQU. 

,..-- • 11'1"" 
" .. " .. • , ". 

"p H Pi ... Fo.,., 

D",,1<'Ong oj "","_Io, pt.>ln " PIl" ,, ' o "ov. b •• n IQj ...... >1;. 
ga'od try B .... "" (3·1110< ~n_ of oI1ip P"';ng """'" ,.rio"" loading 
OOM"""" 's in FIgrJr-. 3'" In .. l\ic n ",. """'''' • ....,. bocloJinQ lorc ... 
N, .nd N,. "" . '"Own, I .• .• N, _ _ N • • 0<1 N,' _ N,. OI;rv"",oI,. ""' "1 
__ .... co ndiliOM mu", '" "",,,.,,., ... d os "eI '" ouch _ I"",.",.. 
or .. , """"'.'boo IOf .rudy of plolO bockling prnbIom. n:1udo 1oc.1 
_00' I0I>O plalO-lypo " omon,. 1OIJ"" '" ,onous sttUClu,a' "opo, 
suo~ o. '·bo .... , onglo. , . Ie, a . Or tho 110_ .... "" in F""". 3-5. 
T ... """'" oI structura l_p •• a, •• 1so ,,"ocopliOlo 10 OOCk1;ng. In lac1. 
, ,,- OC1ual doosign or ,n. cro .... W<1IGrr.1 <!.monsion< 01 ""tn rokd. M 
_."" .""", ..... , .....,.. dopond> on bockNng ... .,...... P",,,,,," $ppIi. 
oolion. 01 pial • • It>a, con bucldo oro """,moo in .vo ry<lo~ ongin •• ring 
p<aotic • . Ror ox_"",," , 

, , • 



-"'_ .... -
• 

• 

• n..n ~. aodw. bo 01'- o. 'uill·up boam. aod comns 
"",.all w"'g, ,". , and ruddoo, paoo" 
o", .. tt lu" "9O ~.n.lo 
'0";010 t.xly pan." WI a co_ 
oO . a, walls WI. buildWlg 

Aft • • 00 • • • poria"","';!h _9 bo t 1><><I<M<.l "Gu,_, trom .. · 
'.'01 points 01 viow, ".!IOW 1<r)("" 'hO , .. , aod """" .H<I<tW oW"och 
In ",nich , .. diI .......... b.'~· .. n "G~""m aM """Ki ng aqua''''''' ., • 
.... . led. n .. , " . UM that bosl 'W""",h to do<'" ~Iot. bucl<'mg 
"G""'"""'- oloog with "' ... """ ..... !It bouodoty cood~<>ns. pu of , .. 
do'''alM>n ... 1 bo _"'0. 10 , .. "G.-nu", ...... '. n''''1 "G""'"'' ;. 
clarficolM>n ollhe diII.",!lC4O b. !w •• n ""uilib""", a od bUCKIinIl equalM>n .. 
TM ~nt ,octions are _Glod '0 ",1utM>n 01 .. !iou, claooical 
_0 p,obloms "II> dil .... ", Ioa<ing 01'1<1 bOIIn"'!)" <»nditIo.. In 
._M>n, ""."....:«W>g t><!h •• ;o,- _ II> .......... y." 10 \10'" ~"o 
"" 0 'ho u ... ILAM .. 01 In . dof~'" cIa.ulea1 Euio< I><><I<ling -...ions. 
No". ,.,. lnIIuo..,.. 01 m •• !pIe """"'toP" """. I .• .. a .. m .... '." com· 
p(>$oIt. p .. lo, on """'""'0;0 .... alualO<l, T~ ." , 11> •• W..,I. 01 ,oot""nod 
"," ... ,1 .,po.""" "" "'" buc'~n~ Iolld ... dO<.""iood, Also, In • • ltoct 
01 ptoot;o dolo,m.,ion on 'ho bueId"'o Ioad ;o ""''''igo'lld. Finally. som. 
01 'n" oIo",on'" 01 ""oign of """, ""'«>poe ...... 1 pIO''''' ."" lobo,· 
",""0"",",, "' ...... Iod co"'J'<'Oito ~Iot •• or<> . ddo-oS4od. 

, , • 



.,. .......... .. , .. __ ...... 
3.2 CONSISTENT DERIVATION OF EQUILII!RIUM EQUATIONS. 

BUCKUNQ EQUATIONS. ANQ BOUNQARY CONQITIONS 

T~. <10'10< . .... , 0<1""'''''' go'I . ,,"ng 0<1_ .... """,,""g wi ' b. 
do,"'od ' Iong """ I .. . ...,., .. Iod bourr<lo'1 <><>Odi1K>n • . Th. opprt>p<iolo 
..... ,!/Y . """,_n" w. be do,io'od in ' ho cour .. 01 oP!'licotion 0/ , .. 
go'I • .., .... oqu,'ion. '" P'"" O<l,,,,,,,'",,,.....o b"""'ng ...-... _ 

Tho """' po'enlio' en "fV\' eon be •• , ied (or e xpanded in . Toyk>f • 
.. rie.) aboo' an ~um ... , . '" """,In 

V+ ~V _ V+ 6V+ ' b'V + ' S'V . - (3 .1) 
~t 31 

Squilbriu m ie . "I" • ....t ", ... or Ih. pr;..o;pie 01 . . .. ,;,,""'1 f>O'o nlie l 
.... '!/Y M w ..... in Coopt., 2 o. 

av=c (3.2) 

. nd ..-,.. "r """ O<I.-.m ..... .... p, • ....t by 

~'v > o (3.3) 

(rr " o;eh 'f,'v _ . ' V " . 0\ """""dng " Iho "......."ie "r ","'""U", po .. nI .. 1 
..... 91- Eq ui biun O<l""oon. a ,. obWnod through , .. 0>.10 .... 0/ va' . 
!'l- Irom bV _ o . nd bl><kling oqu>'iono Irom ii(S'VI _ 0. By "", 1<ir>g 
Ii V ""1lOtra1y . ... "" .. "" .... .. .... I eon ""h;....., . """'"'""'_ Allor ... · 
tivoly. w. """"" _ 1i'V • 0 10 ""toin tho oquo'''''' of "",fro' ",,"Iob,i"m. 
b<n ... o dro<>oo tho lormo, approach. 

3.2.1 V.,'allon '" • Doubie Inl"9'.' with n, .. Dopo.d.." V,,'al>lu 

Ccn$do, .... "" 09'0' 
V_ JJ" F( •. 1. ' . u •. ' " ' ._, .v,. w, w •. "'or w .. ' "'T"f' "'",""ely (3 .• \ 

",Of 'h. '*\liOn R in W,,;c" F .. a Iu"",ion 01 th, .. _nI ,., iob"$, 
u. v, . nd w (OM ,h .ir • .,,,.'i, •• !of. ,""" 01 ' wolv. dopo_n, vorl· 
_ ') . rod 'wo '_ ... n, "'""bios. , a nd y. CooKa nt orod Hlit>on oM .. 
Itra, contin",,", ""nla' <10""., ..... 01 • • _ 01 , .. I.b"'. ,"usl • • rsl 
in 'ho 'O?<rr> up to af'd ..,Iud <>ll , ... "'u~h order ••. g. , ,,~, ... h. r • .w-
",,",," x . rod y <IOnoto ",,~ial difI . .. nlialion (3·21 FQU physicolll probIom 
"' "'hloh , ... <IOpo..,.n, YO ....... ,opro ...... <IOlIK!ion" '" • pia" , 'h. 
_ furrcloo. 1h . ......... ,"u" t>o OOO1inutruo, ~. '""" ,,, .... ..... 
do,"''''io'u. in """', "'" '" ""ply 'ra<1u .. or Iho body 

In .... v . ... ,''''''' jH<>OOa$, "'" _ do f>O _ • • _100. y . v •• nd 
W, "'. g;.... n Iho v. rialion. ~i;l"Y)' ~~(' ,yl.'''' " ('-rl . .. ""od ... Iy. T ... 
funel iorra;. ~. ond r; ... "' ...... mo <1 .... 0 u. v, and .... ,oop«:tio'. ly. 
i.o" ttrev MV. "'" ... mo boundo.'l' cond'''''''. Tiro """"'on,", n. ~ . • nd 
T . ' •• rbilno,,,,, om.!. Wi" itre"" ,., .. lion. , V "",,om • • 

V •• w ~ Ii F(x . y . • , r<; . U, ' ~ •. "1-+ «;'. H II~. v, .1!rJ,. 
'r' ~~,. w. "';;. w, • ,:;, . "', +y:;,.. 
w" ........ "',, ' ,:;'. ' " ", ' 1'>,-,),",<1\' 

(35\ 

, , • 



_"'_ .... _ ... t 

Ne"'. IN CIlJ\ be _ ,ed ffom V • .lV io EQ""lion (3.5) by .... "'''.(in~ 
Equo' '''' 13.5) _0<1 _ rKling V. W. N . tIlo, tJ.V ;' "",mpo_ 01 . . ... at.,.,. " .oMng lho pow .... 01 ". ~ . . ... 1 onO ... ~"" • • 

tJ.V . oV.;6'V.~b'V,:,6'V " (3 .6) 

10 ",hieh bV _ .. 110 .... ' '"l'Iclle."" o\ ... ~, and 1. b'V '1'1,0," ... quad· 
fOb:: 'un<!Jon. of ~. ~ . and 1. o\c. Tho lu""oo" F eon be • • ""ndod in. 
Toylo" __ • • "" I". fool.od...",,,,, ,.rio,.,... ... " be "'01'11;,; ..... 

3V • "II [t ::: • t, ! , +~ ,=. l<bdy 
. 'JJ [~ ,'If' .~ . ~ • ~ ,i!L Lay 

<N <N. <N, r 
'lfJl-·: .,,! .",! , , 

• 1;.. ~ • -.,. iJF • '" iYF Ldy (37) 
iloo.. ,m" ""rr J 

, , .,. 



.,. ............ , .. __ ...... 

, , • 



-"'_ .... -
3.2.2 Fl,., VIIfI.'Ion 01 • Double '"'011",1 

MoI"'~'od tr; I~o prine" .. 01 >lolionary polo",,,' """'lIl". ,... """,,'0 
""'1.>1 ,.';"Iion 01"'" dout>io inloge.11O <"'0. I.e .• in Eq""'n (3.7)."" 
;'V . O. T_. b« .u" ~. ~, 000 T oro ort>I ,Ory. ,h. _g 'fw •• .,. 
to-goal. mu" be ,~,<>: 

(J.g) 

(3 .10) 

(3.1 1) 

In .n.1ogy to tho o.i1uatOon ol,"""Y eonoid<lr.d for bn.", CIIap!., 2. 
,... mu" do .., .... I>ing n o int_to tr; ports 10 bo &hI. to d",w awro· 
prio'. """""'sion> .booI ,h. lorogoing in"'Ql".1o. In'''\I'o'Oon b, pon ... 
..... 11y w,itt.n in "'" "'rm · . r I - -"" - V<Iu • •• 
l1<li can bo ,.,In.., in "'" Io<m 

r (-. ,du) = "" " 
• • 

(3.12) 

(3.13) 

in "hl<h wo ""0,"" "" integnol <>Y'" a n in'.,.,al "'. I,"o""n 01 h """. 
otlIu",,' fo.neI ..... . , ........... 01 'h. in,."", ('h. __ ry). Tho I...,. 
_ •• """, I . n"1og 01 'h. 0_11'1_'" in''"II'. ';On Of po". ..... ..., 
G,_', T"""",m in whO;;h on ""'"11"<] ""0' • ]",,-d""on_ '01lI00 R 
.. oDn'. "od '" on "'ognol " """'" ,,," I>ou<><lary 0' .... "'gOon, I .•.• 

(3. 14) 

in wl>ich Cis "'" I>ound!wy 01 '"Ilion R ( ..... .. g .• ~nOO>tl 000 Rod· 
!>en", (3-311 . The _" "'og",t.", .. oalfio<l QI,( in IhO """', _ <I, . 
o<lion _0 IooM>v in 'ho posit", > ..... obOon In f iguro 3·' on pogo 227. 

ConWo, tho ~I c". 01 03, ..... rt--om in "hich , ~~ ... O<I 
" . 0 10 Oobt>in 

(J.1 5) 

Sim",~. "h • • " _ 0 aoo" _0"" 

, , .,. 



.......... .. , .. __ ...... 
13.161 

13 .17) 

F ....... Eq .. 'ion 13.~) can bo ",Itt. n as 

JJ"[ ~ - ; I!. J-:'[!' JI, .... 
13.191 

~ Ji ~ ;"#' dy_ Ji ~ _'!E.. ID. . O 
"'C...... "'C ... , 

Th. IoIkowOng ,eoooning .. ..- 10 oblllin t~ diII. rent .. 1 eo • • _ 
aod __ .,. <:OI'dlion •. F ..... _ •• "'" ,h. lLOnC!iDn ~1' .~11s oollitra.,.. 
It>o _ 0"0I .~. 1 "" .. 'ho """"'" 01 n bo.- 10 va n'" I" • ..,..,. .... '" ,o. 
.o!uo '" t on ,~. _.,.. u ... .... or. loft dh 'ho __ .,. ... ~a .. 

" ~df dy _" ~ JF "" . 0 
'fc .... , 'fc au,. 13.20) 

Fo. 1M '"1>0<"1. bu' ."""".~ oom""", a n<! u .. 'ui, oa .. 01 00 • .,010,.",<. 
'" ~t. 1"00 .... h h __ .;0. '" " .. ,og;", I.""h • • I~. r.e
tangle 01 & ' '''''"Ogl'lo, P"'O), tn. ;,,101IfI'I' in Equotion (3.20) boc<>mo 

t~=. dy · t. ~=. dy · t,~ Z, dy 
J. ~ df "" ~ J; ~ _i1F d .. Ji ~ .ff' d. 
~ au,. "to , .. , "'C, ilu, 

13·2' ) 

in wh"h C, ore _ 01 OOnSlllnl ,~t. I n • •• n<! C, ~ro line. '" 
<oMIII.! y ~t. lin ... TOI/O'Mr. C, ~C, ~ C. He ........ , d • • 0 on 
C, a n<! dy. Q on c." 00 U'ro loll wlh 

1322) 

_.'.', valu •• 01 \ 01'1 C, .ro indepor>den' 01 .. ,., .. '" ~ on C, . Th"" 
tho I>ou_,., ;" '.go-'" fII."' , a."" _",'olv: ,h" ,.,"1 oon hopp o" 
only f .hor ;m~ndo. "'. 1donl;"'lIy ,.ro, In "'m"",..,.. ,h. koIo....v.g 
""IIdIOn' muot be aali>l""=!. F~, _ ...... ~ .. 0<1>1 .. .,. in ,eg;on R, 

-"'--'-[-"'-J--'-I-"'-1" ." ... "" "". .,. .... , 13Zl) 

, , • 



-"'_ .... -
Then. from ,he _,"'e •• nMng of Itlo _ndo,., lrllOVflO's: 

~[ :, ].0 on 'n •• • • """"." (3.24) 

{!, ]_0 on "" Y_""""'" (3-'15) 

in .....,h Eo"'io" (3.23) ;. ,he EuI, .. ." ... _ "" Itlo dop._nt "a.
u.nd E~,"fio .. (3.20).nd (J .2~) ... boond.,., cond'ho .... on tt>ot Evior 
"'''''00. Fo, o .... mple, f u . 0 on '~of , . co ..... nt. In O"; ml>Ol. '"" 
M zo", .nd ~q ... 'OO (3.2' 1 is .. ,lolled kIonI<:a'I)o . N. "" •• "" ... u ~ 0 on 
~" •• 0/ • • oo .. tam. , •• • ~ . 0 and ". 0" "'~ ",Ih <lFliItJ, _ O. 

Fo' E'l"alion (3 .10). Ih. e"""'1"*'oo . nd bound. ,., <><><>druon.o 
.""Iogou. f" Eou. 'ion. (J.2JHJ.2~) . r. 

~-~[~ 1-~[~ 1 20 inR (3 .'!II) 
'" d, "", .., "", 

~[ [!, ] _ 0 011 '·n .. . . "",otani 

~ [ -!, J_o on in •• y_<XlOSloI., 

(3 .27) 

13.28) 

Fo< E~""lion (3.11) in " .nd 1;, ,_od app'<:miono of Equofions (3.15) 
and (3.1~I.ro ''''''''''1 10 0l>I0 .. 

, , 



............ , .. __ ...... 
• "-. 

Beca_ of 'he _.'.0<0 01 ,",0 po .. ibIo fo' .... 01 Eq,,"tioM (3.3 1). 
I. • . , ...... ., .. """"" by p.o. ..... of , .... ,"~od "'" ........ w.~, ''''''' or "ar\&-
fOrmO'''" .. __ ry , Fo,. ' 0Vi0n __ d by in" '" OO<»j,"".rod 
'0 .. 0 ' COOO,""" Y (<<><><dina,. inH). rn . bouOOo.'Y inr.gra b eon too .,. 
_",od by p.o. ... """. """". 1 .... 'o-gion is _,.,o<! in FOg",. 3 ·& .• rod 
tr,. ''''''''1000tll. "'tl> ... or. , , 
ir r..,: dy -( r..,: dy -1r..,;: dy 
:!C," ", <f , 

- (~ ~[:"r"::" , 
, 

j ' • - , •• • +:.,] - r ] , · r , 
in wIlich rna blank 'etm. in bntek ... 01. ide.lie., 10 rho proc. <Ing '.,m. 

~ to.: dU_[,: J C, '" .,. +( ) , - [ 1 ,'( 1, 
(3.3:l) 

l,'[ ] , -[ 

13.3-1) 

, , • 



..... , " 1M "".going "" O\Irat_ by po~.'. Equallon (3, 11 ) _0""" 

1J,[! -H!.hH!, ] 
' [~J i[ ~j i[~]l, '~, dw .. +;o..:.y <iw" + ¥ ilw,., r d'dy 

-" [~- J-[-"-J - J-l-"- jl' · 'fe, ;,." "' .... " .., .... ,r 

-" [ • -• [ " ]-• [ " ]l" J;, Ow, iff itoI" ill< ilw" 
o 

_ Ji ~;<Ix ' J. :: "<Iv '<0,,, 10,", 
-, . 
~" 

-, . 
~" 

.r, ;: , ", 
_I; iJF 

~" , -. 

13.315) 

Dy ".a oonjog _eloped pr.""..ty. "'.'OIm;" bloe"" n 1ho """. 
bioi ... ..,.1 m .... b. '.n;> o. mu" """" 01'''01><>"_0)' "'''''00 n o' it. 
Il>o Eulor <quo,"'" 10 , II>e dopen<Ion, .. rioblo " .. 

AL <[ "-J_L[ ow] 
,)w .. ,..... iII<;)w, 

i[" J '["] i[" ] .,"~' + ~, ...... ,,-,ljo iIw.,. + ."." ''''" . 0 

. ... ''''' bo<on<Ioq ~n •• ,. .,.,.. ..... nom 

[ !, - ~ [ ~, ] -~ [ ::" J] 1;.0 '"' 1<>0 • • • <Oo.~n(~.37) 
[ !, -;} [ .:" ] -! [ :" ]] 1;.0 0!1 ~ •• , • COfl ... nl~_~) 

[
<of 1-, _ 0 <>II ill •• • • """"On' 13.:10) 

.... " I' 
[ ::" ~ = 0 <>II I.<l" Y • consI.n' (3.40) 

[ !" f OO at I',. Y, ). " ,_ ' ,). I'~' Y,J. "._ Y,) 13.41) 

.. _" I'. Y; "''''''on Ihe f' """'0' 0/ 10 . ,...;on in F;g...,. 3-6, 
n. Eu .... >q uo",,"" and _I)' C<lnd~_10 m.~. "'~ lint • • ri-

0''''' 0' E""",1on 13 .~) UI'" (i .• . , to "",ke Eq .. _ 13.4) ".OOnaryl hOvO 

, , 



no ..... ..... .. , .. __ ...... 

been domed os E_lions (3.23H3.25). (326)- (3.2e). and (3.36)
(3 ."). rho _",>I<; ""un<lory~. I .... o~~ Y, v , ", w" and w, 
and h 'r>040~ , ~ • . 1;., ". ond <-, bOCouM Ihoy """"".01"'" ..... 0 ..... 
~ I I Ih ... qu."' ....... <ooo, .... n ' hor' . .. .., "",u .. l_ry-. 
dol .... becau"" , .. lo ,...,.,;ng ""undary condi ioos 0" oalicli<rd Iden· 
tl<.o.lI)' . H"...,., ... II .ny 0' ,h. 10'''9'>lng ~"a""I .. ;, """'"00 ...... , .. 
co~~g ""t",o l Oou_ry ~n " ~"'ined lr<>rn Itro Io~ 
bc>undary condilion •. W FinE_lion 13.,)" ",ed to d • ..,rib •• pl.lO. 
th. n n clo"'f"Od plot. M • •• 1I""'""'ri< bc>u_ry cOOO ....... A oirnpIy 
""I'I""'od ptoto ho. w • 0 ,00 1; ' 01 nnd "'9rt Q ' "'9rt "'" ""y. " • Q 
. 00 v • 0 (o.nd ~ _ 0 \O . h ~ _ 0). Or. 10, on .",,_ doI",molion in • I<>od 
(rnm . , "(0. wi ' 0 at t .. _ 000 ujo. y) . ~ .t 'ho l<>p , "" ... . ~ . O 
(~_ 01 t>ocau" ~ is Ii:>.td in .... "",iIu<Io. Th ... n,t"",1 __ ry oo nd> 
IioM I,om 'ho lo,.going ""undary rordition "G""ljon. ",u" bo invoI<Ird. 
NoI. \!\al. IQ' a pia". Itro .... _""'ry ""_, Equoll"" (3·" 1. io 
, . .. ,td 10 I .. <:<rono' 'O. ctiOn. _'V" . In~, 10 .,.,00;1.,. """" t .. 
00"'0' , .. 01 ..... "'" ~"" 10.,. Iror.ro<jOry condiI""'. _ .... "'"..
boundary oondrtion.to.- . p!;I.IO, Ih. wo,k 01_ qwrn' rti .. my" '" In· 
0"","" in • """"""ry ",'~al _ to [quo""n 13.~) . Ad(lIJco 01 
boundary "'ogr.rlolO E~ u"jon (3.4) """ 00< .~ocl th. Eulo, "Guat" ", 
Iroc.>.u .. "' p,j""". ' ........ 'Hod! irrl>dod by traoslo"".1ion ;"10 , .. 
"'goo. R, I",,,, ,h. boun<imoy, C. r ho tollo" ny ""'" ' . ,m. " . ... """"", 
"' l". ctl=l p""",,,m" 

" tiro _k "' . n ~ oomo , lore,. R, , 
I R,w; .. , IJ ··:/) 

,...,,. ._d to (quol ... (3.4) ...... v"iot""'" prOO...a Obv~ I-H-d. to 
the boundory condition 

±[,,-[ .: ll'·' " .• ' ,., " , 
_,."""" Itro ... "'m l bound,ry conditJco I~ ,, ~O) ill 

A,.r. : .. 1 
TO. _~ '" "' ....... . ~. ,,,_.,..10 Iho pla ....... _ can". Ir>

c"",",," Eq""b"n (3.4)"," ~'*'" 10"" IrO<.aUSO 

W ... . - i "', ,",~. t "\- ", d, 
• • 

AOO no. a t lr .. voria'"n 

, , • 



_"'_ .... _ l.I'I 

aoo 1"00 Ih" 1>Ourdi>I"/ 00001""", Equat»n5 13.39) a nd (3.' 0 ), b«o"", 

[I.<, • '';:u ] 1;, . 0 on I ... . . con",,"1 13.'S) 

[ "\ + :yt ]1;,. ~ 0 <>II _ 1- OO<\sI.o n, (3.49) 

Tt-.. wo"" al 'ho in·pIon o ~. (noo. II,., N,, ~ N, • • r><I 0100 ,Ila, 
1.<". . - .... ' beo:o. .... <" • ".J '" 

w .. ~ - t ,<Oi,H Oi,.U)d' • t. (Oi," • N" . )d\' 13.50) 

00 (qu.,""> 13.241, (3.25). (3.21). ond (3.2aJ-""'o 

~[::. - N,] . O onhn"',._o" 13.51) 

~[ - !.' N,Yl·o <>II ...... ,.~nt 13.~ 

~[ !::-_ N " ] • 0 on lin ... . con".'" 13.5:1) 

~[ _ ~+ U,]" O "" ""'y _oo" ... ". 13.5<) 

_ 0 , .. , . 10"'. "., is "WHo"; _"",,,,,. 11y ",Ia'"o k> 'ho pla'o ",10 " 
...,. .u~"'. an bo ' ....... od ;"'0.10«>0 ond . mo.,on' . T_, sud> 0 
"'''' • • 0 . bo " .. ,0<1 w."" 'ho """'0" 01 '''0 '''''''''''''II "'1ua''''" 

Tho """" 01 dJottlbutod _ lore •• In tho '~_'io. ouch~. , .. 
j(j,CI>ho/!"'oar I. "",,, 

13.55) 

, , 



z.. .... ........ , .. __ ...... 

3.2.3 Equlllbrl<om Diller.otiol Equal lo"" and Boun<iaf}' CondIIIo"" 
10, """ K',m'" Plat. Thoo<y 

W. kno" from W' _Olng lI>.ory n Chopt. , 2 lhol w. "'"~ ot. ~ 
wiIIl .n OG"""",," IMoIy with _ .. I. 1y 10'11"' __ lorm. n tho 
.... tn-&oplacMt. nt ,.Iotio>no. In .on Ktnr>M plot. Iheory [3 ·~I. a. """. 
~od "lh <Io~ plot. thoory. d.n"""" •• a'" ""i/O ' ''''' 110 ttrot in · 
.... "" IOKe. and tlspl<wem . nto my'" be OOMide,od. Sp.<licolly, ,he 
.... "'-dIopIacMt."' ' 010,."..10< 'ho ",1d01o ."~ace 01 a p lato "'" , , 

"- .' +"2'" , , 
',= ', ' 2 " , 

T,,· ·, · .., · ".", 
II> .. ilion .... .-nd-Ofdo, ,_, ><. <au_ 1>:1 "' ..... at. ,,"10,""'tloo' 
(O nd ttro 1 •• 1'0","' I. rm . . . ... 1>:1 ,ho m ... I>I • • I", omoJ do,,,,,,,.,io .. ). 
Tho Ki,ehho/1 Pf.SlJmptron 01 a I.,.., .lrOirr ,'"', ,,.,,, th ""'ll" th. plat. 
tlriokn ''' I]~1 1o _ .... .... oigniIi .. th. , 

"." "'" Y" _ T,,'n,, 

irr wtriCh ","" ood T" "'. 'ho .t ..... a' a,.., po .... th""'9'l ,toe ,trie_ 
z is t!>o "'o::~ ... s coOrtIrMi. m.aSlJ rlKllrom ,ho ,oI.ro"" ...... "". , and 
~,, ~, • • M".., a ro 'h. m~·SlJ~"" ........ 'u_· 

', - - Iou 
"'.-" .... '>, __ ZW" 

13.00) 

A.n at"''''''"'o d .. <ription 01 lho Kir<hhoff hypo"""," .... O),M Iho 
Io"'"""'si ,,",oicol o,?-""oo" ". rirr • • lemo "1 it,., io.,.y...1Iy po.....,' 
dicuIo, '0 Ih& pIo'. mid<lo surta<. ,."",irr. ",o>ghl and perpen<liclllo., "" 
..-.II AS "",,,.,,..,..1 "ode, _",..,100 01 'h. plot •• "'on "',a lgN.n . .. 
01 ,h. lO0Io .tom ... ~ 

(J.GII 

and 1M Inoxto"sbnal e","ractor 01 tho I"" ... m .... implies 

" = 0 (3.62) 

Wo now m.~o OOITlO _rv_no aboIJt tho l/O'OIIIot<y 01 t!>o Kir<:h · 
!>oil l>:lpoth.... Fir .. ,. pt."" potp.nd;crJl>, '0 ani Me irr tho ploto 
mio;ldlo __ '"""' ... po",",,,,,","I,,, .~or <1ef .. "",tlon lhot oon ..... 01 
llerdirrg (pe<eeotllle .. Figo'. :J.-71 .nd otretch .... (""r per<e ptible irr 
Figo'. 3_7). Thuo, 'PIo" "1<:1,,, .. r ...... irr 0"''''. bt.O 110""'" mLlOl oj. 

",ula....,.,,,,, <0"_ '''''' o-""",,",uIa, pIo""" t . .. 'ho ... plan •• M 
(toe y-l pia .. ;., F",-,," :J.-7, and lhoir" int~"", tho ..... is. 

, , • 



-"'_ .... - ,,' 

S;m"""n~. "'" _ • .- Sl, . .. io ", • • "mod 10 1M< ,",. 

~, _ O 13.6.1) 

How.,.,. '. ~nd ". CO """t ""'~ 1>0 .. ", .. ~r<y , • • ct -.00.; I~"" . • 
oon,raOCtion """'.... T,*, Iypo 01 conItadiction ... n' i'~ """"",toni wlh 
'u",,",""'"'" mOO"""Q o! m .... Iot. _""""'0$" whioh • ,UIII' ...,. 
~"g p",""m"""" _ ot>ouo IflO ~,o<>t~.":Od W",",.,.. 01. mo-
chanlcal . , .. _ TM con"adlclion io ,~. eN. o! I~. Kirchhotl hypo. 
'n . ... : In"""," """ oIlh. """" a dicli"" . an """"""n' .nd , . ,.,. off O<tIY. 
01>1'«>. ",.110" 'n .. " ",,"'.' mo<_;" 00"""'. Po" 01 ,,,. "'POI"_010 
io lhat ~ ."" • • , p_ It,.... •• ~. Qt, non ....... ' . .... 0 •• 0,.""" ',. " """"ing '" addh><, '" ,no .wro .... , .... ,. 01 p ...... . ""in w<. 
",,"zaro _;n. ',. ' y. """ T., 

TflO .","" or, , ... ,0<1 '" ,~" .. ,_ .. on """opC 010";0 """" " '; 

0, ' E .(r" ,;l 
H 

~, ' E 2 Ie, . "., 1 13.15011 , -, 
t., ' 21/' vI T" 

.. _~ E io ,~. o .. ,Ue .-..zus and, 10 Poisson', .. 'io. 
By ... "n lion. ' flO w . .. one'"" ' or." IooUopC ' '' .. ~ m ...... ' w,. 

0,.0. T" .0, ."d t,,' 0 .. 

U· ~ ll[l)";''': -2'0,0, ' 211 ' ,)(,p. r'" (3 .65) 

.. "h;o~ Eq .. ' ..... 13.59). (3.601,""" (3.8-1 1 ca" be -"'~u'.d ond ,flO 
" ... ~ "'001"''''' 'hroogh ",' 'h"""- '" obi ... 

LJ . U~. LJ. 

in ... hlc~ U ........ m.mbo-an . .. "' .. ' ''"rvY. 
U.,= E, 2 Jr[<!.,.:. 2-.'"" . ~ 

2('-\' 1 J,. 

13.MI 

IU11 

, , 



... .... ........ , .. __ ...... 
aod U. I. I .. to. od;ng Shain _11'1. 

,,' IL[' • '''' U.= , w" ."".2> ...... "".2(1 - 1')".,.f'"dI' 
24(1 <) 

(3.M) 

TIM momll<an. """in .... 11'1 ko 'IISOC."~ w01l\ __ lions '~I ,.~. 
p1ac<o pmo"", as strtto~~ or """traolio" "' tl>o 0101. m_ '"~.co 
.... I Iho plato "",. a "'in p leoo", ..- (0 m. mb< . .... ) thaI No, "" 
De"""'; "' ..... oc.",... ~. g.ood in~ .... _"". , TM t>er'<Iin<l st"" 
"""'ID is .""""jo'o<! wi'~ de"""'.,io., 'hot 10k. I*!<' •• ber><ling 01 ,~. 
pia'" ";'1'I<><Jj ao • • x, • ...,., or coohll<lioo oj ...... _ .. rt"".. Not. 
IMIIho .. two!ypM 01 dolormation ond ..,.in '''"IlI\' .''' " po,abIe lor 
iootropio plitt .. How ..... ', kif "m;MI~ """'pod. 1'13' .. aod ... '" .""h .. po..~';;" tot doIorm .. io"".od .'"'IIie. _. nol o ..... , . "isI' 

Th. pol""h.1 . no'?! 0/ ,h . .. tomollo..,.. """ ..... 01 ... , eou_ 
by h".""._ pro"""" p, 00 ,h. "" ria« '" '"" ptt,, : 

0,. - - Jlpwclo.dI' (3.69) 

,.." oou_ by • ....- in·p ..... 10", ... N, N" ~od 'l,,: 

n.. -- t IN" , N,,")<t< - i (N,u . U,,")dI' , , 
Ural ","usod by.wOe<! ~ momo.'" M, ' .-.:I My: 

[l~ _ . t M,",dI'- t M, "F 
, , 

\l1.a1 e.ou_ by • ....- Klr<t'II>o" ,l\o .. log ''''''0' ' 

''''-+ t,K.,"d> - ,!.K, .. "" 
ood 11», """_ by 01'l'1O.d CO<Mf 10.<00 

• 

(3.m) 

(3.711 

(H2) 

11"_ L A,*, (3.n) ,- , 
Nod , ..-~'". Equo""" (3.58) ;" Eq",,'''''' (3 ell 0.-.:1 (3,651 .od 
l<Io<ttily F .. Eq"alion (3,.1 .. 

F ~ ~ [[", 0 ~ .. :r 'h" ~ w:]' . 2>-[.., 0 ~ w;][.,. ~_ w:] 
+[ 1;' }"+ u,+>,<,w/j 

"[' , 'J . ": - ""'''." , 2>'w"w" . 2(1 _ ,) w,, - pw (3.14) 

in which A _ H ll _ II ) • .-.:1 0 _ Eri[ 12(1 _ I") 1. U .... 1II'. A .. <aled '"" 
0 ' 1 .... 1'mol .. ,." . .. . rod 0 ,.., .. !;ding oliItn~ .. ""au .. 0/ tt,. ...... 
• norlD in.."..ro with ...,~~ t_form. Of. ~_ ,." .... 1;"' • • t~ • 
• ,.- B Or u_ in pia.,. 01 A. Appa .. nlly. F 10 8 quart!< f"""",," 10 .. , 

, , • 



-"'_ .... - , ... 
000 ..". 0.0 only 0" cOrlh ibulo. '" F. NOlo . 15<1 'M ' • bar ""0' 0 symb<> 
in 'ho pol . ..... , _0'11 01 . " ....,.,10<0<1 ".01. dono". tIIo'wIIed 1<1«0 
IX R\Omont ot . b'".,,""'l' t ....... ,»On"" 1010"'" 'orOO IX ..-ont. 

In "'" """"'" 0/ ouboIouti<>n 01 Equa'kln (3.U) in ' M Eu", -'1""'_ 000 -'1 'ond ...... in SO<1i<>n 3.2.2, (ho _wl"~ ,~ 
p.ri .. , d."" ....... 0/ Faro noodod: 

::: ~ O ;:, ~ A[(U,. ~ "';)>I'(V,' ~ .. :)] :- ~ O 

J:, - ~ (II . ")(\,, ' u, ' " .... ,)] : , - ~ [(1 ~ vH', ' uJ ' .... ,"',)] 

:, - Ah·~ "{I. v IU, .~ ,,;)] i!_.p 
.. [ " I , ( I · v. 1 dw, = A ",(u. ' 2 ",,) . "',(v, , 2",) ' --,-",(y.'"J ' w,"',. 
.. [ " I , (' · >11 1 .... , - A "',(v, ' 2 ",) . , ... ,tu, • 2 w. ) • --, - ",tv, • u, . .... , "',. 
;JF ,)f' ,)f' 

'"" _ O("",vw,., ~ "" _ 20(1 · " 1"" ' .... _ O(",.".,,'w,,) 
" '" .... (3.75) 
S, .... I"'. I". ,)f'1 ..... Equat .... (J 7$). 10 ,,,. Eo .... "".o""no 0"" 

bounda'l' """""i<>no of _lion 3.2.2 '0 \lOt "'" oquiIobrium ..,u.'i<>no 

(3.76) 

. -. • A[ (u. ' t"'!l .,,(v, +t ,,:)]. N. on 10 ... . con ...... 

.=0 • A[(V,+t";b>lIU. -! ~) J = N, on in .. y • """otani 

.-. • I ;" A(v, '- U, • ","',) . N", on In .. , ~ <0" ... " , ... • ,. v -
- ,- "'lv, _ ",' "',"',) ~ N., "" In .. . . w nota'" 

, , 



·.. .... ........ , .. __ ...... 
.. ~O 0' A[ .. ,[lU" ~ "!I' q." ~ ,,:'1, I;V "',l', ' ''''' ...... ,1] 

-o[ ;'_(w" ''''',.,.1' ~ [211 - V)or,,] ] . K, 

on I .... . . <:OMU!nl 

.. . 0 o. ,{ .. ,[I',. ~ ":''''IU. ' ~ .. :,}. '~ . .. ,(Y, +..,. . .. , .. ,)] 

-o[ -jy I .. " • ''W" I' ~ [21' - <)or",]] . II, 

"', . 00' -O(",,"''',,) . id. 

"', ' 00' - O("',., u""I' ''l, 

on lWIoo y . "",,<tint 

on ..... . . ""' .... nl 

13.70) 

Tho 10., oono''''' a1 00""' " a fso oppi • • • , _ ........ 10 1M "'10_ 
!Tend 01 ,no _ ...... ;'Iogral, 

An ",. ,...mg oiIu .. ;on .ri ... I", . "'Ply _nod odgo. ~ .... "". 
piod mornont .. zon> .•. \1-, M, _ 0 in Iho rnomonHu",.lU,. ,."""" lrom 
E_';;" (3,N) 

on ..... . . """",. ", 

~ .. . 0 a""" 0" odgo wlltr_, • _nl, Inon " , ''''' "',.,. .,. "ocossa ...... 
""', 50 "' .. . 0 ttKau"" '"', • O. A ""'''''Y 0"""'" ,_~ 0010.". ,10"11 
odgM Y • eon"',"' Iw. , "' .. , and "',.,. ~ 0), 

Th. ~ IIQu,'''oo eon b. olmplilod e<>noIdtrably ~ "'" to!
"'''~ """"_ ..... .. and morn . ,"..,..,....I..,.. .... 1i<Hr • • r. u'''' in CO"juno-
lion >oi'" I" • • 1fOin·displocom. nl "la,,,,,,, in Equa'''''' 13.&8) ."" ,h. 
eU IVO.,u,,4splacem. n, ""tlio,,,," Equol.,n 13_00)' 

n 
"~ o j «,dz . A(i, ' "',1 

" n 
N,~ f «,dz ~A(i,"'.1 <, 

n 
M,. ' J "., dl . OI<,H"r1 ." 

" I.\.J """" . Ol"r"~.1 ." 

13.1':1) 

r ('-") '"'", ' t,,<dl . __ ,_ O,., (3.e ,) 
." 

~ 11>0 r .... two eQu_iom "'1 .. 1_ .,. uoed '" .impily 11>0 lhird . qui
Ib"'m aqual""'. tho '_no aquiCrbrium oqualiMs a" 

l3.e2) 

, , • 



-"'_ .... -
il!<J", oN, 

--;i;""" ~ ~. 0 

,. 
(3.1IJ) 

(3.84) 

13.85) 

TI1<I """odary 00I"Id0I"". ,h •• bQoom. 1:Iont1 .... . . g .. N, • N" ole. Not. 
,..., at ... ~.",. ~.' .* .,. of 'ho pia,. __ ..... ..,. , T ..... 
_ 'Y ~"". ~,. ot""",l""" ""Iy 0"'n9'11<I~. of " . ",_ 
. url..,. foo •. tIO' on ""' ont"''''_ 01 tho plato. 

n ••• """''''10 1y 10.'9""",,'''''''''0 oq uiibri<>rtl oq .... "' • • __ _ 
"'"'''''ed by..,., K. """ . p"]' H. appIiod ,~. "' '0 oq';ib"um PfObiomO 
;,. .mich dolormoliono _0 1/1,11" M1<I<Jgh that th. momhrono or ;,..pI .... ""reo. p"",ido. ";go"",,,,,nt i'<"';"n of th. f'Ia" .. oble"". , With ""' .... 
_;.ted """"""<)' _"' .... '"" .... __ 'Y"_" o p",,". m. 

Tho ~"'to ... nl after EQuation (3,85) "",t 'h. __ ry <><><><ition. 
bo<:orn. Idonl~"" ."g_. N, . N, 111>0 ~or",,1 foru N, ~ oqoo l lO 1110 ap. 
~O<t 0""""10«0 N, II tl1<l __ ry). oW • .-.<teO, .. ...., .... , "~"""''''''. Act""..,. ........ ra' poso;blo " ' rpro18lions <><'Cu, kit tho __ 'Y ~ 

W -I,-N,I - OooC, 13.Be) 

I.. , on . oj t .... loIIowirlg """ po .. _IosIor. ""n<:ulo , problom: 

1_ Wh .... owIlood .. 10 "",1 "",,0 N, .. ""","m, 1. . ....... " ...... 0 1M' 
_ • ..."., ioI _ted ou<II M In F~u,e 3 -8&. t!>en N. _ N, or><! u .00' 

2 . W_ N, 10 ""' , thon .·~hOf ; . 0 whorou_ " • 0 o r><! N, i. oq ... ' 
10 a ( .. ,lion IMt 00.. rot do ..."., '" 

3 N, . 0 , .., ,no edge 10 '_ 10 "" ,,0 " tho ._<fir",,'''m . . .. FIgo", 3_ab_ 

8 1 ..... ' . <pIanotions can be d ... 1o!>ed lOr ,h . other __ ry condit ions. 

",L===;_ A g-

'. 
":-1 ---'----j ., - , , , , 

, , , , , 

," ==:::::--It e-. a A 
• ...... Loodod '" "'" ._""'" • Plolo , ,, . .. """""' ....... _ 

,".go." 3.J 01 ....... .... PI ..... _.ry Coodi:"". '<, .... ' .... t<foo 

, , 



·.. .... ...... .. , .. __ ...... 
A <""" .... n' ana . tt""""'e natah". lor ' M •• rIo., ca .... 01 oi"""" 

oupportod ana ola"'!>*d ~ ""'. "«<bood lor "' ... by AlmrQIh [J..o[. 
W •• ""pl .... ' roo<. ';o., lOr P"" " 

Simply Suppc~fXI EdgH; 

"' .-, 
"' .. , 
~. .-, 
~. .-, 
el: ... . 0 

c.2: .. _ 0 
C3: w _ O 
C4: .. . 0 

The ....to..o.-ipoa n . 0<1 I 
"''''''. 11>0 diro<:lion. in 
tho p ..... 01 on . pia" 
"",""" ~.-.;! .. "9on,;,,1 '" 
lit. odge ur>do, oonsid· 
..... Iion as ... fig",. ~.g 

"" ...... "" .. "'no(H _n 
owW<do'a~ 
disp'" . rnen" k>n: •• '" 
momtnl ........ MO$IIy , 
100 .. ..,.' . "'. " SO c . .. · 
... ,. '0 ... ""' • • bllCk· 
~'g .,.d 0' "lICking "' •. 
plB<o""", .., .. e.,.· 
!uI "j;~ ,~. ""OIba" 

Mn · O •• ' :'i:. ... .0, 
M, _ O ~" - ~. ... -", 
" 0 _ 0 ". -". N", _ N .. 

IU7) 

Mn · O ~. ' N. N .. _ N .. 

"-'0 . 0 un - " , ,-, 
,"" . - 0 N, _ N. o, - ~ 13.83) 
'"" 0 - 0 ., -", N .. _ N ... 

'"" 0 . 0 N, ' No N .. . N .. 

1"--.. T_ .... 
~~c:=::::;_-, 

"-I 

I, I ", •• 
' ..... 

I ~ ... " , -, 

A """"'og"i>, pl>'o con be cha<. "'orizod • • ""vng ""I' """ 01 ,1>0 
~I """"~_ ... E~ ... ,_ f..I,"7) . "" 13,eS) on ... o~ 01 ito '0"' .,Jgo$. 
The ,ao~ 01 po .. _ Os, tho,ek>< • • ""ile 10' \10 1\><.". poMiblo con· 
_ on . och 01 ' '''' lou- ods/O' ~ tho ''''''.o-dg' """""_ . ... incl<Jdood 
. Iong with tho .... pIy "'WC<1"".od clamped or , .. "" otl\IM ... Equo,"'" 
[3,87) . 0><1 (3.eal), The oi!Toplool ""eo \0 .... "'" ""'''''''Y .. '''~ ~ •• 
t)'pos 01 _I)' <on_ on """".lIo, ~ "'" .1. odi/O.. Th. oonpho. 
&is ... ,"10 _~ I. on pIo, ... ,.".h fou, . ... ~'" _""~. SO 0 .... 
ar. c"",""n r""" _ .. Equal.", 13,87). NOI. ,foa, oi"'l"l' _od 
""- foa .. "" ""a';" ... ' , .. ".il'. but ...-hon .... oImplliod ' ... n~ 
01 oi"""" oopportod odgos ,. "sod , ,he op.><ific "'-pIa .. 00000_ a,. 
roo< <Io'.,m"'od. orw.,., .. ,. 'he , ... 1iIy 01""""<1><), ~i,.", Iroo"","g 
"'-plan. oondirtion, "'u'" be ..,.diod by ""ing, to, ... mplo, , h.,. 001· 
"bon io ",,",nod lOr St bo",,"o'Y eonditions. roilu,. '0 00"",,"'.'" 
.,...,"y tho ""U"""I)' oondO ..... ....... only to """'" ..... I"''''''",,' ' '" , ... 
Iitoru'u," oon be cilod! l. 

, , • 



-"'_ .... - '" 
Conside, ,~ . lour ~1bIe _imp~ __ «I «Igoo _" meel>

.n""lO. O<homatloally _",'od n F9u'" 3_10, ".~Ic~ aro Io< ... ~ 

..-. ... ndlng ""'" "'. ,arioo, _"""IC _k. On~'~ ",ado, r;.o.n 
_ ..... , oupp<HI ~~"'n_ ... 'Wlicabiolo • ~Ic .lruel, ... "'" 
al oim~ 0<.IJII)0fIQd pia" odgo • . ,flo pnne;pal _" _m in 
Fogo .. :1.-.0 It.. Irio~, phYn "'"ttl. o""u1>,-<o',,",&o<""" ".....".," 
pivQ1 on 1<>1> o. 0 ""~ ..... ,." ," och".ism fo, 1 .......... 1 00'00_ ....... dgo 
""won to< 1'00 "".Iio .. about Iho pI". m.ddlo "" ~.e •. i.o,. M, _ 0, 1"-
0I'Id ,io .. 01 tho ttio.~, priom 100);0 .."iI>., to tn o """01 ""om _no 
"'" MIh ,n,,,. , .. Iio(Ic """'1>0 ........ '''''' f>"".~ •• oou. """"_"" . 1 ho 
"""" is a _rir>g t~ot ""' .... (limlod) "',._ obouI , .. , ....... """"11'1 
Il1.o c""'.r 01 ttl. pt.'" .. h"~ io 10,,",0<1 "' , .. ""iddio .. ri.c. '" '"" pia'. 
(Uhou~ "'" P''''''''''' A' It>O edgo Of ..... 0"" ). Tho Of«< [I. in. covt, 
in t~o plot. such tM' "'"".", "",und • y~"" .... is poso.bIo. bur 
""",. moot ......... ., .. "' "'" pIo" ",o111CO is ."...""'0<1 (,. . 0) .00 
'ran"',,,,, .1000 a , _ ..... . .. Of !/Ie ...... gulo' I)!Iom Is "'" ".""Wtod. 
T". lour mo" ...... 01 "u,>p<>1iog t"" "ia<>gUa' ...- a,o: 

(" F", 'ho S. cordbo".''''' '''"9,10, prism .. 10"0"0<1 to. Mot;'O""" 
""rt.oo"" t .. ",ism cannot k."...,. in oI~. , ,'''', , '" ,_t_ 
Th.,. " . 0 . 00 , • 0, Ho"". , Io<ee, N, <>nd N'l' mu", olUol. 

(~) F", II,. S~ «>odO"". '~"ia .. ; u"" p,l ... .. ..-0<1 on partiatv 
."_ y--dOOdiM "' .. , ~ '~ol pe",,~ t .. n ... ~io" in t ... 
,<*rOdiM, but tra""""'" connot 0<01.1, in t"" ,·diroction. so "~O 
ond .=0, Hone.. _ . N, m .... "" ,oro, but " ., '"u"' ~xi .. 

(3) F", 'no S3 """""""'. '~"'""!lu"" pn,m .. _0<1 on ~"'tv 
0_ ,-dinldiM "' .. , ~ 0+,., po<m~ t ... n"'~io" io 'ho 
y-<ir«:lion, but ,,,,",,,,,lion cannot 0«jJ, in'~ , ·rliroction . 00 . _ 0 
. nd ... 0, Hone •• _ . N, '""at . . .... ''''' N", onu" "" ' ''''' 

(4) F", th o S4 ",,",,"iM. 1". '""~u''' ~".m .. oupp<HIo<I 0" ~n"tv 
0_ op/>oO::o.l booring. tho. FtO,mit .... n. 101.,,, in o"'Y dtoction 
in "'" • . , pion.. n.....". 0 and .. 0, "" both f"",., N, and N" 
.. <»1 1>0 <000. 

® ® ® '" .. , .. , .. , .. , 
M, •• M •• 0 M, • • "I, • ~ .. , tI, . 0 .. , N, •• .. , .. , N" • • N..,_ O 

""" ,">-10 "_ """"""", "' .... EqU"'","" a"""",, """"''''''' 

, , • 



... .... ........ , .. __ ...... 
T"- .N.1ov<>u> I ... , 00"""''''1 «><r<Mions Ie>< clamped ed\IO. a, • • 

... ,. moro dtI",u , '0 ~",.I< • . n . K.., mpr_!<Or ... M, eon ..... .. 
aelampo<l odgoo migtrO be 'h. C ' eond."" 01 "" <!Iop_.n, •.• . ' . . .. 
.... . .. "" rot.,.,. . ihoi.) , . _ "".' , 1o mp4d ~ .. oorn"1Only .,.. 
Wrpfol<r<l kr mo,n only 'M' It-.. '",_...-so <!Iop""""'.n, ..... ... tIHr oligo ,QI>.'''''. N .... . ... ""'h ,oro .. ~I>ou' rIP«'*Y~ -.or .. -pion. d1~_ m.n' e.""~ _<VI'. It-.. bo,y ...... tN, C<>fl>l. ul .. Ill ' , Iomp· 
;"g I~tur. ;" FOg" to 3 ·11 ,o5traio. boU1 'ran .. ., ... dOspIdco mont. w, . .. 
edgo to"""". dw.d>.. T"- _'I ..... elampOng I~'uto io .te' ."ppM" 
""'ormol .. ,h. ;" 'P""" ""un",,,! ~n • . Thu,. ~ ..... ",mp;.~ 1 .. -
M o <on",,' movo ;" """"1' ""' ..... 'hon .. . 0 acd, . 0 lor tho Cl con-
_. Only 'M C. cohd."" .. ",Iy e .... pod "' " ''Y to"l'O<'. 1.' -. 
"""'1y wil!>O<ll " ... ...,..".", 0< _lion. Tho O1Mf '''m~edgO con
dilions a A Iwtv. """,a Ioml of in·p""" """,emo'" .-mined bocau .. 
.. ,Iou> rotlo .. ato pr.Hn! . Tho, io. "'" torm cr.om~ io iI1l' ''''01«l to 
"'oan only ,h.,.11 bo'oO.' .... h.,. o:>m"I81 • ..,go '''''''n '0"'0.". 00 
no diOpIaCOmorrI 00<;"", ".n ....... \0 ,h . pill" _"" •. Il 1"- cI.o...,;ng 
fi,lUro con roll ;" "'" , ·d'oction . '''-n N, . 0 , bon • • 0 beca.- 00 d ... 
"""'omen' oceun; In 'h. '1-<>*""'" lor .... C2 botJ(>(l;>'Y """"*'">n. N . ... 
~ 1"- 'lamp;"g Ii."". "'" '0' ;" Ih. y.<;t;feCl ion bul"", in Ill ' . -difeClion, 
tt>on N", . O . nd" . 0 , Fioali'. I ,h. elamp;.g lixl"to can toI io boIh 1"
, " .00 y·di,oe'"t'IS .. I _n"" on I"""" ,"" bolo, ,!>on ..... .,·pI.n. 
10",_ m"" be ~' "', I .•.. N, ' 0 .nd N, • • <). 1M """"~" eh. _ _ ~. 

~ ....... ido.liz"" modols 01 """"on mochon ..... . ,. '''1 dill;CU!\ ' 0 ..,_ ., practic. 

@ @ @ @ 
• •• • •• • •• • •• 

w., •• " .. ' . w .• , • w.,.' 
• •• N, " ••• , .. 
•• • • •• N" • • 

N
ro

• • "_ ,,"II ",O",,--EOI/O E'OMM"'" _ ... """"'""'" 

" ,110 plo'. ~"'ibrium equa'ions. Equa' <>ns (3.82) . (3 .83). 000 
(3 .$4), . , ....... ,1<""'. I. • .. 'h. oon ...... ' to"". in ,"- .... In--<I$pIa<.m .... 
.. 1o'ioo., Equolion (3 .~). '"~ 'II"'""'' ' 1110 0 Ih. I ... ..., equ~ 
~",,'ions. Equa''''' ' (3.82) aoo (3.a3) . . .. <IK<Iuplod lrom 'ho 10., 
oqu,-'", equ.""n, Equo.''''' (3.84). """"""<VI', ..... bourio:Io'Y oood;· 
tie". OIl u 004' . .. lIooouplod ""'" ""' .. 00 w. Thuo, It-.. bou_ry 
00_' m pllfy 10 .... ply .uppo~"" (w • g ond w"" . 0) ao4 e~'mpod 
(or • 0 and ", .• • 0) lor marry non.,., .. IMdi'lg prOOlo"," 1<>, pill .. > 

, , • 



-"'_ .... - ,., 
3.2.4 Fl,., VIIfIB'IOn ollh. 5e<:<>r<I Val1allon 01 a ~b" Int.-gr., 

B""U"g "luatio". Bod .""",jolnd boundar; condil""" ... be do· 
rivo<! by ...... oj Ih. principlo oj minimum poIonl .. , • .-gy ""'P '~ •• 

!I(!' Vf · (l 13 ."~f 
itt .. hl<il b'V 10 ""ply b'Y .. a w lnd al ~y _ o. 1 .•.• • , " 0 OG u;&tri,m 
... t. tha, "" • • r,..", bu n ~ol.rm,"o<I. Equal"" 13.8Il) i. t"" .~jace~ equ,obrium _ng e,,,",oon m T",fHz buckkng 0".''''' ""ocrbod itt Sect"" 2. ~ .3 P ' lI- In oroo, 1o obt.itt SY •• va,;""" ... . g .... n 10 ,"" 
di,pIooom""t. . .... '" tho ""ullol)""" ... , •• I .• .. 

13.110) 

in wn.,h tho lou; or. 'ho d"","-oomono. ow., '",m , .. ",,~"'m ...... 
S, dolinjoo. ~V I. ,ha, ~n oj lho eh.~go itt V lha,;o linea, In ,'''' vorl.,"""'f dioploeome " l$. li<I,. S .... ilaffy. 6 V .. lha, pan o! , '''' chan"" m V 
!Iou .. quadrati:: In Ih. 00,. 

Wo w~ o""*",",,o ,,lo ladln,, Iho di.~ .... o" .. {tom , .. oq uilb
"" .. ot.to , 6u, . . .. " PO"''' troo> t .. diop"'.,.."onlo 0/ tho oq uiN>Wrn 
"" • • u,. by ,olaboi ng tho Our ao <1,. AI q""n"ioo witt> ,.riatio"aI O)"mbob 
.r • • """,i.lo<I _ ttr o pIlyoioal.,t 01 buclding, The .. va",'""", h.,. 
no ,ola'ion 10 "ho' ~ itt tho ""uilbri<Jm SIa'. -9 up 10 , .. 
_9 ""d. Thon. W V woo ",y,..'/y " ...... d .. I" ... 01 t .. ;"'og .. 1 
oj • IL>nCIiooaf F o! ,"" d"","-c. ,.,.,... oro , .... _at"'os, 
s'v_I'[(w.,;lF , ,00./ ilF • . ' . (6u~ .. )_t." •... ]dlcd)'IUI) 

In w' ""' """" , -.. 
~'v~ JL [" ~~ , u~~,,,,, u'.~ "" ]d'dy (U2) 

in which ,h. ;rtFI ...... 1u, ar. "' .... ' od k>r oquilbrium_,. di",I, .. ",,,,o,,'" 
No". omploy t .. ",lI.t"", 

in "hicll Ii .. ~i_ as ,"" intogra'" in E""", IO" (3.g2). Thon. a 
"" omo"' , .. , ~ Y m"" bo . "'lenary a"""""'g to , .. P'''''ipIo 01.,1nI
mum t><>to_f ' ''. rm' , . ",Ito in 

~&2V. ~ It [.so. :: • 00, t: ' .. ] d>dy ~ 0 (3.114) 

Sa, ..... """" o! "qu.o'io<II3.114) oigoWIK ..... ' .. abily "0. uaooa '" •• iol 
in , '''' original ""u~m .. a .... HoW9\l'"" ,h. "_ 0<1_ "'''' 01.:0 .. 
intmodia'"'" o<I)aetnl. 00 ' h. buckling """ .. otabIt aro ..... at ~ .oymm,,'" I>i/wc.,km poinl n 0 0 p-ag .. llQ-21 in SodW>o I.a. Tn . now 
,""",lena, H;o I,..'o<!'" Equa'ioo 13.114. "'"' ... F __ " hon ,h. Euio.-

, , 



... .... ........ , .. __ ...... 
"'I""IIOM lor ~V~O wo,. 00<IIII>1 No'. , ho __ e< , ,~"' ,1>0 bouroory 
"""".",,. or. 110" ~OllW>llOr>OO\J' -. ... ,h. _ .,.,"', ..... 01 ,1>0 
__ '}' in,ognrlo . ro ~~ "'''' Ilh. "" ......... 01 ,to. ... ,,,1< do .. by oppliood 
-. "" "'" oonh ....... kr ~1V), T ..... 'h. ""'!l"~_ 01 ... dI"f'kaco -
"",nr. 01 '1>0 """_ >l.,,, fn;rtn Ih. """lot"",,,, ... '" ...... ,o,,,,ina "_ 

For a ....... iorr 10 I~' _"'<>II p,olliOm , tI>o Ooq\OIibri<r"'.w.)on!'" 
10 .. 1>uC"' >o!j m." 1>0 I<r>o,.". I. • •• 1M ,i-Fr~"iIU. "''''' &. ' "ow" In 
~_,.,... 13.W). I" many limp" 0 . . ... . uch • • onl o,," In_p .... O>a<ir>g 
ot a pIo" ",itho>LIt . ny 0"""". I"""'), "'" ooILI1ion lor .... ",,,,,,,,,.ling 
"'IuilrbrioJm ..." ... IOko" 10 b •• m&mb,o"e .... , •. i.e _. i<k>1tz.d H • 
p!I" u p. n"'" or conI,r>C!;'" In ,~. plo"" of ,h. p1ot. _ ony 
IHIJdng How"'.'. !he ""'mOOIO" ..,Iulion .. oo.io"ol\' not 8 rigoro,,, 
ooIuIiorr . n • .,tomb,.n. ootution 10 """""" ",,-, beca.,.. ... IIo>uro1ory 
c""","ions Or. .nt ,~ ""_,lid 10 ,1>0 nor""" ""'"'""" 0' oim~_· 
~ or d omped odgH boca." . by _ . ;"" ,1>0 ., .... bran. """"""" 
.ignifio. 110 b. 1IdO-rg _ , Ill. odyo •. Appo.r.ntt,. a <9>""" buclojog 
.... Iy,,;. m~ "",1_ .... Iirrlic ""uilb, ..... (p,ob""klir>g) >oMioo which 
.. """'. C3U$ .....,h .. a pilote "~h • c"""-" 00" b. q" __ "","pOcO,ed. _ .... " w. co. """ ... , .. I .... 0>1 <>egIlvblo "",c"'.."." .. ",,-,,,,,,, by 
u .. 01 b",,'i rrg .... 1)' .... too .... on . m. mb .. ".. pt, ,,,,";og ootution 

a ..,. "", of • • ' . "'iorr kr " • .-00 vorio'iorr 01 V. H .. . qo.>I>dr-. ,., 
'U""';'" cf "'" .., a"" ",.. "",;'.''''a eo.-..oq"''''I)o. lira "".ront'" 
"'I"""'" 'MUtting I,,,,,, !he ... ia60n. ' p""'." . te __ Thon , ..... ,." 
..... 'ion .... ot.ino H con bo doI.,m""", o.pI;t;~ 1)o In .. ,"'. 01 .... "" 
a'F,""""" _ . 11>0 " no,. 'o""s .ro oy.~'IId "' ,ho oquOiibtilrm .. 01 • . 
For a m._~,,* ~,.blJCking ooILIt"n. 11>0 ilF,''''' iJo, or. <:r>nOUnto. I .• .• 
M! • 'ulld;", 01 , ond y, Hone., , ho bl>::kW>g dtI ... ", .. 1 oque.'ion. hov. 
coMlll n' """h:MnlS. Boca ..... !he a'F.'ilujIuj a te 1unc1io"" o' • and y lor 
",h., IIwrn 8 m e ......... p,eI>ocki ng oh8po. ,~. reout\ing bLII:t..rng dl!et· 
_ .. I oquB,;ons M •• r>OrrCOrr>l3nt COOIIIc.mlS, n. Ionor _'OM 0" 
_ . ""'1 by ...."orica' _ iGu .. 

F",,,, a 1/." ..... 1 vieYopoinl, 11>0 b_g ptObiom .pp . ... '0 bo • 
"" • • , o igo""d .ro p"","'. m _ ' " '" Iho oh. ,,,,,,_ ic v . ..... (bur:f(Orrg 
_) or. OO"gh' lor "'.0' ""'. ,on'io' OQUO,iorr . ... ~h "".''' .... n. o". 
_"'" .... 0<:I<><Ii600 • • F"~not eto .... ication ond ..... .. IIOlLItiorr dOi>o"d. 
on _ho' "'0 ""o'h"lonl$ '" "'" d".t..,,"" OO1LlO6on Ot. _.n' '" 
"""""" .... n' 

In a«XIr<la"". w.h ' no lo.r.going dI","Won. EQvo""n 13.8) con bo 
..,;nOlI ... ,1>0 t>Ol.o.'ion 01 EQUO-';'" (3 .~) ... 

fv A J~·[u' it'F +u! i F +l i'f + 2[1i " R+ "1i i'F 
J l iJrl iIu~' ~ , ""-'<lu, ' """'" 

i , II ['~'F , ;h , ;IF < u,"-,,,,, .. , • • ,+', ,Hy • 
'"-Y ,,", ~, ;,.., 

, , • 



-"'_ .... - "'" 

, , 



............ , .. __ ...... 
_ _ ifF 

..... , ;",iIIo, 

"I."'. " ~ ,~o "" m. <lo .101""",,,, oy _ .,. Eq ... Wo {3.lI'j. T~. 
<Io .. ;a".,. tI>o p"",odur. ar. tI>o >am .... in lIIo <Ior",.60n 01 tiro E"lor 
oq ... l.ioM !or __ i"m in __ 3.2.2. 00 tI>o E"lor oq ... tions lor 
_ ing ot. 

~ -.: [~ ] - ; [:.;: ]'0 13.!H5) 

-" -_._[-" ]--'-[-'" ]., 
iJ'i '" ... dy iJ'i, 

~ [ !,] - ;[~,] 

, [ '" ] .• ' r ~ ]-' r '" 1·' ",' ;Iw" ",.)y a.." iIy';;"" 

(3.1IO!) 

ar>d the boundilry condition •• r. 

on ..... . . """"'.n' ,., • '" ., ~, 
13.1.11) 

on 100. Y • corroI.n" il~ O • -,1I!.~0 
~, 

13.1(0) 

on ..... , • con ... nt: .. , • ~ . 0 
• 

13.101) 

on 100. ~ . eon ..... : ii ~ O • -:; _ 0 , 13 .102) 

on ""' • • • """",n" 

w .O o. [ '" 1 ~ ., .. 13.100) 

, , • 



-"'_ .... -
on ""'. y. ""''''0,,1: 

w . o or !',- ~ [t,,] -! [:..1.0 1~·I04) 

on .... . . _ cona1anl w, _ O - ilH _ _ 
O 

,~" 
13.1051 

on ." • • V _ """"'ani "', . 0 - '" '", -. 13.\(6) 

at corno .. : w . O 0' .i!!!... 0 

~-
I~ , 107) 

n . ~g l>ouoOory """",*,,,,", . '. ",,",oge"""'" '-"'_ . _ 
... ,00 oquihbrium ""n_,.'",n,l_ry «>r>di"".) .... by doI;nl"". 
1.1",,, ca,. '" I .. tiollodj ", ,1>0 ~uiolrilm ... ,. , on. ". ,~. "", ... 1&1 on· 
o!vy a! . ....... ' ~. iI. ""'or !~ocl .... '" tho dts!>'a,omon": I>orce. 
~'u . o >nO """ 3 U ,.maI" .... 0 V, T"," o~ .. ",. ' '''' ..... mao. I»' T,.H", P_710tld .. ' ula .. > _ .... 9 0"_." ~I"U) _ O 

F",m i"lsp«I"" .. Equ"'"", 13,Q5). tho I_M"g index I>01>.1ion .. 
comon;'",: 

13 .108) 

.. w~lo' _'00 O'J . "'rVta """,oto o.u"""",,,,,,". 'opr'"'''' 'h" vorl
"". b"c~m~ diop"""'rno nto.tId 'ho ' do';'-.,",o •. , . ,' ... . (ii. u" u.,., ,'. 
v" ,~ . ,w. ,.. •• w,. "". w''- ",..J' ,000 u, '"p .... "" tlNl VOt""" "'l"U>. 
rlum dispL>comonlS.tId t . ... "",,,,.,we., 1.0" "' . lu. u, . ", . _, _,. _,. 
w, w,. "'" ... " . .,,,,. """J. Tho oub"",1pI , "'''1/00 """ I '" 12, j, • •• 
U" * "'n' Tho", tho I>OrIio ' do",.,,,,, a! H ",~ '-' 10 ,~. ij, .r. , 

.lH 0 _ , ~ F " ,~, "'" . ""''"''il<\ , •• 
. .. known l rom tho ~Llibtttium 00,",,,,,, otld, to, ox· 

, , .,. 



... .... ........ , .. __ ...... 

arod ,he _ry ooOOiIion. becom4t 

,', .. . 0 .. ..., ... .... . 0 . , "" 1000 • • • """ .... n' 

<>n 1000. Y _ "",ota., 

on _ • • = CC/\SI.o'" 

;I, 
.. ~ O 0' ..., . ~O ., ,Q""" 

~.,", 

13.11 4) 

(3.115) 

13.118) 

13 . 11~1 

13.1;/0) 

13.1~') 

13. 122) 

An ~y.mp~ 01 ,he ~""'ioo 01 ,n" lor.~ g0Mr0l OG",,' ioo. to 01>. 
ta ... buokling <>fI. 'onIioI ...... _ . .. gr.-. n in S """,, " 3 .2.5 

, , • 
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3.2.5 Buc~lIng Dlller.nU. 1 Equotlon. ond Energy E. pr •• olon. 

10, .1I0000a"g u!.> , PI.l. w~~ In-Pi<lne l ""d. 

W. beIJOI wilh 'M .. m. "",in-<li>ploeemonl .. 10,00. lor modera'eil" 
""go diSplOoomOfll. OS in 5<1<:1"", 3 .203 a od u" tho .. m • ..,.. 1 ",,10m'" 
""'11:1 e>.Q<. ""'" "0",,, lnal .... """,",,r<I . . ...... 1 .. 1 • • "'11:1 '" "I.t~ ' 
loroo.~ 10 m,. " 04pt tOOw_""'- I>j oomp"'''' ..... pla"" I=-. N. 
arid N, pk>s _ .. Iocc •• N". lho, "" __ 9 orld o,! <IopOclod in 
F;gu .. ]·'2 NolO ,ha, N, 10 pooillY. in ,.,...;" •. "" N, _ _ 101,. 

_ I 1 -I- 1 I ~ - - , {-i -----.... N •• 

- I' I -', 
I • 
I, 

F;g..O ). ,~ S""'f"f S",f""IO<' -.p., F'Io" "'in ","p...., """", 

To lind "'" _ ..... ,"'" <II 'M lOlal poto.tia, IKIOfllY . ,h. I_wing 
partiol ... , ... ,., .. . ,. i i<$l ~0""'1r<>m Equ","'" (J.1S>; 

.', ~.Q ,', >" --. , ---., ---., .... 
~' ~"" .... , .... , , 

i F 
• ~w, 

,', . , ...... , ;,'F 
. 0 

~,,", """, i!u, .... " 

, , • 



... .... ...... .. , .. __ ...... 
" 

13.123) 

~'V . "'m;:;! . 1;< u;: . ';".: •• : 
,11",' ~ .. !] . .. : «[ ', ' ~ .. :]. ' ;" ,.:]ii; 
t [[., . tw:] + w~ .+" ! .,;]. ' ;' .. ;j .. :]d • .t, 

• D JI[ ":, + 21\ - 'I" :, • ,,~. 2\W" .. ,,] ob.t, 13.124) 

• MJ~[ 1 ;V (v, + u.,)' ",w, "iii, ' "~,",' 1 ; ,. r.,", 
I_ v '_I" 

. .. ,"," . ... " ,".", . 2 "',"," . ' 2 w,u.,", 
1 _ , ' , - ,' 1 

• 2 ",',"', ' 2 w,',",' \'W,',"', ' ",',", <b<t! 

in "'hieh we reo:o. If>O, u., ' . . ." , w. ' ., . • ,. 0<1"""" 00" ...• fN " 
!OW,, " . l!1 . 'Of iou' do,Io.,,,., 01 11>0 vo,,,,,k>M1 dis!>Io<' '''''''lS 

I""", It>O OQu,l)r\lJ", .... ,. , AIo<>, u" ' " . • • "',. Ole ., ... ' .. 
do,Io~''''" 01 If>O <llsp!oe ..... 01. 01"", .......,..,'" 01a1O. 

, , • 



-"'_ .... - .. , 
w. _ I oorntonieo' 10 ,oMit. EQ oohon 13,1241'" 

~'~ ~ b'U .b'U . ~'U .b'U . 6'U 
~, .., ~, ~. . 

in " hM;" 
O'U.., ~ "fK": . v; • 2'>'u. ' • • '; ' ('). . ',I'] <lo<ly 

13,125) 

13.125) 

Ii'u.., _ Aff[ (u, • "".Iii'; • (v, , \'V,I';' • (1 _ ,,)(V, • ').Iii.",,) ¢<dy 

13 .121) 

Q'U ... ~ 2A ff[ I .... "V, )"',", - (', • ,·u. ) ...... , 

~ ';·I11,. ~",X .. , 'ii, .. .. ,ii;)]""dy 
13 .1 28) 

, ' jJ" "" ". Q U ... . 2" (3w, w, + 3",,,, - .. , ". + " . "', _ ",,,,,,,,.,,) ""dy 13.1291 

(3.1:10) 

in "hloll tho """"'n,.' m do,." • • """"b",n. o<xl b _ •• be..cing . r· 
reda. NoU It!.U ~'V . b'U booc.o.- .it,. C)I ll'l.o., d. , 1'1.0. "'orpma'"", 
by llmo.h nko . 0<1 ot llon ,1'1.0., 0 ~l . " ... is inoofIoct (3·.j. H. , . .. , .. 
,Oo douIl l. int'lI'al. EQ""'ion (3. 121). ID """" ot .... mal """'" dU"rIg 
_g " h ..... ' ho ;"'. grao<l io lI<1ua!ly. Quonlily dohoed _ ,h. 
__ no. " ,h. plo' • . This kind 01 m ... nI. rp,01.,o., .. q ub common 

in , ho Iheofy 01 """1Jing ....", .... 01 tI>o gen."" lack 01 """"" booio 
<>n<Ie!.IOn<inV .. how bucking is quito <Il1 ... nI'""" <q_ium, 

FOf a pia,. " I h 01'''' porto<' lIoln .... _II io OWjkttd 10 in-pl.l" 
_ , <I'''<Of_I"", -. .. <M>Iy in tIM p ..... 0' Iho .... ,. "'". '0 ...,1Jing. 
l .... ' I • • Itt. plato ... 1,,_ a&. nt_b,.". pri<>t 10 bod <llng. Thu" • ." 
0 0<1 " , vo"w, .. E qua tio n' (:)_128) 0.-.:1 (3.12\0) . 0<1, .. hod, tho .. . nt •• 
.... g, . .. von;.!, as" <00_......., • . Fo, .. I ..... ..,,,,,~.,,,, pIolO4. _ .... 
w, "'" "', ,'an"" " equat""" (3_128) 0.-.:1 (3_129)_ 

5u Oollu," tho _ po,,", 1 <\0, .... , ...... ,h. eu le! "'luotlo" "" 
IIoc>ling .. inl;;,lry port""'!\, 1Ia, pio'n ....t>jo<;' ID "', ~ 0 .nd 10, ~ 0 in ,1M 
lIoc>IO.g dill.,.,t'" "'lu.tion" Equo11ono (3, \ 11) · (3, 1 \3), to go! 

~ _ 1-". , __ _ 
-;)j(U"W') --'-"!ii ..,. ••• )~~ (3.\ 31) 

1;' ;, ("y . ii,) ' ~ ('," ·". I~O I~, 13Zl 

O," W_ 'ii"Alo, • "',) _ w,.,...(v, • " ",) _ 'ii,yA(1 _ »(v, • ').1_ 0 (3. 133) 

no !Ot_ I>cotOJi'Ig d.,,,,.nU., eQOO'''''' CO" ". ,.w"n ... _n 
,oal",,,,,,,, '''"', it> an.tog,. 10 EQLJO' .... 13-"0) .... (3.81 ), tho , . , Iotlo", 
in 10K*< .... """". "to dUring bu<klil'lg """ .. ",iIIoft .. 

, , 



... .... ...... ..... __ ..... . 
I' - I') 1oN,, _ 2 Alu,\-",) 13.134) 

M.<,. - - 01"'" ' I'W,.,) &1.\ _ - 01" ,., H .... ,,) ~M" _ _ 11 - YIO",,13.135) 

Th .... , 1'IfI"" EQUOI"'" 13.134), 13 . (35) .• "" (3,00) .," ..-t ul"" ill 
"_,,,,,, 13.131). (3,132). a"" (3 .1331 . ... 1101 

t(~N,)~~ (ON,,) . O (3. IM) 

~ (~N,,) .! (iIN.,l . O 13 .137) 

i i ;J 
- . ISM,)' 2 ~ (OM" I • - , Iw.,.)' N,"" • N.,"',.,. • 2N"",, _ 0 
.. ~ <Iy 13. '3I!) 

'" wl h . oymOoilollowo.g a """,rna d. "",;"g ..... "" dOl., . ....... " . hd 
lOP""'"'" N,. N,. aocl N" "hd1 aI • . F>O.mo ill len""" ,,~h -N,. - N,. 
aocl _ N" "' whd> N, ."" N, .," poo.Moe "' """,p,._ -.._ 01 OU" 
P<'o><;p.1 ", •• 6$1 ", '..,Ing .... """""oS;S/l-. _"",I "'"u .. _g. 

ON,.,~ON" " . O (3.139) 

ON,,~ • ON" _ 0 13,"0) 

NIl"" • 21M"", _ 1>M, ,,- N, "" " - N.,-w.,.,. _ 2N,,"'" _ 0 13 .141) 

ill w~l:h N" N). ond N., con bo lu""lion. 01. 000 y. TM boundo .... 
e<>ndj\;>n$ k>I ,.... _no oq ... 'Ion •. Equotlon. 13,139)-(3.1 0 11, ... .-, " ON, . 0 "" 'n ..• _ con""'n' 13.142) , -, " ON" _ 0 0111 ..... . _~.n\ 13, (43) 

.-, " 01-1,, _ 0 "" 1 ..... Y _ <:OI"IOIani (3.\4-0) 

.-, " "'-, en lin .. y . """ ... nt 13.145) 

ii., _ Q " 5M, _ Q "" ...... - OOM""" 13.146) 

.. .,. - Q " 1i"', _ 0 on line. y _ 00'''''''' 13. \ 47) 

.-, " iiK, • 0 on In •• • _ ,"n, " n' 13."") .-, , ", - ' on mo. y _ oon.","t 13.( 49) 

",; _ 0 , 1i1l, _ 0 8' com.,s 13. ( 50) 

NolO """." Iii .. !)Ianeo , , .. "",,1d00g dI1~_101 """",,, .. , Equa · 
Ilo .. (J.1J.5H3, ' J81, "" ",HmIoJf "'" .....,;lOOtl m d(l. , .nllO' ... ",,1_ ,,_,<>no (l .B2Hl.MI. Ito_,." In Ih. t>uckHlg "luam ... W1I_1 
_ IoN, . "'0. _cI 0' ' '''' N, . • 1<; ....... "l ui"""" "lu . ... ". . "..., • 
..... <10>.1_ low I'flo buclding displaoomo nll ... _ 01 " (th<o "l"iII>Wrn 
~oo",.n'l . n ........ n'iol _ .. "" • • • •• "'" .. 1<10", '''''''gna..;. 

, , • 



-"'_ .... - "". 
In marry Pf ... nto1ions .rId do"'.t"' ... Iflo "'Iuiobrium ""1"";0". Of • 
.."p~ __ .... .."" OOfI",*,I ""rpro"'lion ' " ""', . ~ C .... , \h;;o , • 

boundary·valU" p,ob/om io b8I'l '""",,_ to on ."".Iu. probiom. 
Ev~n _ . oom. -'" ref" to th. t,.,e'101g ....... tions u "" uil)rium 
oqu.o'!ons' T!UO. tho _ ki ng oqua'ions could be <ailed nouIfal "" uiib· 
rium ""I .. ,.,..... bu' ,h..,. 0,.. "", oq~""m o~".''''",' y"" would 00<· "'''1\' think ,11.0, ,,,. 'undamonla' arr .. """" I»tw."" ""uilll>r>um ",oblom. 
,..t»ch , to """ .... ,,_v .... ","""'m •• rId OUetJ;ng ptob/oms .... ,,~ .ro 
. "". 'U" problom& """Id I» ",,~oct1y _Iou. alld quito di<_o 

Tho _ 0, fl ,. N.,. ond fl".", 11>0 ..... lbnum _ _ "' th. pblo 
.t buckling . .....::I we _ k tlMit volu •• on O<drtr '0 do' ''fl'I,"'& tI'Io bI>CklrIII 
load. n ot is,"~5O"" tflo .nv ...... fl, . N.".oo N" "tUch . ro Iflo 
va""" 01 tho com",'''N"O ""IuUibftIJm tore .. at _ Iding . Ordi .. nl\'. tflo 
""uilobrium tore_ .... k""wn to be • ,,,, .. I rnombrn ... ".'0 prior '0 
bucUng beca ... tn" " .... is I .... For .,ampio. ln 0 pia'" _"' ,flo 
. ... OCI;O", fl , ...... "«m ' ~"''-'\JIl<>CIl1!>O .... t •• rId,....,.~ b (_t;,-. ) 
vollo N, at _g. 

'n roga<d 10 tho ""totion N, a nd ON, tho, . riM. in tho buok'Ong 
..... , ions. Equotiorut (~ . '39). (3. '40). ,tid 13. I •• ) . C<H1_' t ... toIowing 
'>gic . F ... , "",Mo ,n . In-." ... _ N" N,. ond N", I"". E,"",,,,n 
(3 .00) ,rid EQ .. 'ion 13.58) .. 

N, _{(U, + ~ ... ; , . v(\',' ~ .. :)] 

N, _ ,{(v, + _~_ ,,~ Hlu, • _} W:,] 
N., . ' ;" A(.,+u, u',",1 

12 .151) 

N, ~ ~N, • A[[ 0, • r.u, ' ~ (W, • SW,)'] • -{." "',. ~ (w, • s.../]] 
N, + ~N, . A[[ v, • I.v, ' ~ (", " ow,!']. v[ ", • 00, .. ~ (w, • s.../]1 
N" • Nol., ~ , ; ,. At •• + <W, • U, • 60, • (", • ~,II", + <!w, I] 13. I~zt 

r~ ..... """" _oc1l<tg ,_~"' It> th. _lO«rnoot vorio.tions. 

m, _ Arllu, . .... , .... . "IN, . ... , .... , )] 
m, _ A[<w, ' w,bw,' '·(110, .... , .... ,J] 13.153) 

m., s ' ;' Ai.v . . ..... . .. ,s..., . ,.,"".) 
_h, "" not ... , .. ... . ", .. 0 otld w," 0 It> ' • • • _"";0 "" u.1;rl.om 
... ,. """. on" ".pl>. .. k>a<I .... ,on._od. rod"" • • to 

, , 



... .... ........ , .. __ ...... 
Stl, ~ ~(6<0, • vb.',) 

Stl, ' ~(b.', + , Iou,) 

~N'J . 1; ' A(b.', + 6<o,J 
(3.'!>!) 

_. ~,o _ ..... .. m . ... Equo1ion (3. 1:1-1) ,,"'on 6<0, _ u" 01<. , .. 
oub.olitUlod. Tho r. b t"'" In, u,o ,.,,,oono if> tho """""""'. Eq".oon 
(3,135). _ .. "" .. ;,..,;r .. . ....,;gI»· ...... ~rd m, .. ",", _. ;Ir,r.hrod by 

M, _ O(~, ' ""Y). - O(w", ' vw",) (3.155) 

~if1g giv.., vario'brts In W 10 otrtoln 

M. + ~M, • - O( (w" • 6w,,) • '(" " + 0.. ,.,)) 

""""upon. by <Ie1if>iIion. 
10M, • _ O (3w", + ,'3w,.,) 

and 1M> 00 to 00< .... Equolion (3.135) 

(3, (56) 

n • • ''',,><10'1' r»nOo! ..... kI' oimpIy _rtod aM d om.,.., .• """ 
pIIIl,.. "" U,. Dueklif1g prOb_ . .. t>gous '0 _ Ia< " HI OG" ilbium 
probll>m if> . n odopO.tton or ~Im"'t~·. "",.oon ( :J.~l "" sn." .,"' 
Simply Suppctl«l Edfjes, 

51 , ~ .. ~ o 

S2: h_. 
S3: . .. . Q 
S~ : . .. _ 0 

C/O_ E"""L 

C 1: <Iw _ O 
C2: ... . 0 
C3: 3w~O 

C~: 0" _ 0 

~" .. n OM ,_. 
.. octlo"" if> Ill. pion . 01 
tho pia" ""-, .', _ , 

. nd " -"" "" Io""~ 
""""' .,.,..,.;,w"OOOn In 
Figu .. 3 · 13. NoI.""" .. 
Ito. boo".' r)' """","Iono 
dto """"'9"""no,. Tt..o. 
I>oca""", ,~. dillo,"nliol 
~",,_a .. . 1SO "'roo-
00_ w. _ . on 

."". '".~m. J .... ao .. ",e 0 . .. 0' ~"_ 
fiJm, tIHI booklin!l-.nd· 

m._ o rru,,-O w..- O 
&.4. _ Q !-N. _ 0 ';- ' (3.15Il) 
&.4 • • Q "--. 1IN .. _ Q 
&.4. * Q r.N. _ O 1IN .. _ O 

Mv'O_ O "'-. "'-. 
0..'0. 0 Wn _ O "'-. (3 .159) 
3w .. ~0 ,," - ' ~N .. ~Q 

3w,. ' Q W" _ O 6N", _ Q 

1
_--

r---~~,,:':-:':':-::;''''' --, ' , 
"-- i 

I, I ... . " , .. 
1-'" ,-. 

, , • 



-"'_ .... - .. , 
' '1 C<IfIdIl.,.,. .,. depi<1od in F ..... os 3-,4 ond 3- , S. n. p/lyoico ' meel>-
.n ..... 10< ~ .. ,. tdoo ... p~n or . ...... 1<:., to Il><>oo """'_ tor t"" 
"'lu, rI)oium protN.m "" »a0" ~'1_~'& 

BocUng ~'Y co_Iom~,. _ ... , '0 "'l~b",,", bou-.y ""'" 
<III"" •. but in. posobIy <IocopIW rna""",. In boOn buckling bounda'Y 
o....uri". S2 a nd s.t , .. ti<np/)' oupportod odgoo In Equat"" (3.1Sft). 
ON"O .ppo.,.. 'n tho "'lui'll""m __ '1 COI"4iOOo •• Ih. _ mow 
.... ~u. t. ,m N, _ 0 _ U IS .nd oignlieo ,"at no ouoh 10", . ...... in 
tho n ·direction a' tOO ""sIo . In oon".01 10, b",,~ling, ON. _ 0 aill"~'" tho, 
• ,,,,,,. N, """ 0""". 1><.01, .. , N, _ 001 o;h.o<rgo Iv.?").' II,. l>u<~f"~ 
_, """"' ...... t,-, tho dioplo<:om . n, "n e' ..... bUl -.. not ehonllO 
dr.uing ,,"o~ling (o., ' OJ. """"'II"U" ...... """'" OM be "'"""" obouI tho 
oth., __ '1 .. _.", <liII.,"..,". bot .... , .0 • ...., .. and buc"*'li. 
Acro<dow. l>u<Ung bo<H>dol)' coocUioM ho,. to do ~'Ih how rho _ 
.nd di!pOI<.",.",. . .. . ~. "'" ",110, /My . ... 

n , tn, •• bucktiog ...... Iion. '0< "'-'" pia'. "",,1:,II,g "'-'Y .... 
Si!9t·"y. 'od plot .. , equA'''''' (3 .'39), (3.,4(1) •• <><1 (3 .,4,). or. <10-
<:OUp/<Id such lhal tho 'wo In-plon. equa''''' • . Eouation< (3.1311) and 
(3 .140). do not ""","'in ,no ",ond b"'1Ing """'. "" 'no Itt,,,, .,..."' •. 

® ® ® @ 
~ .. ~ .. ~ .. ~ .. 

MI •• 0 ~" ... bII. _ . 
""' • • 0 

• •• ...... • •• ... ... 
• •• • •• 1#1 .. . ' ..., .. 

f'Ou " 3·" _~ S"""" ... E<1gO ButUng ..,....,.,., eo...""", 

@ @ @ @ 
• •• ~ .. ~ .. , .... 

..... . 0 , ...... ....... ...~ . o 

••• 0/01, •• IIu _ . "". -. , ... ••• ...., .. .N., •• 
~_ :>-'5 CI.ImpoO.£cIgo 8uc>1or"og _ 'I' c.:.-...""" 

, , • 



... .... ........ , .. __ ...... 
pIo .... equa'ion, Equation (3.1"' ). "" •• conI.in I~. bud<ling _ Thol 
out""".pIoroo oquol"" a lso "" . Iooin. 10"'" on" In h', tho vario,,,.,. 1 
"'m .. o' .. (out·"''!''>no) displa<;"",on' (o u';"g bU" Iing), b'" noroo in.so. 
. nd 0.. Ito. " ......... 1 in_plano diapto,,,,,,.nta Idunny buck~). n, .... 
Ito. t,o,o_oy <o<o<litio". on lho • ..-." ".,. , in -plo ... o;isp.,<>en1 . nl., .so. 
"nd 0. .• cd "'0. do, ivao;vu "" "'" .~.'" tho pIol. bo.ddino _ An 
.... pUO" 00'''' 10' ........ ,ed p",,... in ::;.cIon 3,e. _inolY. , .. 
od\IO __ "I eond i lon. ~_o.· ", .,.......m .... '" th. va"'" 01 3 ... 
• " ." , aM .w, ... , _. n is !too in.plon " d ... <,""" """".1 "'!too odgo_ 
Fo< ' '''mpM, , .... ~ 0 . nd . .. _, ~ O. I .... ," plate odgo is clarropod 0.-

I~.d. I .... ~ O. & ..... ~ O. ond .... "' . ~ (OM • • ~l , thon tho plol. ed!jO ts 
sim p,," _~<d (sometim •• coled pinood). FiMly , ~ /iw.O aM 
bN., • 0, I .... t!>o pIoI. od\IO is c .... d " M , 

3.2.e S,,",.,a'Y 

Two p,;r><'paI--""'.,., usod ro< ""Io:ulol .... buc),~ _, (I) 
tho <IIH.,enliol OGualion __ h.M 12) ,h. ""e,1I'I inl.". l a pp'03<h, 

In ' ho clII.",n'iol . quo .... oppfOitCh, t!>o ~ dolT. u mial oq ... . 
tio"" in <IIsp"""", . nl torno. Equation, (3,131)-(3.133) or in v."', ...... ' 
'me • • od """",.1 "'''''. E.,..., ..... (3. ' 3~)-13. ,ot), i. • .• ,.;u, ow ...... 0 
'" -.. "" ..... , .... in o;isp"",-,>mo,t '",m th. """ilj,ri"m .... ,. during 
bu<l<ioV (Iho ro,,,, _ d _1<000 ho,. 00): 

ON, .• • ON,,, . O 

ON .... ~ . (oN,,' . O 

13_(60) 

13 .161) 

bIoI._ ... 2M"" ,., • 6~ .. - N,~ .. ,,, - N,3w.,., - :N" o ....... ~ 0 
0 , IJ_ 10S<) 

• [}V (~,,) . lI,lIw',,, • N,3W .,., • 211 "'0.. .... . 0 

are OQ~od oWjoct to tho bo<nOOOY <:<>ndU>n. m Equ.tion. (U1), 13.S8). 
or othor _Ocabl. bo una.oy ~.. NoI. in Equa'"" (3,16.2) ttooI 
N,. N,_ ond N" . "'" compro""". OOoIoIInv lor,es , con bo "" ,:1;0 .. of • 
• nd , . Thus , Eq""(ion (3. 162) con too ' I"'n illl rtn ... nu. 1 oqu.""" .. ~~ """"""stan, _K~lonl$ ,~.t it moch moo-. d"~. 10 ""Iv. I""n a "'f· 
.. .. ", .. , ooq .... '1on ""'" e,,,,,,hI """~Icio ",, . (.400-....... ""0 .... ' .. ....... 
;,. "'" MK'..dod in ""' ... """"'10"".",, ""'Y cOO"", bo '"9"-.' "''''. 

I.IAny .ut""" or . ..... ",h. lmed bJo tho .Im~ in 1m'" 01 tho 
bu<Utlg "".0"0. E_'"" 13_162), ocd 1110 1o'!IO"<Wloclion """lib .... 
""",'Ion, Equat"n (3.80<), !!>ol 'hoy o,.rlook Iho """''''.., dtloro r><:u 01 
"'''" ~nd origin 01 1M "~ri<>us rOt"'" ~M otato 'n~t "'.~ obtain tho bud<_ 
ling "'l"',,n I""" , .. 10'\10-001""''''' ooq--..m oq"~"n. 1 .. ........ n 
usod noro 01 .... .... us W ond.IM • • rs-us M .~Z.'lh. dtf ..... "" •• 
in form .nd origin '" oa,~ lerm so tM' buclding OQUOtioos ",,0001 bo 
",tsloken lo r 10"",,-<1<_" _ ;urn ",,,,,';oos, All ... 1, I1<x:ktltg i> 
~n .~.,.,. p<Ob/<", and .-ou_ i> ~ _ry·.~1ue p_",) 

, , • 



-"'_ .... - .... 
In the .... rgy in\egr.,_I>. Rayleigh '" Rayl.~A i ,", delloe_ '""I<I.Ir,,.IIo,, a re uM<l .. lho varloos varialiono" $Iroin . n" "" 1nI.,.. 11"'"' dor .. ." in Equ.r"n" la. I~~H' . IJI.I). TIIaI 10. 10< a pial' ""'" • hal 

P'ob"", 10<1 oll >po . "'. ,.rioI_ in _In . norgy "'011'010 lor 6'V oro 

in "Neh 

6'U",~"'JJ[6U: ' '''': ' ''''I>u .&<, . I;" (~ ..... / }"", 
6'U .. ,.-fJ[N,&w~ . Nfw~ ' 2N.fw.b.o,]w."'" 

~ ' ))[" 'J 6 U. ~ 0 6" " • ~",.. • .... &.1 .. &.1". 2(1 - \"lbw., <Ix"", 

13.1&31 

IJ.It'"') 

13.155) 

13.166) 

in .. Ncl> .... .. the buc'*>g dioplac.m.", ""'" tho prot>uc'*>g ""uill>Wrn 
""0 and N .. N,. 000 N" .r. buc~ lore"" 11>0_. in compr ... ion). 

w. """ , • ,,"""01 equiW",um bucking c".rion V V . O ... " 
E_t"" la.leJ) ' '''' ... ,,,, E ..... ''''' {J. 'e<) .... on~ 6<" . nd 6v 
"""'",.S Equol""'" (3 .'65) a ,.., (3 . '~I I>ov. on/j" &00. T""".l>ef..ou .. 
Ou ond /oJ or. indepo, .... '" Ow "'''''' ''''''' I""" , .. oqu~briom oto'o). 
( quotion (3.1&3) ro<1uC ... 10 _ ""u.lion" 

6'U .0 
" 

13.Ia7) 

IJ· lae) 

, , 
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_"'_ .... _ >OS 

1I'. l>u<kWlg I"", ...... ",Min Iflo pIIIt. is, by inspe<lion. N,(X,1) ~ - N,. 
N,I< ,1) ~ o. and H,,«.Y) ~ o. 

F.,. lno .., .. .,. 10 , •• d"'.,.nl'l.ll oqua'ion _.,n'<>ll """"'"""', ..... 
, .... ''''l'st_"01( 0_ tho &10...-1 b<.o;;U" V ~~.."e~ I.".,."" 
("''''uall'!, '~is is ._. Iorm 01 tho ...... ..,_ mo1hod 'n ,~. ' ........... '" ."'''"'itt in .... ". w. u". "".obI. ""'''''''".,, lind what p-""" It 
"",,", "" ...... " ;"1hi. co .. "'. oro oimpl'! 1I" .... ;n9 . 1 who, m;g/1l t>. 
• ooiulion to . "'I~., _pie po""l drfIo,. ntiaI equa_). 

6w ~ ';;"" rn." .in ": 13. 'S~1 
;,. wtMch ,;; is Ih •• mplO; .... '" It>. dol>ool"'" .,.., ... "h",~« rho _. 
ary «>n<ition. aod t~. ~",,1oJiog diII. r. ntiol OG""tion arB .. " oj;,,!. Fi, . .. 
__ ... Iha t tn . g.om."je bourxlo.ry rood,ions 01 

13,110) 

or. ,,'i>I;..! by EQ, (3 ,169) .... , . ,1'Ie MIU,al _'"I rom!ion, 

..... . 0 

0,,\ _ 0 

a long ,InK • • con .... '" 

~kl n g I ..... y _ <onOWll 

13.17 ') 

13.'72) 

_ ,h. do'_no fo, iIM •• oo OM,.;" Eq .. 'ion (3.135) ..... ed , 1flo 
_0 O1I ... nlial """"lion . Equal"'" (3.162). """*'" io simpllhed for tflo 
1""" " _ nv .. 

13.1 73) 

13.'74) 

Noto Ih>.t Equotio<1 {S., 70) io collod Itoo "" . .. <I.rioI'<: "'I"'tio<1 .nd thot 
Ito. b~g . """irudo ';; io _._t ... ;,. btu" "",,"WIg problem • . 

1110 won! 'my ... ,""..,.. io ...... ;,. tho ",1"'''<0 to tho .. 1«_ 01 
" b ""~ing d...,...,o m. "t '"net"", -.. .... oriy by • • "., ... """ e,m " . 
e><pI<!in!»w 10 mo" """h . ,hoice, Sa_II'!, " . _ • IMI ,.",,_ 
by " porle"". 0"""0" 'wo rks. W. a,. ""'ullO.t. , .. , """h a oimplo 

""'0"""" I!. tho .., .... "'" to 'oo _'''''''g IIO~"I 0110<""''''' """"'ion, 
EQ""I"'" 13. P OI eon W simp~o.c 10 'Old 

", ' .';:' [(:]'·1 * rr 13.17~) 

Booh tllo gooomolr" 000 1" ""t .... 1 booodo,.,. <on<D:ioM .,. ,,'isI"ood., 
_ II •• tho bueloJiog <I0Il ... ,,0101 _""'. "" ~q",'Ion 13. 175) is 'oo • .<a<1 
OOOA"'" to E ...... '''''' {3 ,1n) _"" lno a osooioltcl _,.,. oor<lt ........ 
_ . ,or, '0001 Itlot E_,,,,,, (3.162) _. "'" inckldo 0110., <Iolorm.tion 
"" io "'" ••• r.,ad. Dioouosion ot ... dll ... ", .. 1 """,,lion ooIut"'" to~ 
..... Ih •••• _". ,,"';"'a'''''' by tho "",, 01 th . ....... . ... <VI' ;,.,..,. .. . 

, , 



>eo ............ , .. __ ...... 

3.3.2.2 The 51,..1. En. rgy ",1.gr.l ... pproach 

n . ' pp'op"" ..... In . n" gy lnI'g"''' Ih.U """" "" .. ~ .... "" 
_~,",9 10 """ ur . ro g;. ... by Equal"", 13. '6<11 . (3.16». _"" (3. 'SS). 
fo< 111. givon in·p"", Iood"<\g co"",''''. 

N, · ... lu,. w,I·_ N, 
N,= "'I',_ V".I=O 

II _ I·) ",,· ... __ ,_ 1",· •• )·0 
1110 ..,.'" .... '111' lnI.g,~ .. In ~q".""n (3.168) ,""""t '0 

o. - tr N,(I;w,ld' dy 
" .. 

13. 17&) 

13 .177) 

, oJ J [(boo,,)'. IOw,.,.J' • 2vboo.,boo" • 2( ' 
" 

"HOw,/)d>.dy 

13.178) 

ill ,...,<:~ w ... io .... amplin.do 0' t~o jr.dMdu., ';"Im"",., oinIn"Y,b) do· 
IIo<bon .... p . .... , h 01 ,,~i<h .. 6oIi • • boIh Iho ,,"lUnli ond ge<l mo',;" 
__ ry coodC"""'" , .. ~""""' ....... _ 000 "'prOMm . nj Ow 
w;thin .... bourdorios. U""" ... """"''''' 01 Eq""t"" 13.178) t~. Iiro.t 
.. "" '" Eq ... """ 13. tn) _ •• 

• • • w_ U N.,I .... /d<dy. ~: N, L L m';;;!., 
" , ' ", ' 

.od , .. _ '"," _ •• 

,"_ ' h_1 

"",. , .. , ~·U oah '" .. riO, n ill 'h_!Of"' 

12.17P) 

13.IM) 

13.1e 1) 

'f .. _ .. _"'" _ ..... _ . ...., '" • ~ "" .. ''''''''' 
___ ' '"'''''' r_ [" Il ~ """"' """ c ....... [> H'I 

, , • 
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>10 ..... ....... , .. __ ...... 

Numerlc.1 , . .. Its 10' tfro l>ur:i<IInII criterion .. ~q""tioo 13.l ee ) """. 
_ bo J"""olod h • ologlo !IO'WI,allo)rma' .. 'fro maonor 0/ 'h. "",., ''' , 
_. N" ~~. in $"","'" 3,3,2 whl<tr <Io"e0<l on'1 on ""'I. o<pO<! ""ic. 
aIIr. and tho bucldin<.! modo IIrapo paramo',"" m. BLICIdirriI 01 bio. io1ly 
_ pial" is "",.. ~.,od.M doopo,'" on tho .. ,.,;., . , " ., .. 
0/ ,h. ~." iollo."', N, .... N , tho bocl<'og modo otr."e 10''''' ........ m 
. 0<1 n ..... Ifro pio" ' <peel "'\", ab. Finding Ih. boekling _ ' "'lu ... . 
m . ..... .zKtg Equ.' .... 13.186) • • func\"" 0/ ,,,,, ;""'9"' ... ,;.,b .... m o nd 
n. lor oome """'<,_ 0101. a sp<r<1 ",,;', a.b, arK! """'0 p .. ""ritrod 
Ioo"'n~ ",''. 0, ol .p~ N, to 0j>I>I00d N •• I. ... 

". 0. - _ 13. '01) ". 
Of with .iltlo, N, or N, spo<:iIiod or .. ""me moro eomplo. ""'".... 

W. wiN «"_ I"" practlca' 000"'" p.-' It) \OIiai .ro tfro 
...... Iog Io. do, >i, and >i. ~ tho p" " io _...", N,.nO N," 'I~od 
_09 ra'io. o g N) N" .rK! Iho ~ aro .. n doly incr .. _ u ..... 
1>ur:""9.""""",1 ond 12) ..... , 10 >i.' N, .. ."..,;1*'1 A"""""'otv , ..no, 
.. tl, ~ It, .. o,,,,,,i'iod? Th.l ... prol>iom con boo honOlodo""lyI",,1I:y by 
uong Ih. Io.dln\l ra';o, s ... Iho buckling crit. rion " rK! _ '"g lor. oioQIo 
.yo""olu • . N, ~",,",g 01 both pn>b ...... io .;"'plillod toy " .. I 
oon.oidorin9 Ih. ""hJ .. 0/ IKrw Ifro t>ioxiolloodi"" .. ~",,_. 

3.3.3.2 ldann .. 01 8 .... ,., toed InltodllC1l,," 

w. "'0 '" 10 .. ..ty ""'" pIotes bucklo under .... .. 1 m", .. nic. 1 _ . 
inII, ... rets . ",min. " 'l"'r>eric coneoO! tor _I)';ng suc!t loads 10 • ploto 
""''' it bucld ••. ~, . _lOrogulo, .... ,. uodor Iho.""'" 0/ on .... , 
fort>< (pc , unil ... id1!t). N" ond. 10,. ,01 101<. ( ..... un it "idI~) . N" bot~ 
loads • • fror ton. (.)., 00"'1" ........ (oj (buI_Io".~ boll> bo<IS CO", 
_ o.lO<lollt ~ D<I<~1ing II I. oo:eu<l, Th. utll""". oI>jO<I~. II 10 d.I.'· 
m""""."..,;Ilo",,-.rK! bco'ion 0/ ,h. bucliirll __ 'Y, i. ... tfro 
.. ,.".", .. n c ...... (00 .... .,. ugment. 0/ " "'IgM I ..... ) ....... n N, .M 
1<" Tfro .Ducldinll trourdory Is .... . "". iopo 0/ • <:0_ '" Inl.'~"g 
.... ighl!inu ~""" 0/ ",dl coJfKl'O"do 10 """klng ... dill .... nl modo 
oho,... On!)'. ~";,,, '" """" '''"1gI>! 'Ine <o ~.~ 10 ... d""9 01 , ... 
1o".iII bucklinq load. TI» , .... Ir>ing pOOion 0/ . ach .. ro lgN ,... cora· 
~ I •• hlghor ... ";'..Ing Io.d 'M" tho low . ... Tho .LJ<t.r"'g bo~ 
0/ . bio, iall:y 100,,"," pial. ia .... 11;0 ' 10 In. 1 •• _ 00110 <u"""";,, tho 
u"""'l bockling ,eou1\s 01 Fon 3· 18 on ""flO 2~ !. 

W. can '",,'1 tho 'wo 1>10, 1&1 _ •• ,,",uIIO~ Qt we can .pptv 
Il><m "' . _ U"<leO . ....... lfool loU' ..... II>< MIo, 0/ _ ."""".1 ..... 
;. <ruc .. l _ or,," IS opcric.tio" 0/ tho two bio.iolloo<l> .. a cons""" 
_" .... '" one ._nor throuQhoul ..,. ''''We ioad"l>I'lrc.\l"n proco .. 
is usually c.1o<! 'rodiolload ing' 0< 'proportion.'Ioa<ling', For ... m"". 
_ ",dro.,. wlh 101, ~nd N, in ""m.l~ od propo";"' . •• NIN" .' in 
.... d pa,h OS ... f igoJ ... 3 ·20. Not ..... ' ,~. -.luo 0' N, . 1 B "' a t.o • • Ih. 
_g to.>d lor N, .Ione, TIIuo, I tho loading is not ,adia l or p!<>por_ 
tio",l I""" we oOfl"",load lrom 0 10 A' (on'Io~,;ng • n .. ' to.>d PO'" 10 

, , • 
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1M """"*,,,0 o! A' '" 0 ) because 'ho pia'. bu:k!o •• , , .. buc:~1<!!I1oad 
tor no Ia'.", 0;ia<I appIIod .od,"""""' , ",ono' to"". ~ .. A' Mot ... · 
' in ly . .... can ~ l<Om 0 to A _ <liI'h:: ...... (no o..:ldinQ """""'..,. 
do, 10,."" , . oolo<». od ""'" A '" II 0100 wit"""' dI!lcuity. 01 oou'oo. 
,.. OOlJi<I ~d in 0"1' po,h'torn 0 to B pJO'lidod 11101. 'Of OV. f)' ~d ... p 
in !h. ooq.....,. oj _"~. we ... , . oat Knpo-aod m b<>d """ ... oukJ c . u •• 
bu:ldiog at 11>0 end of ,."' Iood ... p unti ' 11>0 lost 100d "<p. n . bosil 
1<>, , .... fOotricOOo ;. tlwt w. ""n~ 1>0.'0 .,oma'uto b"" . ... g "' • v~I<I .... O 
... 'h , TI>o bo"" fo, 11>;' Iolit""" in k>o.dir>g .1>Dy ;, In" f. ,l ""', . ""lying 
.... ,0' ,"1.,.1 'onolo<> to , •• ~"l. ""' ...... I .. . o;iil;y 01 "'. p,"'. '" 
";"""o"d fon: •• !h., """Id otho_ Col ..... _~i"g , 

r OJ ~/ "- " 
"/...- ---:, \ .~, .. , ' • C _ ' ''''''_"...,... 

__ " Do • ._ .... - ....... 
- - • 0 , _._"' .... ~....,..--... 
-6~ Q/ '/ - -.-;.' /"'-...- '- ., , • - .: --- . 

3.3.3.3 G.~ Nat"fO ot tho lI u<lll)ng R .. uU 

n . b""kIing ' ! 'u" are pIonO<l on """"'a .... 0<1 100ding ."', •• "",Iy 
N,.I>·""O .nd N,b ,.-'0, ... is _ . to.- tt>o u"Iax .. 1 b""UnQ b<>d in 
s.ction l .l .2. O""k'lng occurs In. v"~ 01 _Iy _, m<>do "'0PO>."""""'" doII . .. o' .. _ of m 000 n. r ho b""~"'Q m_ tIIo, 
oor~ to , • • 10_ .... <II N,'''' Ny '0" opoelliod """.',0' N, 
10 1'1, """om. buck'lng, M ""'0 ' mod .. """. 0\10"" 10 .igh", bucUng _ ,n., do "'" "",," ,n un .... some physic.al ... ~.In' lor, .. t110 pia'. 
'" 0..:100 in" I>i<Jhot modo l_ SocIion a.a .7). _ . VOI, tho b""k'ing 
modo .... po """"~ u • is ,.riod .nd o. '.0 p"". ""-' ,a' ... &b. 
ohonl/O' W. oimpJrfy ,h. o.,.,1em by fi," con'de-rinIl only "I""'. 
pIa'e s. l. ... a b~ ,. T .... ' .. i " .. _,op.-. .. _"IHIO the t>u<kl;"Q m<>do "'" 
oo!te"P<>t"d> '0 IhO IowMl oel .1 N, .00 N, .10' mo"y ",,,,". <II • 0' • 
..,_ on the bockIo<I pl ... _ ot ' .. ..,"" bLlO1<'/ng mod ...... Tho 
Sh_ ~. Mo coaoco;,-tIy oallo<l .... I>uc«lI<rg 110"_.-;, Th. be<;Ung 
"""ndaf)' In .... ' •• "", 01>0,," ",.omaticaTly In FigutO 3·2' """ ..... 01 
""'ny ""'. ,"., '"- """oop<>n<l;"g to dtto .. o' modo .... __ ,., ,.. 
"' . .. nto ..... tH>und:uy boo ..... n a "",.10<1 pIo'. and "" unbocldod pta, • . 

, , • 



.......... .. , .. __ ...... 
I,; """" " .. 0' ........ " •• ,," - """ ''"''j ~' ....... ".,t '""''' 

" .0< ..... _ . . ..... e. .... 
./ 

/ .. .. 
~ .. . 0''''''_ ,_ . .. .. _ 

• ,oeo .... '.., ........ _// 

... "' ........ """ ... ""' .. 
To""'" tM ~ 011_; 'ho budlOlg bot""''''', W. kr.o" , .. 

"" ... ;"1 buokftlO "'.d>, '-I, ."" tI,., I",m &<,",n 3.32. w • • ~ """'" , .. 
""'Ie will b",,100 . , """'" •• Iu" '" 11>0 "",,;"1 _. Mo, ...... "'" . "',,. ''',e m~ be interaction I><t .... " 'M t_ biv. .. 1 _ """h lila, 

P, ... "". oj '''''' """", reuN-' ",. do po"",.-,," " '0 •• e" OI~ 
..- itI t>uc:I<Iiny t>oIofO . . .. , 01 to. ''''' oppjiod _ fOoch .. 
iI> uni .... 1 bl.ocIoJing .. Iuo. Tho., ;", the piIIl. i> ,~ilI .,iI/n."" 
.g.o .... ~ ..... tho . ddD>nod ""'"'p, ...... .."d, 

• P, ... oe. of . hlmilo I00<I.''''. p. "",ndiculo, """'P"_ ' Ioo.d 
ohou\d !O'" .. buelding at a hlgN, <0"",,'"'''' Icod !han ,n. 
" .... ;,,1 \;>zI, Th,' " ' ''' pia .... otil.".d 'IP;"" b""Un!> (bioi ",,/ ~ •• n''''' ''''''' """"';"gl by th. t.". m . , 

w. _UI&IO ""'I .... oo"*<t" ... , (II "'Od< ....". 110 .. _~ bUCk· 
IIog. I. •. , to. """kIitIg _<) ... """""'" _.Hi th. origitl nn. poitII 
of , . '" bO .... lloo.d.), Titio ",,",,"lolion .. p.of~ by _",;"g ,h.t .. . n 
~n . ,"nsilo m d • .mo, ' oomp_. m d in , .. p.~ula, di· 
" " fun .. '"G oo-..! '" 0" " buckJ;"g, .nd Ihat ,"n",10 Icod 10,01 no" ' .. 
""". '''PidI)' ""'n tho eomp,. ...... load ... _ ~ .way !Tom 'ho O!igin 
booca ... b"'kMg i>. """""' • ..., •. Io>ad .<IomiM'''''~ .. M of , .. 
!o<egoitlg ._.,to ........ "1 itI F;g...-. 3·21 .. . ",,""mol;' monno,. 
i .... tn. "", .. iil l buok ..... _ , tho ~"" in b ..... 1 """'p, • ...,. 
_ 9 _ from 'no '0",-, .. 1 v.lu." to. ina.as. in comp, . ... v. 
_0 load I. bia. ial W>Si<>" and eo""" • ...", Mea" .. 01 I~. po" 
pOndiouia, 'on •• I<>Ilding. a"" ,h. "'!lCI>v1t)' of tn. buckling boutldary 
_oKllh. orig" oIlood1ng In "'*III .... , buoilinll....- .... po <honl/Oo 
ooou' 0' inl,,_,",", of .. ,.;gnc~ ... Hg"'O"t. 01 'M ....,~"g _"",,<y. 
~_ ... ..,.... " ool.~ _ OtO ... "' ... .,.. "" <e~oin ¢OIIIblno · 
"" .... of buol<litlg ",.do. F", ",,",,'. plot ... tho buok~ be .... ".. io .y., . 
moU;, a bo'" 'no line • • , N..-,. w. aOdr .... .,.01", bU"1ini! ,. . .... 

, , • 
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3.3.3.4 R ..... II. 10' Both N, .,..,- H, Comp, ... I>. 

T~. bu<kling 'e ...... "" • "'l"or. pi'" ,,;,h bolh N, 00<1 N, <om · 
P"'oo?"0'''' oho ...... .. lho 'hinJ qu.,hnlol Fio]Io", J ·22. R«.o lilho' N, 
0 0<1 N, .r. <:<>mpfO""'. __ "" 'hoy Mi. oign" OJIIIOoil. '0 N, 0 0<1 
"'Y ' Vo'"", 0' ""'h ",.dngo " ", "!*'!t.d "' .1'" " .. '" N, ~ N (N,~ _N) 
.... hi<h N .. ,h. compro .. "". Ioad. Tho ,. IO'oon b. tw •• n N, and N, "" 
• ~. ".j "Io'o .. ~ .. I".ro;t ... ,>.d;..;t pioto ~ .1;/1' .... O. ;, 
...... , as "'"9 ... b<.dd"'sl _ "' .... .... m. b<><klO>g modo (I. • .• ,h. 
oa"", va lu • • oj m oro;t")-o volid ... '.m.nt"' •• q",,""m,", Dill. """ 
.~.;gM .., •• , ...... "" diff. ,ort modo w p., to, .. """"'" ... t . .. Figur. 
3 ·:r.!" whKoh..J/ rb. 1>1.. .. 1 balw";', .. """,mo'''',w"uJ rb. _. _ I. 
n, •• modal ..... , m ~ l . n ~ l ' m _ 2. n . l, 0 0<1 m ~ J, n _ l , to, ,ho 
10" .. 1 bu<kli ng Io . ... . ro 0/1."",,, ""'dod .,,10:1 i n ... ' 0 .. tho bor:kmg 

fi . , . ... , 
" 
, 

1 : r ··t ... " ... 
! •. ~ 

, , • 



! "·;·~~~I~-- J e ~~p = J~I~*!~~~'·*~J · ; ... E_~.~_ .. ~ •• • _~.. '0 - '"" ' -'-~ _._j 
E) :Ie <i.'so ~~- ' !:i ' " I ! ' .~ 1! I!. - . " . ~.2-
-" ~ - ... . ~-~ "i..j;~ .. .:"t • .:~Q "o"~ ... . ' g.~",-.li"! ! _ ~ i 55~ l = ~~,~ · " =~j~ .2 • • ~.23 ~jl~w~I ,~ tl 
'~ill~'\,i ' " EEOa · "", 'i=i~ l;". . - - ~i ' 8 

I, III ~ ~ ~ 3. f ~ i! ~~ ~ ~ ."',' . l' ~ 2 !, & ~ .! l~~.: . ,' -i~ ~ ~ I a >Ec-5- L· · .. .. - _ . . .. ~!i_~ ~ 'l i '!~SJ- E!I~~~!it!J' , 1 £~,i~I~~~r ·~ I~ ~t,-l 
j "l -, · 'l "j ' -! ' · , - , ""',!I' " • ~:~. _ ~ . _r~~llf ";' ';:~ ::!N~ = 'L-:" ~iP~! ' ~~ '!: ';:l _2',; 

c ='~ '~"""' '''l " ·cccer.>~ ,,,d,,- l ~ ]~~ . 1,;j' ,; "d]i'j~ 
! H;l1~ : ;!]~:d ~" ~JiI !~f 5 r -,· .\I~~I-::· ~i~;'I<L O -Z 

!
'j'O _-,,,, -, .• "'Ii5. -- u ~ .. " - \i oi '" ..... J!. 
, ," -. U€;:;Z. :l: "" ." _I ' , ~ . ~ =-" 5 MO e , - .. . . " e", .. ., S I, _ _ N.a , t -:.!, . -;, =_0 . ' - J' u~S .. - 1 · ~ -!i ...... . ~Eol·5 .. '''''' 
j ,;"i' • ... - z~.: '" 'ii'l'i" ~ ~ .~::.~ ~ . ~ "I. .lI , z • ~ .. z • . ~-,.,;~ . . i _ .~o z ~_- ,,~~ ' l _ -~" I ' ,"" .. l! l - " f.o.-~ • -_·I'~'l'l-"",,·!li 

•~ ~f~lS ,;~ $ I,- ~~~~~ ~ ~~t} j l,L~lt~ ~J~""j~l!-! ~ 
-I ' -j 1". -." - ·',- -1" 11 ' " ; ':~.s,;,~~ - ~ ~ _ ~. ~'~~ .1!~ ~~ .2 . !l';' Q ~'; J ,".!I.!I~~ . =;~: 

r -."" '1 '·' - -IC-,'- ' ,· j " 't - '· -"! ' z "'.~ " , ..,'" • • ~ ., !! ~ ~ ~,...~- !.., - ' ~ .lI ' 

I- ~-,,~§ j j~!"!::>1~c. ~ ~ .. ~=.~ , ~ -':~;!il..:~s H~l; · ~: 
"' "i'l • "~- .c , "- - , • -i - "!I·· ' '' · ''~''- , . ... z "' Ii. ti , __ "" ' 0 a: $ ..• 0 ~ .' 

1~! ~ Q . -1l1J.l"'~E ' ~i:~ccN~ !.,.iOG !~';'-:iN.,;,~I~R.'" 
~ -!!; ·all '"!'jqN- -;"';-'i; ~ "'Hgn~Ji~"-";;~'!'_"';N'!;Ji 
H5~dni ~ ~ .;,}~Eei::! ",,~gg~h~ieh~}~ ~ 

l" .! "' -

1-" , ,s;" • 

I ,' g '~ ~ ~ , -"' _ ~z 
~\;- .. -" '!~ ~. - l" 

i !"i~ 
~ H~~ , !~H ~ -, 
! ; I: i 
i
- .!~Z! ,- . 

le,'C.s 
j I ~ i' ! .-" ,, &, 

.ll ;~~i 
~ 1i'l! " .. ., ~ Ji 

-



_"'_ .... _ Z15 

"' 'M po""". (,..-) ....... ond N, got. Io'll'l' "' !he 0.11"'''' 
(cornpnr_) .. n .... ""0 ""0' rIM w~h. >Iopo 10 ,t>. riI1'< 01 ,.~ica ' 
_ ..... 'hal -">po ...... 1d Imply (1) """~ ."~ "_, only ........ N., <>1 
eo_ YO'Y I .. go voluo 01 N. . • pOly""" ""~b ioly."" (2) 'fO" ""or 
""" 0,. b ..... , to"...,. ~...o"'''' "horo buel<ing ,~ .... , """ Uf , S""i~. 
tho o..:ld~ _,., "' 'h. """'" q ... _ ( .. moh io "'" ,""",," . buI 
~ Mow Iho b ..... """ "' , .... ,",,~h q.a<O'"nl.,..,. .... , .... bllOO.Iing "SuU 
to' a $QUO'o 1'"''' a,. ,,),M"'o1rio .bou' I," proport""", _g .... 
~ _ 'J. T ...... .. N,. inc' ••••• . "' Iho , ogo""o .. , .. (oo",Pf1O_ ) ood 
N. bocomo. "'9"' '" "'. posIINO ('0."' .. ) ""' . • 11. I>oll.v"" '" 'M 
founh q.-.. .. «I" """0 ' h.,o ~ ..,.,. ' hot is I>bov. "'" ""'irontal (lor 
tI>e ...... '''''"'''' 0. ", tflo "'0"0 quod r •• ,). Boo, bucloJi'g _ ,<tari •• 
mUSl. ~!OOCh "" .. ,~oI • • hII' is "~",,,I in Iho H«Ind qu.d,a •• ond 
""'Ilon .. , '" "'" 'ou~h q uo d, •• " ,_Noly, "w'<><><t>;"g lho • • ymp. 
role oignilio • • h. ""oeliv • .,.., "' . "lfoni, g"" FOIo' o ogo"", buckl;"g by 
applying. ,0fI0i1o Iottd ;" . porpondi<ul:lr d;'. cbo. to tho """,pro";'. 
!<>ed, No' •. 0' "".""' , , ... t .""~ modo oIfaitor. __ 'rom bucl(jng 
m'QM '<1",,'11>0 PlOt. (;,0" e,u" !.ito, .... d"" o nt __ ",0 ' buct.Jing) 
.... 0 ••• 'ook,.., For .... "'1' .. , ,.,...;ro ''''''"'0 milt" 000:'" .~u .. 01 
tI>o '"oil ,""d o .. r_. 
3.3.17 Nonpmp''''Kmol lr>adt''9 

WO ' 0' .<kl<oS$ two ptao""" ",,,,,..m, !o, ""'k'O'IIl 01 ""' . .. .,. 
""""" pIa'H," ""'0<1 ;" S""''''' 3.3.3.' FnI. ~ .- p",port"",,1 
Ioediog ;" S. ction. 3.3.3 .... 3.3.3.8. Now. lot Iho oooond p""'lo m 01 
",,~oporuonollo>o>di.g. a lurth., 'wo l)t!>O:ot proIIlonI. orio<. Tho I;'" 
and ""'pieS ",oblotfl is 'wo ~a! Io.o.dng ... .,.. one .. , 1>0 
x·direclion end 'ho OIflor""'" y-dr""'ion, 'o.eac!> .h. OOr:to..IinQ bound· 
''Y. TI>o oooond pro ..... is _0 "om ""'"Y Ir>ad .. _ '" ,a_ • 
• il .. ", r. och , no buckOing boundory. W. mu .. .. peeI .h •• til . QrtIo, 01 
.""h ,.00u,1y _ ""'" Slop> is ,,,,, .. 110"'0 JlfOCo" ot doto .. ;,,;.,g 
tho ""d •• t ,..hdl buc~"g """ ... , 

Th. """"roportioMl l<>I.dng p""'_ '" """ k>od SI.p In ooch '" ,1>0 
""" dI'oct ...... , •• 1>0 buckling bound!wy 10 __ ~ .... II u I<>I.d ,1>0 

1'10'0 ""npropon ..... ," 0""" .' 1>\' 1"''''0 th. votu. '" N, ond vO"l"'9 N. 
to .... k N,. ""'" "'" bLlcld;oO Iood occ ..... "n ••• ''''' no" Iood ing p.tIl t;", 
e.,.... • .-oolld modot Iino «no OOr:to..IinQ I>O«nda'l') .. F ..... 3-22. 
Fo< ... mpill , I Nj>'j,,"O is p.....:ri>O<llO ... 2J ~O".tIo). 00 ootid modo l 
~.o • • ;.,. 10 ' 1M riI1'< ol ''''v. tuo "n 'ho N,b", . D .... , "" ..... muot ~ 
to ,ho Io!t '0 "'" m. 2 , " . , modot buck};nO .... '0 110' N,b',.'O . 12 
(N.b',.'O . - ' 21 t __ II>t ""."." bllOOJiOg Ioodl), Not. 1M, \1>0 
oq",,'iono 01 tn . modol Ino .... . . oily Io<Jnd i>eca . .. wo con ro.<IiIy 
'. r~ thot", . bue kle """," orI-oape char>go<r I""" m ~ I." ~ 1 to m_2, 
" ~ '., norrnai.zO<lIoad """d"',o. 1_7, 310nd I,om m = 2, Oa ' '0 
m . a • • • I a t (- '5, a~) , Ot COur" , ... gel I ...... mo buckling ...w" ~. 
, • ."..,.". 01 wn . ..... w' do> ptopo"",no l 0. nonpr<>pOotic>not Ioo~, t .• .• 

, , • 



mo ..... ..... .. , .. __ ...... 

bolh _""""'" or. ""U ....... Iid, Fo< .,a"'l1lo ",diol IDIo<ino . , • _ 
-2 _., (-12 M!. 25) "' .. ,. .. gooino 10 N .'I~D _ ;!5 aM 'M" "" .. 

, " 10 Ih. m _ 2 . n _ 1 """"" lin. aloo "'~ .. N,b ,. D __ 12 112, How· 

....... , "hOulJlo ,ho two . """"",ho . ... ... "w ... ", .. """"inv 1Ood. Ih. y 
ar. "" ""u".lo nl ln Ioad·.wlica,"", _". nc •. Nol. 11 •• , 'M otll. nir>g 
Ion. ilo bod "'" .. \>0 . pp ...... _ 10. ''''''''' . ..... bod. olM _ 1M 
pIIoi. _ buckl • • , N,b',.' D _ _ 4 OM ...... , IM<h !he oompro...r.. 
buCIo;""O load 01 N,b' . '?D _ - 12 112. ThO' io. ,h. 0<tItf 01 oppliOabOn 01 
11>0 "'.d ... p • .. cruciol, 

Th • ..coM pmc!ic>' """I'r<>portior>o' ",.ding probIom ot m.ny 
loading "_10 ,h. buckl"sl boundory 100 " .. ,"" r»W . TMI "'''''I pl<>' 
portlooal 1Oa<ling PO'" 'ouoh .. I .. b""~lng bouodtlry a' 0 "" .... po .... 
100 ... .,.. 10 ... in Figu" 3.z!. flo"' .... , n"""K>P<>~"""oJ ",""" nO" '31 
""". com~.''''' Dod consists, in 0 ... , . 1, 01 • _ ... nc. 01 mony 
loading 01_ I ............... 01 ~.,. u "lOadng m .~"., ,lot , . Or.· 
dirOCl"' ... "' boIh ;n 00I1I. propor1""'l, Un_ ~r .. _ a,. p'opo ~""", 1 

_ng. 'M toIaI",.d PO'" .. "'"1'_10 .. , _g. Th,' ''' ~ .~y SI. p 
is ~nal!oadW>g. 1hon ,h. ,,",erall _ " g pa'" "' """pr<OpOr· 
'10",, ' , TO. load ",,'n ill "'.",elic>"" " .. to .. pIOir ..... ry port"'" 01 'ho 
''''D,dol"d pjo'" _ 0/ ,h. b""kling boundary (tHocau"" 'M pjot . ....... 
rio' ;. """ _ 10 .. . I .. ,ic), _"'9 .,., """,.ding .. ,,00"' <1;. 

,ootIo .. u"'I1 I1" .... ,h. pa'h 1<oUcho. 'ho " .. d ing bou_ry. Thuo. '""&IV 
palh m ..... toy ... ;0, .. 1M bUCki ng __ ry " cOp! lor t ... 1.0.1 >I.p 
_h juS! , """""" ,"" buckling __ ry and ""_ buckling TM 
point io tha, wile' . ... ' 1he ..,,,,,,,,,,,,,,Ionol ""'~g path Iou<:IIeo ' M 
_ g boundary 10, tho r .... U"'" ... "" _ g 1Mt:I. Thus. 'M __ 
"0 _ .....-.c. .. qui. poth -M n""" 

Th. _ng ",,'h' aho"" .. F;g. .. 3·23 .ro "" •• ·Inc'" .... . 1 'M 
Iy" .. of palho "",I . re _ 10 lor 'M _ ~rt"""&I -.g 

P<'ObleM. _ ••• " t""Y .'. ,.,,_,Iy. '" mO$l "..,h. 0/ ProOl;C0 1 
into..... P.th 1 I""", oo"",,~zod load coordioo, •• (0.0) '0 (0, _ 2) ' 0 
( - 2, - 2) ill two 10 ........ otopo th. '.ro --. ..... in b""kling 100<10 10 tho 
P<'Opon<>nol ~ pa'h s_'" Figufo 3·22 Pau' 21rom (0 ,0) '0 
( -1 , 01 10 I _1. - ') 10 ( - t . - 3) .. "'"'ptf ,h'M Ioadln<;t "0pS tha' 0 .... 1-
n," . in 1HJekling. Pa,h 31""" (0. 0) '0 ( _2, 3) io propor1ional lOading. but 
tool 10 buok ...... T ... polO ""..muo. ,. (-1. J) " MOO bUCking """ "~ 
Altl>ouoh PO" <It Ih. poth io p roporl<>nol Ioa<lng, 'M ontltoty ,,11110 path 
mu" ... "",,,,,, ""op""",rt.".., 1OadO'>g. T'" palh .... tho ""'" IK>CI<mg 
_ M tn. ",oport ...... 1 loorlOlg pau, • _ _ 3J7. P.,h 4 I", ... (0.0) ' 0 

( -3,0) 10 (-3. ~I to (-1 "2, 5 ) io .... ply "" •• too..,; "'.p. <u_.1ing 
10 bucIdirII,j. Palh 5 I""" (0. 0) to ( _ , . g) ,. ( _5, g) "' ( _S, 8) 10 ( 4. 8) 
10 ( _4 . 1) 10 ( _S, 7 ) h • • lh, •• ... po Q) un_g pm<" 10 • 1 ... 1 to.d .. op 
10 'udlng. P. ,h 8 I",,,, (0, 0) '0 ( _ 1, 0) 10 ( _1, to) .. ( _I . 10) ' 0 
(-1,7) h •• """ "'. p oj unIo.!.dln<;t (in l<Mion) just ", ... 10 a lina! load 
st.., .. buci(fog , Th., it, '". 1>1->" "",,,,"' 1>UC11OS _ Ct"9 ""_, 

, , • 
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3.3.3.8 Ell...,. ol ~. AsPK\ Rm '" 

T~. pla,o ...... , ,.'io. "'"". it ""1, (~ ""uo .. 01/01', In 1100 n"_' 
...... 01 F;g. .. 3 ,22 , and _ I.,ul. al. S)lmmo"", obo'" ,ho pro. 

p<>ttiana' 'ocadO>IJ ..",. 01 .' 1. Fo< ""'. ' pb 'o .. .,.,' ,a"", 19><00 
analogou, 10 F;g. ,. 3·22 ".uk:! bo ""~. rIiff_n' ...... "' 1'"",,,0401. 
wook:! .01 .,1"oit>1 oym",o,"1 oboull'" P,oport_'lOodit>Q mo .• • I. 
Spocit~. "" 'ho beal""' . 01 tho """''' whOI. rnodoo ohapo' chonl/O 
wwk:! bo <Iiff . .. n1 n wouid he lho olope • • llh. modo .a.po '"'"-

"''''''ho. ''''0' 01 b"ck~ of ..... .. LOy kIo._ plo' •• it doopO:'ed "' 
f~I' 3·24 ,,100 .... ,m.lled bll<~lO>\i "-!or . '" pIO"ed """. 1100 plo' • 
• ..,.., rob,. Tho Iooding io ...... 1 bialcitl rompl • ...,O IN. - N" no! 

oq ... ' 10"" ' ). ond .. bucIdiro<.I ""ours "' ,~o m _ 1, n _ 1 modo. "wo 
. '0"'''' , ... _ 0 PO'""'.'" N.,lI(I' O), " . ... '00'11>0 .ucUng .... d 
opproacho. miniry • • , ho plow a<!lOd ,,'i<> approoch •• zoro. In l lV1 
c •••• 'ho pri"",,"1 load ill ", ,h • • -dO ... "", '-"'_ N,h > N,.... sOn ... · 
.. t>eOuoly, ,h. "'-<Iin!ll" ".""".' N,...· /(.'Ol Ol'l'ro.>cI\ .. unlry os <>Ill 
l\W<IaCho, ZO,O, nol, .ffO<l 00 ' 1>0 o. pllo;"ed I>y I~ _",lng, .... h 
1IHo aid of FOgu'" 3-25, thot lor ouch •• I<J ... of ..to "'" t.",o On tho y. 
_"'" .. ne?9b1o. Tho" , beco_ . 11 toUI od\I< • • ro ""p~ _. 
ported, ,h. bucl.lino bad '''' ,ho. pIo'. to n~n., tOon lor. ",""mo. I .' .. 

, , • 
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13, Illll) 

_ ,v". 111. rlgl'o!.1\and .... or E~".'i<>" f.l.I88) '"I'i',oaoto. .., .. .,.. .. 
a , t~. '!, .... Io"~~. 'W~d, •• uro. ~or. plo1. _opooct .. oo '" unity. 
N)l 1(0 Il) - N..,a JIX'O)_ 2. ~o, 10'9" p!o.l. ""1*" 'OliGo. t~ • .... _ 

oI ' '''' "",", I pb.t • • ~ '0'i':' ~roblo .. ""cY'~ ' Tha,;" "" oW ap. 
p!OOc~ ., inlinly. 00 _ . Ny!< I(x Il). but N,b 11."0) aw«"c~., only . 

• 
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. .. " ... <0 • • .,,,. ~ 

"~ 3-,2, Nomoaimd B""'''''II lo .... "" R"~ pt .... 

"""'" £"",' 6 .. """ C<>m!> .... ... 

• fI' ::E', ~j~' ~~~' ~"5,1:: ,! t ! t 
• 

• """'" ""YO ......... .,'" 

- 11-... 
• ................ ..... 0 . ... "" 
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... .... ...... .. , .. __ ...... 
I ~-' t '·- . 
~) -(-• 

I -, 
f ..... 3-~ """'"'v-'"' ...... S_'" ., ........... 110,,,,. .. ,, .... """' ..... ..,. 
'" _~ N, It 'h. "",e ~, "n ... "' •• , tho ..,jgo Y _ O. n. f. , tor "- .. 
a co"''''m ..... t '"p,e...,.. tho IypO of in, p"'" Io.oding. Fo, ""a mp" . 
,, _ 0 tor po,. "''''''0. """'P'. ,..;o" ar><! ~ _ 2 1", i>U<* "·pbno beocirl; 
u'" F9n ~ ·27 . F", , av.. 01" Ioou tho" 'wo .... Ioading " ""pia"" 
be ..... ; pi". co"'p .... ..." 00 tho ofh. , hand. for VDf" •• 01 '" \1" . '" 
Il\an ,_. 11>0 _0 is toMion superi~ on !he "-pio"" bondinll
W . .... it "",.10 re ..... o onl)' 1 .. ,,< 2. n .. p,obIt", .... r ..... <t:> • ...,; 
to)' T_.Mn"" [3 -1 I) or><! 10,., by """"""" ar><! NOtt [3 -12), 

n . p"" odg8s oro oI~ _0<1 as 0 Iowor·""_ typo of ap. 
pro ...... _ '0 tho ""'"of "'"" _ condition.. Wa can look .t ' ho 
p.obltm hom 0 ""'tty t_,tr".t ~.r><!"""; "''''''. !he _0_ 
!em of • simply _0<1 ,..".roguIo, pia,. S<bjo<:tod ., .,."..". be-.g 
or><! oom.,..-. Ttwn , _ eo" ' PIlty".., ' .. 0<1' , ..... o. an _od_ 
"",,,,,n '0 ' ho ""' .... , ""yooca' ~m (0/ """"",a l oMpO ..... 'Y ... 

Tho dill. ron,;. 1 ooq""tion, Eq ... 'ioo [3. '62), h .. """""' ..... '" "".~;. 
eiorn. __ u •• of "'" Ioa<mg, Tho .. W~ _ pt an _ ""mo'" .. "'., 
.""'~ ift'ogo-oIOppm.o.'h to , .. p,obIt"' or><! no'" ... , 11>. <Ioublo F"",10.
.. , ... 10' tho .or.."", of <Iof_ Ib"" ' ..... <Iofloclion) 

ow. L L wronoio "':- sin ": 13 . \goJ 

ro o ' . 0' 
.. ,I.fi .. boIh ... goomOl'" ond ,h. """",,\ boun<iooy oor><!. <x1s en o. 
edgo. " od coo ,op_ 0"1' <lo1~lion wi. ;" lito ""'''' I>oU"""', ..... Tho 

0_ ' 0_' 

"" _ .. -"'" -"'" _ . ...., '" . ~ "" .. '''''''''' ___ . ...... r_ [" Il ~ """"' ..... c ....... [> '''I 

, , • 



_"'_ .... _ ZII' 
•• riatlon "I de~'1on dou oot . ho"",. r. "'is/)' ,flo <11'1., •• ,",1 oq""_ 
1IO"0"'ing bU<l<illlQ R .. Iz. tha, "'It dollo<lio>n lundlon It , .... 0"<1 
... ~oo 10 Ih. bockMg o;IftI .,. ..... , "'1"""" "" pm. """'p_ n ... 11 
c.MOI be tho c>:&Ct """'lion 101 ,~. "' ........ prohlom. r.IorOO'l'CI. n wlh 
_"". p.-m .. ..... _'Q <10110<1,," com_nl ampi l_.;; ~I • .... '.'m"'.'., T". 'w<> ,aria'oo 10 """n .no,~ .x~ I .... ' must 
be .... !ualed to< ' ''"' dollo<:1ion .pp<O'""_' ore givon by Eq • • bono 
(3 . H15) . nd (.1. 'GIl) " .... h 1o, Ihl> pt<>blom can b. ",rillo" ..... 

~·u ... = - r ( N, (l - OY.1>)Ii"'~d'dy 

s'u.~ 01' r [~:, . ~~ . :h-bw,,6w,.,. + 211 - \')Sw~ }ndy (3.11>2) 

Beca""", , h . .... 1'0"'" pol .M wi<ll1 is . h.<ICIion 01 y. in'ollla' ion 01 "_'Ion (3.'"11. an .. "uo";I"'1on ol ..... doliecl"" .""'.,.; .... ,00 .. 
E_tlon (3, HIO). r.q_ ,,,. _trtg >poe;", integrallon ' ..... IIs· 

, 
~ "" 'oj 
o IorI~J.""i ~J",, 8Vonn"mbor 

40' • 
13,19:l) 

I ~ J on odd """,bol 

1'1'." Equo""" (3.1113), " . un 01\0" ,,,", 

- - , , 
A' u _ _ N ob ..... ~ .. ' m% ..... ~ ,,-,,- ... " .. - ' "-, . " "r'" N oa ..... m I b ..... . , _ i . a. "- , . "- w ... ... ,. ., ' 

13.\94) 

.. ' '" '" '-''- I , ,,-,,- , " " "" , (n _ , 
_ , ... " ~i It otw.y. odd. AIoo, we e.on • • siy _IV lho, 

' "" ["r ~'U.D lib . .......... w' ~~~ 
• 4 "-"- -" 

"_"_' & b 

13, IllS) 

Thu,. _ catI now .""l'! ..... ~ cOl._ 
-'-' ) (-' ") '"\~V - ~I U ... ~ ~ Uo - O 13.1~) 

13.191) 

on ",m ... , 01 lint., _lyeb .. i<: _tion. In on intiro .. "U_ 0' "". _M 

, , • 



- ............ , .. __ ...... 
- m a b . . . '[ , .. ' ,.,.. 

1 
;; ... , N ""m. b 2;;; _ L • • ~a'· 2ba'4 - , 

(n' - fl' • 
,~ .. [ .' , r . ., n ± l oQd • • ~ 2'>0"", , .' 13.IfIIl) • 

Na' ",aiI'f. ". , • .,net ou' .bn,"," '0 • 11t!iI. _ .. , of ,"""" oh.,.",.,..,,, 
",,,,'Ion$. FI,". _.r. "'. "",. , .. , "'" .. r.,i.e .. , of cho,oct.,I.lic 
eq""' <>ns is ~idod .". out>gro .... of oquolions I"" ... ~d1 M<II ....,. 
~"P _. ologloO ...... Of M, bul on ",';"U hum"... '" va"O' 01 n. Thol 
io, .... '0 01 1M .. ,. oj lIqua'''''' •• __ ",." by "" ...... 01 "' In 
~ """tion (3, 1~) iI. indopondont o! all "'" otII., Nt.. Tha, is, b,",k'Ong 
occurs in an ;nt. I/O' numb. , o! !>on_waves in "'" • .,._. according to 
tho """"I;'" (0 oi"""~"'I;'" .1 Eq .. ';'" (3 .19611; 

1~.!991 

_ '"' m.O<I" t.~. on value< lrom on. '0 inliniI'/. W • ...,..I<I hov • 
• m.. d 0' ,,,. .. "'" """,. " _,, "'l". tion ~.d w. ;.,itio lly • ....,.,~ ,h. 
".hat""" dOfl«t;oh ("""ion (bueId"9 dofloobon) 

..t.i<h " 010_ In "'" , "; I<o<tio" at>(! compltl. In tot y-dlrO<1"n,"" 
~ can ,"p •• ..m ony tur>CIioo in , ... 'f~ion , W. hav. jusI .. ,iiod ,,.., 
...,h a n . .... mplion;. __ 'PPf(',,""'" bt.( .... lW;IiIy wa. no' ot> ....... 

In <><do, '" "'ioty '0. <:/\a,a,"""" eq""'ion., Equal"'" (3 .• 011), , ... 
do'. 'm....,. of tho oo.Ifioiont. 01 w,.., ""'" bo , . m "" • ""o!Mo1 001_ 
ution 10 0 . " , Ho~·ovo" tho dete,minant is,.. m., ~o '" W& mu" """. 
o ... ;,ely _o,.".t. IflO ",,,,,I • .,Mion by "' , ing """" _00 me .. I. "". 
in IflO QOO'Ietrling _"tlon."" Ih.,tby _hi"Q ... ,~ loci Io,gt, at--
,.rm ...... F", . >.am,,", , ' m ~ 1 10 single hd· ..... t" tho . -<li<ootlon). 
".00 ..... 0'_0: "'I .. , ..... 3,. 

W' [[ I+". a: j' _ N. ~' 1I - "'2)] - SN ."~· L 1 b ,D ,D 

w"ni . 0 

(n' _ fJ' 
13-201) 

0 00 JO" ,,;tI '00._ lhot "~ I mu" t>o .0 odd ""_ in ,1>0 last ,...., 01 
("""''''' 13 .2011_ 1hO". , ... """ ",'P""""Mtio>n '0 '''" 0"",,,",,0.0'" "'1",, _ 
tio" ... o~.o only w., 

, , • 



-"'_ .... - .... 
",,[[, .:: r- :;~ "-"'211- 0 IJ.2W) 

",,"' "upon l>ec&uM Vi" ""noo< be <eft> (or bucklO;i would 00' 0c<"~1 

N •• '0 [.+£r--'-• a' b' 1 _ <>12 
13.200) 

• 
N_"O[b .. _f 

• b' a bj 1 _ «'2 

This .,.,.~.rm _ "",I"""",,, io ..... alicllor tho ~ bonding a .. _ . 
<1.2 "",,"uo. 01 "' . .... 'orn> " Equ"tioo 13 ,~). How ••• r, "'" ap. 
1"" . .... "'" _. ,..,j"". ,,, "'" . xOCl ",,""bon who" " . 0 [u"dorm 0.1.1 
oomp""';"n ,., a ...... , . plot. whkh ho. lh. bucklny modo 01 m . 1 
and n. I OS ill Eq W!'ion 13.17611 a, •• _'ed. Thus, "'e lirst oppro. ;' 
ma''>n ia va lid <>r>Iy for ve<y om.1 vail, .. 01 " ...." t>u<t;r;.,g .u, m _ 1 
&0<1 " . , . AocO<di"9~, w. ",y$l ... ~ otho, l op<>' '''liono U ~ 0,.
cr ..... _..,.1 •• I.M."..., ,om, 

~h. Heo!'" "wro,;"'. "'" to tho _",<1_iI: oqua1_ invoIv .. 
QOIy w".od "' ,,: 

w,,[[H "j' _ lioa' ('-"'2)j-w,,, a' 2 _,,_" '3.lI05) 
b' "'0 ~'D Q 

_b :::' ~ Ii". [[1 ., :: r _ :::2 (1 _ ,"2} •. O la.roe) 
lor which .ho eriC ..... tr.o" ho <It,., ..... ,.,. '" I .. 0_".. .... of Yin .rKl 
w,, " 'h e ~ oqualion WI mu", be , . '" to ovoid tho "",,, I 
"""'ion ,w" • w" . 0) ~"ir .. I~" 

''''''' w~dl ,,,. secord aw",,"'obon 10 N, is ob .. ined. Again. "'" """ 
"U'. 'Y 01 """ appro"",.60n __ •• ft .ppfOOCOe< 2 I"' . o=u_ 
''''')' oa" • • """"'" to boo &bout 8% in .ho pot. bO<>dO>g caoo). 

, , 



... .... ........ , .. __ ...... 
T,," '~Ird appro ..... U"" "' 1!00 c!oonoel.,;.b" .q ........ .,"""' • • 

W, 1. Wo>. and W" and io uW<! ."..,. .. h..., ~ ~ ~ (pIlro ".n<k>!l) bKau., 
,., 00<0<><1 _"'.,.,....''''' ouff", • ..,.. ..... ,, __ c;j <t. '"" ,~ ... 

""""''''_" "G u"lOon •• ,. 

l ]' , 8' _ N., ~_ 
.. . ",, - 16 . 9w,, - O . " 

IJ.2OIl) 

13.200) 

_ 10 N:" :! W" ~[I_g .: ]\.,,00 
" . 13 .210) 

,_ .......... b",,~tng 0qU0, .... io ,_" • .-...:1 • "'" """,rn"'n' 0' ,,," .",. 
eIIl<>onto 0/ w" . ii" . • nd W" io oq",,'od 10 zero. Timoon.""" and Ger, 
13--111 noto """ • Iou~o -.. .... UOn d"oro hom"'" ...... appro,"'"''''' 
by 'bo'" _.1I"W(j 0/ """ .,.,c.n' 

To, ov.",11 fHUII. con"" • ..,. .. _ a . , 
N • ~ • 0 

. .' 13.211) 

"' ,",0"0 1!00 y ...... 0/ k doptndo "" ,h. typo ,,[ _ ng ~h. , ...... <>l "J 
.nd ",. plot • • ~t "'bo . .. to ••• in 1_ 3·1 10, '" _ 1. AI! ... ulto oro 
"" .. ined u • • of !too _ond '"' "'. ,ho,octo,_ , 

,_ a·I ~ C""""",,, . !« S"""~ S",_ A..,"""P" P..., .. 

• • , ' .' •• ... 
• ".1 .. '" ., .. , 

S~ '" ,,-Plano """0; ..,. c""",. • ..". 
a""""'ll in ... m _ 1 ....... ' ...... _-,0'0 

• • . , .. • • 
", " .0 ." "' ,".' ... 

I ... II .' 11 .' .. .. .. .. " .. 
" ••• " 

°A"", r __ "''''''IH/., . ",.""_,,,_ . _ 

• " , .. "' 11 .0 11 .' ,. .. .. " .. " 

, , .. 



The a,Io, II,HO .. fie, 'rom cornp,_, 10 
'e ... 1e M ..., II" 'rom 
lOp 10 bollOm in 'he 
01;0\010 in Fi~u" 3-2&. 
TIIus, ... oxpoo:'buo:k· 

.... '" """'" .. ""c "". PO' pc<!ion oI'h. pOo', 
(wI n incroaoin;arnpii. 
, _ IOWa", ' '''' lOp,. 
buI nobuo:kIoslO oocu, 
...... low., porIion (Or 
• , ... 11 .maUer-o""," 
,_ buo:kIo. bKauso 
'" ,,,.,ir ....,.,..SSian or 
n.Uoning by 'enoH 
....... in th.' reljioo). 
ThlO onopo 01 bue , ling 
dol...,Uon _ "'" 
"" ... "".n modol. " 
<orrOCl~ wit""", ,h. 
oomp .... ""'u" oI,n. __ .in .... ~~· 

_n '" In ... rIotlon 
in dot ... ,,,,,, ;n Equa
!Jon (3_200) -_ ........ 

-"'_ .... -
• 

k " . 

' . 
• 

'. 

• 

II, " -;> • 

>~_. , v .. ", ... ... ~ ..... .,. • ...-........ '_ I~ , .. , .... 1 ... " 

• 

....... v...., ... _ .. _ o, __ ... ___ .. <_ I .. 'OO) . ..,., v..., ... .....- .. _.,_""'..,,_""" .. Evo_ 1> '''I . • ~ •• .-. ... _" ..... ___ ... ___ ~ [_ IU·"I· 

• . ,., v...., ..... c ___ ..... d. __ -.<_,U"'J 
u •• v-. ... __ ."",, __ ...... _ ".205HUOn 
uo v .. ", ............. '_ '",""""""HU'." U _'-' ._ ... __ .......... _ . '''''''_ " .>01) ............... ..-

I· · .. . _~ ... .... , .. " " .... ,_, 
u • .• ""' ... _ .. "' ...... ond _.....,.,.. ....... "'. _'" _ .. "..-

""'"0 ...... ' 

3 .3.5 B""kllng 0' Simply SUpporlod Roct."IIu'.r Pia, .. 
undo. , ... Plano S ..... N .. 

Consider 1IHI .... pIy """"""'" ",<I<lngIJo., ""',. in FiglJle 3-29 sub
jodod 10 _ " -~Iono :oI>eo,;-.g 10',,", 101". Suo;:II . orohlorn i • • 
portlol r""--"'tion '" ''''' wob 01 • llruclu,. 1 "".po oucn • • on I-!>Mrn 
,hO' ~ lubjodl " '" pu .. .., ... ' Ioad;"g _odOOtN, 10 tnl _ .. "is. 

Th. ~u"rkJrn ..... prio>r 10 O<>cklng is N ,("~) ".0. N,(> .~) " O .... 
N"I>.11 ~ N" . No I.a'" -.00. " "","wn kr< 11>0 ""',_Io' <quo'ion 
lI"" ming bOCkM19 whi<tl. by ,od""",," 1""" EqLlO'''''' 13_1621, ia 

13.212) 

, , • 
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, 

St ... . nd N.tII3-13) UMd. "''0'' . nOfll)' ~ _ "'" buckle <lo
n. _. aPI''''';'''''!;''' in ,~. torm of. _10 Fourio< ..., . ...... 

~h L L w..., .;"m: "' 7 
.. . , n_' 

_h .. ,i.h .. t~ ""'p~ -.-0<1 0d90 _'1 eofKIiIi<>M on • • 
~s. TM .... in *"0<\lV ;"'091'<110"'''' ., . ..... ,0<1.,. 

6~U"" - 2N" L' C .sw •• 6w"dxdy 13.214) 

;s' U, • D [ ( [(0",« +.sw • .,/ - 2(1 - '·X~ ... "!Iw.,,. - 6".~)] dxdr 
D 13.2 15) 

TIww in'o!p1S oro, oj CO<KH , .... mrr.ed 10 oIltain ~'v IOn"" is oubso· 
q .... ¥ rnado ... b,nor)' 10 dol."" ... ,~. boc\;ling Iood. Tho ""01"",,,,,, 

01 111 . !no " "' .. OO' 'WY .. , ...... ', Equat"", {3.2H). ~"". "'" """" .. I 
.... ~"tion , .... ~ 

( ~ " ,"" "". Po" <h ~ _' ,'_ ... 13 .216) lo. ' m ~ p"a" "".n"u_ 

W m i 9 10 an od.; "urn .. , 
m' p' 

n.". wNn th • • ~ .. dy khCIwn " ' Uo1"" of ~'U. kK ,h" do>!lo<';", 
" l>P'o> if,,.!Ion. tho _ .. rla,;"n 01 rho IOlal ""'enllal ' ."0'1' .. 

S'v _ 8N "''' '" '" w W m_ 
" ~ "-.:.. "" .., '" > , 2 , 
'"' "' (m _ p )(q _ n) 

• ' &b0 
• 0 13.217) 

, , • 



_"'_ .... _ ZII' 
in w~ic:~. -.._ 0/ ,he "-11n'.grll''''' ,. ""_ In Equo''''' (3.2Ie). 
m = p """ Oi q .'" Odd Int.~ ... 

n""icW>g 01 , ... P""& """""' ......... 

I>CI'V f ~ O ,3,218) 

.. I>i<h, lor . 1 .... dow .. 0/ I,oo<lom ~.m. " oquiv • ..." 10 

~: (6\1)20 (3,219) ,--
Yoi>Ich " .n .,Iin.o ~,o/ OOmog<l""""" <llaraCloOolic: oq""''''''" in , flo 
<lnkno .. "" W"", a"" can .... ritton a. 

- ~ "" "" - m"P'l w,.. .... . L.. L.. ..... • , , , _0 
• • , • • , (m · p ~q _ n) 

,3,220) 

,3,221) 

in .. f>io:h '" io ", .. «HI_n' in 'ho ....... ' t>ucklong load 0'".-: 
- .'0 
~,, ~ k.b' 

It ""nlfflia' &OlUIiOn '0 "'0 .. ' of c""'.ct. riotio oq""''''''", Eq""tion 
13,220). , .. " h ".on "'" dolo"""",,,, of ,ho e<>otI" .. ",. of w""," '""'. _ ••• '.0 .... "'" ,,,,,, tho ............ " con .. .. po.,,,,.d Into _.....,. 
d.".,minan .. l>ecau"" lho COffO..,..,.oog'" 01 eho,oClo,i.ne oquo'ion. 
t>os two • ..., .. ,s. on. h",1n<./ 1Ii_ "Ih m · n an odd numb. , . "" , flo 
",h., .... lnjj iii,.. wl h m . n on ••• n nv_. r ... "",." .,."", ,.n b . 
, •• c ..... tty u .. 01 ",. IoIo"inll looI<: boc.".. m 'p .. odd ."" n 'q .. 
odd. ,hon m , p . n . q mvOl bo " on: nlso.' m . n " ovon. ' hon p. q 
musl b . ..... n: l ind~.' m , n " odd. ""'n p . q mvOl.Ioo .. od<I. lho 
l i,sI'" of _,.,tariot" <qual""," (m . n odd) " ~I<I!I wiII1 buoo.· 
ling ... _60 .. ,ho' or. "ntioymmolrlc .boLd . co ""ol point 0/ in"_n 
'I' ",motl"/. 1.0 .. 'flo <Io\ormotion. 0', a"isvmmotne obo"' ,~. midpoint 
0/ th. plol. in. polo , ....... ,,,a" on won numb. , 0/ bucl<lo ... 1Iw .... 
in tho Io~ .. ," ,oct;'" 0/ _ plat. ). Tho '''';. ,,,,m. ''1 '' "''' """'" • 
I'IO<loI lin. Th . &0<0"" "t 1m + n • •• n) ... buckli'g do"""'" .. 'ha' 
4 ," ..,.m""","'_ a con""'.-' ot in, o""" oymmotry . • • . , _ do· 
Iormotions a re .~mmelric """,,,I tho m"*",",' 01 _ """~ in a polo, .. n .. 
("~h on odd .... mh., 01 buCl<lo ... 1Iw .... ). 

n. dol .. m"'''' ""n", .ot>" "~ ",'0 'WO _'.,min.na in ,flo 
""wing "",nn . ,. F ... , .... 1. "'" H ' of el\o,oCl .. 1sl1c oq u"''' .... 

C" iii" . C"" iii,, ' .. ,. C,. Wg _ O 
Cit iii,"' C" W" • .. , 

, , • 



............ , .. __ ...... 
COl 0 Cn Q C .. 0 C,. C" 

oc"OC"O 
. 0 13.2:1') 

How' ''', u... indMdu. 1 "' .... • o'Kl ""'"""'" eon bo ....., ...... ~ in!o, · 
ohanged "n~11ho do,.,minlon! io r .. ",an~ ir11ho IDrm 

'" ' .. S" S" ... S" 

'. '0 

'" '. - - - - - _ 0 13225) 

'" "'" "'" '" ' .. ". 

'" .. 
Fino l/y. by • rfHlor.m I""" ,h. 'hOO<)' r>l doO.rm .... nls (a <Irr'~rmioo .. 

.. '0'" I • • V 0' 11.0 ...-.. _hto.~ '0"'). "0 ... tho' 

S" S,. S,' S, . 
' .. 

· 0 I3.ZOffi) 

'," ' . 

"'" "'" "'.. ""n ' .. 
· 0 13.2:11) 

"',. .. . 

, , • 
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_h _oms or>li>jmmotric OL><Unll. 
Th • ...., .,lln " MI. 01 in .. , a1<;.I> ... 1(: <i>a'ac!orl$1l(: oqua'''''' a .. 

toN.., by laklnll w«.w..~ mo .. '0." ..... ach .. , ",III .. Hsia olOr)' 
00""0'11" "'" Is 0,1>_. F", " . mpiO' • • onIj "'" '_iI """ I"""s ... 
lakon jn , .. _10' wI1io:l> mM io ,.,,,,,, (oy mm.tri<: l>uckli<1g), t .. '_wing 
bUcldinll ",.d .. 0 ..... 0<1 by oqua'ong tho ... ,. ",,;"",,, 01 , .. "",,1/io:iO' .. to 
01 Vi" .od Vi" to z...,; 

N,, ~ ~ ~ ., J l +{~ rr n'p 
[ t 1 • 

13.2<6) 

f""" which ' Is opp .. ont tho, bL><ldO>g """"'. "'0'!'O'<'l" 0 of t .. oign 01 
N". Th io nlJmoric, ' ",," I can 1>0 .he"" '0 be obot.< 15% 100 h ill l> 10< 
oq,... .. ","' •• ,old ... n h;gl>"' .... plo"'. ,,;u, "'11'" pt., • • ..,"" "'tOo&. 
.. 1;0 (3-81- Tho.n. """0 to"" . m"'" be Ido" jn ,ho t"" II""''''O'Ig d. ",,· 
m .... m •. 5tein.oId Ne~ [3-13) 1001< 10 .. lorm. in """I> ""'erminon' (""
t .. .,. 10 x 10 do'OfmInants): 

"'*" ..... " (..,.m",o1';" bll<klinll); 

m_2. n_2 

t,j" 0 

o M" -, • • 
• • • 
• 
• , 

• • • , 
"n 
• , 
~ 
~ 

• 
• 
• 
" • 
• 
" • 

o __ ~ 

• 

• 
" • 

• • 
• • , '" · "' 

• .. 
• , 
• 
• 

• 

• 
8 40 72 

25 27 "'" 35 

• • 
• • , "' • • 
• • 

" " • 
• 
~ 

• , • 
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• 
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• 
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• • 
• • 
'" . "' , • • 
• • 
• • 
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• 
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... .... ...... .. , .. __ ...... 
""'" _l"n"symm.1fle b L><, Iing): 

", . 2 • • • , 
"" , , , 
• 

o 

• .. 
• · '25 

o 

• 
" o 

• • 
M" 
o 

- ~ • 
o 

o 

_ .~ 0 

o 

• •• o 

o 

• , 

: _ 0 

• 
" o 

o 

- ~

" o 

• 

o 
ro 0 
~ , 

o , 
o • • 
.. 0 

" • , o 

o 

• 
" .. .. 
o 

" " .. 
" 

• 11 M" 
~

" 
o ,;lOO. 

n 

o 

o 

- ~ • 
o 

o 

- "
" o 
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77 

" . 
13,230) 

Sto in aod No/! "",.ined to. n" _1 ,MUlto oI>o~'n in Tobie 3·2 
a od p"",od in F~ .. 3-<JO. Noto Itur, .,.mm. 1rit j.bouI , .. mKlpoint in 
a poilu .. . H I _lding d. tormabo. 0<c",, 1or Ilrtl le .. '~an . bout 2.1 
a od g''''et 'han _ "' 3.5; in b . ....... "'" _1oJing dol""",,"o.;' a"'. 
orm .. "''''"''''''''"'o midr>oinl in. polo, -..e. Tho t>o~ .. ;";' .. ymp
lOt;': '0 1<, _ 5,34. T"" '~oo,elic4l b L><ki .g <lolorma' ioM 'M' ox ... lor 
a b . 1.5 l"I'mme" ;,:) aod m'b . 2.5 janti.,mmolril:l . ,.. -">ow. in Flguro 
3-3 ' ond F;gur. 3-3Z, ' __ 011_ n ' ..... nol.! .. IWI> c""od noda l 
in • • jmo,1<O<I wi", 0) lor . ,,,,,,,e!fie !>uOklng .od t~. ""'vie ""Nod noda l 
In. (ma"ed with 0) IOf • • ,dofmmotric boc ' lrng B"diaMloj.M Connor' 
uood tho r..agr-angion m"lIip~, "O'trodoo Wain .., .. ' buclding """" lor 
plain ... l h cia"", ... 0<Ig00. [:J.I4J. 

1 .... 3·' v ..... Of ' . "" 8u«~ Of 
Smp~ S_ Roc""""'- ..,. .. , ...... ' In_PI.o", s .... ~ 

•• " " " .. " .. .. 
'- •• o • ,., •• o • 0- U' ". •• '" . " •• ,. .," 

, , 
" 
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, 
OU. ... AS •• CT "A11O. 

1" __ :J->l , ._ S)"M'OK ,""'" U _ B"",," "'_ '" 
.."O~ S_ .... ,_ P~ ... .... , n . ... 
!..t;o<t«I '" "' ......... t><" (An., ~"" ""~ '''" IHJ~ 

..-__ .-3> p __ ''''''' ''~ -... "'_"",,>Jo..- '" 
S;n.poy ''''''''''''''' 11",_ ."teo ... to 4 . . ... 
• ..t;o<t«I ..... ",..,. .h ... I""'" S_.nd " off P. flD 

, , ... 



... .... ...... .. , .. __ ...... 
___ 1.>-1 

UO' "" ................... ,_ ..... _ ... """ ............. _ 
<_(>>0"1_" " ).«_ 

UM """,~._""",_""", ___ ,.""_'>'>'1)."'''' ...,. ...... , , .... <_ , .. "2),, 
U~. V_ ....... _ ..... _ ..... _~."' . O ..... " t .... _ '1>200 
,~~. "" ....... "'0-.... __ .............. "-_ .... ,, __ 

_ ~ .......-... .. ,< ..... _1·_.· ___ "C_I>,"', ,"0 ' .,...... ... ____ .............. _ __."' ... __ 
...,.~ ----.~ ..... ---....... '" ..... -("''", uo. c"" ... ~ .. _ ...... " .... ~ __ """' ... . ..... '"' _ 
' ''''' .......... .. to ..... "" .. ""'301,1. ~ .......... 0<,, _ _ ........... _~T_H. 

3.3.6 BL>C kllng ot Unllolmlv CO.,pl .... .oI R.., .. ng ulal Pla, .. 
Si.,ply SOJppotl.ol Ak>n9 T_ OpponJt. ~ Ed~ .. .. ~h 
Variou . Bouncho .... Cond~io ... "JO"~ Two Unlo_ Edg • • 

"_IlY. o! .... I)(ooJ""" '"' 00> ";Iioo, ...... 1>I>< ' 1io>g oin.....-.tial .,. ... -
1100. Equal ..... (3, HJ), _"'. 10< 1_. III .. P<OI>'O<"» (J-' I . 3- ' ~1, l • .. 

• DV (SW).N, SW ... . O 1~,2:J1I 

The pm'. IoodIng ao<l ~ ooniigco.,ion .. aho ..... in Figu,e 3 -33 . • 
al odo .. al •• in1ply~, " . no'a in Seclbn 3.3-2 lital tn . exad ........... ~ .... .....,. .. ~" .. 

For""'pIy _od -'- ooly .. MO x . 0 00<1 < . a , Timo.~.nl«> 
I . ....... 10. eha'aott, '" Equallon 13 ZJ<!1 in l!>o . -(1,..,'Ion, 0..1 • .., .... an 
''''.'''1)' ''''''''Ion ...... ,-'dlroclion by .on.~ ~ '"",",ion '" Ih. I",." 

~ m.-, 
~,,= Sw(' . , ) = .. II,) sin--+ 13.233) 

in _h w .. lI1e rondel"""",,,I.I.mpliWdo '" "'. bucloJinV a..poe."""" 
and f ly) .. a f""",""", of y Aiooo IMI ",'11 bo rIo!olmOHod. Tho, 10, "" ... k 
• "poOrIl'o<!-'"""b'" ...... "". W. ""n M$iIy • .,if» .... , ,~ •• 'P, • ...," 
101 !w .. Eo .. "on (J.233) .. ' ...... I~' ge<omel,;e bou.dal)' _iOno 

• 

I' 
1-

L ___ 
l---,_ .. 

I - . .. ", ---- I-r '- -. ""'-"""" - I , I 

f 'wo'" 3-33 v...",." S"""""od _""I>-''' P .... 
...... ' ""'~ .. ' ... ,-cw.c\"" 

, , • 



-"'_ .... - "". 
6,, ~ O ., . _0 or<! . ~ a 13.234) 

aod 1M natu,aI __ ry condlliono 

13ZJS) 

Upon ,"b."",,,,, '" t~. ~,p_n 10' Mr, Equat"'" 13.233), in th. 
ddI.""",ioI eq"""" 1>"'"""'11 boc1<iog. ~qtJII''''' (3 .231). ,.. 9'" 

[ ~~ -2[ "!~ f ~; .[r -'~' r· ~~r "!' l}]w,,, m:, ~ O 
132:16) 

., which;; is ~h ~"'it ... t)I amplf _ '" do.,,,,,,,tioh th~t OOh"", bo dot.,· 
m.,od.OO wi l h._n., .. iynorod, _,,"'t oiol"''':~)'' oot zoro '" 
al porno ""orior to tho "'SIi<><> boundary Ii. ... w~I>" 'ho plat. odoN). 
ThUs. 10' Equat"'" (3,236) to .... tOst ..... the torm in ItHo Ia,~.t b,,,,,, . to 
mu .. bo zoro. i.e .. tho ditI. ,ontial"""o_ I>"'ominll backklg bo""m ... 

~! - 2["!"r~;.[["!"]'.~'["!· f]1=0 13.237) 

in which 'h_ '''_0. '" tho to,m in .. 'VI' b"",l<ol. mu." """'.90tod 
in ordo, to ""t.. '". ~.'."'''I "'Iuo"'" W tho ton't'l is pod .... . a .fl· 
!. ",n) ""'tion ,nub tt-.on wt-.on tho t. rm io "'\10""" 

Fir .. , "'. , • ..,'" ou","""u to ""n ____ '" pla'u ,.,., tIa,. a' 
..... OlIO 01'" . ... 0 1a , ... 1 odgo. _rtod ",,,,,,,, "","".r. Then. wo 
!<now , .,., , tHo co .. 01 """- olo>n!l ''''' odgo • . I ..... wide coitJ ..... 
11<0"'0'" • 10_ ooo",d "" !he llucIo"'g ""'" 01 ,h • .,...on' <OfIIigo,.1ion 
1"""0 Ie no lawer C<lOiiIJoin1 __ ry coM""" '.'). Tho booking io.od 
01 a wide eoIufM " 

P~N b_m'''.R _ m'IE [_,_ " ,] 
• l' . ' 12 

N. m" '[B'] 
, .' t2 

IiuI ttHo '.rm in brack ... is 0 ••• kIo,"" ", , . 0, so wo ,,·m. 

~ "[ "!']' 
a od ~"'. t.,.l 0 Ia . ctu. 1Iy mo,. , ... Et'112. 
one .~ Ia _~e-d 

'. [0']' 0' • 

Th .... , "'. ' o<m on!., ~qLlO''''' (3.237) isal ..... ~ po ....... 

13,2J1l) 

13,23Q) 

13240) 

13.241) 

B_ ..... 0' ' ho coDdl:.". in Eq""tioo 13.204 1). 1'. go ... ",' -.lion 
to Eq...,' '''' (3.237) .. 

, , 



... .... ........ , .. __ ...... 
I(V ) • C, . · " • C,' '" • c. ""'1lY • C ..... ~V 

0 - [[ ".' J' -[~. [ ":-frr 
,or - [~. f·[ -;. [~. rfj" 

)3242) 

13,24:1) 

1324-1) 

3.3.&.1 0 .. Edgot Simply S"pporlO<l .rod '1)0 0'1)0, Edgot F ... 

" tile . <IoJo ., Y _ 0 is simp/j -,ed, tile appropIio1. \IOome"", 
_ry_iooio 

"".0., y. o 
. ... ' ... no'"",) _odory <ondi"" io 

0"\ .- 01 ....... . "0"_",) . 0 a t v. O 

)3..245) 

13..24G) 

Tlwn. fo r a t_ «190" y _ b.!h . ... ,"raJ __ ", oonditiono 0[9 
~, _ _ O[1M .... ' (~_v)6" ",,] _ O" y _ b la,~'7) 

'O'WOr. nt!y, «1"'"" <10' ... ,' .... III Equoloo 13..2331 , ,~. "preMion 
lOr 6 ... ar. Itqo.oi'''''; 

Ijwz;;l(y)oln m:' 
m, ~ m:rx 6 .. ,, _ • ")(),I""" • 

0.-,,, - - r "',.'1';; 11\'1 "n "':' 

1>0<., .. .. [ "',." ]';;11\')<0. m: 
~ ... , ~ ;; 1'(11'" m:x 

0.-.,., • ;; (I\') ..., !".:' 
'"" .... . ;;I'"'(ylsln "':" 

[ ·" 1'- . "". 1>0<." , z _ a vd(YI"' • 

IJ,24~) 

.. ,"""," I .. pri"", _ .. di<l. ", n)" ' ion ... !o _ 10 y. T ... ",,",0' 
1lY • • 0/ 11\'1 .. 0 

, , • 



-"'_ .... -
1M _ C,a -, • C,o·' • c, coo ~1 ~ C, .., IIY 

(M - -nC,o -. + ,.c,o·' - ~c, .... ~y. ~C. =~y 
r"()') ~ ~'C,. -«r • ~'C,.·' _ ~>C, <OS I!Y _ ~'C . .... ~, 
... ' -"1"">,' o. , M--" e , o ." c,o .~ c,""'"y _ p e . oo0!l\' 

13.250) 

Tl>on. by .inU" 01 , 1>0 _"",,,", __ ry conO!lon in Eq .. "" (3.245). 

C"C, .C.~O 13.~~') 

""",, ... trom th. n,"u",1 t>ouo<iory cond!Iion in Equotion 13 .2~6). 

L~·c ,. "'c, - ~'e,J -,[ "',," T(C,. C,' C,I _ O 

U .. 01 Eq .. tion (3.251) in E_tlon 13.252) )'iokls , , 
"(C, +C.I - ~C •• O 

.mi<h. b_.- ~ ao<l ~ .'0 ifldep .. don •• hu ""''''"'" 
C, ~ _ C, 

C. _ O 

No .. 'ho lunctlo" 'il l 00<1 I . doWa' ..... CO" 1>0 ",;nO" 05 

IM _ A ","h oy· B ... ~y 

fill _ <tAc".'",y . \III ro'lIY 
'"()I) _ ,.'" "",h 0)1- ~'D ..,~, 

rty) - a'" oosI> 0)1 - ~'D 00. ~y 

13.252) 

13.253) 

13.254) 

13.255) 

13.250» 

in ","ioh "and B atfl ".... """"'on'" ,lull mu .. b-o doto,minod lrom ' lui 
__ ry <:<>n<I!ion.s. no t>oundory oo_ion in Equation (3 .247) y;eld. 

,,'A cool> ,do _ ~'B c.,. 11b 

- (2 _ <)[ ~'l. J"OA 0:>01> ~b • ~ coo ilt>! ~ 0 

_ , ... ! .. __ I)' ~. I. EQuall". (3.248) y .. 1cIs 

13.257) 

, 
[">A.inh~b _ ~'B"'Ilb] _ \-[ n;."] (A"',1nb.D ... po)_O 13.2SOl) 

"'lila'''''' (3.2~71 .0<1 (3..258) .r. , ........ u""n"" •• ~.""'". 
ch.",cto,;.r" "'l""tiono in 11K> two U""".,..", """""'nto A.n<[ D. f Of . 
",","",jol ""'"tio" (I .•.• A a nd B.." I. "'). tno do, . , ,,,; .. "l 01 .ho ooeff;· 
c ..... of A a nd B in Eq\JO.liono (3.257) . 0<113.2581 mu", bo ,"ro. i. ... 

13.259) 

",*,h , __ di"ocli'j lrom Equations (3.251) and (3.2r.t1) whon "" r .. ~ 
!Ie , lull 1m .. EQ""bo>no (3 .243) a n<[ (3.204) 

, , 



.......... .. , .. __ ...... 

In the ooMion 01 the troose. nden",1 choracl.ristic oqu>';"'. 
10""",;", (3 .25Q) . .... m _ I b ",,~ling modo cor~ '0 tM low ... 
_9 Io.d. N, . .... ~"" 000 ... >o:p, .... d ... 

" N, _ k 'b' - 1321l1) 

in wtli,,~ .... loel .. k "1a1>orio"O~ obtain"" I,om E_ti"n (3 .2~g) 10, 0 
'1"."10,, PoiMon's ,a';'. '. 4I"Id pia'" Mpo>CI ",t;'. MI. Tho ,., " .. lor 
, . • . 25 " '. >hOw" ;" FiV' ,. 3~' . ,.., r.bIo :J.-3. tlo'. ""'I ' ''' long pIo, .... 
N" D Or _ otwa j ' gr .. te r IMn ,he ... i<Io-<oUnn rOSJft &. e><peeted. 

ij b' .. -'.', 

• • 

• 

• 

'. 

, 

~' , - - / , 
"" ~~. , , 

z ". ' , , .-, , 
Iy • . zsl , , , , , , , 

\ ' _ ... 0 0 COLU .... 

'" ---- --, , , • • 
PLATE AS PECT RAl lO, ~ 

"*" ;)-;1.1 Il«cklng ", ... ""'..,. """"" .. _ A~ ...... 
Sn . t,-"_ ""'"lI T"" Oppo&J ............ E"'Jo.-
00>0 U._. E<I;o Sinr<»t "",_ .... .,. otro, FrN 

".~ ) .) 8","""9 Coo" """," • lor ... . . "'. , C<:<np ...... """""9'-''' ...... 
S .. o~ "_ ""'"II 'roo O.oo~ .. CO..- ~O\IO' »I .. 
""" Un-.a" .. E<\;IO SKI'IpIy So_ .rId .... Otr!or f 'N' 

• • 

, • • 



_"'_ .... _ ZI' 
3.3.11.2 0 ... E<Is!o Clomped ond , .... Other Edwe Ffft 

H .... """"' • .,. ""90 0' ~ _ O n F~ .. 3-30 .. ""mo-!. In .... '0. 

OW'''''''''o goom o"" be""""'"1 """""'>0, 0 .. 

~_o ."EO 13.262) 

bw~ . O 0' y . O (3.263) 

fo< • 1, .... a" • b ,h. "",.,.1 beuodit'"l <><><><ltioo •• , . 

bK.,. . - O[ .... m.(2 - v~w.",] - O 0' ~ _ b 13.264) 

~M,. • - 01 ......... I'.",,,) . 0 ~I , . b 13.255) 

B1 owkol;o" 01 I ... I"'.VO .... _'"I COndOt"". 10 tIM O.".,~, 001-
"'"", . • eI\a,acto,"'1< equalion can be _ .. wilI>,... , ...... shown in 
fig." . ),35 and Tablo 3-1 To compo,. tho 011..:. 01 _'"I condi
tion •• ""...,.0 too dill_r.co. bet,,_ .... '., ... 10' • In Socliono 3.3_ ' . 
3 .3.'. ' . 0..0 1'9J" 3-35. 

fh~ ... '," 
• •• 

~, I 

I :~ .., I I I 
I I 

~
'. ,., 

, ~ ~ ; ... · . ~:..tt 
V ...... ' T' .• C--.'C'~--~'--' u z.o .0 
PLATE ASPECT RATIO, ~ 

Fq.. 3-.11; ""''''Il of an "'""">' C"",,,,,.sod ~ "" .. • n,.,. "'-"""""" A"'"IJ T ... O,po~ .. '-'-Iod E"90' -.; .. 
Ono U_ E<>,>o C""",," """ ... 0"', . ... 
1'",p_1>r ._ .... . "" 0.", IU) '" 36-41 

, .... 3" "'-""'V Coo.~ ... . "" ... ....... Cco-nj> ...... '*<''9-''' _. 
$;roO'l .~ """'0 T,.., 0,_ .. "'_0 EO\>I' "' .. 
""" Un""'" EdgO """' .... """ ... 0_ F ... • 
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• 
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>to ............ , .. __ ...... 

___ u . 

>~. , ._ ... _ · ___ _.. .. _ "'[_1·.' ..... ... 
_~ ... _'" _ """""', ,_ IU"I, ., ... C_ "'" 1 .... 1 

uo. "" ....... _~ _ .• _ (H"'." .... """"'>" ...., ...... ....-_ ........... ~_ I'·'>1). 

uu "" ... ~ .... _~ .. , """ .... "''''''''' , _ , ...... , '" """..----""" ... _---_. >~ • • "" ......... -~ ............ -.- ... --~-
""~ .............. -.-, 

U ... . oo.-...... ...,..""_ . .... .... .-_" . ... "" _ ... 
' .' U , ...... ...... ..... N. "' .... .-..._ ..... . .. __ N. "' '''''' ----, .. _-_ .. ,_ .... .. -

~ _-..U •. , ..... , ... ~ 

3.3.7 Phy. leaI n ... raj" .. Agol_ Buckl o.9 

Su_ pfoy$icol ' • • tra ...... ",Mhin lire __ ry 01 tM p",e. i.e., r>:>I 
on ",e __ ry 01 Iho p"' •. p'""onl buc!<I;"g 0. . opKiIk: _ thart 
00"._'" tho Io"~ buckW>g bod to< an ""roS( .. loO<l piott. Tno. 
IMI _;0 not 001"."' IhO D\rO~1O\g __ ..... '""" OOO(h .. "'Ode ,. 
pIacft ~, \IO .. a ry PI' ..... ng 1M buc' ling boundary Tar1her Trom Ih. origin 
oI loo<llng, I. ... ,oi<ing th", •• dJ" g 1oa<I. TIHI bucl<IIn g boundary oan ... 
.... 1 to , ~I>,'" .,.<Iing In Fogo .. J.22 on pogo 273, 1/>0 I ... ""n"" 
_9 cu", .. 10< unia>;iP.1 batli ng 0. Figu" J.18 on pag<> 26!, or .ny 
oIh. , .. p .... n""lon 01 b..ckl;"g Iood.", !hi. _ ticn Roeall .... ' ~ • 
10 .... 1 ""i'P"" "" ",.,,,,,in' ;, p_ .. 1/>0 ",;ct.lo r>glh 010 ... ;'Ity -. 
pinMd .. r-d "or ... in ~;g.,r. 2·20 on pal/O 72. thon 1/>0 ba, eo""'" bl.:-kJo 
"' tho T~st modo, bul m"'" bucI<Io in tho _""" mo<Io Ih .. oby ,0Join; 'M 
~g Imod b, . 1.,,,,, 0' 1Qu, 0." tha, 01 an "n ,,""'''''''; ba" S ... ;' 
1o,1y. I. pIo'o M •• oIIy",,"1 """,oint 01 . "."""=0. ,o18tlon-(,oe fino 
support .Iong on" 01 Is c. n,.rIme, ... in FOn 3-36 •. i .. ... . ... . 
."oin •. in _"'" 18 ,M....,pi) oupportod od!Ioo. "- ,h. pia'. eo""'" 
_Ie in 1110 '" • " " . I _, no ~y ..... ry poo.s;t.Ie b"o~ling "'_ • 
• ,. limlod '0 UIOH ',,", "'1st\' tI>o ~yslc.ol ,,,',,,int .. .. m. 1y of\)' in' __ 
.o~ 01 m ond onlY .. on .,,_, volues 01 n. That ;" tI>o plato .. ~ 
"'"""" "'0 "no 01 . ..... ,"",1 m<><leo. td <>nI:I in'" ,." lOw' " modo ..... 
• 100 .. tisli .. tho . dd ....... 1 ,<tSt .. .., condrt"",. A.no1_ ow- 01 ' u ..... 
;, tIr. ,,"""'.'H. ,otation-ifN point .... "'in' in FigIlro 3· 361>, T .... poinI 
10<1, • .., """ .... pt>Mod • ..,.., .... "" tM ourlau. r>l tho pia'" 

. P-_., .. 
Fqn :>-:JrO S,"_ ..... "<., "" ........ on P ..... """" ... ""to £CIgoO' 

I~"" S"!'pM •• , • ..,. _I 

, , • 



-"'_ .... - ... 
TM p~J..".I~ po .. bIo h",,).J;ng mod .. a,o .. '"'~ ••• , t" de'. r· 

m'" 10< a sI"'PII' _.,d pia" ,,~, . ,,,,!Oln' ,~ot 10 oIIotl",.ty an· 
""" oImlllo _ .pp ... W" . t ,~. <on ...... ot ono plato 0'-", 
"'h" ~'."'lOCat"" ,h"n I", ""Y 011 .. , 100<1 01 '0$1",", 01.",1)',," 
01 plryoieol ,""' ...... 00 platH, -m.t'-_p~ ouwooo<l or _., tM 
-..go •. a ,. oK", Much m.,... di'(",,' to anoly' •. T_ ,. ,lra;"t. """ 
t>o ' ''''91' 0' O"rvo<l oro;( <0 " 0«"' " vo"",", m...n;p .. !I'O"P' to <r...t • 
• ...... «>mplicatod proil lom, Mo ....... , the , . .... ., .. cook:! ",",,"n ",. 
I>.bo" 0< ""n"~ 0/ voriou" aomgs •• an . 1....., , ....... int insload of j<>ot 
' •• ,' ..... 9 """acom.n', 

AA .Iorno"'o ".Y 10 troot. plato _ • .... 9'0 phY..,., .. ....... 
n'l9l' t>o to &.to» 'ho plato a t tM _OhlIn, ond "",,<ido, the bound>.." 
«>_"". on bOth po"" '" tM "I>.le, If Ih ... ,.~ ..... "' ........ .. ",.. 
cioe/y.'11>0 _ o! ono plato, Ihen the '""" l ing "" ""' •• woold h ••• 
sim ply wppOOod -..go """ndo .... <><>n<tIion. 00 •• '0<.0" -..go. """ ' ho r. · 
fO't • an "OY a"" ,*",,,,,. pia .... lui.,., '" _ .... _"01, I". , ... 
.. ","'1 _ • • """" , ... "'." ., ,ho 00"''', "" ...,h "SY _..,., 10 
posdIIo _ os quano, p lot ... 0Qd1 01 _h is sim!>t1 _0<1 ... 1ioIy 

the .... """'. ond '''' boun,""'Y oo",,~Ion& , Ono • . _'""'" o! th. 
pIoI. oouk:! I .. d '0 . .... t. lor "hi;;h til . lIoMion io not ,e:>diIy • • d ab ... 
SYCh • ookrt.,., mig", ~ 1>0 obt.O>od by "umoric., '''''~niq""" .""h 
.. 11>0 linilo . Iom . n' m~thod. PIe . . . .. oIdy tho oO<1ion in C""",o , S on 
co"'''",,'Y nolo. wt..n uany ,..,moric.ol PfO<_" o. " """"'Iy '''''nnod' 
""mp",", _.ms. 

~ • • mploo ., • ....,... _od (or """,,;nI on the """pie" c ..... 01 
plot .. "l' •• odge> , .... Iy ."_~od. """"'rW>gfy , ... conoidor oimple 
_"000" lor whloh '~e ,,,,,do, can •• !IiIy "",rt; out tho ",,1e"1o,"'" 1""" 
ttl. p«tinont oq .... t"'" .boOdy diopIayod . nd ","!'1O"""" """ «>mp ... 
,,"o*oly ~otod I>V now. 

3.3.7.1 e • • mples Ie, • V", • • lolly loodod P loW 

For. plato with unia.<iol Iood N" a .... ,,",ain' in the 1,dO<letio>n 
•• ;" Figura a·'"" . 1 tho m_ 01 tho "Ia,. """,.nt • ... plelo ,""" 
buoUng into on . " ' .01 m _ " n _ , modo "" 0" "n ...... inod plat •• 0<1 
to"",a the .,..,. into "'" m _ 2. n _ , modo, 11 '"" pIo.to io aqtJOIO. "' an 
_ u.n .... t""", F9->'" 3· ,80" pogoo 2Il3 Iha, '"" bucki ng load " . h ' M 
, ... ,.int"!!bout 50% higt1. , Itwr" wjlt>oot ,ho I • • t ..... ! 

"Iino .. SI,a ... 1n tho , -dI,oc\;on at on. _ .. o! "" pIa'o as In Fig
" '. 3-ua P'OV"" ..,. "",t. !rom _~g into 0...." modt w~" " ~ , (on 
"",",h F9->'" 3 ·, 8 .. bOsod). ... ..... , Ihe .,..,. ~ _Od in,o tho m. , . 
n~2 modo. II ,~ . pta .. io SqUare, thon .... con sIlo,,""t ItJe bto:1<if>Ii 
""'" wItIl1h~ """"'int Ie 2514 .lmn 'n~ m.gn~udo _ t .. ",""'in~ 

"rooO>t tuI,aiM ~' 'h. oon'. , 0" "1""" "01. ao " Fig",. 3·3£b 
""'''' • • h. 0 .... 1 m . l , " . , mode sl<o.,. tor 0" ........ "'inod pia" "" 
pood>Io (nol is O"j modo . .. po ""h . n odd ""goo' numb .. of bucklo 
_ in . itho, _ .... ). Thon 'ho "'_ poasmlo buckling modo io 
m . 2. " . 2. Thon, tho b\IC~""v Iood 0/ "'. poO>t ... .,"';nod ptat. "" " 1>0 
show" to t>o , "' • • n ""0. the "ucki ng Io.d 01 ... "n, •• tr4in«! p lot. ! 

, , 



0' _' _1"" °l!" '-" , _ 0 _. _, , '! 'E' ·-· · S~· I ~E -~_, ",.i:,..,g. , g3 10.", :!!' il l "j O'j ,do •• 'I ' '; ' .-:~ · .... 0 : "1 ... , 
E~EQ z ..... " .11 . .livi~ 

! i ~~~ ~ ; i !l~i~ i~l-fl~~ 
.~ i~ i ~ ~, ~_~ · : · t _I" 
•-a; m ~~S I ~ I_~ '- .. ~ ~ 

.; ""5~j3~ ~ ~ " ~:~j~ ,,, ~:!,~~ 
0: !~.2 ~l"'5t . ~~&~! t~.I!~ • I " I!nH,~H ; !igit1!hi' ~ . '" i n. Z·Ii--- ....... . 

I -" i~]~.E,!!l~ leF~i '; :J ! .. 
~ ~_~ ~ , ~ . E, c o_. " 

I l! "'5"·&i ' -h .l!it"! ofE"~ 
.; 5 = ~ 8.. P ~ ~'iinl . ~g ~$f • 0 .,3-'- 1 _E~ , 0 .' 

~ .. .E!~ .~ _QE ~ .i E ~ "" 
.:! - .i: " \I - " ~I:'~- ~ • • 
, 'I ~- ~ ~§~~!h.i .. ~ I·l~h i r 1 ,IE·~ · &§U · Q""l~ E:jj 

10 , ,;j,; ,U : ::' · I-"~ ·~3:, € , E-I!.!9~ 
~ - ."j3 ..., ~ II .. ~ .. " o! .. u; ~~ o. ~t~ :.i:i _ ,,,§ (; • '" ;;;'\,-" - .. _ .. ,m • 

~ "!'j 'll'·" j ·!" i'l !o . ; I 'I .. r: ..... ~ ... '?.. " 
., ~5 e ;z .. '& " ti'5",eii 

UU ig~U £!H z! U u 
d !.l! :llf" g ~~ 3 ~ ~ ~f II 
! .. n ; .. ci .; ':; -:; h iZ;; l~ 
~~ - ~-~! = :s. i.s ,i!l! lJ! " ~ 

, ail" ~~!"!'ll~ !, II !j 
~ h·i! -i~:_Hl !1~~ .. l~ I' 
~ "~ ;t1!j' . ~.. .' • .• z 
i ~Ul~h: ~·! . h~~ ~l'l! - H i-!! l! -" - !' . Ji"~ l: ~ -I i :t j 
~ i~ . ni~~~B~Hoi i 1 ! j r 

'j'l " jl!ji, .,l' Il I! Ii 
g .3 ;HFg~ .Hp§,'g f ] iu 
~ i!.i~ o"g1?S. .~!~~;;~ ~ i f! I i i 
~ ~"_ ... :p.,lt,,, ~h .! ~ . } ~z 
oIl! B"!'H,_'"' 1"l'I'1 0:: _ ~" ,~ ... . . - j l -

i H!i~ 'I! ~ ~H:H'~j ~ HZ~lll j 
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_"'_ .... _ XI' 
3.3.& Summ. ry 0/ Cioulcol Buckli ng Resu". 

f:~T;~~,l,:;: 

on ,1>0 oppos'Io od\In """ I'<ef<I no' _ 
impOrtant 1<n~0\<;I cut '" ,~o o1f>ef two "!PPO«o od\In be"'v oot SUp
potItod. 1.0 .. Ino _-<»Iu mn p,,,Me m. "'U .... _ _ . Fo<.' 
o",.,.;eol b""kIino , ... ~,. "'" buc:ldfn g d.~O<:Iion . mpllOOt •• ro in.".,· m"'" fu .... 10' "", bld:llng pf'Obloms. o1l/'ough _g modo ,h, p •• 
e.n" ~orm inod. "'on1 Importan' e .... "'.3noo. bt.<:l<JIng _ ond 
cond~On' we,. Omltt"" or><l 1eft to Iht ,"our<O. '" ,11<1 _ (tee. lOr 
••• m~, 11 _ _ a .... G.,o 13-310"" 11ed<Pt [3-IGil. E,,_. e,-
r*""o nlal met ....... and ' . ... 1$ oro de"", ..... b)' Snger. Attx>c: .• nd 
Woh ' p..1 71 

SoI;ing _ 1oJ0\<;I proIllom. can t>o I!loughi 01 ..... ........ ." process. 

i ' l $."0 th. pIono .lootOty p",blom '. do,. ",,;.,. ' ho .. _ diolrt>", ... 
... ..... p.eb."'''''g .,...lbn"", ,,,,,, ondo, t .. ""''''' _ _ g 

(21 U .. "'" Plobuoking "'0_ '""" ",,, ( II " t .. _ i ibriurn ''''to 
.. "' .. di.,rtlution in , .. t>ud<ling p roblo m to INt.,mino t .. mog ... 
1_ 01 ' ho ioo<lir>!l ,"", e'.H. buel<1ing. 

, , 
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-"'_ .... -
" ~ L u" V' 

._02.." 

•. L ." It " 

• • 02. 

,, ~ L ..,"", • . -,"" .. 
;" _h 01' ). ",. J. and wl'l . ,. 10noll"". 01 x . nd y noli. 51 ... oho •• ,110 
orbl ... 1Y po .. m.,., < ;" "" ... 01 1110 ",,,",,,no .od """'pro ..... _. P 
ouch ,110, 

2 P - PE • • __ . 1~·270) 

'. 
I .•. . r . O .t !llo buOIdiog .,.,~. p • .,. p. n . lorm, ;" tllo "rio, ...... 
0_0 .... th ' .. 1010"'"'\1 ,.aoon"'Q. aot_ buo~linjj, "and. ,.~. on 
1lI.~ dolorm;". ,. v.J.., _ on oi!Tlpl. ;"·plo ... oquilib,ium 01 1110 
pia, • . '" "'" .,rn. tim • . '" .. .0 '0 ..... d<olintlon boca ... """k>n9 h .. 
"'" occurro<l, i .•.• lh. plat. io .,;!I IIa .. No .. ~om I. <Iotin.ition thot< eon 
110 .~h • • ""oO". 0' "_ ,,,. Joo- .~." _, Tho, ..... 0,,1 t.",, ;" ' h • 
... ie. 1or u .nd. mu", _., IlK ...... " a od, mu", be tho """'. 
, ...... ;"-0><>00""0 01 " holllo, tllo pilI. ~uc , .... up 0, dO"n hom Ill. In
."I ~ IIot mlddio ..,~"".. Smila'li. tit. !.O! ' ''"'' In 1/,. _los lor '" "'"'"' 
".. ""_ 01 , ._ .. ... atl tho!" r"p.".OS _, ~uck'"'ll up ... 
_nQ dO"", ;" Fig",. :\.37 """",,u .. ooth buckling dotormolions ~,. 
oq",,1)" po .. _. T ... ,. • ..,nlng ... "" to "'" OM>C1t,/$Io" U\at •• '. "". 
;" ,h. _lor 0 ond • mu .. con1ain onli ... 0 pow.'" 01 < "' ..... .. , 110 ,.,io. 1or w ",uot """",in on~ odd po __ 01 <. 

Th. prim. 1)' _root.rio!'" ot SUm'. pn><odu,o io tha, "'" ,h,oo 
oon/inoa, po~"1 d .... ' onIia' "",,bon • • •• ,opIoood by on "ioil. _ 
Q ___ 01 I" .. , 1"I~1a1 dll~,."lial "'1uat"", tho, ""'u ... '.~ <a" too 
.. "0<110, , .. pro .. ", p<WIem . n.. .. 1Jt"" 10 In. _m" lIW"";' 
"",'ed ..... 1a~ moro and mo, ... "". ;" ..... ""io!I. " QUO""" 01 0<1 .... 
I",," , m . 1<>0 .. p.~"1 dIII. ,. nlio' O<I .. 'ion, a re obIalnod . s !olo ..... 

Upon o...,.,ltuting ,110 d kGplaco"""" .'pan"""'o. £Gualion. {3,:1I;O). 

;" 1~o lo",.· .... ;" a nd ""'in~la<;om .", ' . "'''''''. w. I/Ot 

' .. L NI' I ' • • • L L NI""'l .. " • • 
"·o~_ ". ''>- "' .~ 

'.' L NI' I ' •• L L N1"""l .. ., 
• • 1~,271) 

, - .~. .. -1.> ,.", . 
N" . L NI"," 

" L L N
I
"" "" " . 

" .. ~" ... , ... - , . 1.0", • 

;" ,"",",n 

, , • 



- ............ , .. __ ...... 
" " [ (""'i) N, _ ,u_, 'W .. , -, 

NI<O _~ [.I" ,,, ''') , '''~.' , -, 
N"'l _ Et [U ..... vl"l 

" 211.,·) , ~ 

,,-1. Et [ .. (00\, 1"1 , V" '~)W ") . N1-l 
2(1-\"') ,,~ .... • 

.. 1-1. Et [,, (0+) '"I , " I~ f "") _ .. 1""" 
--., 2(1 - ") .. .. .. .. , w,' , 

N1..... . El I"', (.) 
" 2(1 H) W., ." .. 

13.273) 

No"' . !tlO _ . _d;,ploeomo01 rololion_ a,. _",od along w'h tflo 
.. , ... Ior.., in tho oorj .... , portio, dtlor. ntial oquation. 01 oquilibriom. 
E_lion 13.2(;61. T.,. ro ..... io lh," power ... 5.> in, _ , b. ","," 
• ;. on oot>i(ra,.,. ""ram. , ... mu'" .. , . ZOr<l coolfiolo .... "" , .. _ 
01, ~ ... ," ol lho ...... 10 t . .. niolo in "",", t" .. tisly tho dIII. ",01" 1 
oq""t_ """,,,d'"'ltl\' , _au" Ih. t_"l<lg .... v. neo '" _ , ,,"~"I "" ....... ", oq"",""'" ... coo""' . ..... 01 1>0 _ _ 01 , . ..,.., m ... v ...... 

13275) 

13.2r~) 

1~ ·271) 

13_27~) 

1321g) 
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_"'_ .... _ XIII 

Eq .. UoflS (3.274) ar. '~e """':''''''''00",0" In-plan. «I"''''''''m "'I"'" 
IIono ,,~;ch 10< ..... ok'n~ OlJP!>OIIod odgo OOunda,.,. _iono 

N", . " . M • • O 

(N. , . ~.dy . _ p 

(N" . ~.d"O 

(3.290) 

(3.2611 

13.282, 

(n wfIio~ 1.1. II 'h ... "",. n' no.m.' '" _h odgo) N'o'h. OOMJon 

u{O'=_ p i", [. - " J 
Etb 2 

.101 . ,.p"" [, - ' J 
Etb 2 

(3 .2831 

Tho ,Ir .. "" ... \Jon 01 EQ .... \Jon (3.2""1 ,.p ..... " 'ho linea, __ . 
"""'" beha_ n ,h • • -<Iioocllon polo< 10 b<.<:kI;ng. 80<1 ,"0 _ "'I"'" 
lion ' op< ... n'" tho "",,_0<I;ng Po;rioson .. , ... , do'orm.\Jon .~tc! 

Equo,lon (J2751 io , ........... ' _ . t>u<""9 dO'or'",U., ... uo'ion 
_h ho.1<no-Nn __ . "om SO<1"n 3.3 .2, 

(3.28-» 

_", . J[~' t·[ "; rr 
[TJ 

13.285) 

In "~~h n . t '''''''y. Y~"~~ ,,""' .... ... of plO).o<I 1110 volJ. 01 m 
to, !he ""' . .. ptOI dop. _ "" Ih. p l.ol. a..,..,' •• "'. "'b ... M ••• • • dy 
-., plollod in Fi9"'. J- Ie on pogo 268 . Roc" thol w. "on "_,. ,
"'''"'' """"eonl, 1.0 .. 0<>Iy , ... budlO>g modo ."opo " kno ....... ,., , .. 
""'II"~_ 01 , .. b" .. ,.,V dOl<>r"",,1on .. ir:>rj01.,_,. OS ot 5 0<;'"", 
3 .3.2. _ . v. ,.11 'unh. , I. "" •• re "~on in SI ... •• P""" • • ,io. lor ," 
_o .... nl$. '''' n WI co.n boO ..... . mn.d jo>1 • • It>o po"'~ dO
nO<tion. ot. be r " .... """,.,. 

Eq .. 'ions (~ .276J "ov. fignt'''''nd tide. th., con be oxprossed in 
I. "". ot ". Sub_uonlfy, ''''v , . n be """'rod hI .,..,..""", to, "I" . ,., 
. "" In , ...... 01 w, ('''' ""tulloM .'0'00 lon g 10 _al h ... ) TMn. ". 
c.n""" II\;I.t Equ .. '" (3.271) lias. ooMio. oolv ~ 

, 
' ,' 

[ m," ]' 
, apl'l __ l~~L_. 
EI. - • • 

[ ~' ]· [ TJ 
(3.2811) 

, , "'. 



- ............ , .. __ ...... 
_h. In conjYn<l1on with u!" a M.m. .. 8 Jirsl appro,imalion 10 , flo 
1Md-__ O I>oh.vk)< 01 a """""II'JIo, plato, NOlO ,Oo, ",. I .. , ar>
P'O'IMo_ """ ....... up ,~ ",,0'" po ...... In ,. Slmlla, and """. '_a -" _ '0 • """and 'P!>'<',lmal"" 10 th. __ ning 
"" ... 10, "'_ "P Ih<ougII -. J>OW1'''' n , . ,. ~.inod , 

Th. "''''' ... .,., k".d-.""~.""'O ........ • to ploll..:l along .,;th .fIo 
9On"",' ... tu", 01 u p . ..... nto, ,. ... b ob .. _ by SlO in "" ... ~ . 1 In 
Fi9"ro 3-38 0'" 10' 0.'1> __ n FOg"," 3·30, F", both O'I'KI "',.,. 0'" 
indo"" 10' "''''Y in.ogor oop&C' ,.tlo. the Iowo" DuckJ;nglnod .. 

N . !. ~ 4lo 
'b D' 

13.287) 

so , In , '''' """",,'iNd '""' • • 01 Flgu_ 3_38 . .... 3-30, ,"" ~_ 
. nny boha."" chango. oigroific.,.nlly . , 

I'b _ I 13.288) 
4.,'0 

"' Flg"to 3-38 . an rn _ 2 b"dJlng mod. c"",. I""'~ .... , n .. alwoy' I 
10, thio ~ml _ .. 10. ''''''' th. Iino. , """'_Iocl;"n C"", •• t 

_h como_"d. '0 
i'll • 1.5 

• • ' 0 

13.2901 

_h, ;" '"m .. _ ",Od •• _ In FYO" 3·18, _ • • """" . i l"" 
100<101 .bout twic<I Ih. bucI.-.Jing load. Iho rn . 2 modo p""id •• th. low ... 
... "'~ lead. T""o, th. pooIbLoOkfjng beflo.", 01 tho p .... m"" • • " 

" 

N. b' • 
~·O 

• 

'. 

_ ..... ~ .. EHT 

--- Fl." A.P.O . .... TIOH 
- "C","O "'.O ... AI1O« 

, . . 
~I- "lll h 
-;r- iH 

• 

, , • 
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' I\>Ao).3!i '-- Vo"". S""""""'Il tor .... . _ fA"., S_I~'!J 0. '21 

I>ibiI a c ........ "' mode ~ ( .. c on<ial)' _~I. Changes ", mode 
..,.~ . , . I!Ol immt<lioltly __ 10< a b _ _ , HOw"""" 'hOy <10 ""cu,. 
al l>o"ll" '""'* '" • """",",,,,,U. ","on., ,a'M' ..... n abI""ll)o_ No,. in Figur •• 3..l! and 3 · 39 ,hoI t>oIh .... ~iIiI\' 01 8 ""OM' 
~ I. ro,e ond yiold~ .", iynorod. TI>ol io, ol~., ...... m """kllo",,;' 
""-" '" m<Kl1y '0" '"" .. ........ n wh. n .. "'" I . ... " ..... on1 .00:10 , _ 
_ 0 oceura. Nolo also ' IIa!, un ~ko "'_ daasicIol buckW,l ,e ... 1Io. 'M 
amplil_. 01 '~o doIIodiono ..,. dot«min,t. t>o<:aUM lh. pooIbuckW,l 
prob..." .. a" ~m pmb .... la bo"nda,,"",4"'. prnblom f 

hporim onUi , • ..,h ~nora'ly laD only oom ....... t I><l10 ... tho "'oo ,e· 
ti<. 1 bod·_ "."ng ""IV" primo,;ry I>eu.UH plot .. ,."""j ~ ",.do peri..,." flo.. St . .. (3- 18) obt.'-I .o;gh'ly .. .,., Ioad_."o~.mng """''' 
kI' bog plot • • 1M> about !; • • f ... 1th d amped .... ,a"'" ''''n ~ 
oupportt<l odqn oho"" 10'0' .. FigIJ,. 3--42 on pago 311 . _.vor. ' M 
",.to "ngtll l ~91""'1 '" IINI plot- oignillo. 1100' ' M ""'".1_1)' 
""nd~"'" a' 'ho Io.adt<l . nd> ot tI>o plat . . .. "'" panicula"" imponam 

n o maio< <onckJsjon to ~ '~""nt<l (rom tnis 0!Udy io th., plo' .. ato 
<' 1"_ 01 <.O"Y~ o.IgniIic'''' _ .... _ ... _g 1Oa<''' ' h • 

.. ~n .. '" ""><f'I ..... _Hd _"",\Jon r ,,", c. lito bucklng 10 .... 
<. lcuIolod in s..:tion 3 .3.,. in<li",lIolO '"" ol_ l.iIIJ", but '" m Ol,'" 
• doc' .... in . , 1.1 .. ill ..... of th. pIol. , L"..d. -.. ,~ . Eo" , peto 
_0 Iood ... n ... 1OIt",'0<I '" . ," .. """' ...... a . long •• ,,,. .....,1tirIg 
11,110' <10/",,,,,,,,,,,,. do "'" .... '0 '~o dosign oIl)Kt/>"o. <li tho OIructuro. 
Ao.o.n 11>01 "'. bo, buc"-1in\l load ;" . "' •• ",',," of 1ho p<Od",",,1 "",-, ;,.,,,,,, 
""'" 10< • be' _Su". P*~oo' bO' "",u", un""'~ ... ..,. II ,go """00'10", 
""'" """ . olio" 1ner • • H '" load .""vo ''''' "<>eU"'lload. rhU". ' 0.9-
l>iIiconi diU.,.<><e _ Hn ' M !>eho.ior of .... , .. a nd ".,. 110. b.on 
kloeotlio<l, n .. ","I. Ioad-<lellO<!ion ~"',ior no., buct.IO"Ig io O"'rIj
sta"lo, &l'm .... ric biI""",'ion bol\ovl:>< ";'h . hlgh~ .. of stab ,~ •• 
in FI""" 1·_ on ""go 24 In co n"."" alilo<Jgll ba, Ioo<l-de!'oclion 
be ..... Io, io .1abI. ""fmm""" ~,.. ..... ..,. low doV'" oI",.bi~. 

, , .,. 



- ............ , .. __ ...... 
3-' EFFECT OF I'IITI"'L GEOMETRIC IMPERFECTIONS 

3-'.1 Introduction 

P.~..,,~ .. , pIOt ...... o>Ir dO not ex,", .. ",. OI;C. "-UM "' . ..... 
''''''""",", proo....,. ar. """ .. port""'. Voriou,'''"e<>W-.g de.".. n.",~ 
a~.y. _ 10 """fIal ""!lao_ 1';'1. «>lIng _u. de"",,,, In.. 
0C>ie0I~. 01 ", .. ,<00 11., "'."' •. ","u" ..... 00. " .... . fHl ..... "" ..... 
too ... in II,. ...... co "'us ...,.,unilorm Ih;cknHs. Fo .. on<oo w~h <Iv.,. 0< 

bob i">duc<>s lP"""''''ric dkolOnKln>. ......, ..... k1<OO induo .. _",,"ric 
diS!onk> .. aM ,.sId",,' "'- o.o.u .. 01 _ 'ill' un ... n .... ,<00. 

Th. 'Wroo<" to .n ........ oj ;",pori"" 1';'1 • • io ...... , to ""'I "" 
' ''11' ... 01 ;"'p. """ bar> in s.otion 2.7. U .. t io. ,n...- _.n'" 
0< O"IIiu, rrtkdl Itnpdocticr\ io p rHUm"; 10 be on. \ofh Il>o snape 0/ • 
_ ,0;1' ''9 modo 0/ • port"'" 1'1010. 01 00"'' ' ••• _ ;"'polild b ..... ""pM"", "", •• '" not r>etu.ol'J' bud lo. they bow II'l'duo':l without 
oh~ "'- from on M . I ""'*''''''' (boorod) ""- OII<>n. Io,~ 
....,... .... ;., oul.,,!·pIon, do~""ion. "" "" .1 ""'do .... , tiro bOIr.rn;o.lion 
_g bod. How"" ... impelleol poIolo. 0"'" buckle '''''" tIHI bow.., 
shope 10 a"""hor b<.do.inrl modo at IOg ho, bodo tn.n tlre ~oIo, bocUtllI 
bod 01. PM"" 1'''''0. A_I , ... ,. u<>tik. berS. ".., ....... <O"l' highof 
Ioodo Ih.n tho EulM k>.d oftor _<00 as w. 110 .. o .... ~ ..... f""" 
510 ... • ... sullo In Sod.", 3 .• . tIow. we wan' to lind how p .... ....,., • 

...,.."... MOOry $1 ... •• " ...... 
W . .... ...,..,. , ... , _ mOl<lo. ':I i"""""" 1' 10, .. _ •• "'blo. but 

oott~rrir>g (_" "<00'" elope). no_, loo<I-<loIIecIion ". ....... ,,"", . 
out . _ '·do'''od bU"~g Io.od. Tnlo oI>jo.<';";' """"""p ish'" by do· 
o<ribirrg 00'"0 ••• ~bio '''11'''' rurd tho .. ,""ft •• 1or.!! .... i h ".rt ... ~ 
."".rimo nlOl ,"""Is in SO<tio>rr 3.5.2. "'n.~ a nd Exp orim""tal A . ....... 
Then ..... otud\' ..,.... 0' tho "" __ "n,,,,~ 01 tho typC4t nonIftoar _ """"Ioct;'" ".~ •• io< Or $ oc,"", 3 .5.3. n • .....ty th. d;Hir;uIIy ... d oo"ding _tI a"",,~ (. ~ii<io.lI buckling Io.od to be uoed'" dooiljo .. udio ... 
Thrr.t I • • ..,m. koy beh.,,;"&1 <""'''''' ..... '''' """" be Idorrti!iod to .... ," . 
• te t ... ", ... . (0' .. n>1 01 oomoelillY. """'11"'. 
3.6.2 """lI'oio ""d Expo,lm. ntal AaouI!o 

Un;',Ia':l bodod. importKt 'octang.J"" ~to. wih _pit ""PO""" 
'1O<rg I •• loa"",, ~. _ O.no . _ •• 00l ".,"'" ~ ''''''0 ' ... 
unloadod odgo., ~ 0 aM y B b in F;yuro 3·-<0 ... " addr_ by R_ 

F<po ,.., .... ..,. """",. ........... _, A-.....,u .. "" .. ..." 
...... s""""'" . lDAdooI ...... v ........ S..,_ '"""'""'"" f..,.. 

, , • 
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. od H .... ..,. [3·19] TM ""_ odo}n . r. " .. 10 ....... "'·plaM·. I .•.. 
I<> dol""" wit",,"t ,. Slr." "'{>Ian< .s is Iypie., 01 "'" ~ or 54 """<"Idory 
00<-.;1 • .,., to F;g..-o 3 · '0 "" ~~. 207. TM 110<""_ -.-__ to 
figlrro 3-40 .... .... · .. h . oI>apo •• :id ""~ lor plot .. witt>.1 odgo. ~ 
oupportod. "Of ",h., """"""ry oonditiooo. ""aPH ",., .. ,i<!y ..... bound-
0 1)' """".~ ~<><! ~'" ~",,~Ing ~ ~,. p,.""",0<1 ., 1>0 tho ~ 
doIrim..wl Th. ehoic. 01 """ p, • • urMbly "", .. d. IJim . ... 1 impo~oclion 
""_ "' . do,,":/n ;",p", ,00, .. otho, irnporloct_ oro .... ""',I","nl~L 
Th"" ' M do,?> ,""uld "" COh .. .... "'. Iho .. , "9>0< "'d_d. lloct ... 
"urv. ) ,olal"'. 10 o il but tho '""'" doI,im. nlai importOCOOh (ond, in ilIo' 
c . .. , rho "" .. go wo"1d bo opprnprio"') 

Th • ...-.. , goO<>rnet ri< i""",~"",Oon. 01 " 0 p;"t •• ro 10 ...... ., ... 

" YM ~ L ..... Y,M (3292 ' .. , 
in ",,",h tn . Y,(.) .... . ~b",i< "'- I"""""," 01 , h. [O,m 

y,(y) -[[ ~ ].~,,[ ~ T .~ [ : r·~[ ~ t] 
in which On and b • • ro int_ , ",. h ojO"I .. onl v ...... 10, "",." .. '11 , '''uos 
'" n.nd 0, ,,, <1".., ood d",.ro ""'o rm ir>od toy oatisIyiog tn" pIolO bound· 
ary ~n. AlomatNOOj .lho V,'') cooid be ... n on a . 

Y,(y)~ l c,.. [ ~ r (3,21><) , 
no u .. '" ""' ... V ,M .. d • ..,,1bod toy R_. aod Ha",..,. [3-201-

Th • .....""",,po or tM imp' '''''' pial. io nmptilied in " Oll"itudo .. 
load iner .... _ lrom zoro_ AlJ>o"gI1 11>0 inilial ahru>o .. apod...,. to b. 
1M' 01 ono Of mora b .. d lo mod .. 01 0 pori"" pro ....... , ..,,,,1 ""oroo 
muot nol ... called. buc'lo _OUN btIC!lifIg ""$!ro/ c«uffO>dl l ... , ;.. 
"" s.-n dolorm.';,," mode """"" cM"II" M:r "",,",,0<1. no "'itiol 
"",po is • bow in 'M ... ~.oo 01 1M imporioo1 p;"te. ,.,.; '~., bOw <1<.'" 
in omp"_ •• load is _ •• _. 

R_.od foIa""oYO approach _ .. 10 ... so .......... , "",,110, '" 
U>. _lion. in SOC1ion 3.3,5 lor III. "",,,,,." EulO,~ I>o.>OIo,iftg <><01>_ 
'" oimpIo _ orr I ... 10._ od~ .. . od • • r'ourr _ry e<>rr<Mion. 
orr """ unbodod odqH. How ....... '-" ••• _ "'" d . lI..,1ion tU""tion. 
a .. simila, . ,~. __ g "'Iu. Iion .... "u ' o <!OJ .. >,,, , .... 10 . rt>C>d
."'I.~ ~ryo·dol_" «<I_",m problom 1 •• <Iing '" , ... doIinilion or t ... 
_-doflOdloh .,...,vior 10' • ...;do ""'Il" '" loads. ond tho p,oblO .. in 

, , 



~~~!}j~t!l.i,g :l f~ j ~I~~ i}~~I; 
'. >," ! ' ~ -6 11 " "j<;-lI ~ "' l ~ _ ·iI Q.~ ~.rE~"-!~I~- ;-!t:~~ 'i ~ 
,- ~~;ii ,e ~~;.~i~t ~ . e ~ij a,' . 

" ~" . ,8~ -.10" "- -" ~ lt~ ;i l j!~f~l~t § li~I~~:II~;f i l~ 
.~ _ .i_~ u . ~_ ' _I ~~~~ -i~Y 1-· 

2o~ ~.=- "'8 ,1 ~ • • -•• ~ !~6 I~O 

f~l~ Iii i~J i~ !~I~~J 1 !!;i"lj"iJ 1 E - e ~= % - "' l- ~~~Y Z~ '~ J~~~ ~l"~ 
; .lI pl: 'i l.!!l ~"'~1 -O&_~ !'!. ',~li "IE 

~ l;~i 'ij; :illjl ~ ij Jji!~fl;;it! 
I .i.ll ... ~. -~i "'-B £_j~~"I'~t :l!. ;;~ .r",,~ 

I · 1 ~ ··~~~~'1 ·"l·>l'~·-" ~ - " -~ ~ "' £'; -=. ' -.., - ! " . ~!- . " . 
",.2. W ~ ~::.-~ . ~ . "l"l!'::" ~ · 

J ~.~~"l!llg~S"~J~~j]~:'-!~~i!J~ 
• w.5:,;; ~ - ·";"'1 ~ '" - - • > • 
.l! '~ .!! 11' '. ~ ~ : _ .!.!!w,· .!i.· ~ oi·~,-2'].!! 

, OOJ; .... . ' ",""." • .'1 • • .!l L =, ". ' 
; .,::!! £~i";~I" "-~:fOj "- ~~ . 2 . - " "-

! -11' 1111 1. !!I ! ~ll!,I.'llll 
l :; c,~Hs • • (')~,~ "-15 !'j.!l ~"'!.~ ~ :d~,.l!: "" • !/;; ~..,~ . ~ -1!!, . C,. - oIO,· •• 

n~ _ ~ ~ • • ~~~ ~o - ~ ~o~-_ E . ~o 
,5~2 ~~i '~.E~S;~ •• ~~I·: ,~~~~,; 

C ~~.~ t ~5.1,,"5~5j~ - .~~~1 ~ 
~ JiH.H 8.0l 0i.! ~.d_i .h~:l!i'~ ~~ 

IJ 
'1 
'! , -, ~ II 

1 • ! 
~ = ~d . ,. 
r : ~,.~ 

~ --'-- D-, II " • • O RR ,. 

'.". , "---" . ht 
' , ~ 0 :¥:l!_ 1-' - . hi • . i , 'j' 

~. I • 
• R 0 ~ • • ~ ~ 

.... f.i' " ,,; . ., 

~ 



-"'_ .... - ", 
1M poSlbuckli"ll <""'. 'or . bro, js • ....., .. ,Iy IoorizonOo I n . si!lnil' 
~ '" 'ho rIoIog js OMt plait _ .. _ ... tho J>(I$Ib<><kJog ,.. 
glmo "''''' .... bo, ..... ,Iot 10 U" ... blt ___ 'h. bo, pooIbOC.~ 
<U". It . _Ioo'Y ~, .. Fig"," 2 ·Zg on P" \IO &~ or><! Figu .. 2 ·63 
on pogo 1!loa, but barely rioing. TIKI ... ....... 0 .... <9>iI\"' higIKI r dogr" 
0/ .... Oi<)- !,,' a pi". ti>on • ba, ao "",,,iM<! .. S"""" 1.3 (""' ,. "P
_rd <""",'"ro " F;g.,.. ' ·24"" pogo 241, Tho 'un,",,""n,., """", ro' 
to.li" n 0/ tIoo ".blo pootl>uekling bono,." \or p"'u is tho, ""o .... nt .. 1 
loods "an bo _._ .... 11 beyO<ld ,II. Euler _"'9 bdod (who ro .... , .. 
E.Jo, _~ling 100. 01 a br., " ••••• lial)- U,. ",.,""um _'"'""'" Ioo.d 
;" pracli<. ). OI~, _h. ,.""~ wu prodi<lod . nd mouufM by 
S .... p·,e] .nd 01 .... 10< plot. , wlln •• odl/O' ",,"1'1)/ _". d_ 

Th . . .. "'" po.lt>u<kW>g .......... , .... h b """""'""ny;"g 1ooC~ 0/ • 
_ II-dollnod .oekling bod 11M m.tI)' 1n '.,~oJ.;ng cl>&ro,,"'riolics. Bc<h ,h. 
""'.o/.ph. ... . 00 ... ·ph. ... bo<>nd.vy oondilIo .... r. imporUln' boat ..... 0/ 
tho ___ ,!Iy la,,,,, ""lO<Ilon. Il101 !roc""', mombr.ne "'''$00 l!\al 
o<c1t I .. ;,,-ph. ... bOur"dafY «1_""',. ~o,_ .. , lh. p_nytG _ 
;"g a nd dot .. "",'ion "",ILIdo mulIipIo """"11K 0/ ."'~ modo c.o llod 
~I)' """"" ' 9 ""'",,"" by Sit'" "'_ .. ""oy ;" Figuro 3_38 O<l 
.,.90 306 lor p.~ocl , oquo,. plo" • • h., If>o in .;" bockl.-.g ... n' 0 00 
.,porim. nl>11y in Figure 3-'12 fo , impo~oc< p"". ' wf h oIb 0/ G [J·U I. 
Not. "" ,,"o n9" in b",,1do !I"IOdo ""- 0/ irr.potl",,' plot •• !lOm 5 to 6 
to 7 to" ., Ioad ioc, •• _ . in Fy.,. 3-42_ TIo" ",1 .. 1 b"'ldir>g modo .. 
m ~ 5, . nd !he __ '" modo ""- OMngn . .. c.oDod ucotIdal)' 
budlitrg '" oM ngoo ... bud. p'_" 1_1_ St<:ord>ly btl<kJo>g 1& no< 
w .. "od in A_s ond """0)''' ",. ub boca ..... I~ O)' d<> "'" ....... 0-ga'. I .. "ob~1y 0/ ,he Io.rgo-<lelleclion oq"~b!i<>m bohavio, shown in 
F""" . 3 ·4, S tein'. """".lie.1 ......... in Figu,. 3·4.2 .,. 10< elo.>lic , n i· 
n'. -leOOll> p1a'e& 10< ",Moh _fY b""kJiog <bo. no< """ .... NOI. 0"" 

" 

• 
"" -'-. '0 

• 

" 

.... , • ....,. ... "";_ ","""" .... 0 .... _ 

, .' .-'---'"._-"!,, "" ..... '" 
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...SlO< ! ..... "" 
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". .... ...... .. , .. __ ...... 
• 150 n Figur. 342 ,he appro<im.,. bouncIooybo'_ o .'ash: aod pia"'''' bo""'" doin .. ,,,,, ... 1t> a dolt"" " "1ca',,, a. whlen poim .. rain 11""" 
, •• dna. •• 'he "' ... <)/ • O!J<k ..... n' kom 0"01" 10 pto.,,, .". In$. 
_ . ... , • • , ~ """".: •• , ' ......... ko< . .... " beh .. ", only • 

• nitio' """",on" "'perloctiooo (0' iniIio. _<>I·na.,....) do no! .;g. 
nilical'l!1y a",",,' ,ho _ 10 "'11 _ or ",. ulJ", ... .,.,.,. ao "0" In R...,.;o • 
• od H .... y' . ........ in Fiyu", 3 ·41 [3·2'j, Tho .... ~houg" po<toct .od 
irn.,..~oct pIo.' .. ... " ,1> . .. "'ad·don.., __ 10, in • d itt."," , "",nnO!. 
!hoy """" _ _ UV join ".,.... Fro", ox.,.."",on .. , _ """'" th., ,ho 

011 .... '" """""oct""," on p"" beM.", 0" 10'1/0'" in 1too ,;,;,,~ '" 'I>. 
E",", bucki ng ",.d for U.O """._ndirog porto<! pIo.l. whlen io indic. I .... 
01 .no 0 ..... 01 01"""9 ","rac"'" b .... "",, momb, ..... _. ond "",. 
OI..,Jon. delormo,"""". Tho eH..,IS.re """,100, bOIl> a bovo a nd b ..... 1M 
ELk, buclo. ing "",d , 

_"""" ,owls '0' peo1oct and im p' ''' '' 'octallOuLv pla'es " I ll 
.", • 2 and oOnP<Y __ eo ",o<lt<' 0<lI/O-$ .'. pic""" " ,""moi."" 
_ (;, ' ... ""n"O! '" s.cl ..... 3 ,3 ootl 3,4) . .. "'" ,h. n" p .... ".n," 
\r.I"..,.or .. doIlection (w - ... oJ norma"''''' by tIlo pla,. ,_so In Figur. 
3 ·43. R_" .... __ "" '"'N ""'0 .. "' .... O. b<>Uodoooy~. 

on tIlo un_ """"" (1 1 both .ilt"". (2) boI l> "mpIy ~od, and (3) 
""" <imply ~od and on. flO. (3. , gj . .... "- ;mporIoct p ..... 
!>av. on im"..~.<:tion ampkludo 01 .... _ .1 ,. 

Th •• Hoc' 01 ...... I_motric: i"","~,otiono on p lot. _lOng .. quJ. 
oirnito, to ttoot on bo,. in SKtion 2.7. ll>ol ,", •• 1""1> buckl"'ll iood '" 
..,mot"'o,. bot "'" .1Na .... _"od " oillo, on irnporle<' ba, or an im · 
perl",,1 ""'to. H.,o , ... 'j~ pOole"~ , . ,iou" """" -' ~1io ... 

• 
• 
• 
• 

'''' • ... 
• 
• 
• 

, , • 



-"'_ .... - ", 
;" figu ,. 3~, Iho .quIinn. bolla, ... is !ha, "'11'1 load. and 010_. 
e.n o. oblalnod tha, . , ..... __ tn_ E ..... o..cklnll ""d I,n . ""e'· 
..won 01 _h "'_ <urvo .... 1> Iho n rlical ."io ;" fiO"' . 3 -431 .. 10 • • 
oIomonwo'ood lor "'p~ supp<>rlood plo' ... by S'oin 13 -'8J '" Soctio<> 3 .4_ 
H.,-. tn • .. rn. "one..,.;on" .P!'~ 10' p"'" wOh ~ ........ _ 
.odgooo 1haI ... (II ' iu d.n<! 121"mpty . uppMod on """ edge."" " •• 
on ~ oIhor odgo. No'. Iho' 'ho ..... 01 .",molizod .",,"ng load. 
N,I> ."'0, 10< oocl> ouppor! <OH IS o,oiloOlo, oxcopt 10< 1ho r ... d odl/O 
co .. , r"., is. If'" n",",,"I"1Id .",," no load lor. p ia", -..itt! oJ Odvo' 
"" p~ _"" orod. ""'10 • ..,..:1 '0'" 01 2.0 is ... o!ly 4 "' Figur. 
3· '" 00 pall" '!lII! .• M Rhodo. orod Horv .... I/O' ' .00,7, " II> I"" 'o.m. 
a M 4.00000 wll> I"". I.""" The nonnoi <ood b""king 100<1 for 'ho 0 .. 
odIIf .....,~ O<Jp-por1od aM ..... 6doo f,.o "" .. 1$ .8G3 in r _ 3--3 on 
.... \1<1 2\l& who_ Rhode, "nd Ha ... ylJO' , $Il~ I. 4'4 ..,or) [3_'91. 
Fino",. tho """".Iiz'" o..ckMg k>ad fOI lloa botn_ u"_odgO.~i'od 
0 ... ;. 6_97 lor . ' ~ _J. ond Roddy oblO[O, 6 .072 'or . ' ~ _21 I""" . n •• "", 
ooUtion 13-141 

Rhode. dnd H ....... """'1" '. 'ho. _ . 6<. 1 ,"."ita with ,h • • own 
eJ<perimonlO' , ...... 01-211 a nd thoM 01 W.",. [3 ·221 _ o,.r, ;""" 
0 ... _0 "'" OOIu, 1 _o,,;c ...... rloeliono ", ... "red. Th"". "h ~n 
tI>ey """''''''0<1 Ihtoory .,;th .. "",imont they adiu"'ed Ih. im perl..,1ion 
amplotU<lo 50 !ha, tn. '~a,;ca l . M . ,""''''' . ... , I»<kIo!IoclIon be· 
1 ... _ .,."hood.,""w ""'<I ......... Tloa '-~ing eu"," ••• """0"" 
11'0"",0 ;" 'ho" .g ••• """" 0'" 'ho ontlro """'" a! beloa,.,.., 1>..0, a! 
co"''' , t .. ""Od be ".-of._. to ootuol~ m .... ,- Ih. ", . .. 1 goo ... " " 
...... rloctions . nd 'hon compo,. tho "'-",ical .M ~ • .-;m.ntol .. OIl" 
;" a mO ," NIopo",,"n' Ia.Mo ... Ju", ___ uOf> ,h. prodided . nd "' .... _ 
",ed Ioad-llolloction ""IV" ""n be 01_ 10 oIign .. ~I> oac~ Q" O' in 
""'~nIU<lo ~nd ....... "ft., ~djuot"'9 tho 4100"'" 01 ,h . .... itd goo m" ", 
;"perl""tion doe. not moon """oIation oxi. ts __ p,odi<tood boIwov_ 

"" .M ""-"J.nd bo~.,"" undor "'" ""'"~ «>nd'Iion.o In '.><1, , loa 
"""'u,ed r."'" coo..oId ha,e been 101 """M .,;th. h9her omplil_ a! 
;"~I. I dol"""ion. but • modo _po 'na ' " .. not 1ho moot oIo"i ... ",ol. 
w. SimPly <10 not I<000o- bOoe&uso tn . ", !"'_.~" ..,,,,,,,00CI_ 10'" 
not m ...... od Un'~ 'P.elic impertoction "- and amp_ •• ' 0 
« •• 'ed . M tn. b.M,"" .... "",od, ""''- " no II,,,, ...... !or "" <>g 'M' 
thoary.oo ""pori""'"' a,.;" IIOOd .g, •• m."" 

A " .. _010,;"od, <>b,,,,,," bucklO>g .. , ... 0' load 10 , .. Itnpo~.." plo.to 
e.n<>01 ox"t ;n ony fw ... 1 .. nH beeou .. o'iho ""t, .. oj Ih. _ 
pootbuclding ...... ,io, .. FYJ'. l .. 3 . Th., 10,. '" dol;o o n . .. .. eo, · 
lO i"~ not oon, ono.rn !or . ny 0 ' 00-, Iry<>g to onolyzo """ doiNgn • 
<haI~"ging ""uctuo. ",," g vo"""'" rompoliti.o oIooi!In eon«~15. Thus. 
Hu. Lu<KlQuisl, oM BaldO<! "",ed -Ho .. "'.,. ju ..... ""inOd yield 
"' .... has _. lound ... 11ll 10< ma!Of;''' ""', h.,o no ac, ... 1 ylold 
........ 5O • <1<11"",, buckling '" «it",", ' .. r ... 10< • plaia 0&. 00""0'1 
much ........ ng 10 " P"""<:Ino on~ [3·23]. Tho, ie, .Ioo.gl> • 
p<aelidng ."¢no .. mlgN "",,"<$lond .... t • bockklo .., ..... n ... '0 
dol .... ''"'' ongm ....... _ """'0 qU""titn, ..... mo'",,- to 'goO .... 
Of her ,_h Into' for v .. """ _"" .. 0 P"~ ;" dHign .. _ 

, , 



". .... ...... .. , .. __ ...... 
Vemo'" a"" Byo" ob"_ I;"~ ...... on! ,~. a nd pMo""Od 

.. ,~""'an" 00 sq . ... ""'I" .""'1*1 "" aI !Ou< odg/IS '0 ;,woSl9t>to Ill. sowOOo!'f bucIo.'"'V P'ho""""""" .f'<! "' comparo ,hoo,";,a, .0<1 

.. ~""'.n .. ' ,_ I:J..NI- Th • • o ... ,lorm opp!Q . .... 'ion '0 In . 1M", ' 
geom.'r'<: imp.~ ocllon is 

".~A~, [1_CO.~. ][I __ 2:] 1~ .295) 

Tho Mia, goom. 1tio im porlo"""" pro!_ 0/ Il>o plat. " •• ", •• "",0<1 10t h 
• dia'lI"9" .0d019 on 0 <",db .. 'ram • . A."" """""""'9 " ... "'0 , ,,,,,0<1 
,.;u, ..... ;., go.!/"" on bo'" .0- 01 ,h. pia" n .. , , ho U""-Iod ~"-

.0.2 mm 11170 ;") "'Ook o..nluJn;" pia" bo. ,h. maasur-O<I !l'"" mol'" 
im ... rl_ "",1110. '''"1/ "'" plo'. c.,' ...... ;-, boll1 tho , .,jroc,;,," 
. rod tiro ,-<Ii,oc';", oIKrwn;-, f illo ", 3~' lal. "",,10 fivo , ..... , .. , 0/ tho 
O/h .. _oclion> "",nodi w, h A,, ~ . ,oa orod b',. 150. Tho <Iolorm . ''''' 
"""'" 01",.. ;-' ~"'II"""""Oo imporrlodion _ ... (on. wo .. ;-, tho Io.o.~ 
<li!oc!ionl ""- through 0 ' p . 2.~20 ~ g (~.3-IO to) to '''''' wave. in ,ho 
load d;,oction. i.o .. oeronda!'f bockling is 01> ... ",0<1. Abo .. tho' oocond· 
0"1 budoJing lood. II .... """,itudo .',he ''''' buckle ........ inc_ In 
tho diJOdion """'""., .. "' ..... """,",g d .... lion, ,h. Inllo' goorn"", 1m • 
... rl«:tion inc' ..... "' ampU.u<lo wlh Inc! ........ load, H." ....... . "ho 
.... onda!'f bor:kling Ioed, tho ~tion "".'" "'JO<Ig/1 in II,. dUe'ion 
opposit. '" "I>k:h ~ Md been doIomrin9' T ...... _"I bookling did 
Il<'oany occu, . f'<! is .... oxamp," 01 b'ru!<otion (rom ,two """linN, load
doIO!m.otioo"o ... Dumg~, ,h . plalO .... ~_k W<r lIs .. ig .... l 
"".~ ;., elmoot 'ho ~ .. ,Iot .. do< .. ""., .. , .... , 0«",,0<1 ourlr"rg 

.. .. 
• • 

-" . 
" .... ,,,"'" --- ........ ....... .. ~, --- " , . .,. ~ ... .. 

---0- • • _ .. 

"''''c'''~ ... .., .. ,,~ __ 
. '!P' J... o.olO< " .. U", P_ 0._ ... _~.-.y Ek.ddrrrg 

...... ' trrpO""~ CIa...".... S<t-<r .. Plat. 
{~_u ....... _B""'~'D 

, , • 



_"'_ .... _ " s 

_ng. S~.d"" lIy . ! .... 'ho pia" ..,_ ''''''''gh !rom Iw<> wa<os " Ifle 
. -dIo_n to on. wa<t. and, lho". a' a """' ....... , ~ ...... r _. II,. pia" 
..,apc "'""""" 0\101;" In "" y-dloO<1i<>lo t>a<k 'o~. ~'_'Ioo,a"'n 
'" an "'porto<! pia", Tho, 10 .• fIe &Mp'lM>«gh ... nto d"~ ""_9 
ace", al two dill.,.", _ in <X>tOt, ... 10 mo oirlgl<> _'"fO<I\II1 Gd 
duting_g 

3.l1.3 c;onHq"*""" o! Nonll'- L_OOI""'lOn B.~.",Of 

~ pM O/ .... .ubl<> PO_n9 b'ho,,,, cho,actono';C ", .ho prob. 
10m 01 dot. "on lng ;u.. wh., loAd to ,oport A> ,h. buck_g Iood "" 0" 
ooluo'. ",-,,<I plol. ,h.,"" o! COY"". bom importoct~ _po~od.<><I 
_~<ICIIy Ioadod. The IM<inII eon be dioplac . .... nt·eonllOlod ",. _ . 
con'_ "" odng _d-"~hl 1000 .... 0......,.,,,,."' "' .......... 0 .. 
M,. _oMod over thO Y"'" Irom ",lers .nd ..... g<rl/f' to <iIO' g<l1I'" 
., dIspIooemonl tra~. 10 'h' mod ..... d<>w 'oehnqu. '0 spec, 1<> 
;,,'O<I_mOl<)' 

::~'!.':'f~~'1"l~~~':,~';':'~~~~'~~''''' b .... '''' '" on ""portO<1 Pial' """ ., 3'" or 3·43 "' a "",odood·"" .. POl" ",;_ • " . 1· 
oucI> ~ ""'" no! buc_~ .. art. 

". 
In ,he ,·diroc1ion 

.r>!! (~) ., ""ich .. rho • .. ,, __ hbtt' 

r " 

". 

·,,;":.:F,'''':_~·:'l1I..,-

o _on<l ' '''-' 

'., , 

, , • 



>I. .... . ....... , .. __ ...... 

• 10 II>t ~ "m.o k __ " ,~. 109 
io be<oI. T ~I is. II>t "'- II "'0 _"'" 0/ ' M 109 Iho, whon 1ooI<ed ., 
lrom 'M . ... 0000_ II>t ~ . "" 10_ po~1<;ons 01 '''0 IOQ .. ... tr, • 
• kolcfo" Figo.o,. 3~6. 'n .""h ~ > .. "'. <pit. """" • • _ _ """ ...;,~ • 
hin90 ..... "''''''. ,h. """,an kn • • occ'-"'"o 0101 01 'Poc,. I. on.'<>\1t. ,h. 
!<n • • 0/ lno Ioad·dolormo' ",. <:OJ,,' is II>t corvod uo.""'" r'g"'" I""" 
!ho ..... , porlio. 0/ Iho load·doH_em. """'. 10 II>t ul'l"" p<><1ion. 'n tho, 
vo_ r.g;o.n. 1M .. ,. 0/ inc ...... oI l.lernI or transv . ... dollOcoo. wlh 
,o"poet k> Iood go •• I,.,," low k> 1'»9" Oh. oIop<o of Iho Icod·dolloct;on 
cu",," _.Irom 0ig/1 to ..... ) 05 .. F;gu,. 3"'5. Ho-'Of, If>< _ .;, 
_e, .... .,1. or ' 010 '" "'0 O.".mO. "" p;lgiog Ihe local"", 01 "' 0 """". 
mLoCh .... I , lOP, is quit. oubjed'" nnd highly drp<ondenl 00 tI>o ob· ""'of. eyo. IdentilY"'o ",_ Iy " ...... lno homan _ ota"" and 
oq,o is no! on ••• , tuIo. I",~ In toIal_ ,. """,.".on, ,,"or. , ... 
• u,_n'. cuts ",."iu/t. 001 an~dal)'. dolin . tho "'"inII and SI<lJlI>i!>II 
po<>to- ' ""OW """"_ I ... ,. 000' Thank ,ou. 0.. 0 _ 0. Vou OIl 
can' 1tn<l1"" nd poiol' '" ' no ,.".._ 'n .. ,'''''''', an .... y 0'..",,0 

• "Uw" , .... 

, , • 



-"'_ .... - ", 
OIhe, ~"'" IOChnique 0. .... I~ .. ~O<I "'10. T~ lOp. 0I1~. ""'Of 
109 a r>Ol '" 11>0 _r 109 .,e virluBlly SUO""" i n .. OS In lfoll ... leh In 
f ;g.,. ~e. Y" ' foil ~its 01 <ho human "-- .,. sUI <IiIflc u. 10 do,o ,· 
mlM. TI>o _<Iollod"'" <uow 10< on Import«, pIa'o " "'" sIrU,!I1' <01-
, .... .....,,, 0' arov. 'foil kOH. 10 tIlo "-- '" 'ho plo .. Iood·M!I~ 
CUNO 10 . v. n """. diflictlI"< 1<1 doTlno t"n tho human knoo . Th. "buc~;"g" 
....... .. . ... nIlo11y. bul vogu oly. dot<>od to be th o .,,"" cor~ 
10 th. "IOp· oT t .... k_ 01 . CUN. '" " 'HO VOfSU. trafISYorso M!I~ 

(a v ........ w). tt tllo 'mn ... ,. doTloction. """"'" tHo ,~Iy ""' ... ""'. 
tI>on any ot .... , qu.ntily t!>at Ina ..... In 300ut tIlo ...... manno , c.\n 1>0 
pIott<ld in_. On. ""'" q"""'rI)' 10 " _ ',. tho doIto ,o""" In .,,,,In. In 
tlto ",ad di,OCl"'" on t .... two __ 01 tI>o bo" c,.". That d1! ... "". wi 
1>0 ..... 11 . ' klw Doodo, .. ~ .. .., ... ~u", """i<lV>g loa<! 01 a porl""tIy 110, 
pIa'o •• r>Ol <rnal ago ....... 1 obov. 1M, ~u* '''o<klifIg ",od. or..",uoIjI • 
.... 'op-<>'·""'·""oo _ .. 'or" F>Orto<tly fta, p"t . .. __ do~n O<l . . .. 
F'.Juro J-4t on pO!/" 3'~ _ . u .. 'ho ",- """ ..... 1. poinl. _ ovo' • 
.. ""' .... 0111>< "'port""'''''' • .,plOudo io "",,,,,,_. II>< "_,. "". 
'" Iflo "knoo' io "" Ior>9or wot-dofinod. and _ 0 ... o n ..... wo" 
doIinod . ..... .,,""rtoct ..... .,pltudo bocom • • 10'9"" Vlsuol dolo",,;, 
,,,"ion 011 .... Iocolion 01 "'" lOp 01 \1>0 'no. 01 tho \o;od,_ ... ol<>n < ...... 
by on ;ndMd .. 1 ob .. " .. Or .. ,.,.,.. . ubjoet .... t!>an ....... ling I". v .. · tic., ton\lOnt in "'" .. , . .... ,.. ..... , mothod or>Ol h. ne. p""'" 1<1 o9>i!' 
i:anl1I' doIto,ont " 0",,"'_ ' by dilto,onl ob ... ",o .. , Wo _II' , flo ... 
do'In~"'. 01 'bucldlng", n.moll' .""In __ I ond top·oI·\I>o·kn.o, to 
tltoo,otical ... sub _od by Hu. lundquiot, or>Ol Botdor!. 

Hu. lundqu "". ond Batdorl uoo 'On KAmlin 1a'VO.QoI\eet.,. plat. 
tltoo", .. u bII' modi!;. d , ... t .... t""'''' 01 "';"1 'l"0.,. tric Imporl""" .. to 
<aleu"" "' ..... "''''," . and do'Iod"'" ...... "'at oro '''*" ,oll"rdod .. ....... ' 00;1 '~ dato· ., ,,0', ~m.n".~ tho Iood-dtllod.,. t>.-
1\&,." ol """"'" __ . ,",,,,,rlO<l~ r ... , plot ... [3 ·23[ . S .. \1>0;, Ap. 
peodix A fo, tho "'"g _ot'" ond~, B 10< tn •• p.d.<iza,;'n to 
Oq""" piotN, Tho .... nc. 01 tho ........ t.,. .. tholl ... <1o'lootion,"'" 
,ep_od ,,~h , .. ""_ F"",,", ",0" 

,3,2IiE) 

... , n. ' 
o r>Ol tho ln;u", goo.,. ,,10 "'p. o.",,," , "'0> ito oimI ...... '''l', . ... .,. d .. ,n 

"0 _ L L '"0_ oIh m:, .... n: ,3,2\17) .. -, ,- , 
Onty ' flo IlrSI 01. <OMpononI. '" ,1\0 _ ... v.'Ith odd ~Opts oro eo<>-
_ad, SVm "_I''''' "llal """.t ..... nd oymmtltiea! _tmOI;," 
("" .... 1/. "'" bt,oddlnQl a, ....... me<! '0 00<"'. T."., 'flo ."''''Ym_ric 
.. ill., __ <Irio ""PO~.cI'" orill> .. _ 2 .~ ,, _ I io noT ~'''' Do-
0 .... ~ m . .... ,., oonl~ulio" to Iflo conlOf <Iontclion 01 Iflo p,"", l ho 
..,...", tr'<: "',,*rtoct"'" cO" bO """'.n" 

w. _ t L LK,,_oin 
... 1. _ 1 

"" • 13,Z\II!) 

, , • 



". .... ........ , .. __ ...... 
(I<>< 8 po~""'ty IIo.t p latO. K... ~ 0). no (irst bueWlng modo 01 • po~O<1ty 
not plot. !$ 

"

.","l' 
,,~ " .... a .. "b 

arod. M load _ .... , tho ...... t oymm. tIic buoking modo", 

w _ tK ... 3 ..... "l' 
" a b 

1~ , 29\ll 

13.300) 

50 t!oo mO$I irolp<o<torol .. i"',_iat" ... (rom n.tn .... 01 • ,..ua re plate .,. 

IK · ""'<\" "'o~ .,, "'n ..... b 

" • • K sin 3 " . .. "l' .o" O b 

13.30') 

Tho 'eouIIirrg oq"'OO.~ .. soI.rod .. t~~ mao"", oIlovy 13-25), and <n on 
tI>o ... " b a, ..... rp'OI.d "' t!oo """""';"g a. I 'h. y " . ,. _uIIl,,,,, , ... , 
.;",,, '" _ oJ th.., r.''''''' , ..... , 

n,. Ioo.~ .. . lmc1OO 01 tI>o E .... ,_g I>od 0( . ",, ~0<1 "I"'" 
plat. v ...... ,ho not cont .. tr. n.v .... delloc6oo inc, .... Icon,", do· 
~.ctio" """u. 111. ",,,,,rlO<1,,," c.n'., deI_, -.. _ .... .,...Of lho olo.t. 
Ilrick"" .. , t, ;, plotted in Fill",e 3-.47, Hu. lul"Oqu"", a"d BaOdo~ "'O/dj" 
' 01"''' oo_,;on, o.nd volM. 0( tho irT"4"'rloclion a mpltrxlo. in Eq .... · 
tion 13,301 ). I(. . "d K., . •• dOIpIoyod '" Fill"" 3 ... 7. k> ..... boo<!>..-
0(, . ....... _ !Ie W'OII iftyO<rd .". buCkling "'_. ""~~ by ' "Y 
_ .... tiDn mothod , t~o . ftoet of tho typo and "M!Hf_ 01 tho Imper· '0<1""" <Ito ...... to , .. ~ whOle 1_0<1_ "-. 00 ;"'Iuo"". 00 

'.' 
•• 

• 
• 

• .. 
• • 

o ."""""" s, ....... , .. ....... , ........ ,."'""" 
o OLIO...., . "' ...... , 

_.or.,","'''' M'''''''' 
' .!---,.---,:--c.:--c.:--c •• 

F;g..o 3 ... ' ""' ..... S, ...... .,. ... """'" "f s~_"."., .... r"""'_ ..... IA.",.", ,_, _ Boo_ f.).;3] 

, , • 
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3.6 EFFECT OF MULTIPLE fIBER·REINFORCEIl LAYERS 

3.6.1 lnlrCductlon 

, , "' 



-"'_ .... - ", 
A simply _n. d 'OCIOnl/Ulo, plo'. 10 used consisI"",~., •• sub

_no '" ~ll$I"'" ",. _.1 ,O$UIts 'oa' <a " bo 0''' • ., .... I .•.. ,"
-"tIC. 01 "'. ,ariotJ. " .1In,.- on """""'ed P"'" bo"""". "' ""
doIion , on.,. .... """ .... " OJ.,.. '" _ ng""bo "".Ii •• , .. <><de, to o.-oid 
.... ooIuIio" d.rIiouIIi •• "," ... n' '" """'plo>< _g •. A<:cordngly. in ,,,-
." ..... 0' .... pkily. ,... ,,, ............ ad 01 b.>.." ......... ,ed p1:o1O .. ,.h 
.,;. bo p ..... OOd. 

s_ .. ,~ orll>o'r<Jpic ploto., I .•. , plato. ";!h muffiplo o;>" io.lIy 
onhot«>pic "y. to 'M' ., • • ,mmo.", oboo' 'M P"to mid<lo , urioco 
Ioa'o. os io ODled;n App. <><b C. ","c • • nd mom. n' "' .... _. n .. ... w""h 
thor. 10 "" bel>lllng. • • _n COUCl_IIV nor any 011 ... , · .. 10"",," 01 

boold· ...... ""'""'~ ,,,.,;,,. f.:. '" Y'"" ond " • . 'Y' 00<1 "", .'0 m01<lIo· 
... ~_ . tr • .,. .r>d ,.".'u, .. , 

["Jl'" '" 0 jr': N, _ A .. "n O " 

N.,. 0 0 A,;., {" 

["J ['" '" 0 j['.' 1 M, _ 0" 0" 0 " 

M" 0 0 0.. '" 

13.3O:l) 

For plale _mo. w"o""',"" opocio", 0<11>01<01>" klm"'" "at 
•• ngIo 10, .. or mo'iplo Ioyors Is • ...",ia'" """,,,,no,. 'ho Iom"'l0 
....... only be _"""oOzed by 0". 0 " .0 .... oId 0 .. "' ~Q.'1io>n 
(3.3Ol). T"-, 10. ~" .. "'_ I. "" bondiQ-. "...,oion coupling. 'M ",,,,.-.,, ... "Ia'_, Eq""'" 13.3021,." "'" u .. ,," 010" ',,"~"'1Or 
, .. """., .. Io.dlng "".slng on.,. bonding. Howov'" ooto tha, l<><eo·"", in 
,.1:0'.", .... . 0_ in _"M~'" ~" ... 1 tho dofr,lOtICd be"' .. n 
o;Io!OImot'm <ho"""o""" <>I p" ' o • •• __ 10 ...... I ..... ho,. 
initia l co",""". '"ot 10 inh'feI1I~ coop .... to 'O«M ). 

Ofton, t.eeoUH ~1Iy .""""""Ie laminat .. 0 '" v",.ally ItS ' .'V 
to .""IyIO . olootrop;o "'"-, ... 0"'- lamina' •• a,. '"!I"_ .... "' .". 
PfOl'imaOOd ";!h, opeeiI.lIy O<tOOlro!>ic la m"" 's. T"" opp""imo'<>n w~ 
be .. .-d by <:empaJioon 01 ,.,.b I", .och t,po of laminate with and 
-..: 'he Va""",, .. i"" ..... No, <tis,,,,,,,,,,,, _ ,_ • _oia", 
_«>pic Iominat •. Spoo'l<aIIy. ,110 impononco 01 tho _'~'i>I cou· 
pling!efm.s 0, . o nd 0, .... 11 bo • ...,minedlo' ..,.m .... ,," ""gIo,p~ lam;' 
"" " . n . n. bondIng-. . .. n..,. cowI"'o". be . noly . ... lOr anli$ym· 
mol,., O"'~ . hd M li$ymmel,., ""1I't-P>t ,"., .. " .. ..-.:I "",""",ed 
with 'ho zpoociolly """""opk: a ppro, '",. U,,,, " ..... .,h t!>o ~ . ,. Igrored. 
Tn ... compotioon . .. iI ... modo to< "",IJ"'II 01 Oym"","IOaIy'hd ."'i
.y .. m"rlcd~ la minated .. ..-.ply "-'PP"'1od pio'''' ;n Section 3 .6 03. 
f ... IIy. 1110 ""Il" •• '''~ oignifie."". '" 11K> .. """ • .,.,,,,Iing otitfn ..... 
;" o.mm. ,izod in Sect.", 3.6.. 

, , 



:on ..... ....... , .. __ ...... 

3.e.Z Go .. rnl"ll Equal l<>n. lor Buckling 01 LrrmlNllod Plain 

3.!i.Z. I Bau Reolric:lion •• Pre.umplio ... and eo .... qu."" ... 

Moo! 01 tho ..... icIiono . O<I pr-.-nption. on "lrictllomino'od pia, . 
Ihoory ,,1><1_ ara _.Ioped" JI,pporrdi>. C. Hew. v.r. I",. complolO· 
....... '''''y .. I be ... ~"",Iod ,""". in 0 oIiIfrt'" rfilo~", "",nno, T"" 
M_"~ ~ ,.,,,,",,,,,,",,,, 01 ,oSl,;COlQns.nd prt-SO",plions,,"oed be--
0'''' ''''' ' ...... ,...'. fu_mon",l", ...... '.nl mo.nfig<. R. stricfion. 01' 
~mi,.t""" on tho 11M 01 ,~. t!>oory t ... , ... ob • ..,.,.".. oitt>o, .. tWood Of 

Il>ey a ... 00" Tnu • . ro.l,ictiom oro """""rnod wiI~ rho kno ... n, fo, .. • 
a mplo. a Ihoory 10, ~ .. ro """0$ _. ""'.>ppIy 10 ,oood ""'lOS. P, .. 
"""'PIi<>IlO.ro """.Iion. on Iho tlwlory Iha' Ira"" a .. '",. aI u"' ..... lory 
to t~."', Tn., io . ... .... """~. oro """"omod witI1 'lro ~n''''''''''. For 
. .. mplrr, .. ,._. porpoodic<Oor "' Ih . OIJ rtooo of D plot. oro ..,m""""Y 
.. ",um«! 10 be "",.1 eooog/l \0 IHr regarded os ,oro. 0' pre,,"""'" '0 
IHr ,.,,>: ""wov" . " . do nor"""" 10 ' co","" ",st how smal ,1>0 ........ 
or. un ........ "_, to a more aceura'. tI>oorj ....... rfis!>Ia<.mon" 
Migtrt be pt" u",od 10 be ...,.,1 10 .n.lbIo 00"''' ' Pl""dmotlon. . How· 
...... " _ho, ,Ir. dlOplooo ... "", 0<, .. 1", ... "",d o. n be ""' orm;o,," 
on", .. ~.., IhI! ,;no, r .... 1> " , ........... In ... ...".ry, tho <file ,,,",,,,"'" 
...... n " •• ,,;<,~. and P" ""mpt<>M" ,flo, .. strl::liom _ . ,h. """wn 
aod p~mptOono"""""o ,1>0 "nknown (_ .. whiel> "0 """"' op<I<u, 
10101 , T ..... , .... ",,,to .. ,,, do no' ·p,.sum. a .."I.>nll"'" pta'o', b ......... d 
_ ·", .. riot ou' ."""'~ to ""LanguIo., p ...... ' 

T~. Icr l~ '051<1<1;01\$ ~nd pt .... """.",. to< .. m .... '.d PIo'H ~,. 
'u~hor _un;ty to < .... , <I>e "". '_. bot_ \~ . ..... ""ss'''' · 
I;""". b .. mainly 10 _ a I;"" _n lor ,ho OIuoI/ of "'m"""" pL.,. 
tIHrory. No' . " PO""1I)i IMI p,uump,"O"'" ongOMoting m,st bo ju;t;. 
fiod. I. ... w' mU$l """" why w. bo"-. Ilr . ... uumplion to bo '''''' from 
• p~yo.i<a' 0"'-"'1. n. o.t-y T •• " .. 01 ."" _rwc. or "'ole"''' {or 
"'''''''''nics 0' _""ablo -..) "W"OCh to a p,""Io., 10 ,~.I <_io 
oimplifyirrg prN<Hnpfiomi ..... b. modo royordir>Q 'ho mocha<>ie>1 boo 
flo,." of !h& ""jecI .. oKlo, to get • _I. or ".ctablo """bon. Each 
pt .. "...,."",, muor bo "",.>1>10. I .... ,1>0,. m ... bo • ,o.,,,.on why ,1> • 

..... """""~ "'9'>1 aot .. ty bo ' ruo (" InQChanic • • "' •• """"~ CO"""" 

... '''''')' '1. rn" "'0" prom;n"", pro.u...,.~ ... ","'"'''''' .... m ....... 
iog prob4om." tho, plano "",.",. ro mo" pion •. T"", io, ,~. fn""," . 
IlorllO,Jt.EuIo, Irypolh .... .. tl>ol plo ... MCI ..... thot oro po_ndic ular 
'" I~. lHrom .x .. "'Iortt bor><IinG ,."",in plano and porp<tod""""", ,1>0 
dolo,mod lHrom ~xio <1«ng beam lHrodir>Q. This 1>)'1>0_" a"..,. 1 
mochan'" 0' mar. nolo p,.sumpl~ lha, Ie ju&liflod bV """",ing tho1 
, 0,,","1 line. ~"" "" ~n "_".ad r\CIH!r b • • ", .. .,. ;n ..... iIfrt Ifo 
the ,ft:l()/Ution /0,.101 our "t>o~od" oy •• ) tHII 101810 ... ,'''' rubbe, bMm 
lHrods as" Firzu" 2-« on pogo ,07 A"" ood •• ..,. ", .. umpOOn io 
ongino.lin g muot bo ~n .... mpIion ""'s. IWson wI!y u... .S«<JI1Iprk>n 
'"9'>1 N ..... ! So. Sod~ ,.5 fo, """" ~_ 01 .-wrnptions. 

, , • 



-"'_ .... - ". 
In cIa_o l ~to bOO' 1ing theory . we 9><>" tho P'o!>uckling dolor· 

".....,.,.,.,. p, . ... ."fng 0< ........ ""g lho pial. to bt .. 1 bttor. .... _!<Iing 
I09d io ,OaCIMHI No ... ll>at .. tM caM 01 lamina'od pIotos "ith 
bonding ... " . n,"'" ooupi ng ""'t ,~. prob",,~"g ""0 .. "'" .... .... , I><!I 
con b. ~9lIy ""","" .... Fjyy", C·22 (I~ . .. , no boundP ry ooodition • 
... "I'pMd "' ""nU.", ,,, ..... pIoto b..,klifIg theory ....... ;" """h o' 
<Idgo. 1\0'0 O<>!M 1o", 01 .... ple _1. Th!! outl>o! is 001 . " .. 0 01 
• 001.>1 .... 10< "",I' b..,U;"g In """h '>00<0"' p..o.-:""i'>(l defe,m.tion, 
are aocounIod 10<, oll>cuQh Jon . ..... Honn. moM (3-35IIound"p 10 . 
15% .-co'" Iowooing 01 ..... . c,,,,,1 b"" ' 1ing bad from ,1>0 clo""",1 ,nuN 
10, 10",,,,,, ... cO""",, , "' .... "". 1 ....... N .... O!1h . ..... "",01 \11""';". h • • • 
tho io h. ",., app",,,,,",,tJoo 01 • fla, P'OOuckled pia .. 

n . g.oome<ry, foree. , ond momo .... to! a plato .,. shown in Fig .. , .. 
3 ... ~. 3 -5O, .r>d :H1, !Oop..:tiY.~. No'. in Figure 3-4g ,h., "\0 FOIat. 
_ ,.,c , .A.. is "'.,.~ • <"'"""'" w01 of "uon"",,;'-01)0 do",,;b;ng 'ho 
shopo 01 a 'OCIIIngulo r plAto_ AK . ' ,~.t N._ N, . N" or>d M, . My . M" 
ar. thO ",,_.r>d """"' .... po, un_ wiojIh 01 ''''' olOto. " ow ," thO 
KI.eh",," .h •• , '0"''' K, . r>d K., in Fogu,. 3_50. u w.1 •• ,II. dis!.ibotod 
transvOfH k>.arlng_ P(' ,Y)_ Aoc" th., ,II . lamm.to geom. try is do!rn '" 
.. Fig\l ,. <;'16. 

.....,LAS<'(CT~A,IO. : 

I,,",," 3"~ Pte .. a_try ..... C>.'o.'.,.' ..... n" 
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... .... ...... .. , .. __ ...... 
RM.r/c. lons 

• Each lay .. io ""~otrcopic (but tho princip,:ol m"-I di,ocmn. 01 
.. , h I.y .. """ "'" be .lignod wiIl1 tiro plato . , eo), liM., . Ia .. 
Iio • • " ~ 0' eon""'ol ' '''' . .... I"" "ro . ot ... pia,. ;" Qf <o "ot.>~ 
tt>i<kl1 ... )_ 

• TO. pOot. t""kn ...... ..y &mal oo""""od '0 10 ~ and 
_ (ouch R """'igo,.lion "' <ommontv ooUod. _ pia". al· 
thou!lr , .. nam . pia,. ~ ... ~ impli .. ouch a _mo,ry). 
No 1><>dy '0"''' .,iot. 

Pt .. ..."pr.",. 

S" _$ ao~" rh. "'Y pia .. I'" ",."" 0/ tIr. r>k" ) <Ior"II .... ,. 
tl>o r>k'o '*"'"1>1_ T""n, 0,. ' ... and r." . '" "' .... mod to bo 
zero lor nogligillio ,.10,,,& to lM 011,&, .. , __ ) ""<~ thol an 
....,,,,.i....,o .ta'o oj p/<o.., 01,_ " .... to e,'" 1"""_ only 
tiro ._. 0 " <>y, .roO 'o, .'" """"",,,,'od). 
TIr . /(..",_ h""",,,,, ... 01 .. gIiglrlo """V"" $hu., ........ 
1" ond 1,.., and ~Io , ....... , ... "",m;ti ",alo, <" """"'. 
tLlto. a "'otemo'" 0/ IIOndo!o<mabio normols 10 the mi<H& "". 
lI.c. " """gh t .. ,. io on ir:rlroronl, I>1JI com"""", ignored, ooo!1icI 
"""h tiro p' .... m¢i<>n 0/ ,ero I .. ",vo, ... fKOrmol .. 'e .... or 13-4), 
D""tac. m~o" ~." .rod w .t. "",.1 """'f"~ to '0' pW. 
1irickl1 ... (",, ""'8Itv, .~hou!Ir "'" o""'e>a&nty. O>dle&lIII. 01 
.ma!!·d<tJI""tion I~oory)_ 
SU.ins, r, . <y , or<! 7,." . ro &mal! <o~,od "' ~oi!y lom."st,," 
..." 
~""'lO<y ... rtio '0""'''' "<>g~l>r.. 

C"",.oq.,....,.. 

• W ".n"I0"," _ , "",n. a ro ignored or a,. "' . ... mod 10 bo 
z.ro, thor> tra .... _ .... ., stlO .... oro .1so .ofO throuvtrout 
tiro pIOl. b)' .i~". (It It>t 01 _ ...... ,,,,,,,,,,", HO .... v .. , .'On 
I ""'''"''' io .. ., .DoII! I~. 1 ... __ t SI< . ..... w .... I""" • 
.... , IIro "an ......... • h •• , O!,_ ' atO ,oro "" bOIh III. _ 
.0<1 "'''' ... plol. OIJrIa<os ~ I~'ro b no &!>ta , loading. Common"'. 
Irr ca..oteal pio'" IhOOl)' , I~ . ,,,'''''_ ...... , ",a"'" a ro ro· 
~rr:Iod .. , . ro. ,., lJ ... ,."""", ""0' ",U>e. 0,. ealt: ,latOd 
from oqullb-""" '000 ....... _., $""," o><OO«Iu ,. ' "'. be .",.,«1 
Irr "'10 """k I., I~o .. k. 01 """"0efIv .. ", ... otlng 0"'" "'M
ons".'"" (It IIro ell.,. 01 Ih. ".rio<>. <;<>UpIng 0IiII ...... 

• B, .... , . 0/ tiro K...,hh<>n hy~lt>tsb. , .. ,.",.lning ." ...... 
r,_ '.: and 7"., a . ....... tho diopIoc.monl • • u and v, . '" 0 _, 
"""""" 0/ 10. I,M"."" _."n. ,. M..-or, tt>t .. , . .... 
• '" oo«w<logtr • lin ... , "'" ,""""I",,,,,"". lon<1ion 01 t .. 
'"n ... , .. """,,,","to._ Ooon 0/ lIro .. ,o""""tO"""'" aot>f.
molaJif .. F;gu,. 3-52_ 

• ... tiro , •• !ridi<>n k> Ih", pIoto ... ,.r.uod, I. ... a. "'" r>kl. boo 
co""", ,hic •• ,. th. pia"" SI,.,.. Of""'mpO""', <>, - ',, - 'f' _ O. 
boc __ ..,,", . .. , 

, , • 
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... .... ........ , .. __ ...... 
A. ,.",,, • (A" + "001".,., T ""'".,.,. + ....... .... + 2A,._~, • A." • .." 

+ BlOW .... + (8,, ' 2B,..lw .• 'l' + 3II",w .• ,., + e",w.,.,., _ 0 
(3.3003) 

0 , ,w, .... ' .0, . ..... ,.., . 210" • 20...,.. , •• ,., • • O .... 'rm ' 0" ... .,."., 

- 8" u .... - 3B,.u~'l' - (£I, •• 2'B .. )<r~,., - B,,;u.,.,.. 13.3(9) 

- £I,."'" - 1£1,, ' 20.,.lw ... , - 30 ..... ,.. _ £I" ........ . P 

Obv"u' and """,.'im., <Ir • ..., oImp1llca'lon& ooc", whon 'no lam .... ' . 
10 oymmo'ri< .boIl''''' midOl. ourlao. (0 _ 0) , ."..,la l ~ O"""'roPe (0' 
.... t. ,m .... 1" 15 and 2$ '":?,"''' ,"n;l, .. _"n to tho B~, i"<>mo. 
1/0_ (B, . 0 OM D._ 112). or iootropic:, In , . _ ~ 
Equ.>.t",," (3.301) ol'Kl (3.3OS .t. <X>UfII*d to _eo " "", .. , bu' ~ 
from Eq .. "'n (3.30\1), 11>01 ... Equotion (3.3Q\I) 00""' .. ' "" .... w •• '" 
Uto '''''''''0'''' dioploeom ....... on/v. al'Kl Eq",,"'n. (3.301) ood 13.3003) 
<ontain ""11> u 0J'Id , .. , not .. . A.ooor<J;n~~, <>nil' Eq","'n (3.3OOl) mUS! 
be ..,),0.,;1 to <loI."" ... Ih. ~.n., .... ""1Io<;t"",, 01 • plot. """ 'ho 
alorem .. "'"od .impWaolioM, tfle .. -pia"" <hopla,omen" an be loul'Kl 
from , ho IOUIon 0/ Eq .. 'i<>M (3.3011 aod (3.308). Th. more II"n ... 1 
e ... 0' .......... '"",.1<"'"' IOmln.," 'O<lUO" I ........ ula...",.. solution 0/ 
t!>o Inro. couplod equal...". Equo' i:>ns (3 .301)-(3.30\1) fo r rhe ''''_ 
.. r .. ood .. .po .... 0"1'1'<:0"""'" 

0",,_'"1 ooodilons <>00<1 to be <1'Ioud>t ." "" a el"lOlo. ,,"' .. n 
""p~ ""won"", o .. m~ . .... 'ro. 0<Ig0. ~., ""' .... '" . .... ""1)',.. 
..... i!>od odgH 0 .. MgIo<:tod. n. """ oiI",,'ion to< Iomina,..:! plat., .. 
""". """'pia. than 10, "",,,,,,,Ie pia'" 0.., .... "" .......... a .. "",u.1)' 
/ou' typo. 01 ""u_'"I e«o<Ii!ion. )hot oon 1>0 c. _ ~ _~od 
.,;\gH. Tho" """. complio;;.tod ""uo<lo'"l ~.,nu_ bo<ou.s. now 
"'" muot oon_, u. v. dl'Kl w in"oed 0/ juoI 1'1 alone. S;milort,<. ,ho,o 
a ", lour ~_ '" e"'~ o>dvo ... n ... i>oundoo'"l __ o.n be 
<o""ioo~ <10"",..,0<1 ••• <iopl<leom. n, or <Io';'d"'. oj • d_come no 
.... , U .... I "'.~. d fo", . or """" .n';' oq",,1 to..,..". P,">«l>od valu" 
(oft,. <OfOl _..:! by 0. "" .. !"" al tho ~: 

....... • N •• N • 

,-, • N .. _ N· .. 
13.310) 

..... · w,. • M • • ;;I, 

.. . jj • 1.1",,1 • On 2 K" 

in" ."" I coo"",'n" .. in ,,'hi<~" " th. "",octlon ""' .... 1 to .... 0<l90 ol'Kl 
, .. th. dio""',," '"" I/On! '0 tho ~ • • in F9mi 3-53. A.bo , 0, io ' ho 
""oa, I",,...nd K.o. io tho w.l ·know" K"'hhoH .to.o, lorco 0/ 0",,,"","' 
pIa •• 1ho<:>oy (_ T"""""on"" ..... W....,w. ky. Kriol/O, (3·3f;1J. Fo, ... · 
amplo. on tho odgo. _ 0 in FigLo •• 3~9.nd 3 ·50 on pOI/O 323. 

U. O or N, ' O 13.311) 
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-"'_ .... - ", 
1"·-

,---~~=",.,'=-=::; - ' , 
"-I 

I 
" 

• I u, • • ..... . . 
\_ .... , .. 

Tho ~'PO~" 1)/\>0' 0/ MnP~ "'pp<I<1ed (pr.f;" S) ond clompe<!. 
~ (p"f~ C) __ I)' .. _"'" J<»mbin<rb,,,. o/!flo «>ndt" ... .. 
E_b,,, (3.310)1 a,o "'.'Hnonlr c~ied • • 1_ """.0110 13~]) ; 

" ,,=0 Mn =0 u, ~il" ... ~o, 

"' • •• " .. N, . N, ,., 
"" • •• M • • 0 u • • u. N .. . N", 

(3.312) 

" , ". Mn ~o N. ~N, N .. ~N", 

CI, • •• "" ~ O " , ' ii, ,., 
C~; • •• .. " . 0 N, ' N, ,., 
~, ... " ". 0 ", • ii, N ... N .. 

(3.313) 

C~, ••• " " ~ O N, ~ N, N .. ~ N .. 

.me,."""" 0 ,""'"nguln , plot. con be ro.,,,,,[erlztrd .. "".ing.oy 0 .. 
0/ tho.igN. cond l.,.,. .. E_ ,,,no (3 .312) ond (3 .3 13 ) on . ooh 0/ I:> 
"'"' _ Tho r.n"" 0/ posstriIilio. 10, .h.,oI.,". qOdo Iaf'II" (t ..... " . 
poui)'. cond~""". "n -rr III Ih I"", edQOU Iho " • • ed\ro _ .... . 
• ,~ inclOOod), Tho oImp .... c .... '0 . n'~H ""'urally ... "".~. typo. 
0/ __ ry ""nd<1crns on OfI!!Odo. ~ not oh. _ •. n o om""" ... In 

"'''' 1>00. io on p",lo • .... h """ oimp~ ouppo~od odgooo.. 00 co ... . ' . 
choso " r",," _ In EG .... t;,., (3.31Z). Nolo t .. t ~ _~ed 

edgH .... "" """00001 ,.",aint_ but wII.n lITis ...",1'''''' t. ""inoIo11l' 
0/ &imply OUppOOod odgo. io uo. <I, It>. ...,.cifio .. _pt. .. condit .... ... 
not <loI. ,m;"od . Obviol!oiy, tho totoiii)' 0/ _ndory...-.:fit;on. inclu6ng 
.. ."..n. <OndiIions m." be ..,,,,,,;0.1 b, otalin<,l. fo, .... mplo. IMI. 00(. 

"' .... is ol>\oino.l .. SI _IV co,";' _ 
To beIt..- """, .... '" the fOu, .......... oimpty .-Od _<!yO 

_ _ IV oondition,," C~ tho "'wort .,"om (0, lh. od[jo 01 • pt.,. 
~ .... ,.,td .. Figuro :"l.-~ In ... r-j>hvolc>l ",m . .. Ih moe .. ....,.". """ tho 
,eade, "'" ..... say • __ lOnd f_,ed ho~ I""" SeoIioo 3 .2 .3 b t<:au .. 

, , "'. 



"0 .......... .. , .. __ ...... 

® ® ® <il 
•• • • •• • •• • •• 
M, •• M, • • " ... ... .. 
••• N, • • • •• N, • • 

• •• ••• N" o • N.., oO 

r"", .. ..... Sxnply S"""""",, f .... E"" .. ..." _" C<.-d""," 

'" ,ho ._ial import,nco '''' lam ... '''' pla'.'I. No'" ,ho' tn , "'WO n mecto.,,,,,,. o;topO;Io<I . ,. on" to, """""''''''''9 how tt.. .0..;.;...' ...,,· 
porto "",,1:/ ""rI<. 0 ." "'" ro.do, <-0. _ ida _ "'-' ~io.o 
. ,. appIicabI, ' 0 " speed\< "rue"'. '" In",,...,. For" _ply , .,ppMod 
pt.'" ""90. tho p,,,,,,,,,'_rt mo<ha""'" In Fy.,. l·S. '" • '''"go"" 
"""" with a oin:ulo''''"",,"H<tion pfiom. 1io """,.,d,mo," on lOp as • ,.. 
ai>lic moe""n"", 'Of ..... u"",, ' "".",,_ ktVI.·odgo ... pport I<>< " •• , •• 
talio •. I .•.. M, ~O. Tho.nd ¥itw 01 Ih. 1,1a"I",I,,, P, .... ""' ... _ita, 10 
Ih ....... , 1M." " '"_"- I><ot dh mor. <MOiSt;: _ ......... 11>01 " ''''. 
11>0 motion reqlJlrm. For. plol •. tho prnIrudonc. is. b .. """ tho! po,. 
ml<$ (1",10<11 ,0"'1on aboLl! Iht Y-""'" 'h'''''''''' "" conto' '" 'ho protr _ _ _ h" "",.,.,0., Ih • .,_ ""~_ 01 ,h. p"" (bul not 
1"'.0;"" .tth. odgo '" ,h. pIo'.). Tho prot"""'"". la In a 0"11)" In ,ho 
plot •• tI<h tha, ",,-",Ion . ",or'" tho y_ •• • • possCIo. boI motion tra ... 
0., .. '0 tho P"to ",,~.co '" "",,,. n" d (w . 0) a nd '",n. Ia,,," .~ , .. 
, .• ,;. 01 11>0 dn:ulo, p,"" is .." pom>mod. r ho lou< .,." ",.", oj...". 
pon",g tn . tr~, pfiom.re 

( 'I for Iho S' <X>r"dIIiO". I .. " "~"'" poi ..... " .... 0"" 10 . hO,I1¢r1I01 """ac. co ,h., "'" pflsm cannQI ".",Ia,.1n olth." .. ,. '" ,-dirtoc
'ion •. lh" • . " . Oandv . O. Henc.,ko<c • • N,.ndN"mo ....... 

(21 Fo, th o S2 eondio"" ,ho l<Iongula, pri . .. .. ~od on pon"'''' 
._ ,-dirocI1on ",10, b<>arings ",., ""rm~ , .. nolo,,," in , .. 
, <ir«'Ion, bLOt 'ranslation can",,' oceu, in 1M ,·<!iroet;'n . 00 " . 0 
. nd • • 0. H."" •. Iotc. N, mud b. z. rn, b" N" '"""' . x" 

(31 For ,~ . S3 eondioion. tho trio ngu"" pri ..... ~od on pon"'''' 
._ x·dir1octlon ",10, ~ tho, porm~ ' ranola,io" in , .. 
,_Ion, bLOt '"","",loon can""t 000«' in , ... -<1.00' '' 0 ... u ~ 0 
ond • _ O. Henc •. ~ N, m"," ex;",. boI N., m"'" be zoro, 

!. ) For ,~. 54 eondioion. 'M "'""IlU'" pnom .. oupportod on I"'n,",," 
. ,,_ ..,.--I _ring< 'M' PO''''' tron.",ion In .,,,, no.o,"," 
in I .. ' ·r pIoM, r J>ut.. "$0 ond __ 0. 00 bOth ko<c .. N, ond N" 
""'"' too , ..... 

, , • 



F .. a clamp«<l-«lgoo pla,o . ,h. p!lrw:",,' suppon mechanism os • 
""'Y mao< ,,,ot .. "".o. ,.,,""" about "'" odgo 01 Iho plato (' ... , ~ (lJ ... mol"" " . n ... _ "'",. pia' ... ~_ ( .. . 0,_ Tn. 100, ".yo 01 
"-""'9 I ... bo.y IMM 10 ~ .... lhit- 1/04" " '''''Io?>u' 10 Ih. Iou-
way. to '"won • ...."tv ""pponod od\l~.oo a, • .rown", Figuro 3.s5. 
l1..,aiI ",. diocussioo of F9n 3_ " on pogo 208_ 

@> @ @ @> 
••• ••• • •• • •• 
" .. ' . ...... W •• • I w., . , ... H • • I ... ". , . 
••• •• • H", • I H", • • 

3.6.2.3 B .... klinli Eq""iono ko, l"",in.,od Ph"'" 

" plo,. Du<~ ....... n.ho "'-pia .. compr_ o Io>ad gO!s SO 1a'110 
"'" "'" orlgnoly 11., Oq",",,"" m ... ,. it. no lono;Jo, "'1>10. ond, ... pIO'. 
do!Jo.c<o.,to 0 nonlla' <_vyl coorigo",""" r~ . >o.od • • wM"h'''' do· 
pan",. '«>m III. tlol .",. t;ok .. p1ac<l io called , ... bucldng Iood. T ... 
110, Oq";t;,,""m "'. ,. tuo. ""'" ",_pl ... '\e '0"'" aod u"""''9''"o '""Y . , . 
'on";" • • CQrnp_n. ond olio ... T""o. ,,, . I101 ..,.iIi,,"ym SIoI. io .~on 
col od , ... mornbron. p,""'-"Idod ... ,. aOO con""'" of only "·ploMl do· 
1<>"" ' '''''0. 1.1 ... oomp'. """""'.Iy. I"" Io.d . , """"h I'" pIol. <Io"''''' ed 
<0" ;11'''''' ' ' ' ' _Iy<tuo"~u "to • &II.,.", conrigy","'" io .. J.d ' ... 
_g 1Md. Nol& ""', with _ ,g ... " • ....", coo.opIinIj. an <>rigl ... ty 
110, pial. ("OM wl ho", k>od, under .. 10, ","pion. """'p •• ....,. b.nd$ a l 
.. 10.0<1$ p,;o, 10 1>,"' .. , .... bU<~lil g .· Tny, ,' mom.","" 11I<o1.od uni
formly "'_) pr.t>YcI<Iod ..... io "'" 00"" 1y """"",". 110"".'.' 
1" .. ..,,<10 • • pprQ:d .... 6on '0 tho b~urea",," bu<.1dng Iood is _ "V ill-
_ng .... ~Loci<""g ""'-¢I_p,. .. <101 __ .Iono$ ... H ...... ",.nn 
_ ... 'h io "W"""""",,"" lor "m""O<! _ aod 10<-<>;1 ""', , ... 
IIiIUfCaOO. bucldng _10, a 01>01 wiln _11-"<1"""" coupling in
duced P'''''''''1<lO>g _"" .. io.' ... u mLl<ft .. , S'<. ...... , ....... ,h.1 
with ouoh p~ dolonnolion' 'J1JO,od 13-35]. 

" MIy'" 01 pial • • bU< 1dng"""'" "·p""," k>oding iowoIv .. ooIuIion 
of an 090""."'. p_. ", U 0 __ '" , ... boundoty· •• luo p.oM . ... 01 
..,.1.,..,0' • .,.Iyoio. TI>o ""'O>CI""" ,,""'. 0. ""0""" '1-"" , •• prob lom. 

, , .,. 



,.. .......... .. , .. __ ...... 
0 00 •• " 'uo __ • oro too """""0<1 10 Iml "' re, '","<ad, I~ 

_0 d .... . nllal oqoa..,.,. _.rring "'-~ w .... ", I«>m 0 
",.""""". p'ooo<klod "." (:><OO<oo"no O"'-oI-pIa .... dOlO<m. ,_ ... 
Igoorod) . r., f""" Equa'lOnS (3. I'50H3, 152) "" pogo 262, 

ON".IrN" , . O 13 .314) 

SN..,~' ~N", . O 13.315) 

SM,." ' 201.1"..,. ' 01.1,..,., - ft. .... " - 2N,,&.rr..,. - N,&.rr..,.,. . 0 13,3 161 

in .. ""'h b do ""'o • •• ariotio n ot Ih. principal oymbcrl !",m ••• _ in ,~ 
I""budlod oqui4obrium ... t • • Th ..... II-.. '. m,. IoN" , (oM" ...... ,.ri
. t""" of _ ••• n<! """".oto, ... .....,.;,-. '1, 1m", to ..... I" • • in . m. m· 
mn. p,oI>t.<:kIi<1g oq"iib<ium ""'. . no lorm. "w an<I, by impIic<>''''''. 
30 0 00 Ov .,. ".riot>oos in dlsplo.cem. ", I""", II-.. .. m. flo, pr.bu<klod 
... te. In 'PO""""' , th. b<rckling diI!.,..,tiot "'luot""' ruoomblo t~ 
"'IuiobrOJm djf~_Oat oq •• " "'" ""cept!of "'" ,I·iml"'''''nl vo",,<>no! 
"""',.", """ 'ho 1.01 lhot It>o ,1gN.-haOO ",In ot ".,. bO<""II ....... "' .. , 
oquatior"ls .'. '0<0, Not. II\ot f .... P"~<f<""O "'" , • • mo"",,",,,,. 
ilion /iw . ... bocau" lho, ... '"' ptol>.o;Uog 0"' ... '1'''''''' dlsploc4mMt 
Also 00" ,.,., tOO in.plan. boc,1injj loads N., IoI,. , . 00 N .... . n'. , ,~ 
1I\O",""",,,,. ' I_uIo,,,n 01 U>t o;g..watvo """,,"m •• eoeH;;iont. or ' ''0 
." .. t"''' in "" ..... 'v'" <alh .. '''on o. 'Io.<Is' on t". riyN.~.n<!_ 01 t~ 
~m oqUOlion. Tho _1'1<4 01 ........... pmOlom io to doo
IOrm"'" "'0 .maa. .. "",,_ ",.<10. N .. otc .. Ih., OIU .. bUdding An 
importa'" ",~" .nc. of ..... t,1'" of P'''''' '''' io .... ' "'_ magrut_ '" 
".,. doIormationo . ttor bucl<lO>Q co,...." b. doto,mjnod _.- '0 
a .. ,i1"..ton.., .... ana/yM; , .... Iho _mal"", amp_ . ... " dolO,_ 
miTrato .. ~o n oo/y £ ouotic oo (3.314) to (3,316) ore "",,"",,",ed, 

Th • • arioliono in Iorc<I and mom. n' "' ..... n .. "e "" ........ d I»' 
.ar;ing "'" foreo ond momo nt ",.u"" ... in.>.ppon<b C, Eq .. lion (e.s:!) 
00 ,,"\10 ns, Not. ""'I t~o A. e,.nd ° .... t,.,., •• ,. "''" ....... <lurin. t ... 
•• , .. ,,,,",,1 proe.", 

[~ , ] r'" '" ''' J[": 1 ' .. '" ,,,][,<,] ON, • At> An...,. 0..; t e" B" 9.. b.., 13.3'71 

m" A, • ...,...... &t., B" B .. B.. b_" 

[~, ] ['" '" ''' J['' ['" '" '" [" J OM, ~ Bt> B"" 9,. 10"; , 0" 0" 0", 30<, 

OM" B,. B", B.. o{., 0" 0"" 0.. brc" 

in .. ";;,, , ..... ,.., ..... In ...."..n ..... In •• "d o"<>go. In <"",." ,* .,. 
" toled 10 t~ .o""on . .. dist>""'-m. "'. by 

, , • 



-"'_ .... - ... , 
13.31P) 

~~. __ liw,,, (3.320) 

n. t>uc.o;"g doII ...... io' """,,110M can t>o .x~ In 'Otms 01 '" • 
•• rlallo ... in dIspIac . ........ by ~."'"'II !he v ..... ""'" in in.plano 
.... "'s ."" """'.''''' ', Equo"'" (3.3, g) and 13.320), In m • •• rIo'ion. 
In fore. and momo'" ",,,,,itanto, ~qua.io ... (3.317) and (3.31!). ond 
__ .. nUy in.flo bu<kfing <irf. , . ntiol ""u.lion. in Ionn. 01 !he •• ,i· 
. Iions 01 Ioroes. """" omo, and diopli>cemonta during bu<:"'~. 1.0 .. 
E_t.,.,. 13.a'4) (Q (3.31 5), TI>o ,."'_ing Oqoolio ... .. ~o I lo rm 0;,., .. , 
to 'U ""'_ing oQu i trl,>m Oquolion • . Equa'ion' (3.307110 (3 .30\1). 
Ju", ao lor "'1ui ibrium j>t«>Iom., buo, il'I\l '" \1&" '.'" Iominolad pial.' 
!>a. bonding· .. to"""n ooupin~. _ . vor, som. _ ow laminot .. 0)(. 

I>N.., bonding·oxto .. , iOn co~: I>onco. thoi, bu<:~ lo.ds 0 '" ob· 
lIrined by OQMio .. of onl)l Equalion (3.3'6) or~ . .. ,ialioo 01 <IoIIoolion. 
"" ..... 1On!. 

Tilo ~U_<:I <»r><Io!ion. lor l>u<kiong P'ob_' ". appo;od only to 
tho bLoCi<Iing .otOfft\OIio>n. bOO. u .. tho ".oboclOO'lg .;.to..".,,,,,,, ., • 
• " umod '0 "" • mom"'a n .... ,. (O\I. n ~ """ding .• " . ... lM ooup""g 
do .. , x"'). Thai is ..... ill"""' ,h. prol>uc.Ul1g do""",",,, .. joot .. .... 
igno re initiol ~eom ... ric im;>o~ootioo • . One 01."., <iotinguiohing 1M''''' .. 
oI.n .;gen.a ..... problom Is tho, . 11 11,. "" .. ",,10 <:1 eondiiorls." homo-
110_, I .• .. UfO. Th~, .uring buckling. 11>0 __ <:I~'." 

Si«¥JIr S""po~od £~"' 

51: ~ .. "'-.. .s., _ 0 lou, _ 0 

S2: OW~O SM. ~C bN,~O 6u,~O 

~ ~ .. ,"- , . .s., _ 0 ~~ .. _ O 
~ , ~ .. SM. _ 0 bN, _ O 1i~", _ O 

Cio_£"!1U 

Cl, 0 .. _ 0 ~"., _ O 5<1, _ 0 "', _ 0 

C2: ~ .. _o ;\w., _ 0 "", _0 "",-0 

" 0,, · 0 ij" ." _ o ou" _ o o ~"t - O 
~, 6" _ 0 ~".., . o """_0 iN", _ O 

Til. _nda<:l condrt<>oo <0<1'" .,. d" "",", 10' 0",,1l od!lo 01 • ploto. 
"" tflo "umb" 01 """""inotiono 01 poo.oibIo __ <:I <:ond''''' ' is quit. 
Io.-go as a .. a . ",Ih ~ium ".oblo", •• Th . poo.>oIIJlo oimM- oupportod 
odgO """"""'" ..,,,,,,,.,,...nd lh. d . m<>O<l·edIJ& _"do", OOndi!ioo. 
~ ~"".""~ . ,e ".,,"'" ... p •• oO:a1 to"'" ;., F~ • • a-50) ."" 3-51, 

, , 



,.. .......... .. , .. __ ...... 
® § § § 
~ . , ~ . , ~ . , ~ . , 

0l0I, , , <61, . 0 .... _ 0 ,", .. -., M<, . , .. , ...... .. , .. , M< ... . O bN .. . . 

f ...... :HO __ od E""" 8""""" .. C",""""", """'" IIo.d<lIno 

@ @ @ @ 
~ .... .. , ~., , .... 

oIw." O Iw,._' 100, • • • ;;.,' ... , .. , />N, .' .. , "". ' . 
I • • • .. , ..., ., .... , .. 

3 .6,2.4 Solution TOCMiqUH 

"'''I' 'ocItniq""" ..... kK .olutl<>n 01 ' '''' l>Uckling po.O""'sl.,,,,,,_ 
IOltd "" "' .r.c..:tl"g ""'_1_. Tho I«MiIlo" '""00 ""'" lon"~o .. 
• • ""' ~I<>ns ,hot. ro """' __ Ioly by ·obM".,,,,,' U,rouijIo "". 
m.rical a~. 'm.bon. ooch a< !In', •• lom..,'.ocI Iinito dtI.,.""" 'J>
proa,II •• ,. 'no -"00u0 .~ . ...... _'~y mot"";""'" ao ,,,,,.. <>l 
RayIoigh·RiIz."" Golo ....... o _"'0 comp • • pol."'iol ,"""oon •. Bo· 
co".. ...... oI>joct"" h.,. io to <Iorrron""'to ,h. impo"''''' <>l "'. ,.riou. 
co",,~g ",ill"." .. , only "'- ooIuI.., to"""iIlu" " . e .... 1)' lor IhJillui ' loot .. ,_ or • .-. 

/; po"."in.", ",," 01 ""'''I' 01 "'" 'OChniqUM " """",ation 01 .an· 
abIoo. In ,"'" ", . 'hod, tOo I>Uckting dolloctio" " ' ''b lo •. or ,,, . .... ,1<>0 
in delle<:!"" voriobJe •• a l' . rb l la rify ""pala'e<! Orto l..-.cIions 01 plot. 
ooordinal. , 01<>". 'im •• lu""'ions of Y .Ione . Wang (3-37) del"mined 'Oa' " po,otlon 0/ v.rlables 10_ 10 ... " soIu' <>ns lor """'0 cia .... 01 
pial' o"",lomo, owl """ not 10< ",ony 0''''''', 1.0 .. ,"" lr\rG1JO-.g ""'
' <>ns oro not """.~ _",bIe. 

, , • 



_"'_ .... _ :w 

3-'1.3 B""kllog <>1 Simp/'j Supp"no<l lAmlna'o<I PI. , •• 
und., I".PIo ... L<>tId 

~" ho ~ c_ '" IomlMlod 'OCIOOII""" plol • • ,hal .,. 
simp", "_0<1 .Iong odgo •• • 0 . • • ' . , . O. aod , _ t> • .-.:1 .. bjodod 
'" ,,"iIomo in'pllu,e 10,"" in II>e .-<I_,jon as in FiglJre 3-S8. 0 """ """. 
oornplicolod _ 0.-.:1_"<10'1' e<>ndiIions <>D<>Id bo " ... ,ed. _".'. 
t!oe jmpO<1onoo '" lhe v._ • • 1111_ in bue1<Iing ",.,.,_. is " el
, ,",,,,,,ted ... iII> Ih .. _ pIa loading. M<>-o compro_. " •• ' m. nl '" pIO'. boc,ling", 110_'" io givon I>y f ;""",,"nkO • .-.:I ~ (:)-.&1 ."" by 
A-,. ]3-1 01."" "' lOmmaled plol~ """king in pa~"""" , " lliYon by 
WMno, [3-281.Od I>y AocI<I)- [3-3 ' ). 

WMn """'mn. boo, ,. . • 101o,", delO.mOlion _0109' . Iong lho 
"",",," , ItngIh . as .. woll kno..n. Wl>en "",t • • bOO' ''. I"" del<>"" ol;on 
'ran ...... , .. ' 0 lho ""' ... "' Ih. p lo' . ..... lWo-dOn.o...., .. I ... ·.\'1 ..... ""._ 
Mo,_or. 1M' ___ on""",,1 0.'"'. 1>&. muftlplo ..... wa" .. in ,Il. 
"-' dolOCl""'. os show n fo, Ih •• >ample '" ' ''''' _kIo ",u,,", Flguro 
3_5~. Goo ... " '! , I 'ho p lo'o io "'1' long In ",.. "-' "'oct""'. m.n'! sino 
waves _atop_ NOI. tno l ,h . nodal lino in F igoJ .. 3-511 <IDes no' mo • • 
.... ,Ing b",,"-Iin'l 

Tho _torm .. ion boM, '" of "",'es is more oompk.'ed tnon 
IM I of comn._ FI, ... "" load ""', • ••••. "'. pIoi. simp", """".~ in ,h. 
load di<fr<1<>n whOl •• o""" oing nat n on, tho P"'''' """kle • • , N """'0 
H,. <lefo,ma';"" pa'h 1>0"""",," I"'''.' 000 01 two paths) fr«n lho n,,1 """po to II>e 1r<Id<1Od.....,. in F",u •• 3 -60. All., _ " "V. "'" pIol. ,," n 

, , • 



............ , .. __ ...... 
, 

• 
'"""",AT.,... ON ... "" .. ",.,. .... 

aol""~'''''''''''~'''' lOad 0'. , I~. """"';"g IcIId, bul "_" __ 
_ .... ~. in FiIlu,," 3·60. In """',aol. <XIkImn" ,an""t .u_ any Io.d 
l>igh&r Itoan ,h. buckling !cod. Thu&. .... two . ">d,,ol ' '''''.n''' OaYo • 
• ory ~oron\ ~ninjl lor Iflok bucking '>ado: 0" 0 «h o 00""""' " Ih. 
maximum loAd, tIlo O1hol 11110 plot.) is only on int.",,,>1"" in ,h. load· 
dol"mation Mho .... 10 chon!/" in slop< ,ailed a kn •• )_ 

TMo l<n •• in 110 . ""'d __ molion ",-",,0 !or 0 pia'. """"'. only "" 
..... t. IMI is ~rl.ctly II,,, MI.", kI.ding. For """ ... ,,~h inc,easing 
"'"1I"~udos 01 "",;01 ~metric imporlOClions. ' ho r..n.... .. K>IJ .. dod 0.01. 
a'" ,"- .... _ <"rn.'ion co'" doe,u ... U in Fill'" HI,. 

Tho buc kMg load ",I ... <lItOlml" ",, kif pia, • • wilh v. ' ..... lam • 
.... ''''N'' opocja", _'op",. ~m_'", anglo·ply_ onb.ymm,u ric cross
fII>'. and ....... """"""' anglo-(lly. Tho lKUllo kit tI,. dtf ...... "min.1ion 
lyp<Oo ",11 t>o """'p"'" 10 "nd 1110 in .... "'" '" l>o'ld-IW1., """"Iog.nd 
"''-g .• " ........ """"ling. Oirloron, .... ply _0<1 odgo __ ry 
condo ..... w~ b. u.ud in 1110 .... , .1 pMO""" __ '0' comon
;""". 01 iOu_"' .. 

, , • 



-"'_ .... -
3 .G.3.' Spec:!olly Orthol,Of'lc Loml".,od Pi .... 

.. "!,o<iolIy ort"'."po 10";'.,. _ "iU .. " " oinglo loy"' 01 a _ · 
<ioI~ orttlOl."po ma'. rioI 01 mu . .... ."..,ioly _"",i<: loy.,. U,., .,. 
oy .... .t ..... iIy ."an~ a",,", tho .......... ,. ",<i<IIo .urio<" Ito 10"" " 
.ymmetric "", ... "", 10,."",.). 'n""II>~. tho 14m;"". ";~n . .... 
00<>Si0l""'~ 0' 1<". ",., ~.~. 0" . 0". Oz>' 01"<1 0 ... Thllt ie, ...,;. 
!l>o< ...... ' ...... n""" Of ~., .... <..,p~ .." bendirIg ... ".n""" cou-
ping ........ n .. ,", 10' pili" prObIo,"" ,lie O"O~1<>g "",<IS a,. <)ot.,mino<! 
''''''' ontr on. _"'"'g ." ... nlla, oqu;>, ...... 

D" aw .• ,,, + 2(0" + 2D~"'","", + D .. kt ........ N,kt~, _ 0 13.323) 

oubjecI to 111 ..... p~ _nod od!l" boonoilf\' «>n<ition • 

• ~ O.,: OW ~ O ~M, ~ _D" ~w,,, _ o,,.,... .,., ~ o 

V' O.C: iIw'O ~"\. -0,,6,,.,, - 0~.,., ' 0 
13.3241 

Not. lllat Oooco_ 01 tho obM n,. 01 ..... nrioliono in in"\>lll". <Ii"!,""" 
mo"~ ~.1"<1 6<. tho """""'" <0>1"<11"",."", "".,to ..... 10, lllan tho 
!IO'-" co • • in EquatJon (3.32\ ). 

Tho to,",,,,,, 10 t .... _h-orde, pMiII' ,IIUe,. ,," Oq""lion &1"<1 os
soci!ltod hDmogo""ouo bou"""'rt condotlon. Os ""'~. r". IIOUrdort 
c"""_"'" at . ... _ by (~o ' ..... ,"n in ~a" ... "'" ,**p,"",* ... nt ("" 
pao, • •. Ow actual)' is tho p/lyoical .""Ide ditplaco",.", • ..,au .. w _ 0 in 
"'" ",. mb,,,,,. pr<lbuckling ... ,.: how.,." ~ and &. . ,. "aliot""", lrom 
a ""n!rWiol _loblium ... ,. Hone. , " . "".in on . """. ri9O-' .ari· 
. t""",1 notalion "-"">i.te .. ~): 

kt _;; oItI "''' .in "''Y - . . 13.325) 

in .. hieh m Md n . .. "'. numbo, 01 buclolo h4II w ••• ,,"¢>' in , ho , •• nd 
y-<:lil",,'.,"o. ,e speot;;e/r. 000 ;; is ttoo _ '"""i.,.'. _Ioling doo!lo<'''' 
amp"""". In _n,"" _emng dItt. ,.,,'iol ...... '.,. .... 'istlood by 
Equation (3 .=) I 

N, _ "[0,, [ ': ]' .ZCO". 2Dool[ ~ r. 0,,[ ~ .. f[ ! ]']13.32e) 

TI>o . li"i41i0 .. value 01 N, obYiouoly o<eu ", w,,"n n . " 00 , Ile b",klng 
Ioo~ . . ...... "" Ml~., ..coo •• '0 

N.= . , [ 0 ,,[ ': J' . 210".20"; b~ .0,,[ :. ][ ~1'] 13.327) 

n . smallo .. VA .. " 0' N, kif "ariooo", I. "'" __ "'" ve ,io. tor dot· 
te,e n! va ... , <>I "'. otifI ...... al"<1"'o plate a~ IOlio .• O. 

F .. . . ~",pIo , ~ 0"10,,, . ,0 and (0,,' 20 .... 0"' . ' ('. p,,,,,,,,,. 
""" •• ~w.lo, oo,on ·epoxy. ,""" E~"",1on (3 .327) beco .... 

, , 



............ , .. __ ...... 
13,328) 

.mien Is p!o""" In Figuro 3 _&.2 .0 ..... tM plato."P"CI ,a tio Tho ro , lor 
,.,.11 plat. aspoc1 , .. ios ~".t is, a b < 2.5) , th. plat. b"""los rno a MlgIo 
""l·"",vo in tho x-diroctioo _ fo, o .. mplo, tho bucking load 01 a "1"'0 
pIoto is 

M tho plot • • "1"'" ",t;" """" . ... . tho pltrt. bu<kIo. "'to <nO,. . nd mar. 
_ M~'''OV"", tho .·riO""''''' ond has on N, .... U. o'b <"",. tlrtrt 
0010 ov.,., n.U., ond, '" 1I.<t. opproo.clrM , 

8 .32456. 0" fl, _ .' 13.330) 

fo< OIhef "",,", .. is. ",no, lomih. 01 <"", .. weir • • in f 9J" 3~ oro 
_ ....., do oo<' ''"''''''''''o>t dl't .. ,.t bOC1.1O>!I loadS . M ~ ... _ 
pc>O-rt. 01 <",no. l,om """ 0"<1., "11 mod. to . ""tho, 

0" ., 0 .. . ., • 

~ '""""'It 01 Rea ...... S.-;oo,- 0_ '",,,., ........... "'" PIa ... 
..... , U..-o Con-.pr-. . ...... N, 

Consido, two '""ta"9"i&, pl&t .. th&t . .. "'ply oupportod on .. k...
edgo .. ol'h" &am. ",.,I.n ... , 0.00 mod. 01 th • ..,m. 1_·rein1",,,d 
"", .. rial • • in Fjguro 3·G:I. On . plat. """".,. 01 all unidi, octional ... · 
I. riol ... ." 1t>. ", in 1M ""'" dI_ioo. TM ot." plot • • 0. th .... "'" toy • 
.... ... t . It. m ot. ty . mr.nged " ,h. torm ol , oym m.,hic c","'ply .... ;. 
""t. , ""'flY m;ght tn"", or ox~ thot tM 1'101 • .,.,.., th' ...,.t '~ in 
tho !oad dHd;"n would .,v. tho 109 . . .. b<><k);"~ 10><1. How. v ... thot 
po ...... ;. b • ..,; on tn . pnrmlM that th. _1dO>g toed dopfim prl ..... ilI' 
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-. .. _ ...... "" 

~.~~ 

....... . _ '"' IOU " , ... . ..... 

....... .......... ~M." .. .. 

...... noo ..... 

3.6.3.2 Sym met,ic Af>\ile- Ply LIIm)",,' od PtIOt .. 

Symm"'"" ~"Il'o 'M IomIM, ••• r. _ II> ~ C 10 "" char· 
ac'erized by. I\JI rna'"" o! o,l.n"""'" . 1i1!n.» .. 0.,." o. bOnding 
otitt ....... . 1><01 ""'10 .... bt<>di<>g-o.,.....,n ""...,lirIg. rile " .... "" 
<111&"""" belw"" th .... lamina"" and --"''''' "","",,,,,,ic ....... '05 
io tho inlr<Xb:lioo ... '" 0' ,h. boOO-lw;" oour;>Iing .,iII"",,,," 0 " . 00 
00. "h ....... ,-• • toooio" ~ "'.itt ...... A, •• 00 "'" .,. ",,,,. t.not 
for _ ..... ; of. 'ym", . """'''' tom""" od plot. """"" .. "'" "' , ... 'P" 
oming dillOfMtioi oqootOns v. """"""od). Accor<inglj, tho go •• rning 
b\K;I<mg ""' ... olio' 00"""'" io 

0, ,1Wt"", • • o,.~w."" • 2{0 " • 2O.,.JIiw,,,,., 

• • O"~"'>m • 0 ,,1Wt.,.,.,.,. • N, IWt~, • 0 

oubjoocI to "'" .... plj oupported odjjo boundary cordt","" 
, _0 .• : 
PO. b: 

~ .. 
6w ~ 0 

11M, . - 0111Wt,,, - 0,,6-0'.,., - 20,,1Wt,.,. . 0 
11M, ~ - 0 ,,6-0',,, - 0 ,,6w.,., - 20 .. 6>< • .,. ~ 0 

13.3:1 ') 

13.332) 

TM p,.....-.:. 01 D,. ood 0,. in "'" Il"""rnW>sI ~. r."tiol . q .. lio" 
0 00 ",," "dory cordt.,". ",o k • • 0 o_·form solutio" IInpo""" , ThaI 
_ , tho . .... Iio ... ' ........ _ diopIo<. monl. 6w. co.....,. bo " f"', . 'od "". 
o lLltldioo 01 • • _ '''' • • 0 1"""'"," 0/ Y oIono as in Eq ... tion {3.325J_ 

, , .,,' "' 



,.. ............ , .. __ ...... 
_."', a"..",.o' '''a,. Raylt ;gl>-m!.< ""lui"" waO"" .. "'.d by_ 
aoo Woddoup. [3·381 (0' oqui .... ",Iy. Gale, .. " ,,"uoo" a. prtlMlllod 
.. eM"'jo (3-39[) by oub.>lil"'irrII "'" .. Moo. ., lra" ••• ~ d_.m"", .. ". . ....," 

• . _- ~ ~ + • "''' . ">ry 
""~ L L w ... ... a ... b ,.. , ,. , [3,333) 

., ,n ••• p,_ n k>r ..... '"""""" v .... ,"" <>I ,n. lOla' I!"'. ntio' otI«\1l' 
' 00 .... l>SOq" .... 1y maldrrg • ,",''''''''' ' . .. " • • 10 11>0 w"'. NOI. IIrar E_,,,,, (3,3:)31 .. ,lsI .... , .. __ ,,< too""""..,. oo.1r.:_ '" , .. 
IIftIbItm 10lw ~ a on aI "",,"01 , t>ut ..." ,,,. .... ma' trounda..,. C><II"d!km. 
(1M, • 0 on .n "",,"'1 or ,,,. rIII' ... ",Io' aqual<><>s, .., ,n. ,. "' .. p<Obo 
t>fy '0""0190 ""'""It _.«1 , .. oct",,, ""lui..., . .... wI" prOV"'" truoU" g 
".obltm • . ,n. boc~ do"O<1;,n =-.... ampMrxIN, w_ oro ___ 
'. rm ina .. 

Tn. .""," """"'"" procOdu" " on/)' -..' 10 11>0 Pr' ''''' <>b
jrot;I ...... .., .... ,. oa'i!lOtd., ,_ ..... , .... Ho 10, .. , . ,a ILlm"",,,o <II 
_""!XlX)' w~" E,IE, . '.O. 6"..1", • . 3, and v,, _ .3. No"".l xed 
bucking loodo kr< lI>ree 10m ... '." 20 loy ... III .e, 20 loy ... . ~.rn .1ir>g 
0' i 6 .• r>d ..... ."to;olly <H1I>oI"",1c .pp 'o. ; ..... , ...... ro plottod;o Figur. 
3·&4_ n. R.y .... ' ·Ai x """' • • a re kr< 49 '.,m. (m _ 7 and n _ 7). E.<. 
pe,ime,,'" , ...... by Mandel [3·401 ", • • 100 ""0 .... ., Figu,. 3-&4: <>b-
..... oIy. Ih. "\1'0..,,0'" bot .... "....."., . nd . . ... rimont" vo" .. lisf..,. 
to,>,_ Appa"nlly, booo_Iw'i. , ~ 10 ju>I ... ;",po"""''''' truokin,j 
pro!>lom.ul;o kr< boOOing p_m. , TI>o 0<irlcip<tI """'""". of ... rd· 1><"" coupI" g ,, 10 ", ... , , ... buold<r>g food '""" _ "",old t>o obtoinod 
_ til. _iolly r>rtOOlropj< _ . ..... 'io"_ Tn." ..... ."..,\o.11y orthoUo· 
pie appro>;imotion is u""o" .. "'., .... in design opplic,II""O. TI>o • • n,OI 
.. "'" owore <II .ny .... .. pI. to ..... Iow ,..... 100- p bo'. b .. d"~ ao do 
. . ... '0' ,,,. ""koo'ropj< pia" Ilorrlng """,lem I_ A&hto. (3-4'11 .. 
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u 

"" •• 
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• 
• 
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• • 

• ... <\AU. 
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,.,.,. ...... "' .... 
a"'.nr)N .... ," ... . 

~., ... -e< !<J<' '''II lo". "" Ao_ S~no "'-"QIO·P,," p ..... 
,.-, """,,"" Como_, N, r_ ' ....... rr:>-<"D 
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-"'_ .... - .... 
3-'1.3.3 "''''I.ym"",'rIc C"",,_PIy lo m''''''od Plate. 

A.ntis-jmmo"'" <fO ... pIy tami .. ,o, a ,o l.,."..;l in ~ C to ho.o """"'n,. .. _. "'". "', •. 'w . ... " . • ,.j "" bo,.j;"g· • • '.,..... 
<o"fling .. iW .... u B" 00<1 B"" .. _ B,, : OM bonding OIillne=. 0". 
0". 0,, _ D" • • rId 0 .. . Tho new te, ... heft in <0"'l"'ri:IOn '0 a_ 
C"I ~ _"""" .. "' .... , • • Ii' en 00<16" . s.ao" .. <A IhIs bond!no-
~".n"'" <OUI>1If10. ttlo 'hr •• bucking dittoron",,1 oqu.allon< . .. coup,"", 

A, ,00 .... + .... bo.". + I"',,' v.~, - B I1~" " • 0 

' '''" + ~'"" - A.a.~ ... + "',,~ . ,., + 0"0".,,., ~ " 

0" I~"""" - "".".,..l t 2(0" • 20 .. *'".,., 
- B,,(~~,. - ~.".,.) • N,~" ,u " 0 

13.3JoI) 

13 .=) 

13,33Il) 

Jan. • ..,." ... _ ~m to. ttlo .... ply o"Pf""lod odoJo bowKl • .., oon· 
_ S2{3-42]: 

• ~ O. o· Ow~O o, ... ~ e " ",~ - O"~ ,,, - O ,~.". ~ O 13.337) .. , bN • • "',,00., ' A,,&' ~ _ 6 "liw, .. .. 0 13.33ll) 

Y - 0. 1>' ~ . , ~'\ _ _ D, ,/N,. _ O,'~~. _ 0, ' ~""" _ 0 13.3:lG) 

"" ~ 0 W, ~ ... " ..... . ... " &0'.,. .. B,,3o..,., • 0 13.340) 

.od _ ,ho, ,h • •• ria" ln . .. diopIoo. """,1s Iwl k .. d.,."" ",,,," "..,. 
pit_ il. v .• od iii) 

bu _ uco>s m"" ... nr.-; 
• • 

r.. _ ;;; o" .!'!~coo n"'l 13,34') • • 
6 .. .. ;;; 0 .. m .. ,in JU1)' 

• • 
.,ti.ty boIh ttlo t>o<.w-do.., ~". aod ' ho <>tro,on'. ' "'G""t>ono .,""tty 
~ ,ho b"<~ing ","0 io 

,3.343. <ontinuodj 

, , .,. 



... .... ........ , .. __ ...... 
T" "II,,[ no" r·o\.o[ "!~ r 
T,, " II" [ "0' r (3.30~, <o"dud"d) 

T» . D,,[ [ "!" ]' • [ "b' II ~D" o2D",{ "!' n ~' r 
Not. !hat ~ no bo-.g· ....... ... ooUl'lno .. ists. i.' ,. II" ~ O. then T" 
. "o.T" oro 01.., uro. 00 Equoho. (3.:>-12) -,,",.0 '" H1. opociol')' o~..,· 
tr<opoo plat • • oM",n , Equat"'" (3.326). ' D" _ Dn- Docau .. T" , T". 
T", ond T" .,olu""oo"o 01 boH1 '" aOO n, no..,,~ «>nduoio" ean 
be ""'''''' 0""'" tn. vo"'" "I " . t _kl~ n ..... ""n. "" 1Of>O<"'1')' 
O<tI>o!Klj>io lamlnotad pial .. I<>< ""i<h • """ '" boo 0" • . I"Mead, Eq uO!"" 
(3 .342) 10 a com pkatod lurd'" 01 bolo m 000 •. 

On. 01 tn • ..ap, oompbl_ in tn. plat. b<rcI<Iing "' .... .,., .. , ... 
"...,.., ....... '11"'. "'" inftu. n<o 01 b" ' I0 """", """~ <>n "'" 0""''''0 
!oed. That 10, "'" piat. b<>c""" load .. ~q".OO" (3.342) 10 • lune'ion 
01 tna b .. 1ding mod. _ po paramo' ... m ond. (th . nu",be, 01 bocklo 
..... "'0,.000gt.1 in ,,,., . "nd y .... K1lo~) .. ....... ,,,. """"",0<1 PIa'o 
"""_., In con""". t .... coIomn b""klng 10&<1 can. 01 "" .... , be OX · 
po. uO<I .. ' 0""" of 'nO _ modoo shapo pe",mote , m. I. . .. 

- , , EI 
P . P~ " m • 

" _ove" Oecauo. w. a ,. u,."1')' in""",0<1 ""Iy in t .... low . .. _""'g 
_10, . oolum". m '" ""'.y. on • . Fo, pIa'n , both., . oo. ""'0' th. 
_0 OQuatlon as _ I as , .... pla,o ' r.po<' .. tIo , a'b . .., 'M low ... 
_0 load _, root 1ypio:. tv oc.::..- 10' m " , and n " 1 (OU! ~ can oc
ou,). Thu" ".! mu" In:! '.0 oboolut. mI"",,um 0' ono v . ..... 01 'M 
_0 load. N, • .,.. mOt. 00_011"1. J.. lor • "lOt ra"OO 01 ;"'00t' m 'r>rl 
n ,a","- s... _rrdIr. B 1<><. goo<>orlc ~Ion 01 • ..,.,h proo. 
duro by Jonoo 13·431 lOr now 10 "nd """ .boo~. _urn b ""k~ k>od 
fo, _ ,o.g' 01 irll*l/" ¥' _ 01 '" .nd " I"'" by oq .... ,ing 10 '0,., I~. 
fl," p,""101 do""at ..... 01 N, witn 'espoct 10 m.1KI nl). 

W. ",.nt '0 SIt.<Iy tM .~0Cl 01 ,he ",."b., 01 loy ... on Iom""',. 
PfolOtman<. , Tho ,.~ com .. """, II to __ tIr. tolar. ",minOi' !lr'''Jto ... 
OOIUIOn' 10""""", r>nlI' OQual."..lg'" 10""'01'" n .......... .,. '''' 
"umb .. 01 Ia, ... by <hiding "'" lami .... te into """. a lKl mo,. Ia,. rs. 
n .. , 10 . .... oon.tnrc! Ino _ .... nee oIontioymmo!,1o <","""ply .. m .... ' .. 
.non an ",o".'."'n~ n"_ 0110,. ", bo, 01 "" ...... INc",.", O. "' Figur. 
3 ·65. 1rcrordingly. tlr. oU"", 01 on . .... ",beI oIlay.,. on "'" b""Ung load 
irr 1oo1Klb)' d ... iding 0 "",,"""" ·'friI:' n . .. , O<Iu. ,· ... 'JM <""""ply 10m""". 
;"to """'* olKl "''''. (thiM"') olo, .. tv>; o· . IKI 00' 10m ....... ;" Flour. 
3·65 ("".'. only Iho fil., ",,>&0, _00 .... tIt;>t .... out a", 000"",) . R.· 
. ulo fo< grop h"·opo>y o ntisymmetric o,oo.1*! lam;".ted plat • • wJh 
,,",P. rt. ( ,IE. ~ 00, G,,'E.~ ,5 . • nd ,·,.~.2' oro .... "" ;" Flour. 
3 ·66. Thoro. Ih. IxIoIoJing Iood " normrrllZO<! ""0 , .. ,,0<' 10 ,h. pb, . 
\OOon b ar>rl pla10 . tiI!n ... D,. Io, •• ,"'uo _ ngula, pl.t. _ ratlo.o. 
.nd l<H •• ,;"." "o.m.n. "' ...,. ... TIre "",",,,,n to, on ;",.,1 . .... "b .. 
0I1a, . .. (. r.po<;"tv ootbo1tr>j>" 1a"' .... ,0<1 plalO) io"""'n as. Imlting 
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... .... ........ , .. __ ...... 
VI"en o,h. r compooil. mo'.,iols .,. ~,"", ,1>0 .noco 01 

",,,,,",~.'.n"'" <oupIng on 11>0 ~oc ,~ IOa<I ""'PO""" _nli.'Iy on 
,0. _ropk; rn<><Uu. ,.,;.,. E, 'E., •• Iho .. n in F;gu,. 3·67. T"..., ,0. 
buclding ","d It. """" • • ,,,,<1 by 'n, b""Ung ... d <>I • ~ ... """"'ropk; "" ..... pl." (B" ~ 0). Valu .. 01 G,iE. ond '",. oro liud bocouH 'hO"/ 
do "'" . ory "'II"1., . ... Iy.nd "' .~ in,IiJ...,. on 11,. "".klirrg "od i. ""'0. 
'0"","'"" '" 111.>, 01 E,IE, 1<4 ,h. """",u ' ,.,;. _ ...... I,,,," ,h. 
,;,. ~hio-_"'" n1uo 01 '0. ,he irlnu . ... 0/ I>o~."."..", ooupling 
...... uo. <;lowly ..... ""'"" "''''ro.''''' ,odoctio>n ;n buoklo,g load 0/. 
""om .. _ ·Ioyo"'" ,;,ap/lh·.po. y P"''' lrom , ho """,;'IIy """"'r<>pic 
pIOl. II 0I>0<0I ~5" , Fo' . squa" ""'_,y plalo, .... ,odu<t>on is 
....... 3%, F""" 'h o <Io$iQn ... .,.ty.is poin' 01 vlow. IlHI opo<iaJy 
o.!),olr<>pic plo'. ooIubon 10 'oo high oy '03"" 0 ' " ~. __ y ~,. 

ond by 74 .... kI' on o .. IoII"U, bo""'·opox)' ~I:". Obviously.I>oMing· 
.... noIon co"l' lng io .. ~.m.1y importan' whon .... pIo' o ho. only_ 
loy.,., How"". tho ...... _ <>I ~ di .. out qui. fOp..,. ... ,ho 
numbor 01 loy. ", _ ..... , Fo, " ''''pia. 'h. ,oduc'ion in b""k~ ","d 
kI' • ", -Iol orod "oP""o-epo' Y pto, . .. only ,_, 1'> And about S!Io lor 
o ""ron-49O'Y pio'. _ .. -

• • -.. 
:,. - -I "" -

"m l' 
, 
• , :e"" 

"0-"' .... , .. 
• , .. .. .. .. .. 

MOOULUS ~ATlO. t , 
Fq.., ... , R_ U";,, . ... _ ..... '-""d . .. Sto-nr ....... ymmolO< 

"roo, _..., l.rnn,,,,,, ...... lAIro,.Io<>o. P-4'V 

3./i,:U Anlloy"' .... 'rIc A"gio-~y l • .,I_ Pi .... 

A.'is"/m",otrlc o<>gle-ply Iomlna,,..,. to_ In "-'<II, C '0 hovo 

o"._. t .In"._ A". A". "z".M ..... : D'""~"'""'" eo,pi
ing .. iII.--.... B" ..... B",: and _g .. ill"' ..... D". D". D" •• nd 
DM . T ..... , th" typo oj ....... , • • ,h_ • " ry dill .... n' IOnd 01 
bo""",g •• ,,on. ion ooupIIng than doe. , ho 8"'ioy"'.""'" emu_ply k:tmi· 
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.... .... ........ , .. __ ...... 
T» __ [ B,,[ "',,' ]' >3B,.[ ": n "!:' ] 
T" -0,,[ n;," ]'. 2(0" > W .. { n;,~ j[ "b" f· 0",[ nb" r 

Wh.n B,. ond H2O a,o "" . 'non T .. and T" "ro aM "". SO EQu.tion 
(3.3~) ,od"" •• 10 ..... .,,..,1011y .","""""", pia" ooIu,"". EQu"ion 
(3.3215) T ... <,,.,,lICI., 01 Equa''''' (3.= ) it I ..... m. U '''''' 0\ Eq",, ' 
lion (3 .:142) 1<>, on'isym ... 'ri<: aos>i*/ Iomin .. od pia, .. ,"" ..... ro ... "'" 
on '''''''g "" b<><IJWIg b..o in S",\lon 3.6.3.3 a .. 0<10 .... aw""",, ... ,. 

To .Iottt tn •• ~oct '" n"_ 0' "'y.". on Io ",mt. p._ flC4. 
_ conS!""" a ooquonc:. '" oqLlO"WOigh' (""""On1 'han . .. ) ardo·pIy 
Iomina' • • wrln on inauoing numb., 0/ Ioyo ...... in Fillu" :J..68. Tho, 
10, tiro . _ '" , ... numo.. '" loy. ", on ..... _9 "-' 10 1 ... 00 by 
_WIg . constant·tnicloslo .. , oq .. '·~1 onglo.p/)' (aminD" in", moro 
and m.,. (thinnor) d~",n;Ujng .0 dod _ u I>nt ..... .. in Fy.-. 3·5B 
l" no .. 'ho 1.,., 0 .... MOl;""" ... ~tioro l bO"UM '"0"1 '" out • • on 
anglo '0 ono ,.,., axis). NUfII"ic.1 ,o""lo !or gropnio ,.po.xy <XMIIpMi • 
.... 'erlol ... i h E, 'E, " 40. G,iE, • . 5 . ond .'/ " ,25 in oquo,. plat •• " ,. 
$hown u ' '""""ion". Io ....... Uon ""010 in IgoJr. ~~. r ... ;"~"''''o 
". bending-." ....... O.uP .... it 10 ,*"'-'<e , ... bU<loino load 'or I...,. 
(a"",od pia'" 'rom tho m.nj "~",od '6SlJ1 (whorn it tiro spo< ..... 
_fOPIo pia" 001",," 01 $",,"on 3.e.3, I ). A, ~ _ .S· . .... rodlOClion 10 
by .'x,," • 'ocl., 01 Z'3; ~.I'" """0 oigoilio;ool it ..... t.ct ,fro, u .. 01 
tho <!'<'Ciaii)' ortooorope .pprox .... ,jon _., • p<odrctod buclding load 
tIt>., it 'hr" ...... tiro """.1 _l<Ii"g bod! Tho O!>O<itll)' """"rope 
"!'I'ro' '''ooon;' _""oI'f "'1' u"""n ... ",.'~ . for a ntioymm""" on9"" 
p/)' "'min.' .. ,.;"' .... !!!.on'" loy .... F", oiIc Ioy.re. tho 000' in , ... 
_91o.u1 ""boor 7% . ThIu. . ' ho bendin!l ..... nsion oou~ . " "'" 
_ <><It.0f)" r • • '" ...... "umbe, of loy ... "", ,,""" AII.m.''''Iy , , ... 
f . .. ., 'ho flUmber of Ioy .. o, tho h~h., ..... ""'.0' b",,~ling """'. ond , ... 
~, ,he chango in buckling Io>od ''''''' IlwI op.o ..... ""I>otro~ ooklrioo. 
Borh """"f.aio ... or •• 010:1 ,<>, "' .... ma,.,IoIo • • rwr-... n'od;" Fy.-. 
3 ·70 in Ihe mil"""" 0' S<>cfion 3,8 ,3.3, 
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3-"'_4 Gone,el R. m.r k. <on EN""'. 01 Stlll-...-

, 
01 10","",1. li"n. hll 

dM " M ' fOOO _ no QI tl1 . """"~ 
.. ""',.... ,- 10 ....... example in FOgu,," :J.71 Th.,. , 
liNts in Ito. loy", lrom ,n. boMm a re aM' Y' <>rion"'" a ' 00", 
arod '"" lbors ., • • 0,",,' IoyO ... flO oriornod a' OJ' to ,h. pia'" , _ •• i&. 
Thus. 10< a """"anl4hickn • • • lam ..... ,,,,, 00" Ioyo< goto ' h ..... '. rod 
mow. 'o""",,tI 11>0 _ 01 111. 10m .... ' . o. Itro """,bo, 01 loy ... in· 
cr ..... . Thio . <amp'" i. protrobly no •• , or<:oon' orod in .nginooring 
P"'<Ii<., !>lot ~ io a oirn!>Io • • mr9:<llo .... aJd ... mple ot ""'Y"'''.'Oc to", · 
ino, •• tro, io .", . ... 1>40 '0 comp roh. n . .... pa,a""",", . udy. Th. tosub 
"",.ir>od . . ... o •• •• ..,. oimpIo prwI by co,""""",,, ' h,t 1ho . ru<lu",1 
off"",. 01 b. rrding· . .. .".;,n CO"P~g do "'" • .., __ oily dio """ nrp>lty 
u Itro .... mb " '" .. ~.,. ""'ro .... loon""..,. 10 ' M "' ..... lor ", Iioy,. · 

I···} ........ 

, , • 
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~ ".g,~i! H1E ...... t~: "I p - ~ ' .l;~ U 

~ -i t!rt<~j~,:iii~:i~ ·~HE.t-J! ! H 

t" , ! !"I • "-i .. ' ,' • F §~h~ E!ai~~?h~;;Hi: !i .... 1' '; ~ Ii [i 
-;, ~ . .. ~ 'll i ~ E""~~6'OE~O~ _ .;;;-~ ... -,... ~ g "I;. 
.. ~].iO P x! S~ "l " :· ' ,,-K , ,,'\ " ~ i 

~ ! .... !. h"',~;g-,t.~1Il,..~;E~3,',E !il d ~ ~ t; = S~, Ii 
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... .... ........ , .. __ ...... 
"",. is ~red •• opp<>M<! '" ,foe aW·O· -!oyo< Iomino'. Th. "'" ,. su N 
is a no,mall'" b<J<kw.g load U,., Is 3:!% blggo, ""..,. ao'",,'lam nalO 
, .... '0' 'foe ... 0· ... ' . ' ",m..."O. 

l~. dtl.roJlC4. bot_ rfoe .,ocr. <\>K"'I/y orlhorropir:. a nd . J. 
O· . loy" pr.,.dk><loln Figur. 3-72 tal"lQO ''''''' 4810. 10 .. tnon tfoe """"'Iy 
""""'''''''' _n at 5 loy. ", 10 ,'''' 10 .. or 40 IoV'~ 10 5% ...... 1 100 
.. V . ... In addition . ,no . >oct , • ..,,,. ,. n\ll l",m about ~ mor. "'an 
!too .II-O· ... yo< 1o",1n., . .. ",,110 ~ 3Q .. , .... '" _ 'e", ""'" ~ 100 
loy .... " I/"in. ouc~ dill.",,",,,,, 0" we. wi,,",n tM <.O<\Oide,._ of uouoJ 
........ ,ln g dooolQII p"""u 

W. will .... , ... , ItHI UIlo5)'mmerr", Iominili. II .. Io, mor. be-.g 
""""" .. in rtro y-d ..... k><I !han tfoe . 1-O"· loyOl Iominllt. and . Imost •• 
m<J<i> _0 OIiI"In ... in 'no .-(i;r.ell"". T ...... In. oonl .. 00119<1"" '" 
tfoe ......,.mmOlrl<lrly "mina~ pia,. _.,ON<! t"", 01 '~'I-O"·"yOI 
Iomina'oO plat • . Ho"",, ... _ oro .~ea<t,r owar. thai bonding· . ........... 
OOUP'"'; ...,. ••• " doo'_no, "'> ,no 00"'''' dolloo_ 01 'no unoym _ 
"""'" IomiNto oIJould . ,c. oO , •• , 01 ,no orI""lrOp<: );'miN'oO proto, 

Th. ' 001 poin' of """ .. amp le io tM' tho dooIloc1ion oltocta juSl d lo
cu"oO ... v.ry ~n~""'''' lor ""mboro oIloyoro ",",. In "'" 0100 •• 01 
' '''''ymmOl.., l>miNrl ..... riio. In """ onap'OI. wo oonokldod rM1 
be ..... g .... r.n..,., ~Ing had d~~ He,o. tn . ... ,,_ • 

... 0._ 'M 0.""'"",", ~''''n I>t ,65'" ot 8 .. y .... 165% . , ,0 loy.", 
9O%.r 20 loy.,.. ond 3O%.t 50 Ioyor • . EV' n" ,00 loy.", U,. 6 ... 
01 .... _ io .. ill ,,%. Tno .. dirt.,onc ••• '. w • • "iIII" ,~. ""n-sidOr. ';o" 
01 u ... , oogin. orOng dnign pl8Ctico 111 . ... <i>c'opo",le • • , is! lor 
","n~ mort IoYo<" " ... n ~n<IWIg-.".n&ion ""uplin\l w •• b ......... to bo 
imporl<\"' , ,."., bo,,",.1>t """ • . "'" all) "'U _~_ on 1 ... ""Oil 
01 . xtrapolating .nti.ymmOlOc c", .. ·pIy.nd "ntloymm. rOc anglo·ply re· 
... . . W<o ,..,.. III Section" 3.6.3.3'n<! 3 .•. 3.4. OI>-< ..... Iy. ouch "'rap
""'lion io in •• Iid. He ........ 'NIy..., OM n.d .ny bonor "" ... ",cop! ' 0 
"""'n oI<op!"",' .nd try '" lind OUI wnat odualy n.pp. n. lor unoym · 

"''''''' "m""t •• Ao an aid '0 "_",andlng tho bockling b.~ •• ior "' F;g.ro ~·72. tM 
"",,,,,,,,,od ",ton""'" , " o~".">ion o,,"ping, and be-.g 
oIiIt ...... • ,e oIoItod VOl'. ' I .. nu mbo, 01 loy.", in Fjyuro 3 -73. Tfoe 
.hl'l ....... 1n ,~ • • -dirOC!ion ('win I'r~ir;h moot libelS "'. aligned), A" . nd 
0 " . • ,, .. orty ..... po......" 0( n'" "u!\lbo, 01 loy .... flo"' ... ' , tho 1lQ' 

lOVer c'u '" ,n. .. iW ....... in "'" y~_, Az2 ar>d Dz>. 10 d .... '. 
1>1' up to.n ordo, 0( mal"ltLldo horn t ... v.,,-Ior thO 01l-O'-1oyOl lami
nO" I .. ~ <:h 0 .. ,h. ,, 01, •• 10' an in"n~ . .... mbo' '" lOyo<o), l h ... .-...,..ro::ios <!io out V' ry • • • ry oIowIy •• ItHI numbw 0( Ioyo .. ;". 
0' . ..... _ Mot ..... ' ..... nolmalizod ......... 1 .. boll<lrng_ .... n>ion """. 
ping, ~-hO;;h <;On "" .... WI) to bo 

8 " = 1 [, _ ~ l(~ - 3) 13.356) 
a " 2.l e, 
" 

Iwho,. ~ io , foe """,b<rr oIl.y.",) ond v.1t"'h owoo .. In Equo'ion 13,342) 
ond rtro rob'!"'-' _.MM. Az2 .M 0" to irlfIo . no. tM bock,",; 

, , • 
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'" 0" 

0",' 
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'" • • ,. •• -"" ... . ~ 01' ...... s 

F""""",·n _~ .. Sl>llno . ... '" 
( , ,,,,,,,. ~"'" c_.·PIy G".",.Io·E i><>, U """,,10 
IMOIJMHP-<2» 

Iood .• ~ .... out vor; oIo-..1y. The moimum b. nding-.,ton"'" coupi
~ """u", lao ..... """l'm ... tno Io","" t. nt N . ~_ Do not oIto .. pt to 
comparo tI,. "",gn~_. of. 10 •• ,ample. til. lorm. On a nd .'1, ,110 , t t) 
qUMl.C<lliYoly. Tho, <10 not hav. n", sam. 1>0 .. IOf """",,~o"'n (B" 
c.""'" 00 oo<o,.1L<. d , .10 .... 10 it> ...... 1M on d.o'·lov" ....,inoto 
__ use in , .. , 0 ... ilo .. kIe" «Iro). lhuo , ,~. of~1 of. oinglo ...,
'jmm.tric811jo _ 90· IoY1l' on l~. ""110<1"", die. out "1)' >lowly • • 
til. numOo' 01 ""or. neft ..... 

A ""om in"",alioo in f;t,or· •• info~ compo ... . lnIC1Ilros io tho 
UM 01 ",ultiplo-do!,l<.'''''.IIOodom, comptrt«-_ ... , IOW"""-",,,on, mao 
c~"" to or,," F>Io' .. wl h .'iII ........ , .. , ""/ " . r tho F>Ion. oJ 'h. 
pjole •• tho tow. cl>oll\l<l <if""'ion in p4fOlIeI or non-pa"'''' ' <"",_or 
.,.,h._ A to" 10 • llot bun"," of _ of 1"',.,101 lbo,. ,ho' oro 
.. Oft_,ed ".h ma,rt, mat.,;." S • .".> 01 mg ..... (12-24 or mor.) 
lOw. are dispenO/ld by 'hO 1Ow-ploComeni """'hirlO' whiCh ..... """0<1 lrom t" l. m ... ·wlrdng m.cf'Iine..oo "'" 'oP' ·"'ying _ 0_ 

C<:>noIoOo, • slfI"II'II' "'-'to squar ....... .. ~h I"',.!Io IIOw' orlot>tod 
.1 . 30" 10 Iho ,.rt""""" n." t~. loll .nd noM 0d\In of tho plo'. in 
Figoro 3·74 •. n o . 30" lOw p'th •• t 'ho odg • • ••• morplKid to" 60" 
",'ho in "0 mk:l:l. 01 "'" P"". ThO ptat. , ... "" n;ghO<l a>:1a' "' ;~n o .. 
• t tho "ft ond .!gO. ~ ,n., a,. '.."port'" .g ..... bU< . ... g • .-.:1 , ... 
10" . ... . .. 1 .tiffn . .. in,., . .. supportod m_ do,.", l.om til. od<}os. 
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-"'_ .... - ,., 
Somo "",","inII ell"". seem to <lie ""' .. t~o numbe, '" "'y.'" Ol-

0' . .... u",I." , • .., ~ c.cu",SI.""o. (o.g" 10""00'. anl"'m",",..,. 
a u,u' l')' imp<lIc1icOl """"'01. yO! do no! 1>11,. I~io opoe'" boh.o,"" io 
\IOMflIIIor ~,acbc~I"m"" o (o.g .. uno,mm."'" "_010 1. Howo' "'. 
io som • • ppko""o, . tn. U"UOUO, c~.ra<I.rishe 01 borod·,_ eou~1ir>g 
con bo quh ,"'.nto_uo. ouc!I .. p"",. ",;"g ,*,_nco 01 ~fre'"ft 
"""""" ... ,opI.,..;"go. A.Iso. ,flo b • .., ~ by ...m<:~ Iflo _.., _ .. _ '~. rmooIo' _ks is boOOing·. " o"""n <>:><Jp/ingl 

P ..... can ""'0 , tiIt." O", on""""" 0" "'oil' ooooco,'o """ .... ' fIo 
bonding .... """. rod "~nco 'n ~ dotloclion ",ois .. nc~ , buckfinll load. a nd ,_,Ion "OGt»nCioo T .. io_nc. oI....,h .. lit." ... on buckling 01 
<,""ula, "1'-" ""' .. io _ io Soc'lon ~.7 . T .... difI~ronc"_n 
u-..,o bot,,""" na. ing oWl ...... ' . <>II , ........... ~. "'. _lido '" 'no 
.,,01 a ,. "'" _ .... No III pla' • • boo"u .. pia'" do no' """.tho ... mo 
"..,...,101_ , orw. DU""O ,ho'. 0/, 01 _ (pIa'.'1>avo " OP'O<1 
• """"'" ... ~oc •. buI .... oil"'" ol puIt;fl9 ", . .. ill . ... ,, "" "'" top io 
idoofll",,' to pu~ng ,f>o., 0" It>o _mi. 

I0I0''"1 _ , ~"" o buckling Iopic •• '" 0' " 0,.11. For 'no l~ro-1W5 
tim. period, TUN. Y 00<1 M ... holIU;"J.,It ... . ..""m0'Y '" ,-",h 
on "m;",0<1 ~ .. to. thot . ,. """'" ollo"g ·lbo, .. ",",,,, ... ~ ....... o""h 
•• "",dx>n '" gtOH If>ofo in on epoxy m"""'. Monr Iopico bo)'<>'ld W!», 
is covo,od ""'" or. _ ..... in tho, roI. r.nco. """ ..... ",. Cl>optw 
SYm"'""'Y , Soc'ion 3 .1 0. k>r • de~ion 01 • eombinotion '" , .... 
sectIo"'O "udy 01 .. minalOd ","' .. wi'" ,h., 01 Soctio" 3.8 on plaolio: 
bucU"901 pia, ••. Mot"""OI. Wltilne-; nnd........," nOd,_'~" ""oct 
oI, • .,po,a,UI. <ho"9" and mojot",. <M"g' <>II 01. buclWng 01 ..,.,inn,od 
oom"""". ","\eo [3.511- T"'110uod ttIol ""II> """" ...... In , • .,p. ,a,,,, • 
• M ....,"' . ... in "","'Uto "'._ .,pan"'''' ........ 01. , <a" load '0 
-V . ,10 ... , IoaO. ,t,;,n f 'h , .... ting ond ........,. WO'. "'" ...... .... 
Th. pOI'. , .... ""-, buekI<>g p-.., .. UMt •• 1n tho "' '', .''''',,". l oboo 
",,,,*),0<1 ,h. ibm .... 'od """PO'" pb,. and ""',' po",,' ' .... "'" 111."'· 
'v"' . oo1 1985 !J·~Z). Aloo _~ 'h, . ,10"",," <o",po"""",, '" <om . 
pO ...... , ....... ond """"",0$ boo,," . , ...... _'0. G<>I'II.,.""" pro
«Od;"g., "ST~ Sff'. ISoec,", Teetv>""" P"","",IOn.). ond ;ou.-.... t<r 
EIOg;I1o"""",h ond 5 i., . ....... ki 13-53). -.., ...... 
u, ",.". ... _ .... ., <."- 11>01)-1'-'011, ... ... .... u .... _ 

..... _ ~ ... >ono ,U"H'<"" 
M. _"_"._. u. co..- • .,.~_ " . ...... -.. ... ~ ... "" , ___ _ ..... .. ., ...... ___ ... _, ..... _ ..... , .. 'U, ... _'" ..... _" ....... _ ..... --, ""' .... -. "",",,"",,, .. """ ... ___ ............... 0.,.. _1>,,,,, M> _ .. _ ", "'l. 

0""" '0, ,,,, tcp . _ .... , . .,., 0,.,.>0 ...... ~, ....... _ .. _ 
...... _ .. .. ~."' ... "' . -"'" ......... <, ,"~ -•. ~.,,'. ""'---... - ..... .... -- .. ~-"'''''' .... -... _ ....... "", .. n' " 0" ... 0.,) ..... ' .. •• .... ~_ ... " ~_, _ .. _"" ..... _"" .......... _ ... 1.""' .. ") .... ... "'''--1'''"- '"""'_ ....... ~_, •.• , 0.""' <_(0:140]. _ ... .... 01 1". ._ ............... . ""'_ . .,. " •.. -...... -~ .. " _ .. "'" u. 1>0, .. ,_<>-_. _"", .. _u., 

, , 
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3.7 EFF ECT OF RESTRAINED THERMAL E~PANs!DN 

3.7.1 "'roduetion 

W. ,,1$11 10 ..... ,"'no In. inltu."" •• "., Io.,mal .,pan"'" ,au_ 
by _li_"" un~",m '.."~.""u ,,, ~ hn. "" I .. .. '"" .t.I. "' . pia,. _h loa ....... blo , • .,,.in< "go"''' Iho""ol .,pan"'" and. lun ... , . _ 
eft"""",,, , . .. "' ...... thomrol . 'pansion hos on plo1o bucl<lO>g. Tilo pia, . 
thomool "uck'ng prnbIom 10 mud< ."". goo nora' 'hon .1101 ",. "",. d F>H>b
Iom • • nd "0 " • • , _ lo..,mo I • • IIK .. oj tho moro gon. ",' p"",lom. 
n.;o __ .""uk:! "'" be .. ..- _lit .. M y undo ..... r><IO\g Sec· 
tio n 2.V on 1>0, b"d,J;nV "'''_ by _ .. "-IlI1ormol .. po.n..", 

11"",11 _ 01 Ihe lordamMto.I origin> '.'.:.;":_~:' :~~:.::':_:.:;.::.: 
th."".1 ",alii •• 1101 " no ..... ' '' .. d in S«I'" '" 
r It, 

, . 

-oxl. "",1 

'" bo, Of plat. b,",k'Onsi 
10 Oiontity in p .... ,h. ""'" buck· 

, , • 



_og pJOblem. wi" ...,io rm _'iol I<mpe' . 'u" e,,"_ is tho """,III: 
"""'0 ollno PrWu<kIrIg Ir>-pla". ......... '0 " 0. th ........ , ' , paf>Sio •. M 
'''or. Ie no ,,,,,aln'. tt>on • opoUally """{>I'" IrIcrea .. In tompora'"ro 
",.",lyle.do to I, •• In.'''''' ' . ,pan"'" """ "" ot>OOmP""Yo,g . ... .... 
In on ""'JOpic pIa'o . and"" ,hormol WckIOng coo occur. How .... ' . WIth 
, ... ,0"'. th o""ol """'S on., oon ""UOf _o,g" do". Iop. w. "'""' 
too .. poe",")' "",01'" 10 dol.rm .... ,h. no""" oj ,h. _",001 to dolin. 
,."., thorm ol bids , )(jot 10 ""USf ,n.,maI plalO bllCldo,g Fo, pIol . .. 
such .... ,3iOl ,"uS! 0,,,", In ' ho p ...... 01 , .. plolO _ Th.".,.. Clltl hovo 
• ....",Iy_~od ..... ' Onos! ., , .. 'u"",r ... n ..... c~ lor th . .... "'. 
01 ,h . In·plano ",_Int. W. can . 100 ..... clam<>ed-odIIo plato tiIol 
,. ......... 0<111" " .... , .. n. bu, ",I n. ""'iot» ol ln."loo o .. ",.;'" oondl ....... 
Even .. ~h ,,,. ... m. In-Plano .. _001. tho ClOm_td<;to pllrl. ho • • 
hoigI>e' ,ho"" ol b<>r:Uno IMd ,ho" 0 "'.......,. oupportod plat. -..U ... 01 
!>iQI>er , ...... "'. 10 _<>I·pla .... d. lormation 01 tho cllrmpo<l-edgo pla"_ 

P .. , ..... _ -<11""''''nol irr c/Io"CM ( ... oIt~"oly tlm ln ... tho 
_ • ....", porpOr>dO:u'" '0 "'" ""'I . ... ~_ ")' U""g ,,,. ~"'hl'>Olt hy. pol"'. I~U. so 'h o posUrily 01 oombinod ,ho,mol a"" moenona l 
IQQ<IIng .. , .... T ..... ~ . ..,." 'h ....... , ...-g on<! """'<>g duo to ___ 
ch. nbollo.do co n occur """or c. _ drwm."'oces, b'" "'" In ",h.", 
Fon .. m""" ~ .~ '''''' odgos 01 " _.ng.lo, p .... a ro <-imply _ nod 
but ... lixod . go .... • """." ,.n' in "'" plano of .h. plote as io Figuro 
J .n . (io whO:h tho l.nno " i .. d· and h . ' .ro """""',;,-. 0' ""'r Ih . 
;"·p/.Ino di."r..c.m • ., 0 ... ",01_ 0I 1ho 01010. not ;"elidiltg "'" odgo ",.""," o"',.o,omth). ""'" 01>1)/ the nn.1 bLoCl();n9 """ occu, "<d,,, uhi
Iorm " ... ,Ing bec.o u .. """"",..,.1 Iooding como! b. ocooplod by '''' pOo'. (unlo .. ""'.w~)'po loading is appI;od). 0,. ~ two a~ ""","' 
<.n m<><. io·""n •• nd 1..-0 0""'' . djl>cem oligo. canno' move io."lan. 
(0"" ."...i<>fe OCCOjl' mtc .... ;cal ....... 1 .. In F~. 3-1.'ib. ""'" r>ntv 
_ nic&l buc'klg con ooour _ ._ ''''rmOi . ,pan"'n is no! , .. 
.... ;"od. Howevor. ~ ""M odgos .r. ""," o,.blo. but I ... ","nh Is froo 
to move " -pIo .... OM .... rolor. _.pt moeh .... "'" .,.....s 10 F ....... 
3·75<:. t~." Iho pia'. CO" bucI<Io""OO, . comb""'"," 01 therma ' a nd 
_ " ",,1 100<101 No', '''''' ,ho ,hrm.1 OM mocl1anal 10", ... a ro 
PO'Pond<:ula , 10 -" 0' ''-'. i.o .. "'" io Ih ... mo diroctio. ("""'SO .. _."po _ '9 .. ...."Md) W . .. udy tno plat. io'p la ... _ .... '1 
""nd~<>n. and how loads oro oppIiod ., mo," <Iotal io s.ction 3 .7.3. 

D 
f9'N 3-" 'DmO rn_PIono ......,...,. C"""""", '" R. <t.oguIo, Plo ... 

I"' .......... '''' .~_, .,·o' .... _~ 

, , 



... .... ...... .. , .. __ ...... 
1I"""III(Om SKioo 2 .g t"", lor abo,. "' • • • 101 , •• ,'o .... t ..... ba, 

ends <Io'ormlne$ _"", "'-mal Ir>ad co. be <Io"1opri<! (.nd_ 
a . '" ' ... "'Int ......... no trarm.1 load). but t"" ", .. ,k"I." ...... If" {or 
IIrcI< ,h. ,ooI)" """ ba, . oo dol., ..... . """ h~ "'" , ,,,,,",,,, ",.d """ 
go! "ml buckling occurs. For . .. mpIo. tho 'homral k>ad ic EruTA lor 
both pinrlod-pMod ba .. OM f",od-tirrod b> .. Iha, !\av<r bolh oM . po'. 
f.ctOy ,._"*" . g.rro.. 0""" "'0""' ''1. rkrw .... or. ,h., ,to .""o' md 
~o .... o.~ k> ,h. ,.Iuo 1<"'EL1. > lor pW\ned·"",nod bors b. loro b""k'ing 
""", ........ ,h. ,mallood can gto", '" 4.">El l ' kI' liJrod·I"'od baro " ith 
a ~T 1 ..... 1." •• h~h ... 'ho" INt I", pi,,"od·jH<rnod b .... 

For • plato. tho in· pIano , ... _1 "' ..... pia" edge. do,"""in •• 
.. f>r>tho , ,h . ""I, ,,,,, ", .. "",l lMd <a" be _.bpod In tho d ...."ioIr po'. 
po_"I", to 1M ;"·plO ..... &l,o'" I. "" ";t!o>rJt t .... t , ....... , ","re .. "" 
tiro"".' 1>!Id) . 00' 'ho "''', ion/rl _,.Im (0 ' lack 'h",..,~.t each ~to 
od\jO d. 'orm .... how h~ ..... _mal lood CO" goo! " .... bueklW>g occurs. 
T". plato prol>lem Is 0"l0I", c."'I)Iicalod rhon tho .... ' prnblo<n .. """ • • 
01 'ho 1 ... _ , ""'uro 01 .... t • . For • • ample .• !>lit. "",,10:1 
!\avo in· pla"" ,o.,,,inI in OM 0< both pof!>Ondioola, diroctio<>s , .... tiv . .. 
..... {_"II"'"') pIoto 0dg000. ill ."""ron. t"" ~ ....... """""",,,' .. 
.... """'""".,., •. You . ro odviwd .. ......... 'ho <Ii"," .. .,., 01 plot .. "ih 00.'" moch,nal ""d. in S«:tion 3 .3.3 bolont procoO<lO>g 10 _ . .. 
problems of pia, .. with «><nbtnOd m""honie&I."" tho,mol k>ad. 

In Ihlo "..,""n ..... " I !;,., do • • 1op ' ho Iw,d.mo""" p l. l • • h. ""o· 
... io .. lotions incl<.dlog lI>o bucklW>g diff.,.""", "'IuoOOn' ."" tlrH 
aMOCOl!od boo",,",I)' <>r>f">dition. in Sod,," 3.7.2. No" . ... "~ dooc ,bo 
and dioo ..... ""-10 plot. bo<.oldirfy <><>n<l~""'" . ".n .... 1)' ., S .... "" 
3 .1 .3 b""._ """ ... "".io 041"", ot """ __ I)' COOOit""" dol"""in.' 
tiro rra'w. oI'ho .ho,maj lorce.,h •• cause buc).~ urde, unlomr _,. 
Ing. T""" n s.GI.,., 3.1.4 ..... wlI __ on "'1,,",", •• 1 mOCh" . a l 
loading c""". " 10 j' H' """" ","",,.1 -V proillems. dl"rl>.q1 t"" 
awrooch Io lim !od to .lmplo probl.' .... N. " . 10 s.etioM 3.7.5 "''''"gil 
3.n .... iMl ..... _ ... 1 pia,. lI>ormt.1 buc '~ prWIom • . W. 0. root 
addr • • • Ih. poooit>il<y '" I.", ~ . .. IU " ..... _. thrr;ro.rgh "' . t""kno .... 
j, addr •• _ 10< 1>0", in s.GIoo 2.g .5. T""". ,he pr .... m pOot. t""""" l 
_0 oolullon. or. oumma,iz«j in s.ctoo 3. 7.8. f looly . othe, plato 
",. "".1 budJOrg .. ~io. o ro _ ... So< l». 3.7.0. Tiro .. othor 
1Opio. invo ,," . tt«" Of ..... ,_1 ._.tiotico boy""" "hIo, w. a,. _ 
'" " .. , ..... p1)' . I.d_ 0 .. ..,....".;jo""itio. in ... ,;0.1 '.",,,. ... "u,. d ... 
!<lruOOn .•• riol"" ot ~".m "",'oriol p..",.~;.' .... h to_a"".'rod 
with ....... " nd of her bour>dory _~""""",,,no H>O." lhe .... pty sup
p<>ned odges w. g •• t 

Tho ,_, <on d . .... "'''' plat. Ihe"".1 t;..cI<~ 10 va,.,.,. Iovot, 
01 dOld Fo , ... mplo. ' ,OIl " ,. inI., .. tod on.,. .. I1rermOi buCU.O , . 
0IJ1o lor sims>IY supporlod plirto. """., ""I",., lompo' ..... cl>o.ngo. ''''' 
ooutr:l proo.od dlrOC!tY 10 $00110 •• 3.7.5 '0 3 .7.1. 0,. ~,..".. ... a nl _. 
"",,,Ip!"" of Ih . b .... lor trroso _I"" • . you eo"'" 01"'" $OO!"'''' 
3 7.2 10 3 .7.' . F.". prtrblom. bo)"ood "' ..... 1 b"cklO>g ot .."pty _. 
portod pia, •• UMor unj",," ,_ ..... ch. ng • . goo k> Soctlon 3 .7.0 lor 
a n "''''''''''''''Y g<irnp .. " Ih. n . I .... "'oom. "',", Onportam """,10 .. , . 

, , • 



-"'_ .... -
3.7.2 Fundllmef1I.1 TI>o,mool •• lk: R.l.llons 

F<>r.n "'''''pl<: . .... 1<: "..to . ""jooctod to a biAl<io l . !.>to 01 (p .... ) 
olr .... on. """'. Iorm of to",po .. t",. -<h<u>go dial,,,,",,,,,, ov., l~o ~o 
."""'0. tho !WO·d". """""1 "'."""",,.no ....... _ ,.Iot"". '" • 
porn aro 

". . <' -"E-·e". ' ,,"l 
'y_ - ~ 0, . ~ . ".H 

'. 1 .. - G 

13.351) 

.. .. J,;ch 11) ' , . 'r .• Old "Irr . ,. 11>0 lo~ ot,.in ... 12) o,IE. ""e . • Old yO 

.... m«Mnul ....... . Cd (3) ""T" tho I .... thermal .... in """,11l"ll 
from tho t. "'l'"""u,. cl>anQO ., '''"1 point In ,he pia,. volum . o. 0 

fu""'"", of [mo. ""moly " T = T{'-I.l.'J _ T,.,. _. T ... 10 ,1>0 o,b~,atV 
olld con.oniO-nl rei., .... """""'.'U II' 01 "hd> "" >I,oin OS <>t ••• ",.ed in 
o .,. .. Ino conIigIJ""oo of • .. 10 """n· 0' zoro thor"",1 .. , . ... w. w~ 
"'" __ 'ho ' Imo <Itpol\do""o or mo to....,.""u,. </Ia1lQO I" 'llio 
_" .~ In S_" 3.7.~ . NoIo lh. ' •• ..,!<>pO: body 00" .. ~_ 
(CG'U,.ct<) uII"" h ... t"", I«,olng) alld _. "'" .. hib! any .h .. ri"li 
do!ormaooo eaUS4><l ..".." by ,ho."al I<>a""", 

no 00""""""'"9 _-dlno",",,""1 ,1>0,,,,,,... .. ,, .. _ ... , ..... to · 
_ .'0. by "'0 _ " 01 Equotoo 13.357). 

". _ E , ( •• - ""n • ...!!.. I<,-,,",-T) 
I·" ,_" 

". ~ ~ (c, _ ,,",n • ....£., I<, - «!>T) 13.356) 
1 _ . I _ v 

'" ~ Oy" 
.. >oiV<h <, . < • . ood y,. oro Ih o totol .. ," .... ",n is tho !, ... "'. ""al .... in. 
olld <. - "" T _ ,,- ,,",T ore awo,enlly tho _nioal >Ir • ....., 

!n. typical olllJeh>nll moehenloo probl&m . ... impo .. <:<>n<Iil","" (1) 
Oft tho , ... 1 stralo (.",,1> as, o.g ..... . 0 on . I> •• ted bor "",,, • • n!WO 
"..."..ol»t wats .. in FigIJ" 3·nol "hOI ""'" b . ' 01<0 '<10<\ • • • 
diopIacolTMlnl ·typo t>!>u_tV condIl">o. ' .g .• U . 0 at ' M e ods of "'" 00, 
Of (2) on 'ho .. , ... (we" .... ' .g .• 0, ~ 0 on to. ''" .od or a ~tod 
oo n!I,."..- b., 0.", Fy..ro 3-7tlt» . i.o ..• Olrou-typ. ~'Y "'H"""". 
PIO'" oupport <:0",, '_ will bo _,. _ .. """" ..... ,, "' Sodlon 3.1.3 ..mo,. we .... .... oo __ a •• i:>g<>u.", ",,00. 10' boIS 10 Figur. 3·n . 

J J 
• S .... _ W." 

, , 



... .... ........ , .. __ ...... 
Conside, tho ""'e U .. , is , ... ,. ;,,0.; 'rom ;,,-pIo'" """"e m. nt in , ho 

, -dlr0Cb0>n 00' "'" ' .... raIn. d In 11>0 .-dO"","" in Fillur" ~71_ I! ~ 
'h",m.l loo~ is . P!>Itd •• in F9'ro 3_71., 'hen tnt toLl l ........ ,. 
" - O . cd ,, _0 [S" ')'0<0 con _'ha' ',~ (I -v)<UT] ,,~ . .. ao ,~ • 
• ,,""" a,. a, . _ E<uT acd a,. O_ Obviouol)/. a, is . thermal "', . .. 
(' ...... of __ ""I ''''IJO'II .nd 'h"" io .... ",..,han". 1 "''''''' I! both 
'~.rm" 000 mocllor-.col_g oro opph d •• in Fjgu ... 3 ·71b , 11>0" !~. 
'otol smbn. oro " • 0 boca" .. 0/ , ho po~oct ","rain' and <, ~ 0 b. ,,"u • • 
mod\a"icaI _ "" is .pph d •• "'0 . .. AT_ Tho <o_n9 .. , ..... a, • 
.. mewh.,! in'of.-od. F .... <1.100. 0 .. 0o_"1 "''''_ by , . .. ,,001 ot 
llMr,m.1 e."....;o. a nd """ttler """'po""n! ca_ by ,estraint 0/ , ho 
~ . 'p"nsMln_ nO". <I, is both. on.,m.!.nd. ",.chan"'" ........ 
"'so, "r Or . m""ho"""I .. '~M. _evo" bot~ .. ' ..... """. !~t -"' mt 
' jmbol. <>. '.e .. e ,. _ingIJ .... blo !rom .. c~ OI~.' " ,~ ... , . .. ~in 
101>''''''''. Eq .. 'ion (3_3531 Thos, ........ " 8 .... , .... essu ""nnor """. 
~,tt ~ "*"Pt J,ob_ • • ..... 1>00 .... 1 Of 1n.."",I."_SH' we," ... 
,_ -""' idonff/"t ~_ Otr I .. _" a"f1lo.odin!> "" __ , 

Bj ,ho Kird1tro11 pia" doIo"",,'ion ~ypo!_ 1341, 1m .. origiN"", 
""", ... , to .... oncIok""," _ """act ,." .. ,n """".1 0"", <It!o'"'" 
t"n . nd do "'" 0,",,"90 Iongt~ . . .. F9n 3·1 00 P" \IO 2" , t . " 

1" - ,,, - 0 <, _ 0 13,359) 

""""h 10 .... ,. 0' pia ... . Ua ;n. W. "'. Irni>_ a"" . 01 pia .... st, ... 
0 " ......... 00 •• .,. . "'" 01 plan. st, ..... On .n.""opto ... !.""""onla' 
con_,," 01 . .... Oe<\, ,tr.ory. _ " " , ordinary plo" '~""'Y .. _ 
""'Sldy "*"'I 1>u1 1o • ",och.n"" 0' ",. ' orial. approacIr .. .,.;,<:n vastly 
oO-npHy;"g ~ ..... plK>n. 0 .. "",,,,, t.a.,.d on " PP""o' p"yo;';'" " , ..,n. 
I01>hrd to .... no,"," 01 til. _, I •• g.,,. ... j "",no..ctioM ..... in 
pia .... to, _ rn. b« • • so w. eon NO tho! lin .. 000 .. " on t~. sid. 01 • 
boo.", "'0,. I>ondin9 " FOguro 2-« on ~\IO 107 ,.",. in .MjgM """' 
dolo ..... I"" Ir:> 1M ..-.mon Iovel 01 0..- ""_ oy_~ . nd ~ro oim<r/j 
pdn of 'he nocMOO'ii opprol<imato and i~' ~ .. · ooMng pro<> 
.... OJ "'""K. "~n n..!m. or ~ino. I ... plot. 'h"~"" olr.o""" 
{~e""e. """* act"""" '" I' . ........ ",. io. <,l. bot we dO r>01 _ . .. 
' .. I out.oJ·pIon" ""too.1<>< In tn .. _~. 

o 
I ! { I , 

'L , 
I lI t 

• U,",o"" __ '--' • ""''''''' _ _ ..... ",""""",,,"' l_ 

~9->r. "''' P_ ""'u ...... I"r .... , -t:we' on 

, , • 



-"'_ .... - ,., 
CotIwo1"",,,Iy , 'ho "".1 ..... in> a.o "" .. ".,. '" , . ... '" an _0'> """ety MM' man.", 'h~h 'no pia,. 111«:_, 

' ,_C,"', 

r" _r,,U '., 
10 "hlen",. " rm. ' .' . and y".'" """,",u, ""'do ........ "''9"-<10-'' 
""" middlo ·.urt". J •• :I;."1110 mo.,,", 01 """ K.>,"",. [3·5). 

',_ ~,o+ ! [ ,:o] 
, 

"g -:" . ! I ':0 r 13.351) 

Y" = -. • 
~. ""'. 
• • 

'" ' " - - 2":ii:iY 13.362) 

_ . '"" .... Pf .. ume ',~ O. SO ". co n",,' ... d",InQuI""" I""" w al 
ony point Ihroo~ ,h. _ ond ,h. cu",a,"," con'" ,,!illon o. 

" .-:~ "r~- ~~ ", _ _ 2:';' IJ,J~) 
50 _ wil ..... ... ;., tho "'''''Mng doriv.Iio., "' .. ..,d 01 "'0 ., " 01 0' 
m ply U ond., aO><l lot &I . ucn . ymbols _ Moan middlo.....t..,. "au... 

n o K...,hbott hypo1llo'" io nPllOoabio only 10 _. tho, '.0lJ~ from 
pm. bo ndo,g. I .... !ho only "'-'*"9 io "' .... nl . ..... and M, .. .. Figur. 
3·3"" pogo 228. To .<co ,", 1o! Ih. 1_ ,h. "". r • • """..,. d. pl .... 
we m.,eIy _ ,n. ffH IIIormaI .,po •• ion to tho _""01 ""'In, '0 
got ,h. '0""_ .... oO><l .... Oft 1119 .. ,u' ,. got In. ....... _ ... ~I"io., 

E ,·r a, _ ,«, - zw" - ,, ,,"TJ' • (t., - zw". - o ""n 
1 _ 0 1 _ . 

• E . (!', _ '<yJ _ .(w" H W,.,) _ I' ""i'> .\T] ,- , 

• 
, 

I - v' 
',., - Gr" 

13..JOlo1) 

, , .,. 



... .... ........ , .. __ ...... 
in " Ioleh "" ', a nd 1" CO<OtI;" in E_,ion (3 .~1 1 ""nino.,. 'e rm5 1!oo, 
... _ 101 ,bU(k,ng ...... lyolo. buI ,.. w~ k""" _ nonfin .. , " ,m, _'ho m""' .. · ... ~.o. Ol' ....... . , .f" . nd 1" . "" .... p,,,,",. 

110. in"l>""" lOrcH (per '""'" _10 b\I <:<>mI"",oo u_ th""'lP>ul 
th .. bookl on a unjt ..- 01 • pia, .... 

I 'I E( I " 'I ) 101, " 0."' _ ,(c,Hr,I "' - ,,, .H '" 1_. ,_, 
• 

• 

E. J«, . ''<,ldZ , . , 
E .(i'. ~ v"IJ dz 

I _ \" 

E, J(W" . "W,.,.)ZdZ , .. 
r .1,.. .. ...... ,.,.)Jz dz, . , 

• EI 1i','vt:.,I- E 1~ .H"' . A{<. Hiyl - N~ 
I - V' t _ I' 

101,= 4 V,'vl.l- " 1~~r"'_ M.I,"i. I_ N' 
I - v • 

n ,-, 
tl .. " ""1,,· 2 AT" 13.3&5) 

in whi<lr tho . " ." ...... 1 _nO .. ;. A. E' (I _ ,'1 u dot;hod on pail" 
24 •• nd .... dotine 'ho Ihennallo«. (oe' "'"' _J .... 

tl t _ E I'd. T '" 
, - I ' 

13.366) 

""""h drop<"", (In ...... '100 ,om ... ,. ,,,,. ehoogo end ~ y.,.,. 'hrough tho 
"'Ie Ihi<lure ... 

n . mom on .. loe. UM w;dOh) ~,. 

M. ' JO.ZdI' E, J I', "·f,I : d.< - Ell ';'1 J".IT '<IZ 
1 _ , I _ I' 

- I ~'" [Iv, •• ").,,, -JI"" .,.,..,.,.1.0",]_ 1 ~' J~ .H'd.! 

- 1 ~ v' [(i',. vt:.,IJ z <lZ _ (w" "'W,.,)J z' <IZ ] _ 1 ~ '" J~",T z<lZ 

· . 
" .. 

e? E I ' • 1",."",.,.1 - 1 _- ,, " Tz<lZ ._ O( .... . ' '",.,) _ M 
1211 - v I ' 

E? E I . I",.,. " 'w 1- -- «<\Tz <lZ . - OI"',.,. " '" ) - M 
1211 - y') "1 _ . u 

" , 6W" ~- ' ." (3..:J1l7) 

, , • 



_"'_ .... _ :1/1 • 

.. "I>I<~ I~ ~ 0111_ .. O. EI'{ 1211 - ,')]""" " . ""r .... , ... 
''''rm.1 mom"", (pe' ..,.. _h) ao 

13.3G0) 

Of .. mo", comp"'" nor. lioo ,oa_g ""', • • ' orm . ..... 0.'" on , ... 
",1ddIo outface 

1,1, . .. { (u,' ~ .. !) "'t'o', ' ~ .. ;)] _ NT 

N., - Ah· ~ .. :) "I",· ~ "':l] - NT 
1,1" _ (1 - "1.0.1", • " + "',"',) 

13 ,'370) 

T~o "''''''''8'"", ""go_"",,,,, oQu i ll>tiom dllo,o.II.1 <qua'"." 
000 • ..-",,0<1 I>ou_". ooroil",,' M w •••• I~. 1>u<0Ji0g diII.,..", .. 1 
Oq",,'iooS."" """""",ed __ ". 000<Iil"". ean be lit.;.*<! io , ... 
""'.". , <II .... 'u_monl>.l " .o'lIY __ h u_ .. s.c."" 3.2. Si"'4'll' 
lnQ""o , ... """"""on"" .. ., '''" .. ,..iII _ <IOO$IIy o,pro""" ("".In 
_IIY per un ' VOIumo) by OUI>I,aolir1g 'ho I, .. u..."",' ",'a'" "om , ... 
"'tol .. "' ... '" 000 ' no rnecIlanico l " .. ins Iha, cou'" _11l' 10 "" _ 

Uo - E . [ I< , - ""T)" I,. - ,,"T)' 
2(' _ , ) 

. ' 
2(1 _ I") 

• 21",<., - 2"<," ilT - 21"£," ~T • Zvln ~T)' • 

[\f!.': .. 21 ........ .. 1~"1:,) 

- 2(1 • ,,)(t, • <.,1 .. ..r • 211 h~n" Tn 

'-1' 'J , '" 

13.37.) 

, , 



,.. .......... .. , .. __ ...... 
(which ,0<1000' to ,too OI,,"n ooo'W dorrojly fo< a ba,. EqLJOI"" (2 . ~53) 

on pO\lO 168, i', ~ 0, 1", ~O, . rod "~Ol .. wMcl1 .... "om o! , .. quo.df., io 
'~rm . "' ,~o ....... coo ... "'o. ff1 . mocn.r>i<ol ono .. o".'W don"'Y. , .. 
... m at tho lMor lo,m." IIro ."ain ond " ~T o"n , IiI", •• ,ho couplirrg 
bel" .. n tho moe""n",,' . "" ""' ,ma' . H. , t.. po<Iion 01 tho . hain . MfVY 
do .. !y. aod ,too q"",,,o'io ' OIm" AT is I .... eonllo"' IMmraI ' Olm rho, .. 
.,. lOvan' .. ,h. __ u.n' va,",,,,,,"1 PfOCe" w~.n tho principlO at 
"""","1)" _ rotial .""IIT I, . pplOod r-._ O(coo ... m). OJ. T ...... 
tho only _,n' o<ld I"""'I.,m in ,h ... ",", . n0"1\" _...,. "P" """ 
t>.yond moe"""",,,' . ffool!r ia 

(U, I,-= _ (I~\') " " T V , ",) 13.372) 

.. """" ~T """ too ~ '"""""" 01 s, ,.''''' , I""" ,)m. ) r Oo , .. "I . 01 
orr. vo,",'" "" P""'_ lOod '0 ,h. Mnl n ... , "'1 ' .ibriom diII. remial 
"'1""''''''' "nd .... ., b""'in<j di'l ... n'i"' "'1" ''''''' "nd t""~ • ...,.,iatO<l 
"" ...... I)"~.;...t Q" Soot"" 3.2 , K .... _ oIro .. ""'Y Ih. re
... 1 0 . rod ...... ,,,,,,it,,,,,,,,, '" .... 0 .... in P,oblOm Sot 3 .1, 

Tho _'~I'~ .. ,lIO-<ItIr.otOon ...,...,. .. PIOI. "'1"""",,,'" "'1,,"
tionu ,. 

'[or.. " J 'J ,-. ;I "" "1.(",. ·,- ",I""V, ' 2 ", I · N __ ,_ ,,-:;; ,v" ""' ''''',.I , O 

' ;V,, ! (v. ' U, ... , .. ,l' : H{v, .tw:) ... (" .• t "~l - N'] - O , 
-~ [."H{". ' 2 ,1) . .... . ! .. ~] -N'l-';' A .. ~" • • .., . ... w,.l] 

--,H "'[ ·h· ; ..;) HI!!, ,-! <9] -N'] - • ; " A"-,I',' u, ' ",",.I J 

. o[ "', i"" • , .. ,.) • ~{ I - vj :.~ ( ... .,l. ', I""" ,,,,,,]- v"", ' _ ~ 
.. .... lun, 

. "" "'" .......... d """"""'\I eo .......... 0,. 
".0 0' Al{~,' ~ W:)OVIV,' ~ w:)]_N'.N. ",,_,, _0.' 

. _0 '" A[{',-tw:) ' V{". +t"~)] ·N' - N, ",,_oy , 0.0 

. _ 0 0, , . --,- "Iv, • .,.' w,".)_ N" "" _. Y _ 0 ,. 

, . 0 ", , ; v ,,"v, _ U, • ".",1 . N., on """" , 0.' 

". 0 ." ... [. [ '", _ ; ":'_ o(V, ' ; ";1] _ N']' 'i' A,,/.,. u •• "',",I 

_[o! I.~".,.,.l ' .or .o_! [2{I -.)".,J] ' ''' 
on _ • • _ 0,' 

, , • 



-"'_ .... - ,., 
.. _0 '" ",l A[ ('0','+":1 HIU,' +w!l loN' 1· J ;;'-AWJ_,", ' ".",1 

- [0 ~ too,,' ... ,,' .... '.0 ! l~ ' --1""1]. ,,, 

", . 0'" 

""_, , " 0.' 

-01." -''',,1- ",' . .... , -0/.,,·· .... 1- ... . ..., 

""",'.0.& 

",,_,.0,' 
~ _ o '" ~1 __ I~,,_I\ "O<>!'<O" I:>'''''') 

The 1001 oor>d~ion a' corn.<> a loo oppin 0' ___ • in,.,. ..... 
\I<,r>d O!"" bO , _.,. inl."" , TINS, ". hO •• troo ""'''. ntitll "'lu""", 
.r>d bO""""'" """,,"io., lor , .... '''.,rr>OOIost''~"' problem. 

F." _g P"">lo"", .... ,. .. ,,,,,,",10<"0 •• a M ",o","n" ""''''Il _go,. 
fIN, • Joo, III 

~r.1 • • JOO,Zdz 

fIN" . Js." III 
w...,·I~'" zdz 

in wl\ich 1M .0, .. lion ... ""OoeM during bllClding a ... 

0.., .. E, 11or, ' I'&:yl , -. 
0.. • • ~11or,. l'k,1 , -, 
""~ E b-r 211 <V) " 

13.375) 

IJ,J7~) 

13.371) 

No'o ' 00' tho " ~ T '0""" "' tn. ,,,.,-'>sti< .. "' .......... ,oIa''''''". Eq ... · 
lion 13,3~). do _ Its ... . var''''''''. i.o " 1>o1h".nd ~T aro co n"",'" 
du'inlI bllCkl ng.;"1I 0.;' tho modIonico l loaO ... "on tho dio!>I&co ","n" 
aro vo.-ioO. n ,,", " vario,,,,,, 01 !!l.rmo'_ ... ond momo"," are .. <o ___ "'" 11_ ,,,.,mal ... di<>p.. I<1<e 'M .. ",,""n',,11 !Oo<liovt, .,. con
... '" 10 ,,,. •• rlotIoM' p«><: . .. , 

no .... Iion. in .. ",in •• r. 
&: • • .Ii._ , ~<, 

&"y. "',-.~'T 

b-r .. . b-r", ' z S~" 

13.378) 

Then. , n., eIim .... 'lon 01111. ~ , oro 10< tho _ Ie "urt. co. tho 
.o.lal""', " .-10-..... 000 "" . ... . re 

oc. " lIu,' ",~, 

.Ii, . r.., • "',&N, 
6"1,y " r.., ..... . w,&N, • "',6 .. , 

"""'" to, an inlially ,la, plato ,,;,,-, " , _ "', • () bo<omo 

13,JrQ) 

, , 



............ , .. __ ...... 
3.:', ~ ~, 

I'o'J ~ ~, 

6-(., ~ Iii«, • 0..,) 

_, II1e v.,,,,liOns in _ I&-.. ~_ """'8,",0' . " 
~~, __ 600" 

Thu,. 'M varialioM ;" ;"·plane force, 8" 

bioi, ~ Jo, <Iz ~ ~ J(&>, H oI<,) oj;[ , -, 

1~ , 3801 

13.381) 

• ~ J(r., •• "",) <IZ _ ~ JII.", .. U6oo,.,)Zdz 
I _ v I _ v 

• EO, (&>,+\'oc,IJ <IZ - E. Iboo,, +\'~ ...... )Jzdz 
I _ v 1 _ . 

E t 2 llii', ' '.1<.,) _ A(&', • ""'-,) _ "'(00, ' .SIt,) , -, 
ON., ' 4 (&>, ' '&,) - ... 1 .... , · ,.I. .. .! , -, 

bIoI,., . Gt 3<j" . ';;' "'&(,., . ';' . ... 1 .... . 6..1 

aOO ,"- , arIaU"",1o mom, "" ar. 

OM, ~ J"",zdz. E . JI& ,Hrx,)'d< , -, 
~ ~ [JIOi', • • N,) ' oj;[ - JI6w". "bo-".J.' d.o] , -" 
• ~ [roc, • voc, l J z dz - (boo" • \'boo".1 J ? d'] , - \ ' 

"'--

,,' 
12(1_ ,'» 

,,' 
121\ - ,,'1 

, 
"'"' _ _ G T .lw 
----." G" 

13,382) 

Th<I Io_pla .. k>""", kif • plat. that io Ito, .... 0'" bucldlng (00 w, ' 0 .00 
"', _ 0) bK<Im. 

, , • 



, 
N, _Al". "",) N , 
'I, _ A(\', H'U,I _ N , - , 

N" TGII ..... H . I· 2 "1 ..... _ ',1 

13.3"') 

The co~. ;"-<>h n. '"",.s .1 buol<Jing . re N .. N,. orKI " .,.: , 
1'1, ~ _ N. ~ - AI", ' "',1' N 

", _. 1'1,_ . .0.1'," '.') ' ''' 13 .3a51 , - , 
N ,,~ - 2 .0.1"' _',1 

Not. lMl tho momonts do not a Pilcar in tho buci<lin'J "'1""'_ only .fIo 
.. ~,.II''''''' in """". 0" which "",. been """'"" '" boo 

OM, _ - O{ow,,+"""',.,J 
OM, - -O{~ .. " . ,'M.,, ) 

6",,, . - (I - ,'lOoSw" 
13.3001 

no vo,ia,,,,. in Io ·p""" ",,,, • • "' •• bHn oi>own '" be 

5/'1, ~ AIOu, ' ,'o...,J 
ON, ~ 11(0., ' "00.) IJ.sa7) 

m" . 12'- A(o..., · ~1 
in willen .... noto ",II ON' • (I by insptoClk:>n 01 'n" .'P'_ " '''' NT in 
equll''''' (3._). 

n . procosc 01 moking tIi<I _ •• riatOO in ct,. in .~ ... . 
tiooo.'Y oat> • • uud 10 \1", .... . ""kkng ddfo,onlial oquobon. """ l>Ouo<l_ 
. 'Y ~" .... __ dono in S"",,,,, 1.2. Spo" ' ",,IIy. w' """"'""'. '" 
t!>o _ .... lion in . .. rgy inWgralo, Eq uotion. (3 .11><), (3.165), 00<1 
(3 .1 66) on _ 263. w,~ 

~'UT ~ - HN'(~:.""~)di<<Iv 133MI 

",,",h """ •• oiIy be shown 10 <om. from va..,.ing tn . inl00rai 01 tho .. rain 
""'\11 denolly o/!ho «>uplod .,".,ho..,.' . .... lh.""",I,o""" Eq uo,'" 
(3.372) Qn ""I/O 3&0 . .... , "'" 0 ' ' ' ''' tho plolo. 

r~. plot. bu<1<Jiog """",ions (,,;Il>oUl body loroe. 1 .r. KIeOOcaI to 
tno oqLlll1ions Irom Sec!ion ~.2 . 5 . I. •. . Equat"'" (3. tOO1-(3 .1 fi2f "" p' '''' =, 

m •. , ' m,,,=o 13 .3e~f 

m"., • m" . 0 13.3g(jf 

~M. ,. • 2OM .. .<I + bI.\- .. - I-I.~"" - 21-1.,""'.,. - 1-I,5w .. _ 0 13.391) 

• 

, , 



,.. ............ , .. __ ...... 
"hon""'l .rKI U,., ... IIot<:eS., buckling. N • . N, . • O<I N" ,,,.,,_ a 501-
",100 '" Equa';'" (3.3\1' ) Of (3.392). T". n."," l<lslrt>l.t;"') QI ,foe .. 
10", .. io oIl"'inod Irom ,h. pnob<o:lding ...... brilJm ookltloo to U .... pia, . 
"",bloM. Nol. tha' tho I~ .. '0''''"''''"' 01 "'" ,ho,mallo,e.o a rKI ' '''',mal 
""""",,,_ .re ,....,. Tho tho""ollora. NT. is impOcilIy incl.ldod", N, 
''''''0' Nt '" .O<OU", 10, , .. Ih.rrnalloa<llng. NOI. ' ''"' 11>0 ' ''''ma1 mo
mon'. M • _. nol _r n 'ho "trCldrng o~u.lio" tHrcouoo ouoh • 
mom"", woukl eo",," 11>0 pl." 10 _ .. m_tot,- upon ""poooiIion 01 
tho "1ghIo .. &T .. , .... , to.. budd • • t on "" ,'od &T Tiro' io. tho • • 
nodlnos th4! ", .. 10 . ..... "". 1 """",. n' do"", co. ... b""lo.irrg 

nO oosoela'od t>o.><kJng bouod;t.,. coodjtloo. I<>r' ,". buckino i>'<rb-
19m .naloQous to _ 10< to. _~rlum proto"", "' .n .claplalloo to 
pIa"'.' AIm ..... •• """"';'h [3-11] "" .., . .. oro 

Simply suppontld EdrJo", 

Sto ~ . O 

S2: ow . O 

C I: ow _ O 
C2; ~ .. 
Cl; ~ .. 
Co: ",,=0 

m •• o 
m._o 
m.~o 

&.4. _ 0 

510,._ 0 
SW,. _ O 
600 .. _ 0 
600 .• =0 

..... 
5N. _ 0 
r.".~ 0 
ON. _ 0 

", .. 
M-I • • o 
", .. 
1rN" = 0 

" .. ", .. 
", .. 
", .. 

101<", . 0 
I>N",=O 

13.3001 

13.394) 

.. whOoh n .0<1 , ~ro oo'F" ..... IOn9. nt"" <i,.., ...... . nd OMn . nd!>N. 
do not io<k>1o t.j '" N variorl",," b.roou .. lhay . .. z ' rn . No •• , ... 
, ..... _ry <..,<IiI""" 0" orr , .... , ... ""'- ... 10«<0 •• 0<1 •• ,iotio" 
.. oro"...,lO. not on 11>0 1000*.0<1 """"..-.to. 00 'hO P'OWCI.lO>g_ ..... 
• .,. """""ion' ""'"' ""'"ng '" do """" .... b"""'no _""'''Y <0 ........... 
Ohoo", . th o U ........... po:<"" '" 'o. .."".,. oupporLod odgo buol<ing __ .,. ~i"". in F;g..r,. 3· " "" POI/O 261 • • w.1 o. krr ,,"'mpod 
edgM in Figuro 3 · 1~ on pogo 261 E~".Iio", 13.SI!9). (3.300), . nd 
(3 .391) (Of 3.392) a r. irC_""". dinor.."lio l .~".!iO"" ,,4~ """-'" 
""""" boo ...... .,. OOOldItiOn. in Equa'''''''' (3.3\13) or • • ~""'''lvot,-. (3.31).<). 
Th"" l~oy """"' ulO on . 900'< ..... pooIliom ~rrd ~ .. ""Iv." oootKdi nijly. 
T ..... igerwohr. io ..... vahro QI N, (N.,I . i .. ...... buckling <>ad. 0' wiU>in 
N, IN,) tho vol • • 01 H . , .. oru.,,,,.'.,,,,king lood. Th. oigo"'''''tor'' 
ttHr shop" QI "'" buckled ""', • . "",,, ... 11'1. ,h.,. is "" physa.1Iy in .... >Iir>g 
-'100 10 Equations (3 .38~) a .... (3 .31101 -..u"" tho .~",a,"" is "'" 
invoIItod: in f.<1. _ """ igno<. t~. m . «opt ,,"on wo <:on._ . n. ym · 
mOll""I'I ",minoted oomposi. pia_ (0< whietr . Ith ' .... <111 ... , ... 1 aqua· 
IioM a,. coupled ( • • • Section 3 .5) 

Wo " II u" 1_ 1"""""","'01 ( .. """. .... ;0 r."","" in ptoiliom. 
_"'II .,-,<~1irIg oft., .... Ir.a •• tuoho, "j>Iofod tho .... 01 pia .. sup
port condO:loru> as noIat""" .,.pla n. IKlrainI n Sooti<>n 3.7.3 . 

, , • 



_"'_ .... _ >OS 

3 .7 .3 In·Plono 1.o«II"II.nd Rat,.lot CondHI"". !o, P!.los 

On., ,ho c •• _';" ""'f"'"'''''" 'ro'" """'0 .... "' ''''. ol.lo o~",," 
tIlo b<.<:klir>g k><r<I . olOOOgl> obsokJ,o ,0mpol'OJIO do'orm"" on o prop • 
...tie."r I~ . ,.'''riol in'''''''od . .lnd thol cr..ngo ;" lo",po,olo",. ~ on~ 
til""",*""" ~ .olIJmo. moOl Ioke placo ,.~iIo """'. form of appropria'. 
, ...... in1 .. ;m .,., bo,. pOot • • '" ot.eII "", •• mOf't. Thol io. 1110 uniformly 
dioIriI>uted ""'IHllaM " eouId ;OCl ..... !rom .1<> .... "'mp. ""o,. fo, """'. 
Ii.,. .h .. I,.. tw. pial • . or",," .. 001 , ..... O>t<l in ' n, "'MO' ... """" 
fra 'hormal • • pa"""" """"" .. ~. p1.>co. n . n. I some type of in·pI .... 
I ..... Oin1 " 01, "'''''''''*'. IhO ,,""'om OII"",pa'.' ''' """nvo 10 "'0'. 
b<.<:Uov "",old bo .. ojjllt. Ho .......... ona ' 'onlp"'0''''. c~.nl/O _ . ,." 
"",""0 ,n. 10"""""'0" ., "r'I)" ,." . ~". opp""""" 01"", "' ........ 
<ondit"" . bin only "'" cl>an(JO in ' omp . .. ' .'o "om '~o in".nl 'ho re· 
""'''' ''''0 ''' ''''0.0<1. In _0. 'ho 'empo,."',. d .. n~. ".",, "" .. 
co .... nl 0 • • ' "'. ""Iomo 01 lho _0",1 .Iom. ot. Thus. wo . ,. oon· 
<o,". d .-~ ""'" • ",_",.1 o1omO<1l n.vo~ "'. , ... , ~. 1""" 
•• ,0u0I't _ ,iII.,ed '~< """' _", oodo, •• , ..... <!<Io"""' ",, , .. " .... 
""""._ W. w;o "I .. cr.....,...". "'0""01 ~kI"g """ 00<0' "'~ 
" " IOInt bitt wl~ _ 'iol)" """""I!o<m chn_. in 'om"",. 'o,". 

$omo """""" ;,,no of in~n. m ...... "'Io' .n<! _,11M"'" ot 
'. __ ' 0'. c~. ng. pfO<b:oo plo'. b""' 1ing who. 0 """"in , • •• 1 01 "0'. 
po,a,,,,. <ho.1/O Itt..-. Fo< .'0"",'0.' "", ,,,,,,,,,,,"0'" chong. itt 
<o .... n! thrc!<.Igh ,h. I" "",,"" 01 . pial •• buckling """",. ""'" tho 1101 
","' 0 . ' 0 "1' ",1" "'-"' ''''' <hongo 110"9 aHo, ,h. f ... "","" " 00' ot 
'e_.'u,e cho_ is a ppliodl, _.v.'. OIM, combina'ions 01 in· 
pia ... odQo to."a"" orld ' . "",o""u," ~""9" _bot"",,, p«>d""o """" 
bon<ing , bowing, '" <"'<>Ii from tho io,"'" ,ho, tho !ir .. inc,,,,,,on' 01 
"' __ '0," 011&_ .. .oppI~. H 'h. ',,",PO'.''''' oh • • ~ diol ,"'o,""" 
•• _ ,htoogh ,ho _." ... ot a pia'. in • mOOMf ,~ot is "'" ..,.m_,1c: 
,boo! 'ho pla'o "'_ ... rl""o, , ~ •• 'h. ploto "II no' " rMln n., •• ' ho 
"'"'PO""o" c~.ngo .. ine, .. sod in amplm>:lo. I .•.. ,ho plo'o ..... _ . 
bo",. IX <"" a' ,n" inslan' wh • • 'ho 10 ... inc,,,,,, • • , oI'ompor'Mo <ha nl/O 
io ~, i,o " "" ~k1ir>Q """"'" u_ imo a din.ron! modo ., • 
1'Iighe' .H. Tho m plo .. oose 01 , .... rMI load<>li lo, o. '" con"", ... 
""ati. ty onio,," I.mpo,a~,. <~.n l/O dd,illution . an<! w. will """"00· 
""'. on ,ha, < • •• in 'hi> booIc Ho".v.'. !mm , .... '0 'ifl., ". wile'"" 
_e .. "",,""iIorm tempe",'"'. eM_ dd_tion •. 

3.1.3.1 W!>It In-PI ... 6 0u<><I.o,." Cond~~ns can II .. " ~ In 
lh.,mol . ndIo, Mochanlcal 6 uo:loU"1I7 

Th. p';noO>at In--plan" , ... ,0;", __ .... r\' ;. OIde' for '''',rMI b""k· 
'ng to 0<""1 undo, . '*'"""1\< unik>rm 0' """""IIof", /emp<tntl_ CMnl/fl 
d;,(rIlut"" io on tho '.'Pio." dlsplooorr.ent no,mal '0 tho od!It on ' .... 
0pp0SII0 «IgK of • ,""Ii"~' pia' .. T ... I """"", "'-""'". <Ii""",",,-
mon'""", '" , ... t ...... in ..... man_ II> , ..... ' ra thOt""1 ._noion 
oIlh. pia', In 0.- to _oIop ;n·plo"" ""~ '0","" lho' <"0" 
th.,mol bocl<lin9 '0 orxw ""' .... . """,,;on,,, n;go 'o",,,,,,o'u,, o~ongo itt 

, , • 



- ............ , .. __ ...... 
,.«hod. Also , ... i,. 'M' ful l ,n lrain! o! 1M io-pro .. diopl"umelOl 
"",mal 10 ItIO ploilO.ao.. "" IWO QPP<>Oit. ~ po rm', . "" mochon",a l 
IOIC .. IO", app.lo<! io thor io-pl.an. '*""''''' ",,,,ondicLda, to _ two 
~ .... I>eca"H io~n. m.",. .... , nt "_ o.d eo"""" <>CO"" 
"'U", bLlClOOg ...- me<:Ioani<:o l _ng coo",,, "'ko p"",", (o.~ •• io 
"'. "",x, ",b_). Tn, i'I·pIon, '"""..,. .. .,,, ""9'f'II lo' to • p"" 
.dgo "n • ..., ... rootra"-l '" "'" ok>w Ire. ""'moa' " po"""" ."'''11 
tlt • .dgo and. h' ''''',!h. f • • Ua'" would eauso thorrmol .If ..... tM' io 
tum .ould 0 ..... thor"",,1 "ucklOtg ~ til • .. , ....... ro togh """"Iln. T he d."",,,,,. to _k~n~;' bo ..... 9. ,yrr.v, o r _o~ U .. , bog ... , 1 'ho 
fi ......... ot that 'O """,fOM O oho_ .. 'pplio<l, i. , ,, "" <_n) bocl<)rog 
.... '" occ" • . loading OM a.Jwo<t condit"", .. , nll'-""o Iobora'otiu 
aOO in oogi" '''in~ p. •• tio, oro oorot",>lOd .. thO I<:o/IOYoiIog \0 _n. 
"'o~ InlllJ."". on bucl<Itng uOO., both ,hormal.M moeMnioallr»ding 

3.7.3.1.1 Lood VO""," Oiopioumen1 Appllo.Uon In !he Lobor"" ry 

H • di<j>t.o . ... "', io 000""" to 
. Io.d, io mocMr.ieooIy opplied, !hon 
. .. """,,,.1 OItmOfl! ........ l or ... -
pot ... __ oy ,_", .. I in _ion 
to. m",,!oatIiealload" 111, diroction 
'" ""'d~co.,.",. O ...... oomem. 
con be applied w_h • scro w·typo 

"""';nQ mac""" """ '" ..,..,. Oro 
ow"<! by _ d·...,.;g.t IOadVog '" 
hydr. ulic loading I"MChinM Tllfn· 
iog 'ho o<~ ... on. <e«w·typo load
ing machino 0' load ( .. me • • m 

rr'"""~ "" '-'''' --fl <c.,.,. ..... ,,_ 
,." .. " ... -".,_ .. 

._. -.-
'._ ... , I 

FiQo" 3-78 """'., , .. lIud to . "~H" 8<r • • ·_ '--" ",_ 
M W position 000 t ... OO:feW1I kH!> 
"'. Mad., tn., po&IOn l""'ich io ~II~ ' llio ""m 01 ~ .. e<>Ilod_ 
pjaoomont IoadVog or _ om con'roI), Tho heod <:<>mjlr ..... s t~. 
oIIjoot, .... ming ~. thOl""'''~~, aOO '~us In'~ mocll"nCa I 
Iaad. Who. Iho oo,O\ •• .top tum~. 1 ... oppti«l ~SP"';o", ,", .. hold 
,.10,;,.". """sIo'" toy ,1\0 pod .... '" "'. ~ hood on "'_ ..,..wo. 
Moot load t.. .... 0"". "'1y ., """'",iori ... ,. Ioyd",uliooly <>po,.I. d ,,~II 
.ooy """'otiea'''; I"01t'""'_ bAd-.ppieo"", ",,"'rob. ~ <>on
tfOIs ." e>pabIo ., appi)"~ load. displ&eefl'lon' , .r strain A.ho""" 
diopla""""''' ",n Do ' ppioo<l , m.n~ """"m k>a<Ing mac"".,,~ "'" 
Oliff "",,"g~ to flIm • ., porlOC1ly io pooitlon whon • thorm. 1 Iaad ... pplio<l 
in .<Ution 10 tn. _"",. t bod t ... , is Do~ hooIcI Ith.M """hin .. 
!>avo. I,u ll' load o ..... oity. byt ,olativoly omd .. illn ... ). TIwo! io , ~"~"II 
lhe """",mon <X>Jld move Ih' . _dly '~ed· _d, A _ (",m. 
wi'" lou' "",ew. ('wo "" M<h _ '" Ih' plalO) io t,~;::011y ""e, 1M" 
ono Wlfh only two ......... , Ttl ........ r>Otd OI .. n .... is Impoot.nt 10< Plato 
"'.,m.1 _9 . xpoMi,na. I.bcftlno. ".11 _ ","'.0 •• • 'vo • 
,,_noy 1<>, th . _1~ moll. "h~ n & 'hor..w load is appIiod 

, , • 



-"'_ .... - ,., 
For. ","'. , odgo dispo.c.m. n, c,on be oppIoO MIll. IDadjng mo, 

eh .... ,110, ..... , ...... "'0 ""_ .'''.,. oM ..... i'I FigHt, J-7~_ 
Aw'I''''v' ' ......... 1 _g 10 on oIliod" w"," 0""" '''''s' "" 0 
eon be quiIo " " Io"l . • 001)". bo, " boi'IV _ . tMll • ..., .. ~ • • ,j" g 
bo, e." bo p~eo>d.rouno "'" baf 00 tho _, _. noIl/Of ID"", Ic.ad 
ltam o. "ho.llog bo, 0""_ thO."...,;.n.n."" ... n ...... g 0010 to 
owly ..... t to "'" "*""'0fI .... """,o<l!lbl)" to "'. bod Ita"", 10 """' • 
.. tom. HowO"lof, tho h • • ,i'IV bo, to< . plato mu .. b . moeh "'go, 1I1an 
1m • ba, •• oo tho """~.bIo ..... , 1=0 to ..,. load Ita ... m",t bo ..,. 
eoumod rOf. Hoatinll tn. load lrom, ...... I/j' , .. uh in __ '" .... 
eh.nicallodding beca""" tI,. Ioo.d r""", toods to "p!100''''' th orolor. ,.1uso """'" 01 'he mocMn""lloo.d b, ",,,,,, mont o! "'" IMding ho.d. 

Aft., • d~.m"~ "". 1>0 ... apoIOOd 000 hold • • ,om ... ,. ,,,,. 
eh.r>go CIIn be .~Iiod.nd ( . ond"'" IDad «l"~ to "'" applied 
dlsplacem ... , . r. h;;" ,"""III>, 'he plate .... btrllo_ T"'" 10, "'" oueklrlg 
IOIId ClIn.' com_ or • .-n.aolCa' co_ot .. " e ' uo 1h« ... 1 
eornpooon' in a _ .... 1)' 01 __ propo"""'" 01 "HI .... O «>..,.,. 
M","_ H tho mocllonat load 10 sm. l , 1tHI thomI. 11oad ,,",-using bul:1<'Ong 
.. "'go a M v;co ." .. _ T .. comP't' m,_" tnS<JMg 'no' •• _ , 
!ypn oI oimpty ouppor1od Of e .. mpod odg ... " . 1he1iv, 1y """"'10<1 on 
pIo'", i'I tho Iabo,.'ory 10 1011 '0 111, do..,,..,, lono oIupertmont1 1 """" in 
Sing" , """""', """ 1'I. u..- [:1-111-

3.7.:!.'.2 loading ond Restroint Cond~lons In Eng~~ng P,odica 

Wh" nOf 1M loading aM """'. ,, eondI!io-n. ovo .. blo i'I tho o"!li' 
.... ,ing """""'"ry a ", .... oiiody 'PI'~.blo i'I ony;_ ,o-.g "",tic . io 
_""""bIo.nd. "",flof ",_, ring juO;Jomont. Tho importam .. 
OIJO io \0 'OC<I;hi.!e "'" 'jP" of .... "'inl ,11018,0 po.- "'" ' ho" of· 
feet> , nd ,hen to be ""'" to <Ioottr 1tHI "",,,,,, ' "'' ,,''' """"~io-n. t'" 
. x;., "' 'h9~ "",01" •. For ... mpio, CO">ide< tho >01 oI 1,. m .... 
'1'''''. "'ingoo". """ rib. of <fine",n' _h ..... in dlle,onl dj,,,,,,",,,, on 
• wi'I\1 .... ""'Io, "" .""",11 wmg or On . "i'loned ...-go """"I in fy..-o 
3-H . Tho t>< . . .. ty " .. "_ pI>,. IS !_"',,""" '" u""q .. ~" i"""" _Oh' ''' in lho two dj,.",Ic-ns., tho plo" odg .... 0 ... , • ., 04 "i'I.,..,,,, 
.. "' .... '.,a",' ... lho 0 ..... ' 'Ignf 10 fillu," 3,1~ , T .. h ....... .. tI ....... 
~ no' " spond quic1</t i'I 'he y~ '" ' '''~>''''''",. _"I/O, n' .. ... 
lho _ ..... ,,".,.,. (_ltiJ prevon' "",,,,,,,,I "PO"""'" 01 ............. in 
tllo y_Ikoctlon_ Tho IoG nt .. ;non"' ..... va so _ "tina .. 'na' tI,. .... .... 
• • pO. .... (""""*lJ l roo ~ ... 1ho ,"'''''''100, I,joeha...,,, Iood ,ah "' ''''' 
COplod in tho . <lifoe1"., """,u .. """'.""' .. <0" "'~o pIoco in "' •• ' 
dil-oct"h. Ih ' hio ca .. , 111 . ham • • 'n "" . dlroct"". tho j ,dft<,;on, aro 
", .. ;r, u '" bo """"""', to4 by ,;gO;! ro. t"i'It "t in tho porpentk Uiof 
• ..wO<1ion, tho ro .. ",i'lt is 00 _ .. '" be nag1Ogi>lo. S""h """"';. 
"",,;on, "'" a May. """"OMry "' onginoo,i'lg PfOo"<:e unkI .. 8",,1y..,. 
10, _ . p..., ......... Iu.t.Ions . ' 0 " d oOio ond ..... &ot",1 .. illh . .... 8'0 
~"""'" 10 ""'". ""goree 01 "",<;ioion or accu,ocy. 

hom" ... 01 ,h" type oIloodinc.land " ..... int Include .1tc,.H wirI<j 
.... MIo.nd '"""'110 ......... s ... F~" .. J.-l~. Wng pan, .. ' N " Mng 

, , 



• ,. "<J"'111 . q~ ;" ... ~ "- aJl~,' _ 'E~_ 
,K ~ ~ J ~l~~~~!&~ig 

. 1 G ~ ~ ..,. ~&!H~E. l; ~.r " I .. " -0 2' I • !l~ 'Ii~~1! '" • 
i 

, i . ,~ ,,,... ,. --,P"..J ~ - • · .2!!.~"'lir .~ ~ l T---" ~~ 1 H ~ :.£! 'J! P ~a. 
I... § ) .; n~~E~F~ !l d 

! 'V i 1 ; -~!HhHt ! 
I I ! . !; io~~~.p ~& ~ '" 

I ~ o[ '5~ '~ !-~~!~ !'2~~ .t .!~2i<U&H.I!P-!~~~. 
; ~ ~l i ~ iai~~r.!1i~~ ~ ii ::l.; ~i~g ~!,~ ~~i~ , ~ ." 'I ~.!;;;3.l1g£ ..... E.!'lI1: . 2~0l!5-' . &g ! • I .:;1;- ,. ~~ ,,~ ql" -I !1.2!"~~~t:l ':'O"! 

' ~ Ii 1; P' ~8~ '~ '. - ~ ·~LH,"~E~!~;~£ · d.& 
! .jJ . ~ _~ ~~~'~h~~ ~ ~ d:!hUI;&~ 'i'II'h l ~ "-~ ~ .i n~ "!l1:1! .1; $ .!! ~c ~-~'lISiu-,.'.,,--[j: ! "" ,! , 'j',~ u:;; ~l ~ w .i;ij-:;-" f;H~ ~ ?i" '" " c ~Iioo~~i~ :! .Hl<>.~;;~- - ~Hh~I~~ 
I "ij ';;y} llfdhhl s "dm! iH!Hhl 



-"'_ .... - ,., 
""""' ... , ,."tlonship bet" .. . tn. '.""'''ing _ . arid t~. odgo """"01 
diopIa, . mont 1 .. t~.,mal b""k l~ Io.d • ,,;gIl . .. "', '11g011n-pr. ... 
OIl',"",,'" _,a.M' O£ tho In-pla ... no""o,.,.th~ ~ <>0-
c,". " " .. ifl".... ...,,,. In .... ...,~ 01 -....,."' . . .. ;"-plan. """'I/O. flO 
, ... ,. nt .,ioI&. 00 t",mol buckling <an,"" occur. Aotationol·odgo· 
"",ont "P""go . , • • ..., "",",10 l;" ._"" to .... nliol ;"-plan. ,... 
_1m 01 ",me I\'P" to _.o,p .... "...,_ .. ) .. oI>own" ~;g..,. 3·8 1. 
n . ·in!:nitoly still' limil to, , ... "''''00",,1 ""ring> «><tospondo 1<1 lit. usual 
cBmpod·O<Ige corldo"" wiIh . Ili~~ .H . Succc"",oly dect.ooing t ... 
"""ne", o( 'he rota!.ionol '!>rin\IS .... d. 10 'M lower ";.,,ply ""PPOf1ed 
odgo pili ... ""'_ ., ~T lor z ....... "'n ... ''''0, ,,,,,,,1 spring>. 1 110 in-pl ... 
"" . siali>nal sprino' ' noel .... ""IU ,. and .. oO. lode 01 .... prob<>ckMg 
tt>trm. ' .... ~ . ....,.,. .... ' .. "'ta,,,,,,,, spring. Mil. no -"~ on Ih. pl. 
bucl<lioo ' '''"nal lo. d . bu< do .~KI tho ...... 101 tno 1'-mo1 b<ooklin1l _ . 

. i@==®,-

ThOt mo! buckling C4n OCCUI lor • _ "'" ",,"""totm """_~""" 
afu"9<' . . ... ;., tho . b .. """ 01 ",.,,,,In' 01 tho ... .p.n. ~lopja<om.fI( 

"",mot (Of " " lI"ntiot) to 'h. odgo. T""I". no odgo .... '.011. ,.hol"" .. 
• , • .--ded 10< thermal bLIC~in1I lO occur I lI>o lCmpe,.Iu<. d _ __ 
10 lIOI'Iuniiorm bocau .. ""'" .. ~ .• q.i b"ating '0"';10 and comp ....... 
o/,.ss .. ",T <ie'"t>Jr _ . , ... .... '10 0'''' ..... 1'il""-'l bO""""'Y ,. 
.... On!. Thuo . • <4nlrol "1>01 spot' In • plot. «1"10 0&" 00 bu<klir>g ... tho 
"' ..... in1I .. onn". Tho "'" _ ,_ 1<1 ",pond. "'" 1$ '"', .... ad b)' 
doIo,motlo n oofl'll"l'bI"1\' ...", 'ho OUfTQUndlng ookIt, ro __ 'ho' " ...... 
to • • pond .... loading '0 " comp",' • •• ·oqul "'ro' ;.,O . ' re .. r .. 10 01 
oomp'e ..... .. _ ... "'0 00' opot ond t • .,. N .. , ....... in ,h. co _ 
loglon. M '"" ' . .. po,at",. ollanll"" unlkllm th rough ' ho '"" ""-. '''"" 
at """' . ...... ' 01 ' . mp"'. , .... ch"n\lO. o. ,h. 00' opoI yolo 00",,". ,h. 
comp ................... ;., .... hot _ cau .. tho ' egion oItho 00, opot ' 0 
bucldo. H ,1"10 ' . mpo""u,. eh>n9" .. not uniform 'h~h ' ho u,;.,kr>ou. 
th .. 11,. hol opot MIl ~ ~ 0' bow'""" ,h. ' orr 11,., "'oto .. thol 
tile ' etnp<r,a'.,o ollangoo ., applied. 

~ ..,atiol\" un"""" """po,., . ... cho"go .. "'0 moot eommon_· 
otlon in ""vo-Ing Pl.-lit • • Yeo. SpIfOI'" tt tnp<r,.,u,. \Jfodiont. "" ,,00j 

;., moroy p,a"h:a l p_ .... boar. .... 01 h • ., cond<><1lon .... t occurs '" 
<WIo_ ra'os 10, dill. _ ma'orials . ~1oo. _ tiol'O<rrp"rat ur. IJ'lId ionts 
• • 111 10< '."""""ol" pt<>bltmo '"""" 0$ ollllow "' ... wing IIo.d<\o to 
"""V P''"'''' wi " """""""'m ",-pia"" totnp<r,at.,. _ ,,',u''''''' ) . 01 
OO UfSO . .,..'ial t.~tu'" diot,1lut1oos aro the most comph::. t . d arid 
"". , .. hOg IAo "","bo, Iho C_ ... CO,"", may V"" w.. in in, ...... "V 
1i"",. 111o 'rw'. I>uI tho)/ . ' ..... 01 'h. """P" '" I~" _ (0"""," 10' ' h. 
tIl"'1I9M h.·t""'''''"'' t.mp. ,a' u,. ""rio,1on 10' abo,;" Sor:tlon 2.Q.5). 

, , 



"0 ............ , .. __ ...... 
3.7.3.2 1rW'1 •• , Dloploocem, n' N",_,lon 

In most bu<~~ problem . , ....... m '0 b, prim"iIy """"",rood "l:~ 
,,""'hot ' pio." No, """f>II' "-"""'od Of d.mpod edge •. ; .• .. , .. loci< 
Of P'"""" '" ",tot""", _ ,.inl '" tho odgo,. _ .. or.""", wiI~ 
11\0,,,,.1 buclolog ". "'. 0"'" ." .".,od ., 'ho " 'plano do.pIu' '''''n1 " . 
... ""'" boo. , .. '''y. '00, ..... . .. ",."" inllu, ,,,,, on ~ ..... u •• 
itoOj' <leO .. "'...., tho ""IU " ot 'ho p'."""ki ng " ·plo.no .. , ..... 11\. , ""wo. 
bucl<500. 01 «>ur ... Ih. "".,10 .. , .... ,0101 . ." l.oeI; ,,,,,,,,,, ..... 0111 
>Ir""11'f in""""" "" act"", _no Ood. bu" "" now, w . .... ""'" 
eon",'. on pnyole-atv ",.'";,,o,g t ... n-plano dio<>l><omonl .... "'"''"' 
W, """""" , ''' "'plio "" <">plocom~"'" 0' th' pliol. W'iOh t .... '" '" I~, 
to""wng ""'iniIion, n , oubsc~_ 0 and t do""," tho dif<H;,_ " ,.~ 
"" ... of I~. p"'" """",,!.0<1 l.ngorn;'11o m. ~ ........ con sido .. oo.. 
as., Figuno 3·82. TI>o ;"'pIon. diO!>loo<om. nt _110 tl>o odgo. ',." 
olton, but no! 0 10 .. , • .,. .. Ih. k.y d ...... co., • ., .. . u.."". 1 bu<kW>g prob"'m 
ond , on bo mod 10 bo z. ro •• laolico.ly , .. u.inod, '" 1<H , r "" ;".pI."" 
dioj>t>.""on' W>gon,lo' io II" odgo . ... , "", "" ...... ,. p","lo",. d" • 
me""""n. p'obockling OQullib<jum ""10, oft ... _ely unro_ined "' .n.,. 
man"., (,._, kI<.n • ....,' .. 1 r"ed poinl """,. who" to ."",. 01 '>0"" 
body moIOoOI ••• 1'IO<oQh 
,."', . .. 01 ... . On It.ad 
",,,..,kling. Tho tar>gen· 
~.I dIoolta.com.n'. 0" .o ...... ..., ,, .. ~ ......... 
tico ly " . n ino<! Of lixed 
to ... ".m. "ld _ 
condi """ u .... I)-, but _ olwa.,... , ,","W "' 
_ romp'" ."bud. 
IWog __ !urn ... "', 

II>on tho .... 010 mom· 
.... n • .u-.... ... te, or 
,,.. ""''''tained "'n~n_ 
II., di>plo.co mo .. ,""", 

1"·-.. ,.-....... 
~~""-==;-. , 

"-I 

I, J ..... , .. 
3.7.3.3 'n-P'.n. Bou_ry Con~R.,n No",.,n 

J_ ..... , .. 

W. __ on~ "" __ 0' Qf porl"" fi>lod Of It .. 1"",,·.b>tt1 
" .... nt. on Ih. ;,,-pIon, 1'P) di ... Ioc""'.n~ Fo, """h 011 .. ....., in· 
pio<>o dIool"',ern.o~ un . nd .... 'hero oro I"" choit:oo 01 OO<dtions : 

1M a.0'" !d0'o.,.",) 

2 NR ill'" now.nodl 

w, ,,"va .,"'_~ ,on._ .*'o of "" .... Iit: 'hl""iol ~0!1e •. OQ 

.,.. ar. con<:"m4ld "ih only four pout>lo In·,,,,, .. o ..... c. mont co ndi· 
tion" (oac" wiItI .... P~ __ ed or clomp,.; odgo ""aI"'" ""nd • .".. ~ 
001)" '"' •• ., ~""$Y.""'· .... '".·p' ... ·""rl""" diIp"",,"m. ,' <,<,ndillon. 
w ~ 0, and '"' zoro ,,,,,,",,,,,,,,,.11'>"1'_ tHlckW>g <">pl.c. mo .. CQndi· 

, , • 



Tob" H 
-"'_ .... - '" _.-_.".. 10 __ 0;"" " ...... R ...... 

,~ , , 
•• •• '" ~ "" '" ., N "' ., "" "' 

lion. b" . O. is """'0..-1) in T_ 3·5 ".ao..tie in ·plane ... "aim" 11'."" ouch.o with oprlngo • • in Figu,. HK,. tn. n. ,hltO ca' O!lO'Y (R 
1"'''SlO: BOSl"'in1) must Dot _10 T_ 3·5 "",'.o~ to. """'~ 01 
possiMo , .. ""In' «HI"II>n.tIon. on oach odgo to ".,. (3 ). This..,.._ ""rr_ '0 "'" _pia,"" 01 .0.:"'<00." .., .. __ ry ~. 
(3~l lo, pla'" ", ~Q""'''''' ,3.$7) orld 13.$$) on pa(lt 2-06", w'",n ' no pr<I""_ valu o. 01 tIioptoco",""" orod k>",o •• '" oTwoy. ' 0"'. Thai ... 
NR """ o_rld. to "" ,ollla" 0' lore. I*no applied in thot d~oclion 
(NR . N", R. otminadl . nd ZM to . ,."",'n' c."" ... "" dispIocom."' ", 
_ d~oclion IZM . Z. ", Mo."" , ",). E<>eh "'111 .... nurnbont in "'. IP 
dooigna'<>n io <Ie",.,.,. 10 ,h. in1'~an. bouodoly ~ 01 oi""4'/v 
OIJpp<Hto<I 0' or.m~ .dg. C<>Ioilio" . In F;gu, •• 3·,D ond 3· " on P"9M 
247 .rId 2'8. , ..... ,''''.11". n,;. ooI.lt;"" .n.b ..... , 10 """"en!,.I. on 
only 'ho in·plano _r><!,ry conditio .. t llol aHOCI 'ho pr~ "Guilt>· 
,",., lo,<os ".ttou' 10 0 nu"'_ 01 ~ .. o 1110 .... 1oY. nl ... u. (~, 

til .. OGuiibrium ..,,""') of _110, •• oh """'" is Simply _rtOd Of 

c .. ...,..t_ Tha'''. we eonsldor onll" tho in.pono 0",-..00' bourdary 
c_'ions 10 obtain 'h' m ... b ..... P'. t>ucUod oqullrbrium ala,. I~ ~ 0" 
.... ). n .. "",-011'10 .. ",Ia,,,,,,,-I Of k.n" .... '" I •• pia'. ",-",oc. con
""ions do. 01 <:o . .... "''''"11'f .nOCl rho va". '" bo,h 'ho t!>ennal.r><! 
m,","",nic31 buckling 100<1<. Ho""".' . ...,... _Ing bods cannot .. 
"''''uio''''' ""HI I . . ... ...., .... g . qul b ................... ..-od_ 

1-10 .. t .. , a plol. wih IP4 (NR·NR) _ry oondi"'.' 0. 1"", "". 
po .... odgoo 00.. not buck .. tIHorm.".IOf 0 uni10rm ' ompo,a"' .. ch.n(lt 
boc.o..M ""' .... "" I" .pla ..... " • • lI_ TIIo, is. Ih. ,..to .. 1_ to mo • • 
in ~ ..... n. will> _ IP' _rdory oondil;"",. 00 oW;""I;"" '" a 
chango in ' ompe"""o m."'11 .- In I, .. "'.,mol • ."..,..;on 01 ,110 
.... '.10 1110 <it«lJcns lIO ,m.11O , ho I"", ~ • . 

Tho v"<iouo in-pto .. __ ry ooodiIion •• ' 0 d.pdod ~ lrorn 
"pOinl ot v",,, p<'poOOicul'If 10 Iho pia .... of Iho p""o In Fig"" 3-8.:1. 
fa< 'P' . Iho odoiIo 
con' """'" .. 01-
IlH>r the n· Of ,<It. 
_ •. FO(IP2. 

a ""100- c~n """' • 
.. "'. ,,-u.oetio". 
IKI1 "'" ;" ,h. ,<Ii. 
.""'"'._ Fo.,P3. 
tho n:>IIo .. """ 

'" '" ", 

, , ... 



.,. ............ , .. __ ...... 
mo,. "' tho l-di<ocIion. bul "'" .. tho n-dirKOion. f ... ly. lor IP4 . Iflo 
0Il 0t<l<>.1 0011> c.on roll .. ""Ih tilt n- .M l-<iwoclion •. n ...... -pI ... 
booonda'1 o:<>n<IIion" . ,.""""" .... 10 ""In """ 1>11 _od . ..... 11 •• 
olomp«lll~~ odgoo. S ... pI)' .... pOfl"'_ ,h • .......... ""U_'1 """" 
<101 ..... on _ Ih<o "mpIy ._no<l 0< I .. olampod odgo boundo'1 
c..-.dfuo1._ Soon,_, 'h. ",-j>b..' _ndo'1 """;""n d"l''''"''" is 
_., _ • """",,,,,n ." t~.,;j 0< .... ply ~ odgo" i,o .. on 
odgo ·"""tion condi ion. AItomo.I"'ol)', .... &imply _ oal 00 Fig"ro. 3 · 10 
Of 3·1 I on pogo. 247.nd N8, , .. poo .... I)', 10' doop;ction 01 1M ,.rio .. 
.... . 1)0 ~.,.;g. .,.".....,n. or YO""', o"'",pod o<Igo oOMi_ 
.. ~.~. inctu<Iing'" ",-pIA .. cond i ..... , 

3.7,3.4 C"'"pallbllOty 01 8ou_ .... CondIlIono.t Co, .... and 
on Adjooenl Edg ... 

Tho I>OUrodO'1 oondoIion .""..,tt""""". ,;bll!ly cond;tion 10 

1$ ..... cIio,oOrum. n'" on 00010 01 "'" I"" .~ (.,~) ~I/O' 
. , on __ <:0<_ of • pb'. m.O! "" CO...".,,_ writ~ "",,10 o/h"".1 
"" """'*'"_ Tlo • .. "...". .. , di.!pil«m.nl '" ''''og odfIO A muM "" com_ 
piU_ "'~~ .". "", ... ' di5p/K_en1 "" on ~"' f<IIIO 8 .1 co",. , 
A·B. Also, ,10. "",mol di~<o",.nt". on "'*'" A mu .. N 00ItlpfI'_ 
rtMr ,10. ,.,ol/Ootlol""""<O/ ... '''' "r '.1>1>9 .~ _ 8 or."".., ... A_B 

Corn., """, .. !Ni, OM oOjourn-Wo' oornp<>t"'kIy "' whO;h , ... 
"",n",-.eom .. t.NIIy oondoIion 10 .".ndod to IhIl . ntirely 01 \he lwo Odjo.
coni ~ oro part 01 , .. _ -dO ..... ...., .. , no,"," 01 pial" os OPI"'_ 
to , ... ono-<lmo.""'" ",tur. 01 "ro. W ••• '. do....., ""'".. coon
.. ,ibi.y In l, arod now, !or ""iOOrm to..."..,."uro ch.n!1Oo, wo ... _ ... 
'dj>con'-Woo com,,'iII'iI'Y. 

Tho l>Ou"",,'1 oondoIion ~'"'-odoo"""""",''''1ity corod' ''''' 10 

UncIff oood.lions 01 .'"""'" 1"",....-afunO "Mng<! OW< "'" 1>"'" .. ,.,., '10. 
"""~ of, .. boundary <r>r>d."", rom .. <OmPllrilJUy condiIIort 
." •• _~IIc'1!- .>10_ It> It .. ~"tW/y cI "'" odflO ""no I •• ""'_ 
~od poAbIy IQ I •• " ntW/y 0/ borh ~<P<-<r"' ,~, 

" 0 ,H Is .. ""Oed Ihal is 
unitorm "' 'M y-diro<llon. thon 
• "..10 to"" 10 "p'''''' (con
t...,,)., 1M y·di<octi<>o uoiIo<m~ 
al ""o-rt pen .. tho y-<iwOCl"'" imo."._. '" an1 "",,"h'~ .. 
tIto y-dir<>Ct"". HoW9V.,.., "" • • 
"'9 On M9' <00"'0"" 01 zero 
"'" ,"",.mo.t " ,h. y .... ""tio-n 
_ a ... ot , ... UHm O<Ond~ion 
(11'3) on edl/"' B """ [) .. Fig. 
"" J-1!-4 "'pIIo, ...... tho "",,,,,, 
,.,.".ment 0/ \he !>Iote .. Ihe y

" __ ..... _ 'P)on .. Ed" .. 

diroctlon m ..... be zoro .. 0.0'1 """", .. tho plato . Thu., ' /to<1lvo/y, tho 
boundo'1 «>ndIlIo .. on.,;go. A OM C oro IPt os _In flguro 3 ·&5. 

, , • 



Those oIl<d~e b".md.ry condI· 
tioO".,. not "o"'od lot a 000· 

unioml ~T ;n tho y<l~o<l;"n bo· 
, .... &' 0 0, ,,0;0' .. .... pIoI.tho 

tnov~""" C<>uId". don.,OO4 ('0'" 
tnal 01 a".,. "'''Of F>Oint. For l1l<I 
"""''''pti.d ",,"unlo,m ,IT .. tho 

H .irO<1;'" (be<a"'" .... "'". not 
, .. I,;cIod "'0 ... ,"'. 01 ~T '" .... 
• 4it0<tiD0). a"l' point in '''0 pIo1ll 
'a . ..... . di.pIa' omonl;"'M , . 
"'0C1;'" .,~ ., 0<t.I0s A .oo C. 

~ .... oppliod ,n ;, 0100 unl· 
1(1""., 'M ,<lo.OIio" .. ,,01 .. 
.. ,M y<litO<1;"' . 'h~n ",. '0"'" 
....". 01 ' '''' pIoi. I<> <ltl""" ..... 
.. "'" "' ••• ry F>OInI Imp,;o. ,h.I 
!!>o m""omont 01 Iho plat ... l1l<I 
. ·ditodion muot be ZOro nl "'1)' 
point "'~o plot • . Thu".oH.clWo/y. 
"'. __ I)' 0<>"""000 0flI , oro 

-"'_ .... - ", 
.. n ~ r. n 

u u u u u 

"""'0"""" ;., balh !h • • _ ".d y_ ' ...... 3 .. ""'10 ....., ,p, on . 1 E~. 
"'ocbon. olon g • • Iour odgo •• i,o .. 
_ _ I)' ,,,""1;'" 'PI .. F9-I,e J-36 .. ~h • ...,., .. , ed lac$; o( .. ",,~ .. 
"""'orne<rl 0' 01 peon!' ;., 'M p-" ' . r" ... • n"",.,. _ ..... ry _len. 
0'0 no< ,.a"'od I", . non..,~orm .\T .. ,h • • -cII,oction __ LIM, ot ony 
peon! in ..... pIo'o, """"mO"t 0o . 03Wf .. '!<1m ""'t "' "".,. o!!>o' pOlnI, " ... 
I .. origl",,' ".". bouOOary con","OOo oj 11'30<\ a ll 1011 ' 0<Ig0s _orn 
_ . ......... oomo, oompat" l~ ",,,~ion '' ' ' _. not . " . "" 'o . dyo 
""....,.,Ib .... . 

! t"" ~. odgo. 0' a unifo,mly _ tod pIoto ... lixod '!p-ins! 
"~n. """,omont in on, do""tlen I'P ' I. 'h • • _ . io no "><pOnoion 
.long or ""rmo' to ,_two edge •. W tho ",,",, '''''' edo,/eo ... not II>
"". ,_ AgOin .. "'-t>Io •• ...,..0""0' (IPO). ",""o_nt <an 000'" p. ,"~ 
10 'ho r"''''''od odgo • • ,cop!. 01 COL>fSO , at 'he ,ostrained odgo. ' ' 'm· 
.. ,," (toy 'he odgo-«>mp.tib,ity wn<Llion). r M .... 'ed oil" ..... n . .. 
, .. di,oc<oon """,1101 I<> !t>o , ... ,~ir>ed ~". t>ut 00<0 w_ "' Ih. con' .. 
than ..... ' !!>o ro .... ir>ed . ...... Th. <0"'" port"" 01 th. "",. """" . ,. 
paM f,OOIf irI ,h. __ • lHI,nI"'lO IhfI ~"'_ ... ~ "' . ,en'" 
io ,., onoLigh owal" from ,h. _rain.d ._ . oo "'''''0 iIs If ... thotmol 
"'".. ........ .. _ ,0"'" 01 (I • ~rlb. A non,,""""" IO m".'.," .... 'ha" !I" 
_riIlution mi<;hl en"'"" '" ...".,io/t tho, ..... oing effec\, 

Conoido, tr.ot ;"1>1000 '.",.,...'",0--<"'.00 ~ioo Ihot .. no""'" 
1(1"" In "'. opKia', , . .. ,1c1ll<l "'""""' o( an &nlBymmelrle dist ,ibuticHt 
lObo"' .... 1I"OUVh t~. _ .. 01 t ... pta'O) .... h". ~"" I """",,,I ..... 
_ti. t distriMion 01 pool iv. 'ompo,a"" o chango .. _ , . nOll'ltivo 
tompo<lltu", d,.n ~ • . r~.n . "'" ...t . ' poooion 01 t .. plot. porpoondic u" 
1<>,,, . .... 01 .ntis)'",m. tty ia z. ro. bui. along,.,. odgo 01.".,. In . po" 

, , 



.1< ..... ....... , .. __ ...... 

perdi<:ula, '0 ,he lIno '" ."'isymmotry. hr """ ...... , js so .......... .. 
•• pon""" and ..,.,.,_ a ,,,...,a<1lon. ThulO. ""~ a'",- ,,,, ... ,_ 
'no _-«rmpo' I>Ir'~ ....,. a,ks<. Tho 'oa' opedo' "" .. js onroom 
,e"-",o,- ,honl/O , .. , ·oonv.~.· lhe oor""'·'o~I.>UIy condiliorl ,",,0 
a condi OO on '''''' adpc<in' odg .. In .. edg<>«rmp>libilily 00_) and 
Indood a l lour ""\10 . .... _~ ....... Iy. 

~ U.o ;"i>\ano 'omp. ,.tu<o-<;;,,""!/O ,.;~ io ""non·/ orm. ,. on 
ini>\ano """,om o.' can ond wil1O ' 0 pl>oo in diII.IO"' o""," no,., diI· 
10 .. '" ".,-0' in tho oloto. _.VOI. tNr "'" o>pa.nsjon 0< ccnlra<1ion 
'" ' h. pl.,.;". po,,",""', ~ ... """" io """>t'~;n • • '" bo ... '" ~ 
1M,. OI' boun<Io.ry ' ... 1 ..... 01 I<IfO normal """"mom on 'ho ' WO op-
"""". odg • • IMI oro ""rpMdI< ..... , 10 that opeci!lod <II,,,,,,, •. Con._ 
....... 000:l0 1 ' . m"" .. lu'.~ ..... _ ,i ""OO ... "'" ._,;on on • ...,. 
tM, .. Jolly ,ostrained in'plano _long ,1>0 y-d;'oct"" _ So Bel ... Ih. 
" "-,,,o .. -<hool/O d .. ""otlo. is OPllMd. rho .-d;'0<1iDn c,oss_licHr 
'" , •• pia" 'PP"".';" F~. HI1 •. rho 10_10' uNo.>dt<1 cco<l'OO. 
n o,o, PO ..,.,.""on," ._0<1 in U .. . -<fi,ocI"'" __ UM lhe __ ry 
comoions on n .. two od<./H y . O and y . b a .. _ , IPI or IP3. Now 

aWly a """"''''' ' 10 "" ..... ,na, .. no"o. ' o,m 10 'no . -<10'''''00. "Y 
.H~"'T . . .. . U . Th. p,,",. d, kr<m5 a di!J ... ", ,,,,,,,,,o,.r dioI'tor,nI , 
~ions ... oe<:or<lon<' " iIh "'" x<liroct"" ~T distrb.<"'" local 
_....", '" "'" plato Mponds on "'" kIcol "mpor.'ur, ,h. ng' t rno 
odgo~ '" ........ "' ... d .. .... K-di.",OO,. Nol. I, . , lIl o oI,,,i" ", U, • • _ 
dirocl;"'" is _ ,ibutod "n"""doIIy io ,no .-dir«tion;..t • • ,II, chongo 
Or 1&mpo,alU'" js __ "'" r:tr-u .. the 1,_""""'0' .x"."",," .. to .. 
io , -""n Thu.,!he ""'1. f,eely • • .,._ in 11\ •• -drecIion in •• 
amount obIOinod 1>1' ".g,al"'" '" 1M .arloblo ",ai. <, "".f 'ho Iongth 
a 1& got ,ho 1''' ''"0'''''''''' __ C<II'rdimn o.how. io F;g,uro J ·87b_ 

....,= j<,d. = J""\ldlr=r~\T.(!In ~ dlr = ~ a",,\l. 13..lQSj 

• 

, , • 



-"'_ .... - '" 
_ .'.', t>eer.u ... Iflo od!/O' 6 ' B ~o",o~ COM/,./ned ",lfIo x-dl"«:'ion. 
~ mu", .u~.I_ 'M •• ""_, .... ,.in, condtt"" on ..... ' .. 'm .... 'pan_ 
..,., ~n in ..... to,m 0' 'n" "","",O"'fl condit"" in FIgo. ... ]-~7c. 
T",,-, ._ , t>of"",, ~ ~ T"", .. mUS! ""I .1 'flo ... .t,o""",, Odyeo 10 p<I. h 
1tHI " pandlid pia'. baok 10 II", original (r . .. ,.in<Id) .u_~ c:ondiIiDn. 

PL (N,blo N,o 
~ - AE - (htJE - tE 

13.39(5) 

TIIIo ""'"'" oou,,, 0 unllorm .. ",in (0"" " "'" to .. _.,.. 
11>0 oinUOOi<lOl distnl>u!iDn '" " .. 1"0,,,,0'_" 1~' I'" "" ",.",10 .'IOin 
11>0 linal (_) ooOOotion ouch ""', , ho pl;>,. "'I/Oi""~. origir>allooyth in Fig"'. 3--.117d In which tho _~, hav. oomp""",, """.0 10 Ot>-

10"'0 'h o ,,,0~_.n1 boy,.;l"ry """"i ;,n t>eer. .... 01 '0 0 "'"' 
-". TI'Ioso u-tnal 10"''' a r. oIltainod ...,. oquoUng ~, '0 "" 10 got 

N;_ ~ EIL'T. ' 13.3071 

"llIo ulll> . och of .... ""0 odPot"' odgoo in 
FIgo. •• 3 ·88 con b. colod m ·NA (11'3), , ho 
odjo""n'-edg. _,.,. _'I;MI~, ,"' ..... -
menl ..- '" til. so "", <le!orma'"" 00<>drti0n 
.... I eaoh ~ ... ,. ZM·IM (IP I ) 10< _040 
,o.rm.' IoodloOO. e.g .. un"'"" '"",P"'''''. , iM 
{Fol nlOre co""", . '"''''''' lOMln'J', 1M .. 00<r'<I 
•• ry olonv ,It. ~ 9, but ,1>0 eo<no , oondO' <>ns 
I,,,,,,ln .~lkI). Nolo ' ''''' ... on one odgo ,O~. 

---
• 

"""""'10 .... on , flo _ od\lO. o Od "" "".,.. fOg..r. ~ .... _,.,. 
odgo 00"" 1'00"" "' '' on .... ""'0' edgo, TM' C-, or . Como< 
io, , .. complo'. ,Hlrain' '" u. 'o< «>i/O " irnp li .. 
IMI ", 10, 0""0 '" edgo B I't'IYot Do .... 01 ,ho 
co,nOf. Sirnilorl\', 00""",,"10 ,0 .. ,.in1 01", on odgo 8 irnplio. ttIo, vt on 
adjo.cOM' od\!O A mUS! bo zero attM c.me,_ Th ... the itt_plano boundo,.,. 
cond. <>ns "" o ojo<;o,.. odog •• """"'" I>e .....,;fiod "'"'l"'n<Iont~. 

ComkIo, . no",", .. 1 01 bo""""ry CO<t<!it<>ns 
"" Od\>e' .... 6 . 000 C in F..,.... 3--11~, Edi/O A 
(ZM-NII) ( IP3) and oag.e 8 (NA-N A) (11'4) 010 
"l'I'"'on"Y «rnpo'rblo ~, tho como.- />.8, "... 
""'0 tho, I ... ""9""'''' ... p ..... dioplacomo'" 
of odgo 9 .. oot ~ --='iod m .'.~ by 11110 
0."""' """"I;,n. "", ... toy ,.1 lho oom", tiel,,"" 
A 0"" 6 , 'h ... 01 «>i/O S ",u5I b<r '"to, Wf>a' 
.... 10' ' ho ,.oj 0' «>i/O B ~ "" Ih o ",. 
pia"" _'"I C<>t"<IiOOno I ... odgo C . nd on , .. 
~T diSlr'rbUl<>n itt lho di,oct"'" along odgo S , I 
edgo C .. ZM-NFI H1'3) 000 n ... jT mtrDu!;,n 

• ---
---

, , , 
: 
: 
• 

• 
F;:"" 3-&0 
[1000,,1)' Condit.." .,_ .... eom. .. 

In 'ho lIir«tion 01 edgo B .. unilo<m , thee ... I .. odgo 9 m .. ' b<r ,.'" 
evorywilo,o along OlIgo 9 Io •• ing OlIgo B .. ith ,ho ""oct"" bourdo,.,. 
COrKIj"" '" N ~ -l'" ( iI'2). n Od~ C iolM-NR (IPJ).Od U>t /).1 dIst.1I>
",)on itt 'M . --IIireo1)on io .on,""""'. 'non ""II" Bean havo NR _N~ I I P~) 

bo.nd&,.,. ooMlt"" .. II odgo C io NA ·NA I IP~) . ' ho n odjlteo", 0<19 0 B 

, , 



". .... ........ , .. __ ...... 
<on too NR·NR IIP4). bY! 1M> lhefml l l>ucktog could oa: ... lor ""Iorm 
.'tal ,'T .101,_ bIoc>u .. I .. ,. Is no , ... ralnt n II>t p40t~' How ..... 
tno plot. miglll booOlo 1o, a ""nunl om> 4 r dioI,IbLdlOn. 

3.7.3.5 lIoundory SupPOrt ond T,,",~ l""dlng Co""'ltlo,," 
i.e<rding to N...,.CI .... k.ol P,oblema 

. , 

3.7.3.8 SumlllW'f 

" , 

.;"",'" H IO PIoto """ r.., _ E<rgo. ,",O<! _ ..... ,'''-'' """""''' 

, , 

, , • 



_"'_ .... _ ,11 

3 .7 .4 ~ qulya"nt Mechanleal LaO<! Ca"""!'l 

In .om. ,lIo,mollo.>dO>g p""'lomo. 0 mo<h.>niealtrod Iho," oqu,,' 
olon' ", .oticn ""uoood to ' '''' P"""_ ' '''' ,m.1 ""'. con btol<>ut>;l. I .•.. 
c ..... I"" ...... "'.~""~~ oquUibriu", ot,o_. Thi. eQu;"~Ion/,.,.· 
eM"",,,,1 IN" ~IC!U\ "" u_ 10 lI"<l<Ightfuily . Xlet>;l ,lie op<>iicalli1i'y 
o/...,m. p,obl. "" 01 ~ ut .... , mO<Mnical l<>a'*'>g 10 bueklio>g LotI· 

de, _I """,".g. Fo< .... ny """,Ie Ihtfm" _n~ p'_IM. ,~ 
PfOC'"'''' Iong ....... .- lmF'kitly. I .• .• ",'m>ou" nam •• 0<1 without 

~~:i~~ ":..~l~n ~:.' =~~':.~:"!."":C,:::.,~~ bo.~: 
oqu/v~_ m"" ... ;"'1 IN. COOC6p' lor 1Il""",,1 bockling p""'lom •. 

We irnpIicrllt m.do uo. 01 "'" oquiv.1onO """' .... nicalloaO C<>OC<Ip1 
10 "'" <IUdy 01 'h.",,~ 1 Ouc~ 01 be", 10 $",-",,,,, ~.~. Tho, ..... 1m. 
moOiot. 1y Y iouo~<o. on " "'Iy .. ...-..inod bor n hoving on . <><I _no 
icaI 10«. tho., ..- lrom r . .. ",int 01 ,110''''01 •• ~n in ..... .... I di
"" fun (_ FOyu", ~·71 o. p'!!" lU) W. Iou"" '". Ir;>gio aI • mo · 
chonicallorco • • _ 10 "pu'" back" the I,ee ,h.""ol o>.pO.Mion com · 
""k>gIy o!w""" 00<1 MOY to undo .... "". Til<> go"""" ....... ' ion lor 
I"''''oily'''_ ba"' ..... 1001y ........ : I ' ) " ,,", . "'""""n""I Io",. or 
."' ..... 11.". 00UId e,joI (a' lho ondO), oft_gh ~h 00<1111 . . ... u",,", 
co""in condtiom, (2) oillo, on end w •• ,e"".inod or it .... 1' .... to 
"'0'.-.: 13 ) ..... bo>, """III bo ouI>io<'O<IIo unIIorm ilT or "" .......... tIt<! 
.b>\I 'h. tonQth 01 n ....... r (II oIT .. ' .... '11'"'-'\111 III. b,,, ,h"''''' ... In • 
man"", "'" "I'mmotJlc obo", 'ho bo, u s , w. _ ,flo, a ..... ,maI mo
m.n' ","v.1oc>o cousing ""ndlno, "",." g, or bowing. ""I """m.1 tK.o<:kIO>gl 

F", pIo, .... I~. "'lu"~lo nl mect>onico l Iood cone. pI .. """"' ittvo/Yod 
II»n lot bot>' _'u,. _ •• ,. pot"n'iaJy two fo", .. or 100,,",\10. ono 
in oach p. !petId"'ulo, d _ _ 0/ . _ta.nguta, pIoto. For •• 0mplO .• rIi· 
form I. mpo"" ' '" d-.o"'}O on . n "", .. ' ra inod pIOto ""u, •• h _ ' hennal 
• • """",,," in rorh tho • • on<! y-<ffoction •. R . .. ,.,inl con"" in one 0' Iflo 
",h. , 0< both di""'""", in Iflo .... plMt "" .... 110 ........ ...,.,11 ",", • 
fo"", opp,"", in """ do..,tio. OIl 0 _ ... .-... 1 ot>joct to . 1 ..... '. 'ho 
dolo,motion in tho! dir<!c'"" to mula' e ,o"roint ""","Jy ""'", ... c"'_ In d".n."" 011"" oI>/OCI .. tho porp.ndculo, di,odlon bocau" 
olin. P<>isIIrO<1 otIO<1. Thu .. olt/>ougl"ll._a,",o "I\>.n~ CII U" O I, •• 
thormo' e ,,,,,n,,,,,,, in ... 0 ~ire<tiO"., flOw . oeh '" 1_ "'" <li!teI<>oo ;0.. 
0< .. "'", ,""""inod con INd 10 """,,w"'" complicalod _a''''n, 10< , flo 
"".01 ..... Io-j>la.n. ''''''' ' In A pia, • . W . ........ 10' ..... 'h. PoIo$On .,. 
10<1 In "0)' """1'1'" by .... 01 lho ...,·dlmo n, lonal olr.ln·dl>pOoc • .,_ 
,. Iollono and tI, .. "" "4 .. in-<l>an~~n4.m"" .. ' "'. ,."'ion>. 

n. p..,.,. .. 01 .... bia0inIJ an oquivalotlt ", "'''0.""",1 trod .. """. 
I. ,.,. on O;Io"'ilylno ..... _ .... in tho p'.b""~~ oquittbtium ... 1. 01. 
tI>orm • .,. 10. _ plo'. a ... ,h.n hopolully linding. mochanic • .,. loodod 
pia, . .... ith tho ...... ott....... Tho' .. , ..... koy . ........ nt in , flo """," 0 .. 

tho I".b""~.n~ equilibrium ot'o_ b",,"u" ~ tho p, ...... kling .n .... 

, , 



,,< ............ , .. __ ...... 
;" I"", problem. a,e ido",<:OI. tOe. I .. bul:klng loads .,e "'n"e. 1 bo

c." .. the """ .. 01 '''e ~;"O ........ "'. _0 problem II",, · 
""" ..... ,. Il'y ........... if mu.' tOe lOIolry oil .. <ObI_lion 01 probUCk-
'00 ........ """"' Itoo p,"'. arod ""~. __ 'Y. 

"''" , .. ~.buel;ling dolo,m.'_ tIoo &omo I", ltHo Ih<Irma' k>adir>g 
"""' .... as fo, m. oqut.a .... ""'''''''1.' Io'dong "...,.._? No. R"" • • 
ttool dolormolion ' ..... "'1 ........ "''''' to _ ' lop "'''''''01 _ . _, ... 
dolorma'ioo .. . .... ntiaJ 10 _""'" "" .o<.p' "''''''1..<:0, load. F<>< 
"' .. mal bL>Ok ... O 01 ba .. , .. ",I ro ..... ;. , I"",od tIoo "";,., <Iollectio. to be ,0<. 10 ....... lop "n .... I ,h. "". 1 to",. WOOl.". ;" """, ... t ", .. I <10. 
_. m"",.,.m to "'""Iop ol'd """opt mocllonicollood. For'MIrn.' 
loading 01 P"" ". 'oq ..... d "'0"''' _'1.1101 e,," .. ,.' ...... M ' ;"·p"'n. 
dO~lion 10"",_ to dOvelop 0. ;n-pio." tIoo"".'lOIo. _, ••• .,. 
pia"" dolloclion m"'" be ..,.,' •• ,. In .... of8dion 10 ,,"v. 0 moc,,"nicol 
loading. How .. o , . IhM< dolloclk>ns a,. quito small ;" eompo';.on 10 ,h. 
"",jot .. ,uetu,.' '''''',n, ,,",,"nlion", namel\' , .. roa, ".gIll '" ,''' plato 
lenvI"I.rod "d", 

To IIr>d In. p,ob<>cIoJins/ .. roUH !rom 11 •• , ... ,maI ""'ding , __ mUSl 
11, .. """".,., "'" doiO t1M'ion ..." . ..... i .n1, en '"a plato ....,.. bo-
co"... _ ,.,"" .... o ro "_01>1)1 """""""od ""'" Itoo _oIopm . .. 
01 th . rmal .. , . .... on ' Oe pIoto bounc\;Iry. How . .... ttIorm., au . .... 
c •• d ... lop ~ ... ron ,h. plol. wi ho", ony au ..... .. i.bng on ,h • 
..... rxb.ry; ;" '" '' .10_ '" th. "". , 0"""'"9 fHCbIom •• "" ........ ..... mo-
ehdn<:Ollo.d . . ..... Th .. Ia, w' lIout d. !orm . _ ro.troirno on th. _rod· 
o ry. ther. 10 no 'hbb.O.ion 01 p,ob"eklihg .. '0 ..... on "'0 bou.......,. orod 
,... !mow 01 no _ b",,' q poWlom !of moclloni<al ~ ,.iIIIO<II 
~.buc,q boundo'Y .... .". •• i.' .. Io>od on "'. __ ry_ 

To 1<><1 ,,,. fIQUi<.lonl moe,,"nk:<l' Ioo<t;nglo, 0., OIruel",al .Iom." .. 
we must ....,.to_uOll' """_, tn_ !tv •• e"""' . ..... 01 

"' ... ·OI' . .. ·'''''nll" ,in·l.mp. m'u'. (a","~1) ,01000"' 

. oq"'''''''' in ''''' p,obuckiod"''' 
• I>o""""ry """'"'" """"",;0,.. 

Tho I>oundoty _" eorod'''' ... e opociolll' (1) a;o,.g ""' .... 01 a bat 
., 10. ,rod 0< (2) ;" ''''' P ..... 01 .. ploto '" "'. 0<1\1 •• 0< 131 in I"" ... rl. eo 
01 . eir,.b, "1'_' "' ...... ng ,lie ed\l<' at eo,h . I'd, . ,. crucial ,. 
' Oe (PI_" dot'"'"''""'ion 01 '''" p,ob<.clIlng ,1Ie,,,,,,1 fore .. o rod h. ne. 
kt the dOt'-"ion 01 'he "'lu .... len' moe",,"10111 "",do I. "'" """tv 10 , ... prOp.' ..,..,.;0,. .. ,,,O<mal buOl<.IO-Ig _ ..... 

1". oq ..... Iont _nicolload conoopt" i' b. _ oIopod lor ' lire . 
au. lg/lno<wo ,d ,"',mo' _no oI ..... pll CUpporiOd pIo'" problomo ;" 
' ... p _ _ 0' _ins/ ' .... p<Ot»om. in ' ''" ... " 'h ... .... ..." ..... 
All lh roo problom. _. l>'Iif<ImI 1","po"turo ,h,,,,OO b", d"'~,",,' bound· 
ary _" ,ondo""" o."-dIm, n""""l ... _p ........ otma'ion "' ...... 
• rod ,,,,,,_';;' .. n",,,,,,,' ;,,-pion" dotormo,"," ro"""W Aloo. eombinod 
uMorm I. mpo ... 'u," cIIonoo ~n4 _nic., ""'dins/ 10 _ . _ ;" 
Moich ... '.' . , ... ·plo ... moc,,"n~ 10"'0 _oIop. boeo" .. at "'. Poi>· 
00" .ff"",.rod 11>0 o •• _dim.n ........ ' "'-pIo." dolormotion ro .... .... 

, , • 



_"' _ .... _ , 1'1 

3.7.5 Buckli ng undo. Uniform Tompera! uJe Ch.onge 
"'. Unladall, I".Pla n. Ru ltainod Simpl, Supponod P .... 

~, a _'"""ula, plol. ""'I .. oWnpIy _~od o n .. f ..... 
odgM. but in di~'Jenl ","noors os in Figuro 3·9 \ . There. ",.Uaint <II in
pia .... movomo nt •• is!. <>nil' in 'M ,-diroction wIIh 53 _<y co ndi· 
tIo .. "n odgo • • _ 0 aod , _ o. Tn., .• """,,,,"'"'''''' Ih. "",,1 1""'0 .. 
dovokvod in "' 0 , .o"_"n om"" "..,1 i. owIiod, I-Iowo •• !. u.. pial ... 
oupported witl> 62 boundory ""rdtIo .. 0<\ tIds!e. y . 0 . nd ~ ~ b. Thus. 
no _nical ..,..,., N, . ean boo a PI'''''' (unioss by oc, .... ·Iy~ Io>ading 

Io_od by I>o.'~ no, C~" ""I' '1>0"". 1_ . d ... "", in u.. y·d"-
from no.t.,g, M houg. N _'" in.1>o <>qUOf .... lo r N,. 00 10 ",. co n 

f9xoH1 ~U_I"""""'~ .. ~_·~Sup_Ao<"og,.,,,_. 
W>jo<I .. ",""",orm To ........ ". Chon9o 

_.Iop", tf>o y-dlloc1ion . .0.100. N. , 00... "'" e,ioI. Arolher. "''''.p> 
more dooe •. yol """"",1010. ","nne, 0/ ~""""''''II ,he in·plano plate sup. 
pM eondl ..... dopocI&<I in Flguro 3·92 _ , . .... ~'mlMibio in.plo"" 
"""'o"*lto art OlIO,..... 1n"" ~1 00 . '0$ '0"'. buf no ~,"0<11 in 
' IHI . -dirocliDn 000 <bplaoo· 
",on' buf no 10""" In "" y<fi. _n. 11>0 in·pI. no 00000' 
ory """"""'no at. 11':1 on , _ 0 
000 ... piU" IP~ on p 0 on<! 
y . D. T ..... . pia" w«h r .. od , .' 
edgoo CJ .,., C~ on ' 1>0 , • . 
.".olivo .do. hH ' M .. mo 
in~n. """'''''.nl aOd trlu" 
lI>o .. me lI'<buckqlo",,"_ 
,'''''''''',. but • h;gr,.. .H ot 
bucl<ling. 

' ;guM,,"* P_ In.p""" "'_..om 
'" . ........... ". h·P""" R .. ,,_ " 
....... ~ RO<I""9 ....... ,. 

FirOl, ..... muot lind .......... f pioboclOIno (O<Iuiibrlum) ' ofar ""0. 

, , • 



... .... ........ , .. __ ...... 
, , 

N, . A¥-y"",) _ N . A(u, " " ,) _ N , , 
N,_A("""',) _ N _A(v," ",) _ N 

;" whi<" N, arid ,\.re """,l"'" in I<n""", .nd 

NT E " Ift ,'Tdl E ( " .H I ,-" ,-" 

(3.35lOl) 

(3._, 
k>' \he c ... 01 • uniform I."'I*"'U" el>o .... '"rouoll Ill. pIoI. IIli<kn . .. 
(p<>oil .... ~T k>' ... ~"g ... <1'"; '0 "''''prew.. N, oM N,I_ ,",0'. ''''' • 
.1T" od h. no. NT ... con"'.' OV" ' h. pIo ....... Th. bo"n"''"1 "",. 
_ are " , 0 _1 • • O . rId • • a , ao _ •• fMarx I_rid y). ;"_n 

!O • '0 a l ~ . O. bul " if un_,aiolod 10"" • 'un<loon 01 Ml 01 y' b. 
rhUS, N .0 0' y . 0 .nd ~ ~ b . r",,". "'" I0.-000-,,,,,", " .. "",'" bO«Hn. , . 

N,=A,"I, _ "" (3AOOI 

"" II"" from EQ"""" (3,401) 

, 
O. A',_N 13,4(1) 

Thus, .... h oWsto"'ion 01 Eq"''''''' (3_402) ;" Equalion (3_l00), , flo 
prebu<: ' 1ong In~n.l", ... 0" 

N T T 1 
N, 'A"T- N ' - Il - I'J/< · - E<I.1TI 13.403) 

N, 'O 

'" "'" coodtion 01 ,oro ''''''. ;" Iflo y-d,""'On coo. "'" with • ",mp""" 
..... lore. !(If 0 ~'IIT (!>Nlng) In 'flo . -<iO-.<tio>n phr. no di",_ 

~:: :,:::;;~:~~: ~~: 1==:::;;': ~~,':c~'l' ",", 
n . buckioo ~ <>If. , . "lial oqunl;"" lor . "nio rm.,. _ad plol. tho, 

,. ... in . IIII . "~ buckling occur. (no t!>oor""" mom. nt) if 
• DO Ow. N,Ow." • Hi""", - l'N.,Sw''Y ' 0 13 ,~0-\) 

_,v", I", 'h" pO"'. "'" ",ebu' klin9 lore. if (pooll"', 10 "''''''' . ..... ) 
"'"E"-'.1T (3._) 

..-.. ,\ .0 Ond N" .0, '" th. ~ ... n""l ",,"olion botOO..-

OV'ow. E ,,' ill Ow ... . 0 

outIlo<I '0 "'" ""'Olin; dI",1a<;om, " """""" .... co"""_ 
/i-..(O.y) _ /i-..(.,y) _ 0 
/i..-{.,O) . /i"(,,b) _ 0 

IJ.4Oe) 

(3.4071 

arid '" U1 . vamlion in o",,,a'",. boIrodaty coM';"no 'r<>m .h ••• rialion 
.. ""'''''' .. 000"""'"1 condfuno 

~ .. ,,,,(O.)') . ~"'u(.,y) . 0 

Ow.,.l" O) _ o...,.,.( • .t>I . 0 13.4OIl1 

, , • 



_"'_ .... _ :III' 
The bockling '*'1>10<..,,0.' I'I'iIh _ ' ormi n" , .mpllludo, " , 

6 .. ~ Iii oin .!!lEl. ... n")' 

• • 
.. "",10. 1>0'" ,h. f>o~"' ""'. ,. nl'" ~ .. ''''' ond :ht ~ 
MOUS bo.",d.,.,. <XK>do1iono (which oomIO<,'o o' o;gon.o",o problem) ~ 

[;'r [[ ~]',[ ;1r (3.410) 

in lito ....... ma ........ N, !Of a ". io.iolly "*"'" piol' was Iound in 
s.",,,,,, 3 .3 .1 ~o 1h.at ~qu.o.tlon (3 ... 0) atwoyo 10 or loa ........ ,," on 
n _ 1 Iby _IVatin-n n ' tlto kM-m '" Equation 13 ... 0). TI . .... tho p. t. 
''''.y. bucklo. in one h:>~ .• ", ","vo in 'ho r4O-0<'"",), om Equ"oo. 
(3 .410) con ,It.n boo ,o.,,"r<JOd to ,ud 

k, _ ~~ 11 -..')<t.1r [ ~ r - rm: + ~: r (30411) 

T"..... .- . .. """ .. n in abDroviotod kM-m lor "'Iua 'Q plat •• by Pa ...... 
13-541',-,0 '0< ,,,,,,o' \r-fL1' pia, •• by a...,. . M Wol'orP-57] Tno ' 0,"10 
to, Eq""tioo 13.411) ... piottO<! in FOg"" 3·g] •• a lllOction or ttIo plato 
a spo<t ,a"'. oJ!I. OI>viously, '10m Ill_ toft·"'-"" _ '" Equotion (3.4 11). 
"'. ~h", tho cn. ff ;";'nt 0' 'h. "". , "'1"'''''''' !Of a m. t ... " ,h. "'''or 
tho cho_ in '0""",,,,'.," to eo_ lito"". ' ~~. "'"". u..,ho..
Ill. plato. tlto lowe, tho "'0""01 bu<Ung iood. Tlt o .. oonclo""" 0 .. in 
.~ .. m.nt II'ilh ou, inllOtioo . Fy..-. l ·ll:) is o;ont",,1 to ,h. ,""""".",,1 
_~ lOad Ie .... TOI N, ;n fv.-o 3-18 on ~ge 268 "'hon k, .. ... , 
........ to Ie TlIot i>, tile .. m. 'e,,000«1 """e. ox'" To< v.tious va ... . 
'" m Tho Io .. " ... ~ 01 "",It boo"'-v""''' ' T= O ond k ~ 4 at " ttoe< 
.olJes '" ,,'t>. Doth ~T • • ~nd k . ' . to ,"""nob'" """0' ",,""'*" 10 " .. 
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- " ,,- I. ~ 

• f-I_J, -"", "-, <.c; "'I • , " """ ~ .",::? 
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• " , Ji • -iiI • ffo • • 
P'-ATE ASPECl RAllO, ~ 

f ')UN 3-03 T ... .."., a",,,1"oJ ....... , ..... ""'" T ""pot""" Cnango 01 a""' ......... -.. R. ",_ S""",,, S ~ ... RoeI_..., • 
...... Vo_ P"". _ f\a!iQ, ..... 

, , • 



... .... ........ , .. __ ...... 
!O, I .. bucldlng bods in dooign (""r slivhl Ina . ... in bUG' 1ing Iood "" 
n,.". " ooo< . au.. of "ib 1$ hafdly jo .. lIlablo 10 ,.~ L!pOn "ho" I .. bo-
""'"'" "' o'''lousIv "''1 010 .. 10 "y " """ .. . " 

l'I'i1oo< o n<! C .. ..,_ , a ....... d .... oly suppor16d pial" w~ ~ in-
0I0""..,.;ngs "",,,,,,I I " oac~ odgo an<! no "'_'" .. """",inl • • in Fig· 
UfO 3_114 . I.' .. ;"-j)Ia". ",,,,,,.1 ""''"'II ,. "" .... on "II lou' odgo. -...0 
~ oo ;...t 'wo od~ .. ... ;" F;g.rfO 3-110 "" P' \IO Sol (3 ·~J. T .... I~. I 
1>00000g Io. d "" "'. modo ," . lon<!, 01 oourso. " _ 1 io 

~, -
I [ ' l'["l" J'T[["" ]["" ]-"1 12(I _ v',' b "'0 ",1> 

H: 
F« norm.1 oprinll" ooil' 
;" I .. ,_ (1<,-.=0) 

.oo won ""' .. splrollS 
""my inI ..... S1rn ..... , 
~, _~ . 10 ""trio • • p.><1oet 
in...,." • • -diroetioo , • • 
.... "n. Eq ... _ (3AI21 

nodL>C" 10""" P''''''' 00-
1uIioo, Equol.,., (3A 11 1, 
Th",", Eq .. _ (3A I1I 
. gr • •• willr ,~. ro",1s ~ 

WiIco, ond Clomm ... "" 
, .. ", . I . o . I _kIinII 
modo \].5-1]. "'" lhoy do 

I' J( I "') ' 2E ·r· r" ",b b . k,. 

~ - .. ros. b "" f_ 3-" P .... """ 'n ........ """"'" S_ 
!>igIro, bL>C1diny modo" "" .. E~ . .... "" y_ , ~ ....... 
i.'" highe' • • lue. 01 m 
. .. __ 0'\' '0' t!M[, ruuII> 10 b • •• lkI boyond a'b . ~ .. FIgo .. 3·~3. 

T .. _ .... ~ Figu,. 3·93 i' .... ft _ "' Eq ... hon (3,41 I II, k,-, Is 
1<>", ('rom tho 'ight.hoOO oldo 01 Equotion (3," 1)1 "ho" , .. plo"""!'«'1 
lOtio, olb. is anI irnOjlO' lincWing in' iI1i1y l ..,... m _ .. b. "" a numerical 
.... m~. ". "" ... IO' '''T fro", Equation (3.4n) 1<" in,"go, oit> "". 
600,_ T6 ~I"min"m ""', .... . ",,,,,,.-..1 ",opertlo. E _ 10>:'0" psi (70 GPOI. 
,, _ 13. ,.10" ,. F (23.6,'0"I'CI, " , • ,3.2. on<! a,. 35"0' "'" (240 MPa) 
(not<> \:ho, "-,- .. , .. yiokl . u . .. of thO mol_f. "'" 'h ........ in ''''' y-4i-
lec:tio"J. F.,.- ,''- """" ·' .... pol." .. "W ..... , ptOpO" .... "'.~, 

.i'f . 4 , . 2.7~8'fO' .F (\.554"0·"CI[ ~ ] 
, 

12 11 . ,"1"[ 'I 
. ' , . 13.4'"1 

Nemoltr· . ... ut. to< "" .. iIo ly 1oog. Io...,,,od ~. pO., ... ... h 
"'. ,mol I .. " ."" o"iI' in Ih • • . dio-ot<"'" oon be aI"",n '" ".<1"". '0 'hio 

, , • 



-.tlon, I.. , EQUa'ion (lA'31 [3·59]. Numllfi<aI ,...10 .,. diopIoyod to 
\h," 01" lou' signWicon, 1igIl" accu<Ky ",,"" 'OOoIlh "'" oceorKY of ,flo 
~ dol> do no! ... mo.n' """n ~n implied oce""",!,_ n _ " .... Ilan o! 
:iT "it!> pIn' o '''!onvth·k>-lhic~ ..... <a'''. bit , 100- mogo r .w is""""n 
in Flgu,. 3·~5_ Fo< b/l . '00. tM hT 100- b""Ung is 24.O'F (15.6' C) _ 
_ "t<, f is on.~.~ ,hot . plat. lllat thin would t>o '!U~ f\a, ""10<' 

11>0"".' """;ng, .., ,n" p,,"" " 0'" 1""0'01)' .... on "'fH'~""'''' !hal 
-..111 mnn the plot. is boo' poo, 'o . ny h • • !inv, Thu" 'ho pili" IfI'<>UId 
"" .. ". in a mon.", $Im-"" to ,h. Mnuo i ormly he,>'od D., 10 5"",,,. 
~,g_., I. ... ",. pia'. -"" Irnm_' "", <>end, """'. '" cU<t \WII 'PIe;",po. 
• • "'" o! . ny ... t who...,." ... Fo, t>I\ . 50, 'ho "Ho, ~n~ i. 111 ,g' F 
(62.1 7'C), Finaly.!Of bII . 10. Ih • . n 10< bockling ;o 27118'F (15!>4 ' C). 
Sv<h . ,n"" plot. wo ..... o.",.i,ly ,,,,,,,,, • • yo", ..r;,mcan' """ooIion lor 
1M "'"".oc. of ""',."'" ",~oty ~_,;", wftfI ..... IOd ,"",Pt ,.,,,,. 
arid 10< , PIe inIluenoo 01 . "'.n ..... pl .. h:: dootmmo'""" "'" 10 mon'"n ,flo 
t&e' tho' u,_ plat . ... long 0111<. mol&<l witII II<Jch ' '''9':iT (I<> """'. 

co,,""';'" mu$l "!..modol ! The <Om",,,,,,,,, 01 .... in the , ... ...."". 
"",, __ V '" ~T is <! • • - E ~ "T .. ~h "" oiro .. in 'ho y-dl r""'''''. 
Thus. a' ylolding, ~ T tako& 00 110<0 " ..... 

• ~T, . E ~ . ~7' F(1.a·C) 

at bi t _ 32,.. """'& thi> .8"'" oJ .n , til<! ',,",m81 _~Mv ,=lo mUSl 
"" modoIioO to O«:OU<II to< plastic d.to<rna 'ion (_ Soctio<o U , EHot1 
of P", .. ic Oe""",o""o)'nd to a.cootM\! 10, _""'II ~ .. I:h 1nO, .... og 
t~mpo<\1tu, • . "" to m. ntion chonging I· . nd~. B. Io ... ~T" 'h o . 1 .. ,,, 
bella""" .. ne,uly .... <1 FOI" &>omplo. 10, • pIoto "'h bIt . ro . . n . 
T7.1"f ('~ .Z"CI. - , ,. -" '1U0IHQ"'S: "". ~ " .~ ' ' .. h T 

• < - 1: ___ 1 ,. 
,. 

" 1-,·" ........ ""1 
• • • " • • • , . 

f;;uro :>-o. Tho,."., &u-:~ .......... 'w;'-' Tomoo '""",, C ... ngo 01 
• w; ......... ,1'Iono R .. " .. """ S...., .. S-'"" A,,,,,,"",,,, _ "''' v._ s""""""....,..n,,,,, ..... Rd ._ "" 

, , 



.... .... ........ , .. __ ...... 
3.7.a Buckling undo< Uniform T. mperajure Clo.onge 

"', BI .. J.olly In·Pian, R .... "lnod 9 m ply 9uppor"lod Plato 

CorooOo, a ''''''''''Il"'''' plo'. ,"'" io .. ~ 'opportod . , . 1 I"", 
od\IO< wi'" " ou,><I;;,,1' condi"",, S \ •• in FIgu ,~ 3-011. A '~ma''''''Iy . '' 

10 ... odgo. could .... . ".,,>dory ocnd,,,,, S3 """ a - "9'" l~ od f>O"" to 
prov. ,t r9d.bo1y """,om. "'. Booa .... 01 th.o oomp .... in..,l0"" reo 
..... "". t •• plat. do •• "Po ."mpn>""" Itr-plon" kr« • • in 11>0 , . a nd y. 
_ ..... .. _ .... t.d u, l""",," t.'ou~""u' its voNm' T • • p",1e ;, 
"'"""oblo in b plo ... ; .... 11>0 plot. ""nnol"pond in ~ro •. _ov". 
Ut. pIo'" ••• lloedom 10 """Ie oboot its &d\IO. "".n i _ 01 b""",,," 

Fir ... w' or ... li<ld , • • 
~"'" preboclojOrg (OGuliM · 
urn) Ioroo ... to. No """,a· 

","nl" pe"" iIod in .~"' Ih. ,-<~~~~,,,,--::> , . Of .,.<irfrdir>n. '"" " ' ''9 ,._ 
CO""" com pI.";'-. '" . "",,1 
olr . ..... ;" _ diroot""'. 
Tho ..,......, ' .. m "" . ... nd 
dioplrrcom. nt ooklOOn is . . .. 
1Iy000o nod o. 

o ~ r1. ~_....s.... ',",T 
• . , 1 - • 

u _ . _ ,, _ O (3 .• 15) ,,-.ro, ... ,_ 
S<) ,Io.ot ........ t;"g inc' ..... , 
tho """'PI""'" st,ossos n -
<' ..... _ ... r.' .. .. "';,. 
a nd d""lae.mo ... OI. Idon· 

F;pro :).$O A 1IW...,. ... pt ..... .... " , .. """ 
S;"'P'7 S __ ~0<""9'JW ..... 
SubI"tooj to " """'" Tho"".r ,~ 

tical)' zo '" The lor""," .. 
N • • A ... . ",) . A.(u, ''',)_ N

T 

~ , • A .... "f,) _ AI. , • "U,) _ NT 

(0, t .. c ... 'f ' u, iorm tomja,.turo cIronge \trrQuo,jIr tho ploto ,."'-.... 
Mor""""'. N io con""," ""., t •• pia" area. 110.0 __ ..,. condit.,.,. 
" ... _ 0 . 1, . 0 ond s • • (a ..... 1 ... fo,.n . " "" y)" "",",ir>n '0 
" _ 0 .. I' _ 0 ."" y _ b 1M .... . 0 fol all • orod y) Thu •. u, _ ", _ O. "" 

N, _ _ N , 
, 

N,~ _ N 
IM1S) 

Th • • udlng d,H, .. "'iol oquat"n 10' . 0'''''''' '>' ""dod plot. ia 
• 01' boN . N,bw." ' N, boN.,.,. ' ZN. ,z.r-''Y " 0 13.~ 1~) 

How".t, , ho co_ . ..... pr.buc~1inII in..,",", l",ce •• ,. 

N, . ;;; _ _ N • • _ N . Ea' ~T 
'-" --., 1 _ \' 

, , • 



-"'_ .... -
. 00 N" ~ O. 50 ,n. b",,~ doll ... ",,,,, "'IUII'Oon b4o:om •• 

D""Mo ' ~.:'! ~T l Mo~, • 6w.".J = 0 

subjood '0 , .. """ki.g ...."\ocem.,,, bound.>. .... CtlOOilloM 
3-..(0.,) _ ~(" ') _ 0 

(3..421) 

~w( • . O) _ 6 .. ( • .1» _ 0 

a .. 10 tn. va""';O' ... """'.,"'. __ ., """",,;0.. ("",""'od ""." ,." 
• .,10110. in momo", _., ",OOil.",.) 

~ ... ~.(O.,) . 6 ..... ( •• ,) . 0 

~ ....... ( • .O) . 6 ..... ,,(>.Il) . 0 
13..(23) 

T~. b""'~9 ...."kIcom on, .. iII> _lorml.OIo '"'II~_, W • 
•. _. __ m.. . "'" ... . ,,""' - .- .., - iI (3.424) 

"wHo, hot!> ,h. hom<>go>_'" doll . ... ,,,,, "'I,,",lon a"" "'* """""9"
""" ... __ ., """""10." (""'"'~ "",,01. <110 0" 090'''''Il10 probIom) ~ 

~ .:':~ ~ .'[[ -~J' .[ ~n 13..(25) 

MoIeh can bo .. o..-ongod os 

12(1 • • ) rl ']' '[ ']' , 
l ' Il ~ T ~ m " +" 13..42151 

fo, _h th. Iowo .. """'ling load 0«"'" ot "' • I , • • 1 ( • • ltigno, mo<H 
-9 <>ee"" 01 la, highOf •• Iue. {)/ ' ho Og/Il-Mnd.do 000 hone. 0 
higho' ~ T) Tho .. ,,,,,,,n. Of • • n,,,,,,, In obb, ... ltIlod '0'", 10, sq"'''o 
pio'.' by Po"," IJ~I 0 00 '0' 'OCIangula, pia'''' by ~.oo 1'1 ...... 
1J-s7) a . wei 8 .... """. &xl . """," to"" "Y TOom'on )3_60). Equ"l;o. 
13 . .t2Oi) ' 9"'. ' ..-i h Wil,,,,, . "d CIe ........ ,.""~ "h. n .... i, .. -pl . ... 
... 010.: opn"g """",,,nt • • ,. '-' 10 infinity in E_,ion (3 4 12) on _ 382 

(3-.\.e]. f '" plates t!III, ". • 
Int ,,~, lotio in t .. , -<Ii

"""",,n. Eq .... 'ion 13..4261 
with righl·h,"" side oquol 
., ono . k&<> og'." ... :on 
N ...... ",· ... w'" )3-0') 
Tho ,0..,1s 'Of Equotion 
(3 .42<l) or, plonod " Fig. 
"'* 3-111 o •• '",,<!ion 01 
'no pIol",spoct ,"Io.aIb. 
otw"u""'l, "om tn. ""_ 
""00 MIo 01 Equatio" 
(3 . .t2Oi). "'" fIV:>er tho 
OOOI!~.' 01 " •• ,...., .'PO""""''''' a ",.'.riol. ,h. 
1010. ,1110 chDn<Jo .. ' 0 .. ' 

,,_ .... 
-(')' ,Zj';j) a&' -i 

• 
• 
• 

'. 

F ;"")} 
1""''''') • 

• • • 

I'Iguro 3·~r ~ mo, ... , ............ 0\n1" ..... 
s;~ ~ •• RKI'_ """ 0 
-..; .. v_ """" .... _, "''' ...... ,""", """""" To" ~,"',,. a-.g. 

• 

, , "'. 



... .... ........ , .. __ ...... 
pe,.'ur. n. oded '" OIIUSO " _"",'l>uckhng Also. ,~. ,"""'or .... pl ..... 
11>0 "' .... , IO . ......... , b LoOl<lW>g load .. agr.om~.' ""'" OU, ;"""''0 • 

.... 0 """'0 ""010' 0 """0,\ <oo_ , 0 ~'* 60<\ '_T6 .'un,,""m p'''' 
""'" ~.~in. a " ,~. h'O' "F 123.6.'0 i"C) and , . • . 3.2 wiI~ ,.riou" 
"","nglMo·IhicI.n . .... 00.. 801<0 for :iT from Equ.I". 13.426), , 
~T~ 2 ,~$.",3"O· ·FIS.2"" 1O· ·C{ ~] i3,~.1) 

I ~I"')"[-¥-] , 
Tho "",ioor 0/ ~T "iI~ p" t. width ,Io·1hick . ... ,atio, t>1. is _"" ;" 
Figo,. 3.96. F<>r"'" '00. ~T .. g .5' F 15 .3'C). How. vor. it is un .. otv \ho' . plot. ,~.I ,~ .. """,or 00 truly flo' 0010 "' ,00".01 "'.ding, ; ..... 'h • 
..",. """'" "",bobly ""'0 o. ;..,pert..,tion 'ho,..,.,1d oou .. ,~ . pb'o '0 
00 bon' p."" '" IUI"/ _,ng. Thus, ih& p"'e would b<rMve WI e manner 
....... , '0 ,ho nononlto""tv h ..... d ba, ;" S. ,,;.,. ~ .g . S . ; .• .. 'ho pbto 
""""'''' bOw. trend. or cur! ,,"" 'M """"""''''n or 'h~ Oliyh' . .. _ 'ng, FOf 
M ~ 50. " T is 38 .0' F 12 ' I' C). Fo, ,h . bioxlal .Ir ... ... ,. in Equ.tion " , ,,. 
1~ ,~' 5) on p.~. 38<. ,,,. Slro .. ir"~ ", _ [ "; .0, _0,<>, ' ]"'] 
'rom Equo'iorl !3 .'~) cn pogo 40$ WI s.<:!io<'I 3.8 on en",! 01 p Ur..., dol""".,,, ...... on ,h ....... <t,. EMTII' _ ") • .., 

~Ty _ 1 ~ ,. ~ . ,8' .7', 1"Xl.~'C I 13.~<"' 
wtoI<h """.1IpOndO to to ... 22.~ and .. ~",~ ~ .bO., 11;1'1. '" , ,,. y~ 'om· 
pe ...... , ,n. pIa'~ i. oo ly uniaxia"" ,eSllainod, AbOrie ' ''' yiorkhg ~T 
la nd tJ.k>w 'ho yioldi'll btl). ino .... ;: 011""'. , on._ in ... , .... 1 prop • 
....... ....,.. • • E. " •• nd " , ploa <""' !IO' In .!>t • ...,n ... ",o.lng m .... 
tJ. CO , .ufo<!, Fino lly , "" b h '0. ~T io Q5 , oF 1528' C) lor wl!icIr ,~. 
alJmin<Jm" _.0 1_.11 ond wroly m.", . orlJO upon m •• ing, "" ,,,. 
",. .. , ' . 10 .. ", •• "' .... , .. , .. no1 "IIimbio. 

" , 

- ,. , - , , ~ ::k" ",,:; , 'IOn , - _m~ ,. 

'·j!l~f~';'~I~~~~I-~'~";';.;-::.~1 ... 
00 ,.. .. .. .. ,id' 

.. O"" ..... TH·TC--TIIIO KN.U A'TIO,~ 

, 

~...... n .. "" .. """"""...- '-"'>I""" l ... "..at ... en.""" '" 
. ... ... " ........... A .. ,, __ s",,_ ..... ,. ""'. 
_ v ........ S"" ·longrh·.,.n><"", .. A."" .... 

, , • 
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:~ .i~ = ' ~ i ~.i"~~~'5~ .!i . j! ~ · ~~1i ·i j!"- l 
r l~ · E~E 8"'£~-'5r~12'" ... Hpl l!"' ~ L 0' ,·l £j! ~ •. B~ '''' '' J'' • ',-~z.~. ,",, ! ~.il .j' ,- -" '11' ,... , ' ~ -. 
; '! H~ ~h~~ §;;~ u.;z ~gi~.---. =1 &~j hl~ i 
i~U!:ii-i~~l"'N'I~ 'a'!l N _ ;!ti"'. :E 2'~Q~1 '" . ~~ " !.l'Ioj~,lI ,~~ ~ c ~ . ~ '!5, __ 
~ i.!i ~~ ; . ' '-l ; ~ · ~ ! .!! ! e-" .e .!!i -, ! - li e 'I" ., • .• ' - . ' - I'" .-•. , , "'.11 £:: ", " ; 'i i:" ~e..,. N· .... ~E-,~~~ ili 
~~ • ., .. o.c. _-. ~..,-

Ht'ti ., !~~",£h8<'\il~!l.5i ~ ~ [~:;.ilaKl " 
. E " .O]!l"· ..... , .... i i E ~.,"" .. !i "' s 

~ ~=p~H. ~~ ' ~h J!~~ .• .....=:..... ~Hh~~l~i • 
·,~~ jE~]6~r·;· lr.j!~i'5~'5 ~ ' i~~l-l~it ~ 

!l::" - H~~ h.li·~ . ~goN_ . "' 'E~u g_i;~ ~ 
i~ ~ !h " ·I,·'! "'·.} =~I£l ~"H ~ "l~;H~.l! l , ,- ~ • • -""£ - lS.!; .. '" - 8._o~ '11- ' , 
!·I~~11~! - i ~ ~i;t lt~jJ ,! !;i l - - I) i 
... ::: dE ~~l~j!f:1LI"~'" N_ ~ l~ ~~Zf~"'" ~ 

j t~E.I::;'"0 9<>i>! •• ,U] ,~.§ ~ • .: ~2J! w~ JI .!JJ? 1> 11 . ~i5' ~~,,~ E>' ~ E .gS"" E;; ~ \> ... ~ 
'3 do. li!.l"ll; ", · i L'i!o. .~ -. ~-g~.!i ,;:.gp "i ~ ! 

I fi~~ ~ l~]gi~IH~ !I~ lIf.! Iz £i:E!l~~~iPlr; ~ 
- "j-,,0"l ' ·j··;··"·"11' '1" ·!!" o" . " " ' - ~."", ... ,!.-l "" ..... ~ .. >-0 ..: . " 'j'! -j " I ,-, "," . ::; s <l! d ~ ~g lig.::-3 . "ll i ... ~ 3 .• z' i .. ~A" ::; 
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... .... ...... .. , .. __ ...... 
alt.>og/1 ,... m ... bo corlaln tM, .... <10,.." .""". ''''1 cond,ioM '" 
eon .... 'n'. on '~o prOOIom 

CotooIM. a ..eIanguia. plolO '0 ,"k:n "' ."",;od an 1o-9la"O """. 
(pO' ,,,'" _h), N" a nd a "n" orm '" __ "'u,. m "ngo, ~T. W. """ 
owl\' 'ho 1...0 loading. oimullanoouoly, 0< """'., .... _ <>" .pp~ """" 
In o.q .. ...,.. b'" 1ho "",", '" lead .""",.tic . .. """ _ uonoo .. on .. 
eruci.l n . mu'""",," <>ppIioc.,lon 01 ,h • ....., _ .. . <o n""~ 

propon.", 10 one o ,.."h or 'hroogtooLJt Ito. o .. n lo.d·appl<:ollOn ,,"ce . .. 
.. """'-ltv ,.1Io>d 'radiallo. dOog'., 'proponionol Iea<ling. For ..... mp ... 
• uppo .. _ ""'" ,od",1y w." N. o ro;! .IT ... " , ' .. 1;'00;1 0"'POll"", 

. _ .n 
" . 

.. 10 lead palh on In Fig ... HIli. Nolo tl\a, 'h ...... 01 N. al B "' a bo .. 
"'" """'ling ",. d lot ,n ''''n,. I ....... . . ~ wi,",'" " . no .... ~ ' ... 
_ng"!IOI ",<loa l or PfOI'O"I",nol, ' M!> _ c>noot load lrum 0 to A' 
(o.""""".g 0 no" Io.d PO'~ o' A'to B) bo<o u .. Ih' p"" """""' • • , , ... 
t><oclo;ling ""'0.""'" "'""II" 10' "" •• "" ""'" opplio<l ~ .. , ~o""". ""n. 
"", r .. eh polo! A'. A~."""",Iy, wo ""n Iood Ifom 0 '0 A ,.,..,\/1 dill" 
oul, (no buclding ce,,,,,, LltOdo, .. "I lOnsion, .......... IrNII A '" B by 
addony ..... , ,boD .... houI "";"utty urttil buckin~ ooouro . , B. 01 COu ..... 
we oouId iood ' Ionll " ny polh fiom 0 '0 B ... 1on\! "" w. <Ii> ~ im po .. 
• load tho, """-"<l "" . .. bucklOlg by iloeII, t o .. ,II,,, -.old <roM , ''' 
bueUno boundo'Y I" deI_ on ""go' 2'ro-27'l, I>tio<t B i. _""". 
T"" b",, !of , .... 011 .. ",., ... ;s 'ho ,.<1'"", '",,"'no ' x,"1 ''''' ...... to , ... pia'. _ .... "'" .-,. 01 "'" pIoI. ,. wiI ..... ond _ .. """ "","Id 
OIh,,,,;o. c .... I>U<Ung. T .... ~ _ domoo ..... ,.d 10< bl.o."" _ n"" ioodln ~ by T..".,."..."" or.! Go" 13-510nd mO< ••• 10" ..... '" 
"' SocI.", 3 .3 ,]";111 _ ...... .", obo .. Iho """"'no _odory o r.! m_ "'.po 0"'-011" 

¢ 
lo'T 

~ / / 
~'- ; -'./ 

// ' . / '. 
1·-:: 1 'vr " • • 0 -0 • 

'" ./p./ ~--",""'" 

0--""-" / -
~ig\o.. .... !u<I:O"" ""'", p,_ ..... _ 

"' ............. Thormal ........ _""" 1.OaO<"Q 

, , • 



_"'_ .... _ :l1l'i 

3.7.7.3 Buckl1fl\l 1l11fe,.n,1aI Equation 8nd SoIuClon 

CotIoOio, a '.<"".~ " I.o' pla'o , .. , io .,"""" . .. pportod . , .. 1<xJo" 
.,;go. ><il" bouotlo'Y~" Sl on ,"" ~ od!/<. ,.e."" 
y . b. _'Y CQ"" l ion 5 1 on tho.<!go • • 0. ond boIlndo'Y ~ 
52 on tho od9" • •• as ohown in F'9u«l 3 ·\00. R."",,",t 01 mov.me'" 
. , ;.,. ""IV in ,h. y-<il.elion rn _Ion I~ ''''' o<w;, uo "''''' ~I movom. '" 
at x · 01. "" tile plale <!e,.kIp. in·pian. thermol _. in ,ho ,-<liro<OOn 
"""'" """,.d un~IV'~ Ito """' ... . '-10'''''''''. in'oIono <Om' 
p"'w.-o Ior,o. N, ~ _ ri . • ",oen.,..,", _ •. is __ in ,,.. .-<I'''''''n 

F9>'o ' · '00 AU .... .... In-....... ~ .. ~_d ......., S __ ~oct."I/"", ...... 
So.qoc<o~ .,'"""'o'"' " ..... ,'-""'""I/.""~, 

a"", ___ _ 01 ,h. Po ....... 

..w ..... "" .., .p .... ,_Ion 
, . ........ """ ...... ""'" in· 
pill"" I"",., N, . , 'N, • - " N 

""'" ~ 0'. »<"""'" """. ~~"" VOt _plOt • • "",n n. , O! 
p"",.ivirl\l ,1>. in-plano pIa'~ 
0Uf'I">'I conO ' ''''' '' dopictod 
in F9.><o J -,O' ,,~o 'o ' '''' 
P'I,,,,i .. iI>lo in·pillne ..o,e· 
mon" a", <""""" o.hown. 

'-•• 
rig_ '_'01 P"..-In-Plano _"""" '" • """"'0I'j- .......... ""'u_ 

s ..... ............ Ao<tongo.<ar- "' ... 

Fir$l. wO ", .. $I lind til. ,.,.., P<'b",~10>0 I~,"~b",,",' 1<>r<0 ...... 
_irI\l IllAI .H ;0 """"'nl l.rQ"ljhOut '. 0 pl!Il. '~m" Tf>< thermol 
_g ~ T "..,... 1<>"," Out no ",a .. In 'hO y_n ."" .. , . In ben flO 

toreo in tho . -directlOn, n . app_ ""'" P' o";', """"",niI:.1 load. N. 
0 ..... ""!'I'Ipr' . . ..... "'tal in '''" x-Orection . nd. "gain b)' viti"" 01 '''" 
_ son oltoct anO "" ,o. " .in' in tho y·do _n. comp'. """. 10''" in 
tho y._';"n. Tho '"",.,,".;n ""'no .,. 

ri, • .0.1< • • "'.l . AI", • "',l - NT 

N, _ AIt~ • • ·t, ) _ AI' , • ".,) _ NT 
13."') 
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The cnrrc>l;o.,,"'11 13ct0, 01 Ih<I Poi&>M's rat" n Eq","'" (3.< .... 4) ~ .... 
tt>o.l . _Ncol load .. I .. . -d ",.;I'" co ....... '''''''';''0 lonoe .. , ... 
y·d"cClion .. en wMn ,he,o i. "" """""",u,e olio""" n 'ho plat. ("". 
pmOl . .. a .' .J .8 on pogoo ~7~) . In Iht pr ••• n, """' . oIeal ,. -," 10 10' , ... 
_101 "" .. .. _ • _ 0 . ,n., ,"""' .... _. _. ~ ... 0$1. "" on", po n 
01 ,h. ge .... , 'ope pr""lom" .dd,_ . 110""", .. , lOIs "wJOaCh .,,· 
.bIos "" 10 Sludy tn . _ 01 , ... p_.m .. _Iht dolOiIod e<>rnplo>. 
_;00 01 t ,," '-''''' 16 .... In ,n. y_ .... ""....a by m..,hanI<;ol """" 
£_1 .... 13.445) .-.due .. io (i) Equa''''' (3,1113) on poll" m 10.- ",,10. 10 1 
mocl>anical I<».ding w on no 10,.,.1 , ... , ... _'"H • • 0 ond to (2) 
Equa' .... (3 .0 ' 0) M pogo 3.Bi "" , ,,",,,,,,I OLo<IdO>g ~ ",,;..101 " .. h .... 
ond \' . 0 . 

F", m t!>o loII ·h. nd side 01 Equa' ion (3 ,005). obviously tl1 . high .. ,,," 
<o-oHicion' 01 th"""",' . ,pon"'" "" • "..'0 .. ', "'. low., th o eM" go in 
" ..".,o' u,," m"or b. to co"... 'normo ' \H;c"""g. AI..,. ' no ","" . , ' ... 
piot • • tho low., Ih<I tnomlOl bucl<ling load. Moreovo,. I the pial. 10 
cooled, "'on Ih • •• u. <>I N, "ndo, """'_ ", oc n.anical ond ,""'''''' 
loading ."oodo N ... _ N .<1. 0_ ' In . _ ..... . t.nsil< N, 0>
cr ..... th •• mount 01 I>Oalinl/ 0 pIIIl. co" ... «".,.nd "OiIhOuI _ kling. 
Thno «H'IC~s . ,. eon ..... . " ..... ~ 00' ",,"~Ion 

3.7.7.' lIosu" •• M Dlscu •• "'" 

.0., feStJIto " 0 lor square pj.,,,,, ... Go 01. ""'-, wiln ._0 ~o 
oimln ... N I,om I~. ' . ,m.,., n' 10 E_,100 (3.444)) . nd sOOfoclod to 
.".11311 .......,. .. ,._,"'. <,,"nil". -,T. a"; " ' / o ,m "'d p., "n~ w .... 
'" ' ho ._., N" T". "' .... "'. "", .. n;"'tty .. p ... , od ;"to ' .0" 
~min."tIy 10 Ihe r"" Qoad,a" 01 • "",malilod " T "~""JO N, pial 
( .. l . ,_~. 0""'", 'Ilt U«>I\d q....nnl) and _ p,odo",;n.omly 10 tn. 

I."" qr.<!OCt""" 01. ""rm"ztd ~T vo"'" N, pial. Th . """"" " ''' " It 
£<l>ITlt?,.'O 10< "T 0"; I~. """'" N,O'",'O 10< N" Tho <lope 01. pn>. 
pClrtinMI 0) rod;,! IoadO>g i no "" tho """".lzed pIol lo rho," o," 

. _ Ea~TI 13.44e) 

". 
'" • """~( " .,"" .. ' to 11>0, 10, ... " l n9 ot p"'" urodo. b i • • 10 1 ",,,,hon,,,, 1 
Ioodin9. All b""lr;jng D. hov"" 10 oym", . 1ric aboUt rho Iooding i n . .... 
.q,o • _ _ ,. Nol. lhal b"cki" 9 =n"'" 0<0. .. 10, tho"". , • ..; m.clurn ' 
;"., Ioodi" ~ ., rho Ioo rth "u" <!<-on' '" lho _ m. i tO<l " T •• _ N, plo1 
beca"", o"",io l n·p""" ton""" _ . ~ <.0 .. _klinl/, 

, , 
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3.7.7.4.1 Boh .. k>, 10, _1"11.00 T.n.lI. H, 

'n'fro I"'" ~n' "'. ",,'m'i.<od "T •• ' ..... N. p,,", • .o.pp/ying. 
'on.d. N, or •• blos tfro plo'. to ... l hSlatrd .lgnihco nU)I hOy/1. r ''''''PO'"''''" 
_ buckling man without ani N ••• oOOwn in Figur" 3-102 This 
oIIffonng ""_ 01 """I, ....... .. wo/l·kJ'>own In>m , fro 0lud)I 0/ hlo. lal 
mocl>on.,.1 ",.ding. e.or Yffi,or .a~ .. 0/ t . ...... H, a r. r.qui_ to 
ac_a 'ho ,.fISIIo N. tIJIo ning off"'" ~i .. , bI>oklir>g u 1ho b""kling 
rr»do ... p •• (m .nl. "'-90' w;'h nc",.~ n. T .... bucklir>g m_ 
""ope chongou ltom Im - 1. n - l1"' 1m _ 1.n _ 21 ,. (m _ l. n _ 3) "'_ ... 
.... N, and "T inc,,,,,,,,,,. Fo , lho pr<flX"li<>nal Ioodinll oIopo 0/ ._1. "T 
"po>iI;,o (h"";,,;1 and N, 10 om pod,,- I_"f o.uch ,ho, _~, 
EnATl _ H •. n. bucklir>g modO .... po <h,_ In>m Im - 1. n _ 1) to 
1m m 1. n m 2) . , """KIM'" 13. 7f "' • -.. oIopo ol . m 7 .. 3. F"""",. 
1ho b\>eIdI<>g _ $/\>pO < .. _ I,om 1m ~ ' . n~ 2) 10 (m ~ ' . n ~ 3) ., 
000<0 ... ' .. (35, 15) ., • Iooding Slop< 0/ • _ 3'7, 

3.7.7.4.2 Boh"k>t 10t _1"II.nd Compt ... I ... N. 

'" "'. _ quactonl, rtIo """kklO tooh.,,;,,- " ,10. lrom I .. , 0/ • 
"""'''117 """",oUO<l :"i':":!:o 04010 ., 1M prOpO<IiO .... , "",dO->g """'" OJ 
•• 0 11tH> neoollYo H, b to 0 ",Isf '0 'hot 0/ • uniulall7 j' 'r}''-. 
"""'od pia"., "' . .... Oing sIopo 0/ 0 _ 8 ~'" p<>OiI:~. eMTI!> '" 0 • • 10) 
In Fig"", 3 · .02. e."" ••• ".. ,,,.,, I ... ' , . 1ho t' .... Ung _"",po Io'~ 
"'"'I' (m _ 1. n _ 1) 1000-110' .... bucklo ...... in . _ " ;"cOOn). 00 ,h. 
into<K1ion CUf'i' 10 1"-< For ' '''' .... <tr.g obpo '" • • _ 1. AT 10 pooitr.-o 
(hoa~n ~).M N, 10 ",~'",o (oo~....,.,) .och 'h" EaATt _ _ N, . 

.. -
I 

...,T<.->N. 

=6.= .. ... ''''''' . ' "COLOO ---_.-.. -. " . '." . ~ 
•• 

fl·· 
"i"'::::"_ .. _~,,"_", __ ,,_"",~_-=-",·· ~ . " .... ,. ...... 

f~ ~.10' _ .... 01. S ........ PI,,. f'o''' ....... I_ t.!oY.""'" .. ... ,.0;_ ....o.r ~ ....... '0,,", ~, ..... 
To"'P''' ..... CI>ootgo ;T "It> _ .. ~.~o: • _ 0 
a..--..n, ,' T ...... F"",. 00<1 ~ •• ..-.g' 
a..-.n' " C_.~" F-.. ..... _1>fQ 

, , • 
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3 .7 .7.4.3 Boh .. k>, fu , Cooling and Comprn.olve N, 

'n ,,,-,_ ou.>d","' 01 a ",,'m'i.<od ~T vO,*". N. ~,. """ ~ on.- , .. pia'. 10 ... IIl1 "."" sign"',anUr ~igIIoT comp"'_ . _. N. 
_ budlng II,.. w'lI<>II1.fI)I '."""'Tal~ <~a.go a . shown In Fig. 
uno 3 · tD3. TM ........ "'g e~od 0' """i"~ .. ' '''''''11''''' to , .... .... . -known 
rirI. , fig ~od oI l.to",1 lo no"," lrom "'" OIud"! 01 bW<'" mocha,a l 
loedi,g ", Sod"" 3.3.3. Eve r "' ..... r volu • • 01 """'"'II"'" ~tod to 
00_. ,h. ~ ...... ... g off"", .""",. , """kl"'v .. th . b",,1<tng 
modo 1Mpo , Im., I. <Nu>ge' wilh inc' .... in9 m. The buckling modo "" .... 
<~""SI'" lrom (m M I, n M 1110 (m M2.' MillO (m M 3, nM I) to . , as N, 
goIolotgoot '" «Iftlp,._ (_N,) . "" ~ T __ ... (coolo). Tho buo~w.g 

- -,-h--
=iL"' - j -

""-In • _, N, 

C __ '''~_~~~ ... --

.' ~ 

1"""'"1 ". 
1"-" . - »1 

• 
I 
-

, . 
" , : - .. · ,., ·11 

-
I. · .. 

"9J<o 3-1" _ "-I"" S_ P",. __ ""'" .. "' • .,.. ..... ,.0;-. ..... , co.--.... ........ ..". N, .... 
r • ..,.,. ..... co-.go.r,,"' _'. A ... ,. " 
~."' N, C ""","'~'" Foroo """ >Io"""'ll; 
ar.-nn< III: C<mj> ........ .,... ...... """""9 

, , "'. 



:oM ..... ..... .. , .. __ ...... 

modo sIlapo <:Ioa.....- (rom 1m ~ ,. n ~ ') 10 1m ~ 2. n ~ ') ., cootdina' • • 
1-1, - 3) . , • po"""",,"al lOOodi' g ..,.,. Or • • 311, F"~"'. 1M """""'; 
modo ""- ohaogH !rom 1m • 2, n ~ I) '" 1m • 3, • • I ) . , cootdina'n 
1_15. 35)., 0 "'.d"'9 oIopo "" . 713. 

3.7.7 .•. ~ Nonp,oportk",.1 Loodl~; 

NonpfOpoJlio n. 1 krOOing 10' """,Wood H, ...... I 0 ..0 m",,""";';"'1 load· 
.. g .. ..,..arlo jus! • • I l> 1<>1 bo<lJO-.g undo, b"""1 ~,,",oj Ir>a<itrg .... ., Soo_ 3.3.3. Fir>!, a «>mpr-.... "'. ",,,,. 11,., .. _, """. or 10 .. 
'llan ,,,," oni • .dall0re0 nOO ..... 'Y '" CO_ !)ocIdhg ca n be opoci;e.o. 
TIIen . .,. <o<,.opordInv ooolog or ""'ing, _ .... ly. neeo''''Y '0 
0 .... b'OkiOrg...-.;le, 00",,*,0<1 Ih.,_.rod mOOh"oioo' "'"ding """ b. 
lound. Aloma' .... " ," "rnpora,u'Q 0110_ tho' .. oit"'"' """" or 10 .. "". til., n"" .... ''''Y to co",... II"""", b<JoIo;liny._ CO" .. opoclfiod. 
Th. n. oJ-.. ....... iaJ I",u r.o<~"""'l' 10 "" .... bo<kIIo; undo< cormlMd 
llIormol aOO """,lIanal lMdi ... ean bo Iound. 

For .""",," , ~. _I~'" •. 10 1 1",,,. of N,~',"'0~ - 2 (0.1,, 1 
""",,'_ 0) .. _<1'-<1. ,h." EMTtb',,cO .. _ '0 bo .2 Ihn My). 
~. """""lI>od a,ial lor,. 01 N,b' ,"'0 _ _ 7 (a,;'1 ,,,,,,p,o,,,,,,n)" 
opocl iod. oJ-..n ErU1' b',.-'0 10 found '0 b. _ ] I"""'";). H. """".i tod 
'"...,...a' u,," <"'""r' 01 E"-' Ttb',.'O . + 15 (Iloot;"'l .. "II'I<iiod. "'.n ' .. """I t"",. N,b ,,'0 Is 10"00 '0 ... + J~ ( .. ;'1 'ons.ion) . TOoM "" ,"" 
c.n b. """'imrod by #r>l k>rmlo g tho /ro,,",o 01 "" .. I ""'ding , ,-'. 

13,407) 

in"""h N, .. 'h. owOrt<I """",,' "'''''v. N,"'" ....... .. '~g!lr01 
ea_. btl<klng, ' OO ~ Is Ihol,.e'''' ,....'i ... ",e 'M. The oI>j&c'i, o io 
'" 10K( I~ I,action 0 oj ,h. t.mpo",'.," <","Oil" noc .... ry '" "'" . .. bu<It. 
log utI(iO' oom_ I""mo' a"" mOOha n;"" ~ """ .,. tompor
a' ur. oha n go r>OC9SSary to COOOOO oockiOrg ....-.lor t llonna lloodong only • I .•.. 

"'''''''h IlT " '~ '''"'I'",''Ir"" <"""go noc . .... 'Y '" ea., • • uc~ un
do, ' ''. ,malloading on~. 1"'" tompora'. ," <hanll" Is ditt_", lot Ullioxial 
"' ....... l l1an lor 0",';. ' "'''r ..... bllt lo, 0;., 101 , ..... ." .. moc"""""1 
_ "g;' p<>u.i>Io _ .. ""ow· typo< b.ding .. .ppM<!. 

3.1.1 .•. 5 ENocl of Po_n'. RaH" 

Flit • ~ O. 'ho moo",n;"" ond Utetrt\Ol ou<king .... ,,'''' ... ," ... to 
or. ideo,;"'I ., m_ "'apo. alld coordina' .. 01 ~ "'apo cha.II"' 
to lho .. I .. .,. bitl,,,"' moe""",,,,' 100<1 "'o,.otico cur>" btca ... N, ho. 
bHn roin'. "...,od In ' .,m. 01 ~ , .i>. ,II. oquho-olon' m.cll>.lIicol boeing 
<><><>copt. i.o" 

N, __ E ..... TI 

, , • 
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~ tho PaOson's ,,'io, >," ""' I. ro os '" " '" eo ... 'or mo51 ioot.O!>i< ... • 
w .... , IM<I Iho ""0'. aI ,h. nu"",rical ,. ",Is c,,"ngo. oom ..... "'-' . 
Spoc~""Iy, th. modo .h • .,. c""n~ • • OCCI.O" at dilhr<ont coo_.' • • 11,." 
in Figu'" 3 ·102 . nd 3· 103 bee<I_ 01 'ho """'I'kotin; Jacto, oj ,·N in 
u.. N I.,,,, 0/ Ill_ bocfoJing OIIIoo""n , I .• .. on ......... on n' in ~Q""'" 
(3,441). T""' ... " .. , .... , (y-<ll'O<1ion) _ro.ic., ruel"" Is oollMd by 
. ...... oj ..... P .. ...", ."0<1 Fo, ",,",p'_". N, a nd 0< \. <.5. oom · 
1"""*"" N, _~Iap ..... n "~""t ho'mg . 0<0". ,'''' plot . .... ,~ .. Iy 
",51,."""" ~ _ 1 < v < 0 (0 ~ .. '""II' oj . 01" •• from '''''~'' .. n · 
ic oon_'. ''''''''I, lIlen 'en,," '" _olopo (_ .. no I>ea!ins/. K • • ,· 
ong Ill. "", . m. ,oly odd. 10 ,h. nt>er.nl N, _ ,'N,. and cooIIng_. 
I,..". hom N, as .... n .. Equahon (3"<391, rile propo~"""1 _g 
oIo!>o , • . and coordina' • • of ..... bucl<J.,~ mooo .nap. cflange •• , • • ,. 
Joclod Oy Ihnolu" 0/ ,'. """"'dngty , num.ricol ,.""to moot .. obl>inod 
fo, uch S4>K1fic •• 10. 01 ... S •• pt<>blom 3.7.6 on"'\10 407. 

3.7.7.4.6 Eftoci of the Plote A',.-el Ratio 

Tho .... t. owe<! ,.'io, a!b ," ""I, (a $GO" 'e 0/01" 1;" IfHI ou.,. .... 1 
... ulls aI fv., •• 3· '02 ond 3 ·103. and lhow , .. ub or. "I'mmotric 
....,.. Ino _~""f "''''''0 _ aI • • -, Fo' oIno' o/O' • • ~ ,,'ioo. ligu'" . ... ~u. 10 F;gu, .. 3·102 .nd 3·103 ""uld bo qu~. djI. 

!~,~'" .nd, in parlieola,. woold "'" •• lirIlit ''''' a"jmmotry .00", 'ho pro
portlo no l -"9 ..,.,. oj 0 _ _ 1 ... n ... Fi!.I""'S 3·m2 ood 3·103. M 
bo1h t~ plo' •• .".cl ,.t" '" <""ogod from oni-t ~nd Poiooon·. ,.110 '" 
<hanged I""" """', beth I .. pMoportion.lf loading >lope. Ie modo .., .... 
ch."Y'" IPD....".,'. ,. ,,, off.o1) " •• <ilIo •• n' aod 0'1''''''''''')' of ,h. N, 
• • ,"" ~ T c"",.s (plot • • 0!*'1 ",'io . Hoct) ",-.,. 

3.1.1.4.1 ~".ri.~Propoorty·Rol"od Llmite'jo". 

Tho 1<nia.1""" on 'fHI P"'''O' a .. ~oI. """M'''' "+,,,,,f lod .. ;,t,out 
• "um","'" .... a mple ... <I.",. in ~ "'0Udin!> """~ioM. tout lher . .. 
"" ""',. , .. , w l h \' _ 0 TI'Ios. __ _ ... tI>o RrniiolloM in • ,,"no'" 
man .. " .... i'Ioat"", inct_. 'ho """.,101 propo~'" muot ... "' .... In 
"'" ., ... ~.bIe do ....... ' _ On;! mo."", ... h I~ _ .o_ •. "ocI upOn 
c<lallng , Aile. on " impliod .... ... , 0,. lhal .. OM<>C; • .lod......, ,H can ... .;tv 
o<ooed ..... VIoO:l sit ... .... ,..ng to ... 10 .. " ........ Ior. ~ ..... bo .... 
""" .. " "" Iho .. I~" SOC!"", 3 7.~. 

3.7.1.5 Summary ot T .... ' mol and Mechanical Buckling 

TfHll>ucl./inv __ ot • sImo~ S<JWOfI«I ' O<1IIn""lo, plnte u-. 
uniform 'om.,.,,'''''' c"""II' (hU1"", '" coolrno) .. d "ola>.l00l mtell, """, 
Ir)K!jnO loomP"'""".' "'''''1 Is .""'._. lfHI plnle ... . """,,101 
..... " ... " ..... , olorrg '''''' opp>Sit. odgo.1O ", • • onl f," ,h.,m.' ell' 
pon"""'.., ".' In~no ,.",maJ Io.ad <Io.o~ In 'ho ""octlon porpen. 
""",. , to ....... ",".,«1 odgo • . _ av., ...... pial' m .. omo n' 10 "'" 
,. .... iw<I in·pIa ... io t"" d.oction porpo'-u"" 10 ''''' ""'""""In-pla ... 
' .. " 0" . .., m"""""""'1o.a.dO\g can 0100 .. a;>pliod (01"""""""" _; 

, , • 



... .... ...... .. , .. __ ...... 
can be __ in a "'''''' . ..,.polo<o<l !",m. 'o I ,," dtK_ porpendicu." 
to ,"" , ... ",""", ~,. Th. "",,, ~""..,.. ..,. dlK,'oM bOO~~g ",odo-o 
al dill.,,,,,, _ dopondi"ll "" 'ho ,.,;0 01 'ho ............. ' _ to '''" ...... 
chon"",' ""'d. IIr. pkr, ... poe. ",no ("no 0' 'ho Ion¢' to .roth o! .h. 
"""1. ood.n tho _ " •• "', ... Nurn...",1 ", ... 110 0,0 p .. """. d lor 
• Mde ,ongoo .1 ,.tio> o! .he"".' •• ", oel1onicol ~ !o, tho very 
_;,.., oaH .!. oq"'. pial . ",.do o! ""'r«pio ""'orio l ,,' h. Poiooon·. 
,,,;0 01 'oro. s""aa, """,oriu., ~Its would be obt.nod k" .thor""" 
_, .. hoo bocauso ,h. 0I!0<I. 01 !too 0-"," to"". In '''" ooiYliI>n 
."' ....... ",,,.,on', For 01 .. ' p~.son'. "no •. , .... lit. in buo'<"'ll 
modo """PO' ~ <>«tIt .t dilo,.n' _ than for ' OO ... oIrown IOf zoro 
_ .. ",t;'. Fo< o"' ''' t rnoocIron;';.'Ioad;"g • • • ",toro' t. n. kr«. 
io "Pt'*od "'" plot. , th. n tl>o """', bud ittg 1.«. 0""_ tho ""lbiol 
" ... c,0;I;"9 _, .... _ " _,..." S _ ,ty. for ""mbOoed , ,,",,,,,,I . rod 
mocha";,;,1 Ioo.t;ng, On "" ... , ' .... 10 food ...abIo. th. ""'" to "I1'"".rod 
1riQ/>e' lorn po,.tuf&. with"", buckling IMn , "" moc,,"oicoliol!dinQ we,. 
"' .. ." . AlSo. <>O«W>g II\e """ •• natNo •• I'O\Iho, """' ... " """'P~' 
mocl>anical food I. be ....... inod ".",,", b<>:kIing than W tho pIo,. '.m· 
po .. , ..... " . , . not c"onlfOd. Fo,,1ois b ..... ,_g co ... " . can oil""' 
..,..,ty tho awllod N OM ... k .iT '" ""'<I!y 61 and ..... N_ 101""1"<>-
pon;on.,Ioadi.g " a lso poso;Illo. 

3.7.1 Summary and ObHrvotion. on PI.,. 7 "',mol B!I< l<flnll 

So,""g pbt. tho,,,,,,1 bocldO--og """,10", ... 0 ,wo-ot. p 1"""0" ."", 
io ....... tho .. m ... '01 ~ny p"". bLlCldinV problom: 

t t ) So"" .110 pane ",,,,,,,,,,,"'sticity problem '" "",., ...... tho two·di· .,.....,..1 .,.p ........... or '0«O __ ;0" '" .... p_1ng . qL<i-
IibriII m ""'to ........ tho pro"",ibod _, (on<! moe"'mic. ~ Ioe<l;"g, 

(2 1 U .. tho "",b"". 1Oog ot,._ 'rom .. op (' I ~ •• h. "'''''''''lding . q";
Ibri<Im _ '0 .. , .... or Ior-co dl>trib u_ In tI .. b"d"'ll pMial din. ,· 
. nliol oquotioo '0 dotermin. ,,," ~ ~ tho u..,1Mi orrdl .. 
",*",,",nIee' _~ th" "'_ """' Ing_ 

n o tnt " . P In ""bJIa~ng a tlIO""O' bucldinV Ioood is ,. dot., ...... 
to. "'."""Un!l ot ....... t. in tho plio"''''''' tfro Cha"l/O-in-lOmpo"'''' ' 
distrbJ'lon.nd tho "' ..... ""., _og, ~ . ny. T .. , /0, _ SO"o ' .. 
""",ma'",,,," problem in ... p 000_ Tiro pIono 'hormoola<ticity protrlem 
con b ..... plo • ..", •• ""'" _,,,t.,. " . itorm tho"""t _.g, or oom · 
pie' . _~ o. lttIm _,lolly """",10",, ,,,",,,.., Iooding. I. _., 0,.",. 
_h. "h. proI><I<klin<.! ." . .... o.rioe lrom rtIOC ""n", 01 tl>ermal load· 
in<.! ia _ .... """'~"''''; act",,"". ltr8y.ro iool .......... , ,., ",.n., .,0\' 
tMy .riM. &me ~ .... ..... t .. a,. quae ,"""plo.rod easy'o 
dot.,m"', For . .. rnplo, ""iIorm """_ In "mpo!""" wlh ..... odge 
,o."olnt ot1 •• ,.,,,,.,. It_ 10, .... Plo ,,010,"" P"""'<kIOIg ot, .... \>.1. 
ao wo have .. on in tIIis MCfun. Othor roa_ WI to.,.,. .. ,",. dist,l>· 
uI ..... Io.d ,~, " " dQct.,. '0 ~.t"" ",""uc~I"g .. '.,,'" o;t;so:rlb,,',," O 
tJ\at n.v. _.ro iMplico'''''o in "op ' '''''_ 

, , • 



-"'_ .... - ,., 
TM _ ... p In ""1t"1ot",,, . tt>ermal b"""",,, load Is 10 OCIU.'II' 

ooh tho _0 portiol ddI. """ioI oqua'''' 10 lin<! 'M magnlO_ 01 'M 
bu"UoO load l_.,."""" """"go). Tho n,lUro and "'_11'1 01 ' M 
portlol diI' .... hIIa' ~ ..... , .... ia h;gnty .;.p.ndo"' upon 'M _ _ , '. 'm O 
I!>o, awoo, In til. part .. , drfI ... ntiol ~".tio" .. .. 01 • • on tI1 0 «>.m· 
c"'to 01 tho t. ""o. loa on . . ..... at tonn. _ ..... , the ""kA"n at 
a pollio' dilontnlial """,,' ion ""h .• 0 ~ 10 .. Iho"', the in"l'lo. .. 
""oa' lorw. N." Is ~,,~. doli. ,. ",. no,;,.. 'h. pt .......... 01 0. 010 .. I. ,ma 
In a pa""" diflOf.ntlOI <>qUO"'" can """""0'»1)" ootT>plic&'. M sM.llion. 
TM ooo~i:I""" 0".' ,.0'''''' '."". 0'0 01 oon...,.,. . ... In .... ., In "'0" 
mal butlt.l'ng p_ms -. ..... ,h. _"m"l< "'hlth oomo lrom ' M 
",ob",,' Ong -.,,,. , ..... ono) dO""'!y dOlo.,,'" 'ho ""v,to '" <"1110,, '11' 
'" _n 01 ' M portia l <ttIo.on, .. 1 ~"o'''', K ' M cl>anQtO in ,ompo, · 
""'0 ""trW"" Is un;"'"". 'ho' tho co.II"" ... on the " ""0 01 'M 
pan" , <IIII..-.hllal oqoo' ion .,. """""'"' in .... "y "" • ••.• nd. ao " wd· 
I<r>o"". th. ""lui"" 01 • por\iol MI.,.nl",1 _,"" ,.;u, oon"'n, oo.m· 
""",to" oft ..... ,o~rd. ~ tho "honpo ., .. m"....''' ... diotlibUl'>n 
" "o,,, ... iorm. 'M" "'" ..,.,«;e;."to on ,r.. ,."". 01 II> . part'" ojIto ,.min ) 
~""' .... . ,. nonoono.t."" .nd. os Is ~ ... '" .. o .. known , 'M 00I<I_ 01 
• p. rt iol d tl .. ontl.1 oq""ion w i", ~.n1 """"1O;,n1o Is 01,." <ttIj
<ul. co .. \n~ ...... dlltlt:uM ,110" ~ 'M <XHtfhcionto .'0 consta nt. 

In go.,.,.'. Ill . _ .. , ~lOn 10< plal9 ........".,_' ..,.., 10 """'" 
ito In .. Iho pia,. mU<l "' ..... ~, • • 1/>0 ""'fIlIiI_ oJ "'. """_."". 
cm."fI'II incn> . .... until "'" in·plo n. 10« •• ;" II,. p lat. booo"", 00 ""go 
OM' buoklftg """,,,ra , loot •• ,'" ".pI.". m""IIoru.a llo.dO\g.' Otn . "" ..... 
,r.. ".. .. .....,~ bondo ;"'modiolo1y . O<I ., _" ;";_ ... g amplilWo undor 
lIHI, ... 'looding. Ho __ or. an oquaoriu ..... ,. can _ a _g a nd 
,h •• _ 0' """'. ot.,."", _ ",..,. For ox.mp~. oire"lor cyt;rdrical 
$holo .... . "'M' bendlng.lnto"""o. ",;Oily .aryl-tg p'obYchl"", dolo,· 
mo'''n ..... no.r oKlt . t><!, yo, ~ ... on oigoIt,..1ue (bYckll-tg load) "M' 'h. load go .. "ilto """""" (u w, w'"' ... Itt s.a"" '.5). Th ..... a Ho, 
Of ",.mM, . p_"", ... '" I, no' 8M~YO • ......, .. , to dovolop • 
buo0<k19 fH<>bIom. W ..... ~, ""<0 ""' . 1Ia' "'." . .. "'i n9 ........ 
__ MOry to _ ..... 0 • p"" m.rmal bY<k11-tg prottlo ... C"""in oondi· 
tio,.. In.oIvIng ,h. _ ,10.1 d iat..."tio" at 'h. ,hongo .. "''''p' '''''''" .. 'ho 
plo' •• nd tit. "·plaJto «lStra"'!> "" """",,,,on' 0/ 'ho pIo'. anoct .. ~e'ho, 
lIHI pial' con."'r ,;"" Tr.. """-<>\10 .. 10m .. ,", ,,," _W"" m"" too 
unilorm thrOO!Jlt 'M '~Ckroess •• tho sinp .... eo .. or." \IO<>Or.', .ym· 
m.~" .~"' 'no pla'o ,._ ""ri."". ,.". .... ""'no .... ,a;"" 01<101 O. 
_wIIod.t ,~ . pta,. mlddl • .... rio". in ordo, to a l'Clld oe«Intrjc , . ....... 
.... , -*' ""_ P'"'. ".~, bowing, 0 ' ourfng, I. •. , _ mont ,_ 
n",no .. tha' p,ockKIH ~LlCkling in mony probIomo. 

T"", a-," 0/ Ill. "IIonQtO In ' . mpo""" '" ,~n opotiol diotriloUl'>n 
in tho pD,. ano" wItollHl, ."" how plo'o bY<klf>g occotO. TM thr ... · 
dim_"""",,' _ , .. 1 diotrto.tion """' ..... 01 two goo",","" O<>tPJ'O"On',o; 

, , 



DO ..... ....... , .. __ ...... 

1. U,roug".h o~,,",_ ~ T _JiIlulio" 
~. art.1 {""or 1ho plato middlo-ou~.eo ..... , "T dlot_'i)n 

Fo< 'he ,~O through-the· t~"T distribution poMjbilltm ; 

'. H 1ho '""""~.tl> "'""""'" """,Ibut .... 01 "T It ..-.ilom\ '" .y.,. 
meU" .bout ' ho plato middlo ""rt""o. ""'. ""I\' "-pla . e 100:0. 
o;Ioovo"'" ., th. plato . nd 1<>00-.... "il> """ ... ~ ,IT unti b",,~ .... ; 
O«u,.. ft,,,t is, no <nO"",nt _0l0i>0 'hOt ,"",uk! "'"u .. tho plat. 
to Mrod . W3y I,om Ilot . ... as tI>o ""'11"._ '" to. ~T ""', ...... 

2. "Ih. "'"'ull" ·I".· ...... o . .. dlsl'buhon 01 H .. ~ ""''''''' '" 
&ymmorJie .boUt ,ho p"'. m<ldle ...-Iaco , then borwling momonll 
do,..,,,,,, ""~"g , OO pblO to • • nd. !>OW, 0' ourl "" .. ,n. '.'Y In
_ n' tho, AT .. oppliod, "" flO """"""g <><=<0. 

F", tOO . , ... 1 ","" ibut"n 01 " T I"'''' • (n",~" ·",.·w<"" ... "T .... " b
ut .... ,hoi" uniIorm or oym ... tfic .,,,,,. ,h. plalO m<ldle ..mac.); 

' . ~ "'" . , •• 1 dlst"" ... lion '" AT 10 """", .. "rod flO In-p"" , • ., .. . ". 
e ••• 'ho. "" " ·pIooo .,..,.. dov. lop;" ,ho pta" o nd ,ho pta" 
morol\' 0>1"'_ 1,00II' as ,h . mo\iMudo '" ~T inc ........ T-. 
"" _~Iin; <>CC\Q. 

2. ~ "'" .",", d_u"". 01 .n It """"",, . rod .,·pla ...... s"o"" 
. . .... tI"" ;,, 'plano to.o • • dovolop" tho pIol • • ,., "" ..... .. ith 
""'"'''"'II mogniudo ol.n until bueklinll <>eeUta. 

a. H"'" ., •• 1 di$(ri)utio<o '" "T .. ",,,,,.,.10, .. """ flO "'-1>'0'" ro
""_ •• ,"", the" .d-oquiloll,ating "-pIon. lorces ean _e"'o 
;" tho pia,. and t11 . eomp<o~v. lo<e .. l""ru .... ilh i.,,,",,,""'l 
mIIg nl ud. 01 " T ",,'i bueklinll O«UB .•. g .•• "'hot ...,.. ;" . " 
u", • ." ._ plot. e. n bucldo I "'" orough 

4. ~ "'" .t •• , ..... rib"''''' 01 AT '" ~m .... "'-Pia .... , • ., .. ,,'" 
. x •• ,ho" " ·pla ... fore • • dovolop;" til. pIo, •• nd """' . ... ... ~ 
""'olng "" gn ,""" "I ~T unlll ""ok .... g ""' ...... 

nus. ,h. 'hrougM he-lhick"" .. AT 01.,_' .... must M unilo<m or 
'1""."-': aOO<Jt m. pta,. m_ .... rlooo t", bucking 10 be ~1o. 
T .... ' ,", I". . ... , dT ~On . nd Ih. ;"·plo ... _,. ",".", ;"'m. ,orio ' 
unlo .. 'h o 1htotJ11"."",-Ih"':no .. dioI,ibUlion .. .... oh """ onl\' .. -pl."" 
I,,,,,,,,,, 00' "" •• <>p. P,"""lomo .. lh ... . lIorm 1tv<Hlgh·ti>o·,",,"" ... . nd 
",,'orm .'0. 1 "T <btrb..Oiono 0 .. "'" ...... 1110 _ • . Problem . .. Ih 
oillo. , sy .. ",oroc·abou\·tho·m<ldle · ... rl;oco ~ T d_ .. ti,,,,. or """ .. "i/oo-n 
4 .. 4' " T diot,;b ulio", (or roth) aM 1M """" difI<:utI ., .000 

tn "''''mII<Y . ... do,,, ... tho t ... _m. nI.1 ,ho ......... ..., """. e nd 
""".,Offl _hon' lor ""uillt><ium _no "'0 OQ\<--.n <IiIIero-nt;,,1 
",,""' On ("011 one ., ,h. ""'",ion proeMS) . , w" os tho v.rlation,;" 
10", ... t>d "lO!<lOoI. do'in; bueU ng !nO""""" ",. """I<I~ difltronU. , 
.., ... 'ion (.,.."",,)., Sod .... 3.7.2. TIMn. W. ;"v.";got",,, "'" i}P" 01 
;"-f'Io. .. Ioadi>g.s _ • • 'h. In-j>kno ,,,,talnt """"""",, arod 'hoi< im · 
pk.tion. arod " 'or. " lion • . N.". w. i<lon1iTiod on oquiv.""" moehanical 
load Ior'ho ,ho rm. l_g;" oo .. in , . _ easoo .... , . ""blo • ... o to 

, , • 



-"'_ .... - ,.., 
... k""..., soUlons!O boeld;ng prot>lom . uodo, m«""olc,olloa<ling !O 
ooh II'I<Irrna l bocklog ptOOIomo_ T ... , ill ..... , . .. ..., _10 <!ioI;nguio. 
~'" .. o p'OOOCkl;ng ' ' '_ ''';11 ano. ''''''' ......... , ~ng aM ,n_ 
!!>o,. risO!rom """" ... ~~. _ """ .' ,Om "odo"",~ of 
1>0" ,normal .. , _ _ an.. lrom lo mp •• 'i>1ur1l-c:hanl/O d"'Jibulion • • "" 
, ... , ..... <0""''''' ' .......... ''''' to tn. _ . , ...... "". of !No ~obuo.~g 
_ ...... In, . . .... _OIl tn,oo ....,pI. plat, II>o""" """~ "",blomo 
in whi<h!No ' o..".""u,,, <Oango .. uniIorm 'h«lug""'" tn. voIum. , 00 
tn. ~n9 oq uiibtium _,. in,o~od. u,' o""l1 dislrbulod ....... 
dot."" ..... 50' 01 .. ,....... TO. """"""'kIftg .. ' ...... . ro u.iIQrm 
tn~ tho pIo' • • 00 , ho bu<kling din.,o.tio.l _,ion """ <onolo .. 
<_,,", ",".nd .. ... iy _ od lot ,h. bo<kl"'ll __ Each oI,n. ,~ • • 
prot> ....... , . ".-Iod in lablO 3-4 0.",., _ b eQui,._ m".on;:.o , 
_. N • • nd N,. " wd M "'" budding «'''~",''nI . ",. The ,.1.1<. 01 
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- .......... .. , .. __ ...... 
~t .a", ~ plat. "S!'O<1 ",Ii<>, b<II ~"'" (om~"" •• "' •• for long pilo' •• 
01 ki"'!or u"",, .. 1 "",aint arod """ lor b~'" _ ,a"" , 'n _torr. ,"
''''.''''''' ro"'~"1 ~, .. """ "" . , ""0)10 ' ....... 01 .lb, Note 11101 '''' 
"" ...... 1 , •• " .... k\ ba. a 1><Ior (' _ ,.oJ wh.roas th. b .. ,ja( ,*<Ira"" ., 
Io ... (.cIo, (1,. , Tfrat ~ ..... """ oom • • """' tho ro~ • •• ",., 
01 N, orod N,. Tiro 'hird probl. m 01 combined "T arod No. """"'" 1>0 
""p", '.fK .... "''''' "" .... w~ ... m .... t~ • .""" .. 1 "" .... "hich .' . 0 
(nol o 'ypic.al m.l_ by . nj mo,no) 10 ~ Ih. probl. m oom ... n. t. 
n . bio .... ,.,.,<to>g .. ,h . ' hird ptoblom has "' .......... "" • ..,..,. 1M, 
o~ng • pia" "" n "",,,, ... ~. m"" ........ , IOad-<>o ,"' .... ""_ itr Wlor. 
_g jtrot as h"'ing oon """ro . .. ,110, capaciIy 

3 .7.' Olho, Topics In Tho,m.' Buckling or Plot .. 

n . otlro,,,,,,.,, oddr. SMd .. , ... "",.indo, '" ' "" -'ion .. .,,_ 
various ""."""'" suppon conditions ;""klding ..... ic _,ainto, non.";· 
(0"" ho""\1- 'int •. ""p' Mont to"'f'O" '" to """'Or"'""",. IImllo, ,,,,,,, '" , ... 
~n •• ' ..... ic """"iol m~, I ...... '. ''''. ___ n' """or'" "",port .. " 
""",,",oa, ...... «rain beha,ior. tho .... bgy ""'" •• n I<Impe""'" 000 _u<& .Keo!. "rod ~""'., ,omO,,,", TM .. topiC •• , •• <10:1,._ to 
' ''. 00 tn. t_~. " .... ,oness lram tho p rosenl slmplo . .. ", ... to ,n. 
moro cornplo, ""*,,,m$ , PlOt ""utaly (X<:Uf, 

J.7.'. tV.,,.,.,. Edl10 Support Con<!;!lono 

(, .. odge. J. 
N.m.th oolrod , ... , tiro nc.-o ..... boc ...... "-' (0, o n .. ron! . ... Iono;l. 

c_,edge plo.'. <>VCt "'" .,f initely long .... P ... ,,"pponcd odge plato 
.. _o. mat.", 3,10 "" moelr.anieol "'"<1"'>1 of b .... 1o.1y .. -pia ... , __ 
" t.incd p"te. p -51 j, TrIu • • I ... fK ... nl ,"uh ., 5..,t"", 3,7.~ "" 
' '''tmoly Ioodod . .,finlo", k>ng, simply __ rod Od~ 010". coold 1>0 
",u'~Od by 3 ,76 '0 gel __ bIo d.mpO<!-Od9o p"'. buCkh'>\t ,_ 

PIo1 • • can '\;"'," . .. stic ,est, ...... , ,h. <KIgoK 01 two typos: ... p ..... 
aOO rotal"""" (Of trotnl M tho ..... k: ... k . .... io "-9Ion. , "'.n '''' It>-
pIo", '."""al to"'" .t •• H"eU,d (' ''' p!QbLlCl:mg .. ..,.. .. _log) aOO 
o ro .... tho" ,th. edg" ''''" ,otally .-..Mrod t",,,, .,·pion. """' • . 

, , • 



_"'_ .... _ 00' 

"",n' l! ,~ . . .... i< _IOn .. "".Uono l (obo<Jt. 1M . ....... , ~ . pia'. od\IOt., 'h. mIOd1o .... "_1. 'hon ,"- In-pjon. 'no,mal _ • • I>av<o ,".. m. no,"", (i .•.• ~""'u1"n) .. ' 'no ..... i< """,_, _",In, "'" ~ 
...... _ •• , . ..... ,ho,,,,.1 _g 1oo~ ( ..... ' . """,ra'u", ct\:l.ngoO ot 

'011.>0 '" ,"- ",.plan. t .. """, 1<>", • • at .. , ;,n """Io;!;ng """" "') .. .. 1_ 
from th • .o1uo 1<>,. fro. ·"""' '''n odgo (a ny ",,"plo ""won) ' 0","«1. but 
"'" -.;hio.ng. tho . . ..... to, . ""'''''''ion <>dgo (oom " Io;oo-m '" . ","'pod 
Of fixood OIIpportl ........ rot&liona' . .... i< ,nt,ain1 OnerHSH in mognilOOo. 

3.7.~.2 Nonunito,., Hoal"'g 

~'" l>u.tng cot)doOioM <.an incl""" ""n" n~o .. " _'i>.' to", · 
pe,.'utO .. M "Il" -.ilKltioM tlla' . ,. «>MIan' In ,;me as ... 1 as MnIJ · 

"'",m tompe'.'uro""",noo """ilKltlons ... "" limo. W. 0""'.,.. ""'" _un""., _,<0' ,o""""o'''''''''noo _.-but"h" in In .. boOOC . p_ op.'Ia' ' otnpOra'u,o .. ",noo ck"ib<.Oiono Incl<>;lo va_ 
"",riO " "'''' 0 •• , ,h. pi.,. 0, • • (. , •• , AT ""'riO"lIono) _n .. ~_ 
aoo Fort")'" • • >p_ 'or . ""lfOry ' .mpo"',",. diot, ib<.Oiono th., . , • 
• ym"' .... _ bath <onto"', •• 0' '''' pb' . [].6.t 

~T . ,n , +~T2 + L L <O'_~«>O 7 
; . 01 _ 0 

13.450) 

in ... hien .n, is , he doff.,onco bot ..... tn. ""~go '.mpo'.'''. 01 , ,,
_;"g """""'0 .00 ,"Om ' o""",ra,"," aM ~T, .. 'hO <lIro,."". 
1HIt" ... , he ,~...-.,u,. a' tho <KIgo '" th. pla'o 000 tn • • v."go 'om· po,., .... 01."- oupp<H!if>g .. """u, • . Tllat ko, th. piO"''' oupponood •• to 
~ on on . ",.tie . _ mbly 11>0, co. nov • • doff._ ' . mp. ",'u,. ,"on 
both _"' '0""""."", 000 tho plot'" od!/<,o. Kbsom ond FO""1 "u,. 
~,.boli< , .... p. ,. ,"'. "'".,noo disot'j, ullon , . , n e .. .,,~Io . 'low"" . 
1M. ,.,.,aoc prncodut1l ..... "'" clear •• rId ,IIa. '010 '0""'" ..... '" missing 
Of "'" ."" .... , •. 

... ""'". , oIgnfi<&nt pracl i<&1 ,pplieo.Uon of pio.'. lIMI,mal bI>Cking 
P<")blomo Is on ., .. , <Iist'''''''ion 01 'o~.'" '. eh.noo '""" U'"'ing ,"_'ing «>nd._ on •• 0"'" ...,g po"" '" S<lpo,*,""i< Tig/1I . ... . ''">l 
_. on . , .. ' dIs1"bu,,,,,, ohould .. ItwHlloa't<I ,n., 10 oitnpIt • ..,uO/l 
to ","",I)' p. ",,~ .. p ........... , vot'l"",ion 01 _ .,icot p<odi«;;"'. A 
",pie., ouch ~robI.m .... ""'" '"" ".m·I""" ,omp.",' ut. dislmution 
_ by H_nf." "nd ~_~. [3·65] ,""",h Is <lop"''''' r" Fig<.-o 
3·' 0 ' 0. Tn. , .... ·'b '""'PO""". di .. _ is go .... led by. h •• ti"ll 
... " pbo-" o long , ,,. Iongl..an..1 .. h, .. in. of tho pb'. ~ .. Io l '" ,,,. 
, -«xi •• rId coolO>g~. _ lo ng Ih. """ Iongl udinol odgo. po,,,101 to ,,,
. -«xl •. Tn. ""~.e .. orld ~h<io '" tho .. _to .,. ",,,,,10'0<1 '" ,~,ie' hM' 
-.s. Nt., tl>tfma, Oq. __ is _Cl>t<l, ,no ,,,,, iI\e dis""'.''''n'''' 
..... ,""" ~ • • U"'l to To' T, ., tn . ri<Igo 01 tho ' . n' arid ,,,- coo.\'g pipe. 
or. odju$tod 10 ,0.1"". , .... 'empor.' ure 0' tho pOol. odgo. Iton! _ 
_ lis) '0 T,. T .. pIole is _ ,."",inod in its pia"" ,dl>o"llh , ... odgo. 
a,. olrnp~ ,,"pponood in """. "'"""." Wl>ieh <an 1>0 ,optt.."led .ion 
&im plo oupportbo<ltldary cord_ S. '" Figu'. 3·10 on pogo 247). Tno 
M"""*",,, t.""",,,,,",. di_ In ",-'lIon .... n 'ho ' ''' •. odg. 

, , • 
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-"'_ .... - "'" _ . ,I>t, tho compto ...... • "~sso. In ,h. I>on . .. zon . "" .... ,ho petloct 
pIo'. '0 bu<kl. 0'0. "'".",,' ~>I"",~I ~ ,..,ra"',' Gossard. s_ ... d 
R<>berI. _,o<!. 24_h. 38·inctI, 11' ·k>I;h _. (QA5<:rn , 14.2«11 
• . 000..,m) 7057·T6 a ,"rnjn"m p"'. 10 "' to. doll ....... va" •• of T, [W' F 
(33' C). l00' F (~-e) • • rod lr.2"1' 18-<-<:)] [al .... To . 100"1' (27'(;). orod 
tho ;,,~ ... "m ... ,.,",. .... OO'F 127'CI'" "",,0<1;" [3.oGSR In.te.tod 01 
""'nnol bucking. 'hoy _0<1 I ... highly """_, 1horm.11:>o<klo1o, · 
mo.!»n boho.".,. to,. __ .... 1:1 ;mporl ..... 1010 wlh ;n ' " ".010 ' do· 
fIecbon 0/ .o.t5 ;". P \ cool in F"",,~ 3·105. In eoolfO"'. ,h. U .. ,maI bud<· 
ling 'em.OI.' ....... T, 4 ,g"F (tore) Imm EQ"",",n (~ .'5' ) wltn , ... ~ 
col<uta'Od _\buckling bOh., ... _"" as tiro dot""Od Ino In F""". 
3· '0$. TI>t _.,,.,, ... ".., .... Iono In .... p"'. 1""'"' ,n.,ma' _ king 
orod ca"M a Inrgo-dolloction oq",~m p<Otoln", 10 ." " io" .. I/O' 
","ok;' Im.o~"""" n •• ,.. .... bucldinQ ""do, "'o<Moieal "'""inQ ... Sec· 
tion 3.5. n"" ie, ..... pIo'. b . roda. """ •. 0 ' c"rIo ;n , ... forno 0/ tn . 1n ... 1 
_ 0' ';'' Imporl"",;,," ("'00 " 0 r ..... lnotant!Ju' tompo,o"" io appOod. 
And, tho mog" i odo 01 tho """'. , dolln<tion i. qui. l>igh. ,u ching , ... 
","'0 ,..,"" ... by .... 'oDlpor.'",o.' bu<klIng 01. pori"'" p"' • . 

" "' 

-~~---~ 

~ \
,.. ... '" mo. .. ... , .......... '" . , ' . 

>M ______ ____ _____ _______ __ ___ ___ _____ • 

\..-.. ,,"' ..... , 
.... "".no ... .--_ ... ........ ... (.,,, ... , 

, . 
, .. T, , 

• 
.... " ''"'' ' ..... ~ 

. ;::::~::;:~::::~::::,::::;:'=::=!~ . ... , 
. ,~.,~ 

""". C",". Dl'U",OC>N ""' ...... ....... , 

Figr.o.3- ' OS -..-.""" w ...... E . ....... _ ...... C"""OO'_ 
IA"",Gou./Ot S_ . __ ~'E 

3.1.11.3 T; ..... Depondont Tom ... , ... ", D;or,i but;"'" 

T,oaHnQ "T( • . y. z. "". f"nctlon of ' imo. I. . .. "T( • . y. z. '). 1. a ",.1· 
iO!'" plryOicll' protolom 1>0<:0"", tfoO l~"m.1 ......wct ... "y '" most . ng;. 
_'ing mo, .. ialo Is quit. nigh. Thus. ' ho dT "ks!t","' lon II. 111<01,< '0 
ohongo q .... "'P~ wiOh tim • • A""""""O+t ..... could . , ... ino .... 
q...-.oo '" qu ....... ,,, pmIolo<n. "oh dtt....." ~T '" ",odor' 'hO oclllal 
,IT d ","""","" th .. o<c'" _ ,..... 0 0 ... "1)' , 00<0 """ 01 10, •• ",. , 
"""I<ing I""o( . boo",,;"n 0"" _ .. Ion of h .. ,. 0/ 0 body . 'ho ,ompo t· 

, , .,. 



- ............ , .. __ ...... 
• 'u,. lI'od __ , ....... _ Milo ~rM. f o, tlHrrms' b""kling probHrmo, " • 
• ,. LlSUaIl'f <o",,"mod .. , h ' 1>0 la,,,,, .. """""OIU '~ 0"_ ttIa, 0(X:Uf\I 

., ""I' ., . .. ", ,a'_ lhoo 'ho b. h.,.". ...." litM. ThYs. igoOOng 11>0 
"IIa""" i"r 'o""",,,"'U 'O grad ..... w~h limo. bo, so.oki"ro tno ja,go" ,,,,,, . 
PO'""'" II"'dion'.'"O)' """m. i. on. n ow,,,,,,"'''o. 
3.7.'.4 Lhnh ...... o 011110 Lin .. , Elulic Mal_I Modol 

n . d . """,.,,,. boloo,,,, 01 -.."_ m"""",...,.I . od 1lr.,..,. 1 
loading to .. ms ny aopo< .... """'. , . .. , .... Iy oimpIo , oIlr.", to, mono com · 
..... W. moOi oI1.n _ 11$ lin ... , ola o'io .. h.,,,, .". ,..c,.,ind I>y 
modlani<:41 p"'pM"'" Yoong's _so E, Po"""",'. ,a'io. ". snd 
S1r0trljl" PI\r. ,".,,''''' _ ,Ii .. : oo.nio .. ", of I/"re"",, ' • • pa"oion. <c. ond 
coe!iaonl ""h. ""., eoodu<:liv~ . _. M_.I." . .... .... l.nCliorr 
'" E ond , . ..... u . o! ooor ... 'h. _ ""01 toa<lng r ... ma , 
"'OSH_ or. !unotion. '" E • • • ond ..... ... " as'" Ih . ... ol 'o. ,hog o. 
1nI ..... ""od I>y k. T ... , .. 'hO ,"""".1 oond",,",,1ry aH""'.,,, • • _ Ldion 
01 ,h. ' . mp. ""." in ' ''a body u_, " """,,1 ",.ding, ond It>on MtIr ,"'" 
" "'I'O""u .. d;"riruoon " . """ """'ulal. ,"" .... 1 .... .... w illr E, '. o nd 
«. Tho ~ <Ommon .nd 10 in • • , oItr otic boh.,io, <><ou" ..... o ,hO 
.... ... 10 .. ' , ... n .. I .... ",. ngth 01'''' ... ' . ,loll""."ni".d w~tr .,.ilur. 
o'~. _!<>r m" ~wlol .1rMO ""' •• ). Tho elast'" ..... '.0'""'8' ""' .. "'" 
oufflcltn' to __ ma'. ,IA. ",10 , ..,.,... <>r Q ...... ,O$tOO. (_ 
do\>endOmi behavio, (.h . .. Clorizod wiII>. "",H"'. n' oI .io<osiIy. ~) .. 
..-'doo<od by ""rrouS 0,"" 0"" "'h., ph.""nw"" callo<l _10..,., 
bo"".ior, Mor""""'. """'~., lifnl "' ....... , . .... io boh . ..... is .... od ,h • • "ot" ~rI\il or y;'1d ,,_ . a "trio" . loIowod by po""""1y plastic be
!w>.vioI" for a! . ... """.rial> or by "",,1m • • , _ ... ·on-a;., bo"".io, lor ""'" 
nu.1.,io • . Vioo.., 1.o..., b. ha.", .. ,~, ro,,"~ 01 combO>~ '"" ~" .... 
• iocous <10."",10< d~ ,h. oon ...... ' """ .. ·ot,s in .,.h •• ior. 

3.7.'.5 T.mperalu,.o.pend.nl M. I .. i .. P"'perli .. 

Wo .... , . ifn~"~,," igOQ~ 1M r. ol 'hal'''' _;.. 01 __ ... . ,.rIo" ' S'V s9ri/""nlly .... ~ , .... p . .. 'u, • . How" " . we sre hlood " . 10 
"'00 lem"..o'"" " "9" l>toOOu .. 01 tIHr "'00 bu' ~"'O ,.."P.,. , .... 
olra""". thaI or. ofton p,odio'od "iItr ..... " ... Ioriol prope<1;' • • , room 
,..."....'u... S",,"._ p"",ort • • Inc""", .. " ..... or ,,1<,""""" 
_h. I'<>iMon .. ",I", r ield "",so, "nd ooottboni o! Ih. rmal "'pon · 
..",. "", kr ........ "" 'ho'm.1 ~MIy _h inliu"""". timo-dopoo
don. prOOIom • . 'n .<1<1,,,,,, 1_ ...... _rtto. con bo Iim.~· 

dont, o ,g .• """*"" •• c<I .... ngth in ."'"1' oc<lo", ... ....,'u,. problom •. 
Th. Young'. m_!Yo, E . .. perh_ ""'" .R«,ed by lempo .. '",. 

01 •• P!OPOrtio • • • oopt .... , _ .. ,.60 , ", ... . I"'~od " "00 01 
'''''''00 b",ou>e o! On uPP"f bOO<><! 01 112 10, inOOmpr. _r.I 010-
trr>pIr: m. 'triolo . .... lempe'","," ne ...... . ~ . .. "nd ., .. ""'" 'Ipi-,.Iy _ ... _." ... ..... "",I . .. IS """h ul>O/y(;'V .... h. \[f"""-
it. 1>0,. ino' .... ng .,"'_ and ., .. ngll> 0." • ....,. ,_""u,. ,.ng. 
_ • • n fQO", '.mpo,.'"", and juot _ .. ' hO lI'opIKI;'".,"", ' ""pe'" 
'u"'. but. "Ito< lho., ' • .,po"""", 01 ", • • Ilon , th oy",,"on 

, , • 



-"'_ .... - "'" 
T"- _nClen' 01 '''-''''0' exp&rlSio" , ~ , _ '0"" Inc,u_ "I~ 

'9_'U,". f"",,,nlh.o l 000\1 ... 0<1 ..... ' 0<'1 ," ugh a pp'oxl""""" 01 

13.4!>2) 

;" I'I'hi<h "" io 'ho ;". "', ",.fhe." 01 ",,,,,,,,,I .. p • ...", ., 1 . 0 ond M 
io ,h. "" • .1 '"090 01 .o""''''' .. , .... n T _ 0 ond T ", ...... moling ' 0." 
... ,a'",. [3_63). OIh . .. ....". good . Iio .... '""' ....... in " .. <I> , • ..". ,. 
at", • . OJ ... of o,,~ .... , , olio. 01 t"- cooff",,"., 01 tho"",,' . ,." .",. ;," 
mu .. load to undo_teo 01 ,1>0 .......... ...... ola,.lad t • ...,..,· 
.'''''' ...,.,_ ",.,0 'ho 11>0",,,,1 .. "."."" is .. ",," h ...... ' . " . ,.r",o 
_ing "".0IIeS I>9>e< [but E """uld gel 10,,", """"og 'I>o~ •• 1· 
loctl Hit.", obso,,"" "", uolng 'ho o<'ual ,. """" ....... ,jo,,,,,, 01 
""'Otlal ",0I>Ml<. (E ,ntt~) .,.. .. ,". 'emp,,,,u," ""'" ,~"" in op
",«labia _ _ In ...,,""um ,'-mo' .. .-. or><! sIigIl' Ina ..... 
;" ,"", ""um ,"""""I ." . .... fM • ,nicl<·waIod eire ..... , ql"do, (3 ·6~1 . 

F", . ' 0"'1"", u. 1ng "'" """" ' omPOt. 'u'" ...... '" E ..... " 0"0'-'10 
'.mP""""u," ""II" would load'" o ... ,.st"" .... 01 'ho " .. _~ .. ro . ... 
• nd undo' ....... ' • • 01 ,n. IH"~ ",a'n. to< m.ny problom .. 

Th. """ff;c 10,,, 01 ",...,,-w ,<".,"o,"~""' Ino, • ••• • "iII"I 'o...,..,o,u,. 100-
. '"'''' mo,. "" I • • boA <10<;;, ..... 100- otn . ... , 00 "" gon. ,.1 .Ia"""'"' CO" 
be """",,, At . ny '"'. , , ,,- II •• , <>DO<lJction ",obion! io I1"n. 'oly_· 
,.t.d 110m tho .... .. 0""1)'''' prnbIo tn. "" .. Ixovon<! t"" '"""IH' 01 u.,;. boo!<. 

Tr .. tmon' 01 .. _olio or .. iscop ..... ", bon""",, .'00 beyood ,,,
SCOpo 01 IN, book. Ho .... '.', -. "",. lha, .. iocoolo,b:: m.'OI.,I, o ro in· 
!>at."'1y '011"""""'''0''''''''''''''. TI"Io oo.rr".M o! .~ 0"""11'" 
fa l<II' ,op;dll' wl h '.....-atu'e; ;" loci. I io ,h . mOO' _0'",. __ ". 
_n0:01 "'OPO"Y 01 d ,h., " . "-v • • <!d,. _ 

3.7.9.8 Nonllnea, Slre .. Slroln Behnle, 

n. _Il10 foro. ;" tll "mal ....... P_"" ., go .. ,,"" p""",~1<:>na 1 

to E ... , r. ,,"" 'ho """0"'" __ 0. E >nd n , oon ""U, ... "00 ..... ' . 
w. too, • • ~~ ""''''' t~ .. E __ ..,.. but "",.lway • . doer.,. .... wl~ 
_>~ '.mp-.t'u", lo!ld" \10 .... ,11' "''''''''1. How ... ' , .......... . 
"'" """"""t ... "', u, • • <!dO"""1 ...,""' .. o! E wilt> ."""";"9 "', ... 
Iovel fo, m.'.riols wth """ Iin ........ ·.n.;" eu", ... In .<!do"'" 10 ,01· 
. , .... Iy ~htlo"".nl .. ","""" 01 """ . ,10 1 pro ... " '" with ' . __ ",'UIO. 
"'" hOyh tomporot", •• ~n.'el~ """'" _ . nlng 01. m.,. riol . nd.;g· 
nli:antll' Ino,""""" """""".'1:\' 0I1ho "',=· .... in """ • . Tha, is. ,,,
.., .... 01 ' "" "",,&no. , ol,o ... ",. in cu",.. ..... ,o<\eo"'''' 01 ..-m.,.ria .. 
changO' ~ul. !apid~ "M ,..", '"',,, .... , beoominV mo", and mO",,..,,,. 
"". or as T inc ..... ".... Tho nonIin .. " . u ... · .. ' . io Ixohoy"" io Ii, .. ond 
lot' ''''' 0 .. ross-dtpondon' ~_r or OMIlICI ..... "'. buI.1oo v." .. 
o;gn~.,o"1Iy we_ tomp. ,at",. ""d """ be. 'u .. 1i<><> 01 ...... .. ,., 1,0 .• 
.. jscapllO'io . K .... f", . lum ........ 1!>0 .. , ..... _in eu""", a,. nonI .... ' 
.nd <10<;;, ..... in ~ and" and "' . nonlNanty Ino' ..... fOpidIy • • tom_ 
po"''''" "'" ......... in 1~ "''''' .. 0' .... , .... " .. , ."" B""'~. to, 7075016 
,"'mtfMJ m ;" Figufo 3·'06 [3·70( , Tn.. 011 ... yield ...... (IIHt InoIirMKl tiel< 
mo,,,, ;,, F;"'''' 3.'M) _, • ••• • ,"..,h faoI . t _ Inoreo.w.g " '"1""'" 

, , • 



- ............ , .. __ ...... 
o ... 

t~ . ., ....... 

o ... 

F9>"o 3. ' "" Comp"" .... St ..... S~.., C,""'. t o< "''' .T8 .......... 
.. , F~ '" Tom""_ .. (Affo , "' .. ,.."'. , .. ,0 """", (3-7011 

lu,e!han _. lit . init .. 1 moWIu • . Th. yiokl 01' .... (lite hofizont.1 tic k 
""''''' .. FiIl u" 3. \(0) _, .. "" ""on r .. !Of.,.;n, """""""'Ii 'ompe, • 
• Iu,. !I>o" _.,~. <>11 • • , y;okl 01, ... , Tim. tv.. ""'~. <Me, ..... ~,. 
roMiol. ", wlh ( lhe """"" lIHI or ,he , 

3.7.9.7 A ... I<>vY be1W"~ T~"'p.,., ... ond ""')SI"'" Ell."'. 
Som. mot . ..... c.>"._ ..-tu," 10 11>0 • • "' 0' that ' hey .. p.oo 

,.;.., _ mokslute and "","tact "hon moioIuro io _ .... od , )<J ot.' 
moot m," .. 1als 0,,,.00 w,h addod ' omro-ra'u," and conUa<I .... " <lo>-
"' • • _ ,_ , ''',""" P<>Ifm. ,.m.'""."O«I oomposit. m., ...... o~.n 
a,~ oKoot<t<l in t!tot manlWf by _"'u,". aoo , heir lIn>cty",1 bo~.vio< 
dop..-.do OIrnn<h on dt\&ty.io '" the , • • ui;ng oKoCIs The ,010 01 the 

, , • 



-"'_ .... - "'" 
Il>erm.1 o'~nsion <XHIJIi<ionl in l ... maI buckklg " m"""-.I by , 110 _ 
01 11>0 moioIutO ._noIo. e""n lcltm in moI<tu,o-lnd",,-.I b<le kling lor 
''''' .. ""'oriato ,,,-, .'0 on..,,-.I bl "",,",", • . , .,. mony _ "",,,, .. Is. 
<1011. _ ""'''''''' or>d moisluro .. F!",...;,n coonk:*lt •• , .., in dtll.",,,, 
p<incipo l malOriol <liroctioos, n. iormulotioM of" .. , horm.1 Ixo;I(Ong 
a .. tI'IDio"""·induo-.l _ .... 0 "'-.. 0 or. .n.~ • . bLd too _ .. 
• ,.I>oyootl , 110 """PO of t""' boot< 00 HO "'_ " nd WhItnoy jJ-5I) , 

3.7.!U Co"",ludl l\il R .. taru 

Mot. pk'~ '0" "",' """,t;ng ond tnomlol bondlng prOl>lom. oro 
"" ",,,, .. ;'-.1 by It"",,_ In • , .... iow _ , )J.?21 00<1 in hio ' ....... 1 
&lrUcturoo -* p ·GO), s.. ok<> tn" . 011ier ,.,,;ow p.lP« .I 10ueM" 
(3-73) . 01 oOgnII"o nt In ....... io tho '"",mal budding of p .... . ond ." ... 
-* by O~1ov """ GJibo""')J·U), 

E ........ , .. _ lor buckling o! m.".,. long _,·,.info",od com· 
poojI. Iorninntod plolO. ou , b.o n oI>lainod by Nomo'" in 0 _0 o! 
....,.. •• "" _. (J-5g , J·el . • nd 3-75 10 3-1g), I~ . , . boIh 
!!><t,mol ond meollon ical bucking, "" !I><t """'" r<p'eo<><>t. comhi • • oo.. 
01 Il>is """,,ion ond Iho p,ovlou, on Iorninnta<! eo"""", .. pia'''"' TM 
•• rlt\)' o! ", .. "", • • ,_1-.1 is "PI_I",. OJ ou',," de~ P,OoCI.,.. 
Tho .""Iy .. ,.- In ,hou popoos oro . signJan' oid 10 0Ll! unde,· 
"''-0 oow"""o pk, .. I>9I>a" 00<11>0" to dosilJ> ""'m 

...,.. ........ 7 

>.1. ' 0 . ............. ' .... _ ..... _ .... _"' . ,.. .... 

, • I' ' " "-"- ". ,-, " "' ............... ---., ....... .. --. __ .......... u ____ -.. .. _.-. .... . 
>.1.. U .. ,.....- _ ....... ........... ...-...., .... ,. __ _ """M-

_ ........ _ .... __ u .... _~ .. _'''' ...... w ... -..~ 

- ...... "<>tOfj- ...... ~.-.... "*"-".-'.'-' u .. ...... ""-"' ""_ .. ........... .,.,. ..... _ .......... """ .... _ ...................... "'. ____ . 80 ....... ..... ~ -_ ... __ ._ .......... -
.., .• c..-. __ ..... ,._"""'.." ........ ' ",""""'"", , .. _ ... _.,_. __ ............ ..-""' ............ 

'"' ........ , • • _ , • • _ so ____ ""..",...,. _ 
C""'"""'~' ......... ..... ...-.... . _ """ _ ........... woO • • 
.... ""'~ ... d __ '""_~ be_ 

u-> """" .. ...... _ .... _"-_ ............. _ .. .... 
~_ ..... ___ "' ..... _ ...... , . ... r_ ' ·'o:z 
->-• ., 

'" r ...... _."' __ .............. "' ... ~ . .. ~_U,?'_ ... __ '" ,_ .. ',. ... """1 .. .... _ '" _ '. _, -,> 
'.?? -",.-_..--.._ ........... , ....... _"" ..... _ ... ........ "' .. -...... _ ... ,,-_ ..... 

• _.""'O ... T ..... "_ ..... . ,d""_ ""' ..... ,_. _ 
........... ..... -<10-............ _ ._0...., ._.1 ... .. _ .... _" .... , .. .-..... -..... ). ' '''' .~ .... _ .. -.. ~ .......... _ ... , . ........ ..-.. .,.. ... _, ...... , .. ,-~-.--..--_ ..... _ .. ..., ........ "' ''.''_ .... '''''' ... 
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3.11 EFF ECT OF PlASTK: DEFOR MATION 

3.11. 1 Inlroductlon 

P.>I" dolo<m. tion ... ""'~I" ,~ "or "'-'t.Idi<Iv Ioad> •• w. "w 
.. sect"" 2.10. W. now odd,_ 08;lic Ouo:kling '" ,ecta_"" Olal •• 
_ win . rbiI",ry 00-'_' of ",'" and .,.,.1 10,_. N. aM 
Ny. as in Fig." :J. I.01. Ir>al """ W hiiii' ."""g;r 10 "" ... 0 .... " <lt1O'
",,"ion belo .. bucI<IIng_ CIo"""'_g iIMory . by " hich ;' im_. 
n..1 0( m"""b,.n. p,obucldod Oq"iIIbrlunr ".". is us<><! lor .mpIv sup
P<H'«l ~ bo"""'''y ~Io". on .1, ...... odgO' 

Th ... .. mlo l cornol."ity of oloollc _Io;lng of ...",ng"'" 0101., "'.f ",., 01 ba,. is "'"" or'''''''' 01 • Oj •• 101 .. _ . "''' o. opp<>wd 10 • "" ..... ,.". ........ _ "'",,,,,,,.r. lho ''''!1Y '' bIoxiol badOng m~I"" 
Ir?:>o, tho. in """,,101 """"ng ond Ih., Iood I •• """" 0",,,,,",,,,0<1 ell"'" 
",_;,y. Anothe, dlf".ne. bol~'een Ilr. I"" ",oIlism. " 111, OfIrtOoJ 
doII.,..""" .,q"""" '''' th. pI.o.lO oroblom (b«ooU""' plslO 10 ...... "tv 
_-<lim . ... iooo.~ o. oppoM<l1o , .. o"""ry o;f;ft ... n'. ' .. u.tio" 10(' 
bo, (00aI"",, 0 bof ... ""'. tiotv one-d .... ..-,.,,). 

5"'010 J, dolor .... ' .", 'hocry 01 p,asticity (,"'" < ... d ..... , m u", 00· 
101r.,,,., "'", ...... Ih--, ...... ;mum """ W 01 d_ion 1'-'1. 01<.) 
as <ltscribed by N.<lili (3·601 .rId Jooo. lUll "' used in ",10 of lire ",<.1 
tl>al nc,. m~n'" I~ "' mora v.1id 10< _.ral ~ ,""""los. ",_ 
oromont.,.M ""'Om,.,Io. tMotIH '-' '0 kIt"''''''' '-"t, "" otGpO<-
110"" ""'ding 'Gu· .......... 0"",1."", ....,.,_ ..... , .. , ""' .. 01 P_mo. 
dolormalicn n-rry is """~ incfcm.",., Ih<>o<f ;"'''Il''''"'' aloog a sin· 
g.. , .. ,.;gnt Io,d P''''_ f-Io" ... ." Boo;a"oky (3-821 ""' ... tl>al dolo,,,,,,_ 
tion lhoory ;. CO" , ist. m '""~ "co. pt..; ""' .. mon"" Ihoary """""",,no 
...... fo, 00 ..... nt.go of noropropor!ion" Io.a<ling .!x>ul lho O",pMionaJ 
loading eondition_ TM p",mis>il>lo bounds "" "'" d&!Ir" 01 """O"'P'''· 
tiono~ oIlo.ding ... .." _ .... "Iy .. tioIOedtr; "'" dolo..,...,ion. du,
ing _Idiog. Ho"","",,_ "por"""n"" bor. 010' • • a M 01101 Ol>Ckin\l ...... b 
a .. In \jOod agro.m.n, ",~h .. """"["'" 'hocry ",...... ..... r,""". ' " ", • . 
__ ..;tl"r ;.o.-tmeol., theory or. ~II .boY ......... fod """"'i-rIt """"-
N ... __ • mo, • • "pe' .... n"" 0Vir:!<rr<.", ,.., ... 0<1 10 TulI7 ",O",,,, j-

.to ,h • • pplicabl~ '" <ltf""".,io. ' 1Mory [0 0,..,11: bueklng prnblom._ 
n, O"~,"I 0C>Iul1on 10( ,,,,,,.n,,,,,"' plato. b1 lI>o ."''''', 1$. ,. 

duc\"", 10 0101 .. "om Ih, .,... OO" P)'''' 01 Jon" (3-831 wfjeh In I",n "' 
an . ot""""n 01 Slo ....... pis"'" ""'" 13·MI OM ,ha, 01 11)1'- (3·!51. 
S'o_. j<>st 'rk. Shanloy (3 _861. proOtJ""'" , .. , unbadO'g _. "'" 000 ... 

, , • 
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3.8.2 DeriyallOfl gr 8"0'1I"1i C,~e,ion 

Oy .... 01 oimpie J,do_ '''''''ry 01 pIooticily. ~,p,_.a,. 
""",,,-, lor 'ho ,a"liGns 01 , .. 1.",0>1 .,,_ dIJ,ing bu<~ In 'orrn. 
01 'ho ., rio,;o" •• , ."a'" or<! _'oriol p_'" d" '"'9 buckIng 01 0 pia'. made 01 on iootfOpi:: 10. " '" wih. "",,10>0., .... .. ·.,"' ;n <u""'. 
Tho va .. '''''' in biaxial .. "' .... ... ,,,,," in' . r.t"'ted 'h~ ,h. plo' . Ito"" ... It> 0l>I0 .. o ' pro"""" lor tho .. riolion. in k>reo •• "" "", ... nlo 
dIJ'ing bucUng. Finoll(. II>e ,,""bon. in Iore.,.r><! mom~m."ra sub
stitutod in ,h. bockling d l leronllal OQLlOl.On <hal is ..,1.-0<1 10 oIllain a ._-10"". bU' " o_ntol. buck ..... « iorion;, ' ...... 01 'ho 11""'" . 
..try .r><! _ ........... '.in bO_ ... '" I .. plille mol .... 1 M 1>u<;~1O>!I . 

Tho c,~or"", 10 appIIcabIo lor ' _0'1' combinatl"ns 01"'-'" in~.no 
'0"," in "'" , . anO ~.,d""'!o>'" 01 Ih_ pll'_ •• in F~u ... 3 · '01 

3.8.2.1 FOn""m."'.' RoI.'IO .... In J, D<IIorm"lIo n Thoory 

Smp" J , dolo,,,,,,''''' thoory., pbstlc~j Is ~., , . ,.,. ,h. hln;, 1 
..... .su lO,flO P'O"" dOIo"""I'"., I .... Nadal p..8O) ,,"" _ f3--11rll . 
Tho lundam ...... 1 qoa"'I!I .. in J, dolo""? thoory 'or r.okop;' ma'ori· 
. ,. oro tho " '00. int. nsitj". 0,. 10,- 3 "', 2 in "hiel1 ' . is tho """"od", 1 
.., .. , " ,e .. ) U 0 ,,,,,",lor! 01 'h_ bio, ;,' " , .. ses: 

tho ... ain in'omiIy. ' •• (f. ' ~oI 12 "J; (1 + ' ·)1 in ..m;" 1. is 'h o <>CI,. hod", 1 
"' ... , ""'Inl •• a !u""'"", . , tho bia ... , .,,,,in. · 

t , ~ ,~? .yl' -, .. ;JL': .':J -l' - ~, .• '."} .• ,. f 11 - ,-)'l, 
13.'5:1) 

(Hio "TO in inlonUy ox","""", io appaf<l",Oy dIJ. to L_k [J·S1).nd 
io . eonbo uou" IU"","n 0' •. so ,. eon v~ry !!Om tho .Io>sf'" vo.,. to ,flO 
pIo.,1c . . .... <>4 112 ",,~ ., tho" befn ~ _ ,,,'od to 1/2 0' " .. , ... 10 •• 10 .. is ''''' •• p,._ by Il(uohin f3·e.5)-oet, _ 1.2 in Equa_ (3"'5:1]). 
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3.11.2.2 Yorlo''''n 0' S,,,.,,, du~ "II BI.<:kl ng 

During bucking. "'" .. rain •• a .... 'rom 'ho" p~ ,. k>o>... l~I 

tho .... , ... "" 0000,0<1 by~. lhon . 

.... ,. ox: - 1;;<, 

0., _ &; -IS.,. 13.~59) 
• 5f" - 3r" - ziI<" 

in "h ~h .... plo'. _ ... urt"". ;" ,ho " "'OOC4' oo rta , . , «~. 0.; . 6-f., 
.,. II, •• oriol".on. in mi:l<k·our!oeo ,,"';n •. 

• r.., _Su., 
oc; • 6'~ 13.400, 

• /It", = 6",, ' bo ~ 
~ •. o~, . 0<'1'" ,h. " ... , .... in mOHo·our!""o ...... otur.. Irom. n ;"· 
~"' ~Ha' ~ o. 

S" _6w.,, 
b.., _ 6w~, IJ.461) 

M,, _ 201w.,, 
a nd .... 10.. Ow oro tho va n.,",n" ;" 'ho mi:l<k·""rlooo di>plooomoo' . tI>oI 
occur during _ g. 

3.11.2.3 Yorio,ion 0' SI.-. during B""kling 

During bucki ng . "'" ot_ and , ho nooI_ ma'."" prop . nlH. 
,,_ and ' . in Eq .. ,",n (3 .45<1) va .,. ,...." In ... p<¢uclding .. --. . _g .• 

'- ~-00, ' --. ,0.., + , '0.. ) +" , +'~,)--, 
I _ \' ,_" 13_41\2) 

., ,E_ sf (1 - ,'r'] -" E_ <{ ,-( 1 - it] 
7"", 10, .. en '~rm in 1Il~ oq .. ""nslor 111 0 .. ,~ .... .. a lunction 01 ." . .. 
10"101 A<eord"~~. tno IotI>-Hing "a riotion. "'0 ,oqul...:l: 

' :.0 [ '_I ~E_ . -'" 1 - E_ Oi, 13.415:l) 

<{(I - l ) r J ~ [z"'(, - .')']o> ' 

s( ,.(, - v'('] - [( I • .')/(, - .' )'];s,. 13.465) 

, , 



... .... ...... .. , .. __ ...... 
so !hat .1 ..... 'ioM 01 ,he ..... ,., .. , pr<rpe<tie •• ,. "pr. ssed in I .. m. 01 
lrt, wMetr , in turn, <on bot oIr ..... d Irom (r [EQUalOn (3.<5311 u 

lrt,_ 1 2 [((2 - ")cr. - (. - 2>)cr,y.,. ,3461' 
2H0',(1 - '-) . 

• ((2 - "~)cry - (' - 2\")cr,J&;., ~ 3[' - 'Y:.,'ll,,] 

Filla .... U,. ,.Iotlon ,.,../\cr,. Eq u.,,," (a .'6~J. ~m .. 

'-[ [ ,~] , ~, ___ ,_ t.r._,_1r<,_ 1 - -,- , 
1_ ' _ 2"", 

[ " -'0 ][ '- 0, ' > (<1, , "0.) [ (2 - ")O, - II - Z,' )cr, ] Irt, 
2(1 - ' ) 

+ [(2 - ' -10>,- - (1 - 2\' )O,y., • • 3(1 - "II./,"!" II (3.469) 

(3.410) 

in ~'''"' tr 

K ,,~ I _ K , [ (2 - .)O, - (I - 2\')O,f 
4(1 - , , ) 

K,, _ ' _ K , [(2 - " )<r, - (1 - Zr')O,][(2 - v)o, - l l - :l'vlo>,-] 
4 \'(1 _ " ) 

K,, _ I_ K [(2- . 1<1 -11-:l'v)O,]' (3 ,411) 
411 -.') • 

K",, _ (I _ ,') '2 

, , • 
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K _ I [,- e,.., 1 

Ho~ EM< 
(3.4721 

fo< "'"otic _i<>f. E_ . Eo.. " E .od K • 0, 10 IlHI KI reduee to unily. 
and",. va,"'1ons 0' .. ' ...... Equal'" (3 .470), "'.Idoinlk:al10 ' M va,· 
101"". in ... S1C 01<0_ lor Isww;.: ",.lO<ial., 

3~.Z .• Vo,Ia' lon 0' Fore .. I nd ,",o"'onts dull"!! B""~lIng 

T~. ,ari.tion. 01 tho 10<, •• pe' unf _ duting bL>Ckling .,. ab· 
to."'*<! by ;'1. 9"""'9 'ho ,,,,,,,'M>no 01 Ih. b ... i.o l .. , ..... th....y, ,~. 

pja'. '~""""" o,g,. 

" ~N, . J ro,d< 

"' n on. u .. ' O.;.,;on' In 10<0.' du,;"g bUCl'bg CIon btl .";,,.,. as 

• • 6tl • • A"St, . A"o.,; 
• • 6N, ~ A" ..... . ..... r...; 
• ON., . A"&;,, 

E_' E_' 
< , i _ I A" " ,'K ,, < 

I _ v 1 _ • 
13.475) 

. .. ,~o pia .. ,,'onsional ..... ,,",,", I'" k>n\lo, lho .. mo •• Ior Ioo<t<>pIr: 
mal ...... boea ..... K". K",' . nd K ,,~ , '~",OI>Y o!t""'~~ etOolirlg 
an on .. "oPe m. ' ..... , wnon.--. .0, """""001). 

Tno "m'"n' ot In. """"""'" PO' _ ...-~ bUCI<Jiov .. 0 
-.1rH>d by intogr.ll;"g h mom01lt 0111>0 •• ,iO,1ons 01 h biaJriOl .. ,...,. 
oo. '""""g" tho p"'. ,.., ......... , .,g,. 

" W, _ J ro,_ 13.476) 
· t', 

non. 'ho " .. ," ;On" In ",""'0.1$ "" ,ing bUC"'"'o ""n 1>0 "" .. on •• 
I)M, " 0, ,6~, • D,,1io<y 
OM, z 0"6,, ' D",&y 
6M,,~D .. o, .... 

, 
--"-~''-;-0. ' , ,' " J 

• 12(1 _ }, 

" 0 lhe pIolo _.g oIiIIl .. ",," tOO 00g0' ,no .. m o • • ""_«>pic 
"""01M -..,,,.. K". K:r.:' 1 and K,,' 1 'h. '~ oIIOCI"'.1y c' •• ~ng 
. n orthol"",", m. , .... I ... h.n y_g h •• """",'od). 

, , • 
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3.11.2.5 Buckllfl\l C,lto,Io" 

n o boci<lO>g dllo,o"'''1 ...... "'n to, 110, ' OO;:'Ory.rt/r' p'"'' u_, I>i
. . ... io"!>lo" 1oIr<l<rv. Equ",io<r (3. \&2) on poIlI" 262. """ be ,""0 .... 

_liM,." • 2OM..,~, _ liM, .... . N,6w." • '\Ow .... ~ 0 13MQ) 

Vporr outrSlilul"" '" IIrO . ,p __ !OI" the ,,"lion" in m,_hlS du,;"; 
b<o<I<lin<;J I,..., Eq ... l_ Il .on) •• ("OJ I~o o'P''''''''O"!or I ..... ,1.0,,,,,,. 
'" , ... mlddlo·S<J rt.co c""aMos frnm Equalioh (JA G!) . , ... buc klong diI· 
I ... ",ial _ioh, EqL>alion (3.~7~1 . ' o<om .. 

13.0"") • N,""'" • N,sw.,., ~ 0 
w .... ~ tho .......... to 1~. bu<~ ~ dill. ,. "",,1 oquo"'n to " ... oimr>/l" 

supported 0<I0;I0 ooU_'"I eonditio ,," 
6w . 0 .io"~ aI -.igooo 

OM, * 0 o"'ng 0<111"" • • <on"","" 13A81) 
~ _ 0 . Iong 0<111'" Y • • on.""" 

The Io~ buc!<Iir>g di>p1.>como,,' .. ,is/ie. ,he oo."ldo" c,,_ions. 
Equa' '''' 13 .481 ) (b<rI. '" coo ... . ~u iodeIO!mlna,o amplituda, ;;1: 

13.482) 

io whir:~ ,n. , alue. m .nd n .'0 tn. lio'_r) ""mbe< oj &>< i.l1 . 00 ""'01 
,..._ .. a .... '" , ... aMlu .. idtll t...cld< PIItto",. oj , ... plo' •. T ... t...c1<W>g 
disj>taoo m""' ''",,,-" In F;!I'''' 3-10\1 to< m . 2.("Oj n . " l._,_ 
/>a.·w ..... in ,~. , .or-« ,"".("Oj. M¥o f>a.·w .... in 'ho y-<ll_"". 
Not. 11>0 """"I i na in th<o m<ld\o oj tho pIo'. "h.", "" t>ucUng 6 ... 
....... m. nI 0000.0-0. TO " boCkI"'v ....,..oem.nl b .... '.U"'«1 .. ' ... buck
'ng diIIo,onliol ""uolioo _ Equol.,., (3.4801. for. """, .. iol -.om. ,,, tho 
..... l log oq .. lion . 11>0 "","";,;on, 01;; . In(m .. ·.) oin(n,y,bl m ..... he " 10. 
a OO I", ~ bLrlIon; ""'".,., ,""""' 

("",. )'11, '(""" b)'N, 

~ O,,(m,,'O)' + 2(0,. _ 2D"XmrJoi'(n"b)' + o,.l""b)' 13A~) 

, , • 
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;" which ' M beO<hng .. III ...... on ,~. righ'""aod '" oro . tuO<lion 01 
t!>o ooek!lng \::>ads on ",. Ioft-hand _. 00 EQua"" (3.'~)" a ''''_ 
ool"l(lon,.' ,.to""o..," """ mull be oo~ .. by ,N , ."" "to, lOr lilt pto" io 
b<ocl<IioV _ . 500<au ... 01 ,/>0 man, P""lm.' .... ' M Mod '" .,. m'" 
a Ia'go ",ogo 01 b<H:kling modo. (.a ...... 01 m and n) '0 h"" Iflo modo lOr 
"'. low ... b<H: .. ng load • • oId "'" ... rm 1"""-" , lot , .... "".",, • • "".IA' 
-"I,,"'ion . • cotllp<'l" io • ...." .. , "" p'""""", """"'"''''' """" ( .... Jon .. 
(3·8111). n . ooIl>1ion repr ••• nleet by EQU<llloo (3.4 EI3) reo:Iucn 10 s"",. r. 
""' .. '" buckliog .., ... "" iI \" . 112 (3 .84] and to Iho 0""""'" Eulo, load 
fo, 0 .. 01", pia, •• by B..,o n ]3· 1] 

3.11.3 Solution Stralogy 

n . g . . .... , ~ 10' "' ~ ing ,h. ',80""._.ta' O<J ... tiM 'P" 
om"'Y ~0110 b",,"''"'v I", pOI' •• • Equa' ion (~ .• aJ I . .. _ .... ,ty 'h" 
.. "'" ... lot "'" .,...tic 001 buc1<lin<l """,10m;" Sodion 2.10. A_ .... 
IoIli< 110" ohart applies. L • .. Figuro 3·110. How ..... !or. pb' •. 'M 
mo'oriol Pr<>pOotie. oro • """'" ""'"' """""",,,,0<1 .... _ 01 ,.,. 1<>0.0 
'ev,,"lIoo lot a ba,. Th .. added oompleJ<iIy .. cau_ by lhe t>iaxio' ..... , . 

:,~:~::,~:ond "'" .- 10 ,,""to , .... , >Ia'. 01 strOM to 1M ,,' , .. """""". 

, 
c.w: ..... r. nUl> .".n. >, . .. 

..... '-L ..,_,,~ UIoOIO. > ......... 0' "0""""'" 
- -"-, . ',"" 

• 1- .......... . - '""" ........... _tn'U I .. 
"...-...0=,-"",- " • 

• 1"-'<"'"'-''' ouca.- '(IAIl, '-0. _ """". 01' • ...., "I 
• I .... ...awn. -... ow: .... ,..., ~ "'""', '.1 

~ ......... ___ """-"'"'-'-lUI I<JC«WO UIoOIO. '-0. 
wm< UTI .. "" ',,",D, ' • . '.-' .. "' ... ..,." 

,"-. . .. - M" 
.. '.' '. 

'" ." .. 0 ... 0 """'""""', oourr.,. .,.' ..... 
. ' ..... 
> .• - > .• ' .., .• 

, , • 
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" " E(P~ r _ M. 13-'84) 

" _.VO" Oeu.U" ". a," ., •• Iy .".,",,0<1 0f1~ On 1M 10 ... ., .""king 
I00<I. m" olw .. y. 'fl,. Fo, .... , ... 1:><0110 m 0 .0 n ' ntor I .. "" .. ,.,., .. 
"",10.1"" pilo'. 0Spe<1 ",,<>, &'1>. On . complie. _ o"""'li"1'. "'ion.fo/n 
to. 10 ...... toucI<Iing I0O<I _. no! """''''' """'" 10< m • 1 ond " • " .~ 
U""'gh it _. I", ..... ", "loa,. pla'ts. T .......... mu .. rrnd me oboolut. 
"'"",,um OIlr>t v""'o. Of , ... e._Ita I>uOI<Iog toad. ~. 101 a ..,.. 
fli ng. 01 m.nd n YO_. SH /\wOnd", B "" . IIOn. ,;o <10",""""" 01 
a truck~ng modo """PO ..... r<h plOC<>dur •• nd .100 a FORTR.o.N sub
'" u .... . .. INI .. A. too- hOw 10 find ..... boo"', ""mum ""'king It>ad "" .,"". 1""""_ .. _ 01 On\og.of Vo'u"" 0' m """ n. 

"'ho P"'o _ . p, .. ' iooly, thon tIIo lirst ootimalta bU<kling .... d 
1,. ot ,he ,;old ""'" ;0 .... ,"an .... """oopondl"g u lou" ,0<1 truck,",; 
load ~" On Figufo 3·",. Boo .... 01 .... "","e,IV' ","""",oj """' ,. 01 
lit . .. , ............ """. ,., """" mal.''''Io, 0 "P'H'"" "',,""" .. _ boo 
......".1 .... ; .. "I/O<I.nd """'u"',"" bod/Or{! __ N \I," " ' m Olod bU(.k· 
~ng lo.od. J... io """ 10 ... , 'h .... ' ho O, """'od bu<kling I<>.od. l.".;" 100 higtt 
lH>cou"" "'" m. '.rio , or_~io •• ,. 100 hill" Conv.r .. ~, ~ J.. is """ 
nigh, ,toM .. .. '00 low beau,"", t". m. '. rio, o«rPO""" or. 100 bro . 1".. 
_ "" " """nSloil> W, ... " ,.0<1 l.,, ;' ,h. ~oy I. ~"Org _". , 10 
_H ., __ .... On ' M .... .,h procedut. o . ... "" ....... 0<1 In s.e-
_ ~.'O. TO. ...... to<l _g _I. 10 .. tiro" ' .. actua' """kllng 
""'" I., '''I', .. '''' ..... lM;rtod """kw..g Ioa<lo In F ...... J -tt' r .. 
lou"" .... "'.,0<1 _>.I ng "'.~ 1 .. <10 to • o>"'u"" 0<1 k>ad 'h" is below .". 
_matoa bu<kling Io>Id _ouw tiro ow ... ,. is atx><. tI1. actua' 1><.<:,. 
~"~ load. The , . .. 0/ tho ... "'" OIIat0\l:l . nolud"'9 itJo ""'v.,~"". t. 
tho <><Iuo' """"'ir>9 ,,*,, ;' d.",,~.d n SO<I"" 2 .• 0 .... Solulion $, .. , . 
_ "" ,",!IO' 18J _196, 

..,,,.., ...... , 
~~ .. ~ .. . ~- , ........ "" 

, , • 



-"'_ .... - "" 
3.11.4 N"u.nrk:al Result. 

~. p,", .. rnA<IO o,70'5--TS . ......... 10< ,,~ich!ho """ ..... 
slross·.t";,, cu",o ioo/""'" in Flguro 3-11 2. r ". pia" mat • • ",I;' ro· 
Pfountod wIIh tho Nado l OIl ... -c1.ain curvo [3·00] wl\icn Is d= _ in 
Sod ... 2.10.6 ... oting on pogo , ~ 

~ ~ ~.: .. ~ 
J a_a., ]' 13.495) 

0>0" ,.~ • .oo'lO .. - O • 
.. ,,~ieh c, is tn. yiold 'If""'- a .. Os tho 011 .... ~inld stn!,. a l ,. _ .002 
.... in F~. 3·103 "" po.IIO 4' 0 . ond n 10 . "'at . ... ' !>M • .".,,,"i\,at <!o
le rm __ I~e.,...,.. 01 I".. . .. __ . tro;" "",,, • . r~., a luminum hII. t~. 
tollowW>g .. luos "'ho Nodol "" .......... co"'. model p.",m ... .. , 

0, • SS t..,; (:180 "'POI E • IO.S.,0· ... (7< .4 GPo) 

0 .. _ '2 Ic$i (500 MPo.I . _ 2.16 

1m """,,h tho mu""red oI ............ in """'0 pO""" used 10 dot .... ",. n 
oro (a , _ 63.5 Ic$i 1. 39 MPaI , '. _ .()06oIg) aod (a, _ 72 1<oi (500 MPo). 
<, _ .ooee~)_ TIM . 1&0Ilc _'. "',., 10 "._ .32_ 

U ... 01 0 ~.teHO"""" of tho BOPS "'''''''''0' 0<09"'"' p-.g] to ob
"'m bockhn<.llo.d:1 ;" OI.oigMorw."'. Tho PfOII'll"' .. mOlMy In. imp .. 
monla'''' 01 tn. bucking eri.""n in Equa,'" (~"83)._ in tho 
..,u ... "'.'O~ 01 $eel .... ~ .• -'ll<>, . _,*I .ango 01 bock" mode 
•• w ... F",. plot. ollhic~n." ' _ ,en in 1,\14 em)."~ 0 _ 10 in (25.' 
em). and ..... b .. ,..;,toh. tho o" oIic .nd "..S1ic ~ lore .. oro """"n 
in FIgu,. 3-113 a. lho usual 100l00 ntd <u"' • • " l h , aolous bucking 
mode SI>Hpo. t~"' c,,"r>go" euSpt. r~o p ..... ,_ bucU ... ,",,0 0 .. 

" '0«11 ~ .. · .. " O w" ' , i,o " " ~ 1, w~~ ••• ri.obIo """,1>0<01 ",",I h • • · .... 
W<t'/os, m, n o )'loki Iood .. 20.350 Iblin (3.SIi' MNlm) ond oorro __ 

I ">S-1IIoLUWHUM I •• "~~ • • o -"0' _000 _ .000 .0' 0 .or> , 

, , "'. 



... ............ , .. __ ...... .. 
\ I~T. ~'" __ ~~ • .. .. ?' 

'(, <- /I, , '. " .-.~ • ". ,0'_ 0 . L .. _ ..... "' ... " ..... _, .-
.. , 

•• ""!>I~"" - PUSr<: ........ 

• • . ","c .. "'" - - ......"" ""'''<UfO<> 
• • • " • .. • .. • • 

PU .... ASl'ET .... nc. ; 

' '''''" 3-1 13 P' .. ,~ 8 """-"'0 or ....... ~ _ ." ;. I,S< ' '''Ii 

to an . . .. 1 (yieloj) "'OM of 55 ""i {3<10 "'Pal. ~ to. pb1. io Io"~, "'On 
• b . 1.S, ' hon b uckMn<J .. "_y . . ..... 0::. Below. b • . 6, "~ry 10,11" re· 
"""'''''' ~om elooj<: 10 "",,..;0 buCl<.Jinv ~ .co oO .. ",.d. I" '". ;"Ie, · 
_I. ",nil" 01 ~ from .5 '0 1.5, ",,"""imo. tho b<><IoJing" omtic aod 
_imo. "",.Ue. In tho vil;n lly '" o.b = 1.4, pl .. tIe bookk>g occurs, !lui 
0<'1 • • , ,, ""'" '" ",D ' 1 , • . t". buoiding II ..... " . 

F", a th.,,,,, pLaI., _I"~ .. . .... y. ""'","" and lOY .. "'\11M' t. 
_ . 1""" "'" .... n' bucl<lmg _ oro _ 1or' • . -40 In (1.02 em) 
In Flo"", 3_"~ I!>a" i'I 1"'11"" 3·113. For a Inion .. plot., all b""klirlg" 
..... ., o<oopt •• ' or'/ "'W .... to _ "'" """,*, Thol "" on". .. """"';jy 
'" t • . 37 in (,g.j cm) " a Ira""",,,. from . Iou 10 pIa.tic bucking 00' 
.. """" I'<ith v.,),1ng 1''''' a..,.ct ,a lio . .. 't>o .... .., ""', .. Fi9<" 3·, 14 !No, 

PLA .... OSKCT .... no. i f_ :..,,< PII.", BueUng <II ""' ... ~ • • .., In 11W <MIl 

' . . -

, , • 



-"'_ .... - '" 
I>ucl<Io modo sMpe _"VO' (,he 0"'11"1 =., o'low .. v..ws 01 alb "" 
pia .. " OOokling ,ha. 10, .ta .. " _0. Tho 0"",," in ..... p1a .. " 
_0 lO$UIt. mlor", '",m <".., ... ..,. "to lPIt ""0;> .... ' ... 1a .. " 
b<oclo;Ii!'O""'1IS (., Ih., ~, .. _on:l ., "", V._ 0' .. 'to 1M. '.' tho 
""' .. " buclcloO "' ....... th. plat. "'''k .... ""', ...... r ...... 1110 pia'. 
_, b"" .... pb. .. ..,..,. boha, .. .. ~ ~ w ... .,.g ...... n thO . .. ..., p'''._ 
3.1.5 Comp."IOO!1 of Ti>eo,. ,ie.l.nd b ".ri mo_ R.,un.. 

To .... _h eoofodo""o in tllo pia"" buoJUlng 01 plalM .n.ly .... " • 
• •• ,.,," ",..sol.,r ond m ...... .,r .. '" .... ro. u ... d.'Io.o"",O_ o.r .... ~o pia"'" v""us 1M .. ,,,, _"'inO OXp«imoolS .,. qui t diIIicu4I to ~J!otm 
Yrlth pia'''' AoI ... tt « ootlng thO ""ply ,_nod odl/O lIo"odo..,. eon· 
<Wlon. on .. 10 ... _ or • plat. to wn;;., ,n. ", . .. n, 'ho<>..,. .ppIoo Ie 
quo <>II"'ul . K ~ _'Iy ~, \0 P'''''iMII' aCCQ!!lplis/1 "_ 
eo nll.ions 01 in_pia"" ~ing. FOI . pial. willi Hal odgo. 00<I0f .... , 
compl __ bol ...... ,ho pIo'OfIS 01 ~ Io.a'ino I,amo , Iho fu lllOUnda..,. 
oo nlliion •• t ,,, . "'.dod ' ''''' ... ",,,,,",,two,,, _ •• n oImply """"",,0<1 
""" lixod «,"mpod) bo<-o"n tho 1101 odgoo e""no' robto 1_1y .\IIl .... 
tho platon.. n . ptincip>.1 probIom it ~ ,ho pIo'. 0.-.:1 oim"~ . .. · 
........ "'''''~ bolll 'hO 10.0_ od\IM 0"" 'ho ""n-Io.o_ od\IM to 
(reely ",,,-, •. c..""in ly. in a ny ",oetica' ""'dioO ooodition . ,1>0 ,hoo,otical 
"",,''''''allo os '0 lhfI oe"->OJ __ IY e""do"'" e.n bo QU"* <lud._ 

P'"'" and f_"I3'~I) m .. "",ad b"","";t .. ...-. 10, ...... .. tv 
_ "'mQIy &uworte<l re<:1anguIo, pia'" 01 145-T6 .).on....", (no" 
_".n .. 20'.·18). SimQly _ino.1 fou, odgo. and.1oo a~lyino "*' up to 'ho "00010\0 IO.Id • a "0"" ditl"'ul 0' ,*,",,0 ... 1 p"lblom. OS 
;0" dlO<u._ P,.,..Old ~"".~ "'fVOI\' __ ,na. <IiIIO:utty b, om· 
pIojtin o a '",,"nquo "'0""- by Tmooh.n~o [3·SI [Fig...-. 0-3. p. 356). 
He ob.o",od ,ho, I is 1"1 • ..- '0 roduc<l 
"'. '"'1",0"'" "I,,,. boundo..,. condi ..... 
ak>ng tho two roon-foo_ Iot .. af _ 
01. pIo,. b, .,101)' fo.acfno ", ,,,._ 
"'l"",. ""o ........ OO ,_ and '''"'' in· 
t. ,.".. ti"g • • e. aMI . ...... ot "' . lu"" 
.. . ' ''''ply .""""rtod plo'. ~. in F~ 
J -1I5, The, • • ",,"" a djacen' _ 0' .... 11 
01 ,ho ,uba ",,,-to, ., , •• adjo"'ing odgH ...,. 'M' "" "",.....-.g mom..,' ~u,"_ 
Honeo. " . Iou, ..... 01 ....... ot , .. ,_ 

_. 
• 

a r. ot'focliv.1y 1"", _ply ._rtod F9-<o3·". n..-... .... ".".. 
T .... _ .. _' '''',_I'Iato. E"""""",,, 

pIa' .. ~""'_~oI""''''b •• re lOt"""'*' s_ EoIyoO. oMIlM' __ ned_ 

I) .. 01 ' ..... _walod "'l.",oo--<..,..-..oI;'n 'uboo • not 'h. porto<! 00>1-
utOO to 1100 amply 0<Ipp0tI0d odgo oo undOl)' oondition problem Ilo",,,.o 
.... ",. dod O<Igo •• t .00. """ 01 tho ' uoo . .. oooto;.1y no'""pIy __ 
potIod. I ...... , NOh , ubo • .-.:1 " 0' macHn"" !Io, 00 that I mounIO<! 
..... Iy .~ " ekplot. " 01 0 "'.dltamo, T ...... ' • • odgoo " ' _ ' O\l 

, , • 



... .... ...... .. , .. __ ...... 
ore ""mew here bot_on fi .. d aOO sim pI'! suppofI"", f*)" ..... , tflo 
1orroo< t"< ,...,. . ,no m,..- tho ",",,-0 'ot ... ~n. "' .. on tot 
buc<llng Iood. M "" t...,. 10 too """rt .• _...o. wol (platt l io . n"","" 
by e OO enoel • • • ~ i _,. p.~""" .Wn~ on ., ...... """.,.;I odrlO. 
00 "'" bucUng .. , ... ""~ t!>a' "I a .impl'! ""_nod ~t • . "' ad· 
dO""' , "'" ttbo mu .... """" .00ulI" .... t ""'., 0,,"'"'9 oJ tn . ,utrro wa .. 
.. plot . . .. .. Figor,. 3·115 0." .... Dol" .. buc~liog oj ..,. long Iut>o .. 
• <otu mn or bar. P,OIe . oo H. im. " dotoom_ th.t tho ...0. .. ngth must 
boo at ... .. I"u' ti ...... "'" ttibo "id\h, L • . . • b > " b._ • m ..... W'rl buck· 
~ng ... d .. ..-00<1 ;" 0","' to 0,..,,;0 ,,,- Orf .... """ ot . 00 .H",~ In 
oonl","" tho th_. tical ' .... b 'or • simpt,. supporlOd .... ,ie ... ,. nov. 
~u.ot m;";"" oJ tho buclo.l "sl .. ' ....... ~t 01 In,"?", • • kHos oJ Ml. In· 
o~rdl n g 10 ..... ..... III n 'b _ ' .2, 3 . .. " n. _n in Figo'o 3·t 13. 

W. """'p. r. pr«lictod ond """"",od bueOlino ~ on tn. "" ... 
01 tho Irnpo<\anl ... t. \je'H",,"i< pr"omotors _·..,.tni<~ . ... r.'io. bit. 
' 00 a,,"'" tollo, ab. Md. 000 HoIMon •• ,Itd tho plot. a_ 'alio. 
aIIr, ond"" plott ..... h·k>-ItrO;;~ ..... "'''0 , bit, by"""'O (l;U"'rrlltrrgln • 
• 00 0' ............. of «lmm. rcloly ••• ilanlo dr."n I"b .. , Theoj 00' 
....... , .. , to. ",ott"'" _nlo. o .. <>go>d torn ....... , '''''''' _"'on '0 _"'.n •• .., t". ,"~ . . o .. " •• o,fIo , ""'.n""'" P_.OO 
H.imOfl'. ,...",. IJ·Olltor ",b _ 4.5 (long .""ugh """ . 00 ott«10 oro 
. malO.oo _ bit 0 .. shown .. <ir< ... in Figuro 3· t \6. Tho ... tw<r 
. . ... ,;",. n .. ' ,.outt • • '" ..,.,..... lor . och 0' fo", bit not;'" Tn . tw<r 
",. .... ,od "",.Ii<: I>u<I;Iing .. ,,,ft. oro in 0« .... 1 '\If" "''''' with tflo 
rr-t"'od 010.110 buckling 0""'" (" • • "'" U,".>I n",,,.t.olic ""-). Aloe>. 
"'" .. , meo"",.d ."'>1", b""~ reoulto ' 11'0' very ,,~ with ,"- . .... 
dictad ptooti< b<>e1oJinc.l ou ... obtained .. ilh u .. o( the Nadal "" ... -str.in 
CUNe model p ·90J by ..ion<ro (3·711. "tho oem. ""'" bw<>, malerinl 
P<Oport;e. of 'no ' '''' """"'.n •• , nt ~ 2<!.~ ........... ad •• H ,.OV 
... '" .- oj Ih. so_ ... ,_, as 10< U>o <>1M, <Io.ta points ,,, is "'I/" 

'. 
" 
" 

" 

, , ___ .,,''''' 000< .... 

-- ... .,"'.""....., -... _ .... _ ...... " ... . '~ --~' - ' -~---.. --. 
_ 0 

, .. --.l:::;:::::::::::::~rr=~ ... ~:. I, ... ", ............. l..!......J 

• • to • • • ,~ 

W""H· TO· TlItCKN ES5 • • All0, T 

f"oguoo ,·t'. 8.dOing ot U ..... ia>y ........ S~ ~d .... to. 
(""'" """'. (,),7'D 

, , • 
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!I'ii .. .. ~·a .h~~j~.!l 1~ ~1 ~ i.8~~li~§: ~o~ 'll& l!.U i,~ Hil , ~ ; -" " ... ~~-~ .. ~! "- -tt ~ i 1"-" '" f i ~ ~ Ij 

I Il ~K!!" " 2 iL.p.!! '" ' ;!i 'l! -"f Ho.1I _ l= If;' -fP 
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'll ~ ~ ,!!,!~lll'li'~!~ h!!jI!r~ li{ i llifa Bij~2if1d;: ~}it~lHj 
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3.9 ASPECTS Of' DHIDN Of PLATES AIIAINST BUCKI.INO 

3.11.1 "'roduetio" 

M..,h 01 lho ';;OOU_ 01 b .. _on 10 " 00 appIioaDI. 10 pialto. 00 
pae. .. ' .. .. w 54<1"" 2.11 . ... _ (>I " •• !go 01 s..", A!<'IinOl B",~. 
boolo .. _O&ing pial.' ""09"0 Th«o. lu_mon"" ""09"0 V1I~' 
' ''"'Y>'' ... v,. a,. .. ."ad .. _." ''''ppm "',,""' ..... . ",. , . ... , prop • .mo'. ond other e"ract. oiotw: •• floctng doHign. W. wi. toeu, IM-r, on 
_ 1. , _Iho, <hlinvu ..... 0"'''' 110m "",0 ,,~h """""n".bon on 11" . 
""io "..;g. ~od".... DoIh o.otropio ... , • • and I'''''''otod fiber· 
roinlo,_ eompo.l& pia'" "'il be oddo.ooed m ooing >IiII. nod plol&. 
01 bOIh "",,". F.,.. _ • • • _ ••• • "" ..,.""., .. "",,,,,.1 _\,on """. 
_ . ,ion. 01 h~ m .. eM orod dire<t .pp~.bUy. 

3 .... ' Slap" In ,ho 5,,,,,,,",.1 o..lgn """"" •• 

In structur. 1 de,;g". we.to rt ,,;u, 0 _ 01 <Io6i\In ''''''''e mOflb io 
Ofde, to del ... ""' objecI". s. Th. de5;gn .-.qu ........... • ,. m"'1!" 0 
... t.",.nt 0/ ", .. t .... \0,,", ..... """"oro 10 do ,""ot be . Tho "" •• 
prine",, ' deo/gfr obj£liv~ . ," Iucdion. «><t .• nd woighl. Fut>Coon is I .. 
.. , 01 po~o'm.t>C. roqu ... m ..... or d~ ,oq",m.nlS U," U, . .. "",. 
'.re ""'. "'"' or be ..010 to do. Cost;. Iho ... qdo oosI of t .... rue-
lUI". I. •.. Iho iniIiol pu re .... p,ico pM , .. op."'Iing"nd maln'ona..,. 
e .... ",,", ,ho iI. 01 ..... OInlduro _ o h)" .'''''P •• u. a' 'ho .....:l '" 'ho 
otnoct.,,·, II •. WoV><" _"'-"'"I tho "rue"",,1 woYrt ond might Of 

m;gr.I "'" be impotllO ..... F", o,,,,rofl, 10" .... igI"ot .. _iou' l!" eruciaL For 
_eo<,.fl. 10" ".ight i, . .. imI>o<tant. For~. w.,;ght .. "'" "",. 
oIy 0 >9W""n( factor, . Itt>o"'lo ,ho ",.""u" "o igl1t e"""iol!" doo. a"OC1 
0w;Ii. ..... , ",.,mtoo, ""'inV. Not. Ih. t function oIl ......... ny ....,-ot>jeo-
tNo, . "''''''''''. ro.t.rod .. eigl"ot or& &och ... 1110 objecti; .. . 

Too .""',, .... oon too opIlml<od. 1.0_. dQignod. lot a ny on. , ..... Of 

.. tIIr .. <1009"0 O!>jO<W." To", 't, u... oeolgo OOjoeIlY ... mlg~' be to 
ha • • ' ho 10" ... ~, """,an lot a """,,~Iod _ oj tonetions Ill., mUSl 
too porlo<tn .... Or. u... ";gr. • ., _ . t""a " h'IIgIoI " . (hO mo" imp<>tt.o.'" 
otojoct,,~ "Ilto oosI being ._od 10 ..... ordor to actoiov. tho de,,, ... 
."ood. Pe rha". tn, eo .. mOg/>! be m_od dh ". ....... eornpromi ... 
"",do for p' ''''''''''''''' Of ~_ In ,. co . ..... ory ""'":.In m .... be 
",eoourod again" Itrdomontol doo9"o objo""'oo . """' ..... io ,. "'" 01 
luoctO:ln. ""0.1. ond_i9M 

Th ... ,.<lural deoign pro< . .. is depicted t.,. m.on. 010 ""hema(;" 
Oow ehM " Figuro 3 ·117_ ThaI 0.. 1M Oow ehart .. "'" 0 r-tocl>al!" <10. 
fin'" '"""",,0' _"' 110 .. e,." ... toul .. ..., .... d a 110" ohart "'_ ... 
"""". pIlI, .nd ~, I. • . , tho 8f1.im_~n' IofIic 01 tho dooign .,.... 
0 .... w .... n pr _____ !>Iv koo\Olng 11>0 _ 'M' mUSl be ~trIod.nd 
_, ""',.' .... m90l pooootoly too __ 0,00 fo, our deOiIJo. Throu"," 
SO"" p<OC& .. , we lIl.n choo .. a n iol .. 1 conIiglJr,'ion lot 0"' .. ructur •. 
nla' eo"fig , ,,,IOoo ",1gIoI ho •• ry """"'. ""' """otl u'.' 0 or..n to tho 
~.ry .""' ... dooifI. p~ AI "oio poft. wo mOg/>! .... . .;g. 
1"lilOoD.", pKll>t .. , b&eouoo f "... OIr"" ..... 1o on 011»1.000, ... do not know 

, , • 



_"'_ .... _ u, 

................... -.......-.. 
f """"'" .. , ..... .,., ......... ,"" -_ ............... " .. . (1"'''' -' DU1.£ct .... """"'- AN. --"llOKI 

~3.-'H ThoSt ....... '''''. '\Jn p'''" ... 

,110 P'_ .Oro<ty ... miI: Nods wi",,"' """"'ng 1110 actual lI"""u",1 
CO"tiVuratioo . n" •. _tim •• I~ ... 101 Of .""","y b. twoo" 
D~ tho 1nlI;aJ _'ill utatk;>n and dt\omo"""O tho _ '-'&9d ;, 00-
siIin . _ngly.tho "".;gn procHO " otton "'" a. "mpI. as pont.y od 
""'0. He" ..... ' . """" .... hov. th. _I ""ofigu .. ,..". ""m. knowl' dge 
01 ,110 load • . nM """'" do. 01 ",ho, "",,";'10 n mi9l"t I"", 10 UN. tno" 
w. Don bo\lin tho "",t .. 1 ol,uctu,a l <Io$ign proc . .. . 

W. go n • • ' '" ' "" . ... 'Y • • and 101 ...... "" ....... bloel< ;, F9-n 3·1 11. 
Tha'",,,,, con_, lIMo ",1101 ",",igIK.tion rlh 0 pMiwl,u """.,io' Of 

.. , '" mato,"'IO. n on . !<" Ih. ~,eo<,_ Nods. w. pM.'m .",01 

... uctUlal a . att ... '" 00' 'h • .a_. otruttu",' ,_ pa,om.'.,. 
ouch .0 .m .. , .... disploocqm."". bocking -. noMa' I,OGu."" .... 
01< . ThOU """1)" .... a,. 01 "",."";'.,,lo p"", ..... o. TM' d. ",ith;, ' ho 
~.,,;'" 01 oocumcy "f ,h. ovo;loblo o""'Yolo , ........,u ••. w. "'. " blo '0 
Plod;o, • op. die ... , 01 ~ lot • pollieul." ot'UC1IJ ,. ' oonf!l"m'ion. 
W. mu,", k"",""""" p«rtioulo, >truel" ," "",,(9-<.'00 bol>o ... .., " 0 
DO" compo" "'" 0,,'''' boh .. ", do 'ho ""sited hohovlo, . I .... wih 'ho 
""oq, 'OGu.om.., .. '" tho cor<." '" .ho <Iosign objOClivo • . 

R<IOO<~~.r"" of a .... """ • ....,~ "'.,">0" <1>0"110 som. Of., 
0< tho 00s;gn vanob'" ouch .. ,,",kn~oso •. 1_ """,,,,os. ",1"10<_ 

01> ... . to. ' 0 o.cIl ...... a more .Llitoblo sIruc1u .. ""'" to. <"" . .. """';g. 
"'0''''". Not. , .. , ,h. to,m ·"""0 ...... bIo· ... ,",,0 "" .. 1It1o m. on. 
~ ,h • • wc ..... h .. 100 linlo capabilty _"'. '0 ' ho _ ond condition, 
,... pb<;. DO ~.lhon ,''. oI,UC1IJ,.;, o_""'~nod. ond ... must,...,.".,· 
(ill'" ,n. '''LI' ''"'. to Ittc, ..... ii, ""pabil~. H"..,..".r. W ,h • • ltuct",O 
M.,oo m<>Cl1 copaWily. ttHon l io ""_signed. a nd "NO "''''' ,oconIiglKo 
'''. """"lOt ... "'''11' '"""'"~ .. _.~. Bo4~ anom.,",., \o i l ... 
.-......o<t. AO<O\II1izo 'ho' ""IK1UlJ1I-=>1igu",rion is 1M vtII)" M . " 01 
",n.t</u,"1 <Io.,;g., •• "", Ih. 1oiJi<; to """"",,pq.h ' O<Onr'll""""";" ,h. ~'Y 
to 'ho ""sign P""'_ 

, , • 



... .... ........ , .. __ ...... 

-,. 
"" t~ • . ~ 

, , • 
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3.9.3 C."gn oI . n I_pic: Pial. 

L. r .... n I>y o . . .. ow.g In . qu. n'iIol .... mooo., to. ~ prt><." 
to, OIoIropic plot ... FRI . .. 011 . <1<1<0 .. dos¥> "III'N! higl1 01' ..... . 00<1 
IIHIn ",.,, con_ doslgn .110 .... bucklmg In both co ...... ""' ... "" . 
• "' .... tho . n_ . '" u,. pon"-" ... lyol. "'Iu, """ 10 .... ~ '"*y " n 
too u_ diroCily In , .. " • • 9;1 FIfOC . ... Uni ko 0 """'mn '" ba , -..ittl ito 
.o,iobiIty In crou·.""'"".,."Ilj>O. on ""'ropic p .. .., .... 0 .imp"';'&<! "'.po tho. I . ..... , to do.9> ..... . b.,. rhol it .• plolo .... 0.1y on. 
"">9> •• ,"'''''' . tho ,,,,,,,, . ... ~ I .. """.riaI "I<no~ ". Ol ,0Y_ . ~ 110. 
m,U .. ioI "". bo chaogood. ,hen tho nurme, 01 dO>9> •• ,iaI>Ios is dout>Iod. 
0... '" tho polncip>.l ob .. "'al ..... _ on , ... boo! <!Hign po<>ee .. . 1· 
n.d)' " ... rlbtd in StclOon 2. II .. Ih ol .. e m"'" pay . n.nI"", 10 tho 
""""'., 01 """ ...... oM lhe nurnl .. " 0' un"""""," 10 do'.'m .... 0", design 
prt><odu .... Tn., it. .. !too proeodut ....... 'm;.,iollo.' _.",,;"10I1o? 
oo:r. .. u""" .n, noM.'."" .... ' " proooso it '0' mort 00"'1)10' ond It>
.~ood 1M •• do"""">I<: prt>< .... 

3.9.3.1 000111" of .n looI,ople PI.'e 
Agolnst Foil, ... Caused by High Su . ..... 

For on IsoIrtJpO: pIo'. undo, ... tonsloMl lo.oding, H, only as In Figur. 
3-1 I. , "'0"'" l...nich...,10:1 too " noil.) 10 ,.laIO<lIO , ... 011.\00. by 

N. -4«: ~',,;) 
II - ,. ) 

N _ Et l<'~,~'J - O 
, 11. ,")' • 

Tnon. lrom ,,,,, 10 ,.,.,101'00 cono'''''' 
.... , H, _ O. 

'; _ _ ""~ (3 ,0117) 

tI>o oppIiod lore. bKo .... 

N. ~ E": 13.4",,) 

Tn,,", 10'. P""'''''&<! .'.,...blt .~.\oo ... o oon soN.!O< ,hO pia .. '''ick
""' n"" . ... ')' '" a"oid I ....... <"u .. <1 by i>Oyh .. '._ 

f llCloo 01 Saloly " N, 
'....- - E'_.... 1~,~e9) 

The ~'" 01 .. ,ot\' .. ~pIe<ly SIa,O<! " Equa' ''''' (3 .4Sg). W: could he 
Impkl .. 10 ••• !uo 01 , ... 010 ... "'" <U.\oo, H",. Ih>t dill.,,,, '''''''_ 
........ "' ..... ,""" Equotion {3.4$~) 10< dII._ m". riola '""" tIt,.;,~. 

I. rem <1>0_.,;.", """"' . '" E ~"" ',,,,,,_, n"" io. tho -'lin prob
lem .... ~ only one """"eo ~ th. mat."" .. "II,",,~ied, i,e .... <!e\erm;""'i<:. 
tKII m0l\"l .n._. nisi ~ ,n. m.,_ '1a "'" specified , I.' " " .. <Iosigo 
prnblom i. """""' orminioti<:. Thus. a ~iII.,"", tn<:",""", , ..... "" 10, •• ch 
co_t . ......... 1 ""n_. 00 ... mutl _ 3mo"9 tho condO". 

, , 



... .... ...... .. , .. __ ...... 
doojgns on 'h o too ... 01 loa51 weivOl, .. " COSI. or "" .... ",ho, <Iosigo 
m .. ~ 'on ...... IIo • . 

In ..... i>, .-.aM" . M. b.n<I<>o;l mo",~"'. M, orY,. 1s"~ .. 1n 
fiyu,. J- ' .g. , .... ""'.,~ .. _ '0<1 10 ,h. """.'ures try , 

M, _ E' «,+<",-1 
'<1' - ,'I , (3 .41lO1 

M, ' E' . (', H .,.) ' O 
1<1 ' - ' I 

n ... , . Irom ,n, ""oral _'" <:0<0 _ 
_ ( ..... . 01, M, 

,>-"-.' . (3 .'911 

Thus. "'0 "Wliod momont _00100 
F ....... '· ' 1O ... ,. ..... , ." .... 

, 
M • .f!.. . 

• 12 ' 

<. -': ' ''. 
F", po;o. b. odi-oy 1<: ' QI. 'n" "'il"" "'Do, ... , ~'1 1 '2, .. 

<, .~. - , .... 
~Ih, ..... "'Gu,.d """"'-.... 

[ 
" ' F.o.cIOt 01 Sale.p ", 

~.....-.. ' E'_ .... r 
AII"In . ..... I.e",," 01 u lery CO<JId bo "pIic( ao In EQu.a'ion (3.4g~J or iIn· 
pik~1y ., ..... doI_ 01 '.0 ._.bOo .,""". 

Tn ••. I .. boll> aXl.n""""'1 loadi ng and ","'a bondo,g 0/ iootropio 
",.", pIo". , 'h • ........., '"""" ... to """""" • op .. d" ioa~ "an bo 
dot.rmine<l dirOClIy by an mo ... 0' tho .... Iy . .. ' Quation • . i.o. , 1ho do· 
.y. prnc ••• " do,.....,,",,,,,,,, Inog •• " 0 ma' .. "' " _diod. How· 
"" ........ de""Jn ".-oblom .. ""'O ... rm ...... ir: I , .... """.",1 is not known "'--. 3.Q.3.2 [)"'~n 01 • • 1000,opic ~,. A~.ino' F.U . .. try lIuc kling 

W • ....,..>1< how can " . """ "'" an_ •• 0/ 'h. bo, b "c"'~ ~ ... . 
ti"" • ., tho cSooign p-r"" • .,? 000 01 ..... prineipo.l """"",.,,,,,. 10<1_ 
on .... 10<1, deoiQtl proco .. 0."""1' deoe,bod ., ~"" Z. " 10 'M' "'. 
mu", poy do .. "n.nt"'. to , .... numbo, 01 ."""""'no ond ..... ... mbo, 0/ 

on"""",," to d'II""''oIo 'no na''''' 01 ou , a.s;gn p«re"'''''. 
PIo1. d • • "go"", bucl<1ing, un~k. ba, <Iolilin , is doI.""inistir: ~ • 

fIIo '& """orlal io .. Io<;!od ""'" 10 lWi ng ",. """""'"" '"iok ..... 10. , .. 
...... .. "" c", •• ,..ct""'" ohapo "'""" 10 '."" ... m p,,"'. <Io.;gn ~J ' ho .. 
is o, bd! <Iooijln. n • ...,. <Ioolgn pr.II."'''.' is D _ Et' 112(t _ , J. tho 

, , • 



-"'_ .... - ." 

piII'e .. .-.ling . "fln .... which _ • • only 'ho m. ' . .... 1 ~ • . E • .-.1 
,. pluo ,no ;peomo,rioo' ,_,. t 'ho .n"..,. .... ... "' w, do.Y" in .....," 
_ ...... 1Iy ' now,M bo, Io!lll"'. l . .... also u""""" I<t>ow.no plo . . .... 
plio ... oj;"",,,,,,,",, •• • !ld b. Thu . ..... no.d only ><>IY. !or , (.gain .I ... . 
know !ho ","orial w . .... uN .. ' M " o;gr.). 

W. ',,"rod "'" bLlClding "'1""' 00 lor • _ply ..",pGllod. ""1Iy 
loaded ""''''''11''11" plot.. to bo EqUl""'" 13.193) on ""\10 2e7 . 

N<»<." _n 10 .... "'ing lO'now In. 'hi<~" •••. I . .... ""' .. 100,10< 
... 0 .. 1 ....... 01 IT' to fow;! rn. min . ',"m _klO>g _ 0.-.1 hOoco 'no 
00""'" , . Thu,"- ~ .... plio"'., .... OU!'l'M. opooifio N, 0.-.1 .... ",o t.,ial 
io _ .. n "" w. 1 a.,h. <Io",od pia'" d .... noioos . eOO b.!hen 

, - , 
12(',- ,. ) < Foolo< .. Sat.tv < N,m 

~'.' 

, , 

IH~') 

"';!h "'~, '0 m .. 10 ... .,.,"'u .. , ...... 01 Eq""Iion (3.497) lot ... eral 
,.lues .. m """'kJ qu"'kIf IeIId to I ... """tot . n'-. 

Nolo lOa, EqoatOO ().ol)(\) e. n ........ t>g«I .s , , 
:;: -~~ [{r ~.[m'.[:nn 1M"") 

ll"le voluo" k On Equa'ion (3.09B) it indopo_n,oI D. I .• .• indolHIndo'" 
.. E, \". ' 00 t Thu •• fo,. "".,;I plot.. aop«l "'00, "" (bo<ou •• w._ 
"" ..... t./y k.ow . ond b!or tho doai(rn """"iIion) .... o mus' lind In. '';'';· 
mum" tho ,.",. .. b+""e~o". Fonunaloly. wo novo . .... dy don. 00 
\l<opnioolly .. Ih. !om> 01 Fq.,re 3 ·18 on ""\10 2ea ,ep"' od he, .... 
Figu" 3·12(l. R_ I 1001 n " ""yo .. 1 to ob .... tilt ..... ~ load, 
W. ean plot turthe, res<Jh. for hillho , pia'" ''1*'' ... ,"" , n._, 0< 
.... <an "alot 'h. """",,,,atf>-• .,oro.""'-''''' th.t • • • 10< pIa' •• 'I*" 
"""" _ 5 F<>r 10'110 arb (0 long pLUo), , 

[ 
~ II _,J) fl' '-'"' . .' E • F""'D' .. S.I • .,. • N,b 13A!I<i) 

lila' it. '0' • givo. plo'o a'l*" ""i<>. we _0 "'" ordin,a,o 0\ 'M ""'.J! «I,,' ~h. 001 .. pooli<>,. ""' ' ... <1 ... .,;1 pool,,") or-.J 'hon ..,,,. 
to, "'" ~und ,Me_ .. llor "'" 00"_ . .... , . ... ~ 

, , .,. 
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PCAn ASPECT RAllO, ~ r_ "''''' N"",,"'«I """""'" '--' , '" __ " p~,.. 

"" VOrious p"",,, ",,_, .... _ 

• ,", ".." ,,,"' io 001 I<nown, '''0 .... r>ta" do. p_," .. ~ 
,erm ;., .. I"', .~il<>Y!lI' root 'S R""Usty .. boo r """9" ""'" Q '"Quir«l 
"", ... _ Iiooa! "'- H loctioo . W. would de .. """,,, '"a ,oq"~od p ..... ''''0''',,, 'or """ ca.-'. ","'oriaJ, a nd th . n ... ....... oIrornwo .moog 
.... ",,,-"1. deSV>o traM<! on " ' igI'O, <0,1, or oom. o .... r design mer! 
eoMdo'.' ..... 

~ ... do "'" . """ Iho .,..t. dOn .,...,,,,,. a ~nd b, 01 priM. ttro" I .. 
pIoI~ ~ • • ;gn prOOlem .. "".n mo,. """""'.,mio"'Oo ""'" ~ we do "'" 
I<now th o m.'&'" 10 "" .... d. 01 """, ... wc" [roe IMm "'11"""'0 ''1' ill 
• """'PI" dOSi9" _ m Iny"'&Y. r". PlOlO d .... n ........ .. "" b • • " 
pr"'u"",b/y . a~OOugh root .t"o, o. riu.r.c:od .nd do' .. m'o od try orM< 
dooign "",,_ra'l::>no anyway. i .... on.." .or'" 0 ..... _ .. rainl "",. , . 
.,"- ....... b . 

Consido"" .... 01 pta'" w~h I>o<xl<Iory cond,"'" otlT., tI\on oimpfy 
oupportod a ...... o' w .... O'" .. Ie~ 'llan axil. """'p"- N, .. _ 
.bIo '" ' ... .....-.- ju .. de",,_ 0"", 4 ' " a _.~ I><>;ktio~ "'1 u. ,;o" 
.. ~lTOvm" c_ 'Ornl. n .. , .. , """""" ~" .... 1)1;, ..,!\llio n, 11> .... can 
"" no 'dooign "'1w.tioo· ... "" manno, .... M " i"" ."n. Fo, -..camplo. 
10, • • mly """"" .... d p ..... .. at> .. <icua bo,,,,dmoy c_~ ...... ""'~ ,,,. 
u_ edge_, w. foond • h.n"". nden!al equation ... _lion 3.3.5 lor 
tho buck'n g IMd otr."'>If. '" do_·IM., ,,",ulion .''''', >0 'M 
l'O;t;. t>It ...... , .-.suI' ....... bot"Hd'" ttMr de"'" """' ... . 

For buckIir>rI undof n·plono _ r. ,~. "'o~ .. m .""'o . ..... 'io" 10< 
. j ...... '" buckIir>rI'" E_' ion 3.2:!~)"'~ oot.-od "" u,. ," ;'~n . .. 
~. fa.tor 0' " 'tty aO'(l ,,,. ,,",.oa, .'. op .. l~ Aeeol, ","we,." '''''' 
'" .. _.Iion"'trouo ,5% _!>ill" fOf oq ..... pil' .. and .. on more ... · .",,",.,.Ior plato. will"l IVgh. , .. b . " ..... 'nli$ym"""rio bLICIdIng with to 
own 'wo·'.,,, . "..,., .... tion .. ~ 1<>< ""me .. "~ •• 01 o./tl. 

"flO "dKign "'Iu.lioo· " pouiblo , "-' ... muol u .. ",h. lOY ..... ~ 
Y'" tool 'hat .. .,d.blo It> find U, O bucldir"lg Iood ... """'. Ie"" 01 ,to,.,"" 

, , • 



-"'_ .... - ... 
<Ioojgn proc:odo, • . f '" •• ampM, ._ ,he bucI<Iing load 0I1llo do
_ pla'o w~h iI$ .,..n~r edge __ """"' . ..... ood Iood;no;l """ be 
Iouod only with "" OW""ima'. numori<al procodu .. such as ,n. ""0 
O"""Om mo'o.txl r""n, ..... noJm o"""-' 001"" ,," prncodo,O "'" .. "" 
'nostO<!" jno;do ~ '<>Guo,.,. 01 ~I_ '0 u .. 'ho .""lyo. in a <Io.;g. 
modo (""","how r ou .,uy 0.0 pl .... '"~ and do,..",;". the stru<>-
lUrul .. ..,.,nso "umori<o". ...... ithe, tho _ • • , 'ho buc~ Io.o.d 
.. ti>1y '''" <Io";Vn ,,,,,,,,,",,,on"), _ ... r. ou<h on "!'P,00<."", no1 
_. Ihe <larty 01 10M' we juoj e.omined lor . . ... ply ....,ported pia'. 
""'" N, _10<1. Tho 100<; eon ". QUIlt OO"'l'lt, 10 '<:Ifflo' '1\0 <IooQo 
01'1"00<. _ud liOOIog .1\0 n« ossa"! '"""""OS 01 • pla.o 10 .. silO 
","c"no 10 ' . '.0 _ f lo<! 0<>.0 O<JPP(In eondiIlon. a nd ",,"r.g 

01 COU .... , any « od llio d n igo mu" ... ioI)< 01 po_obIo Ioadir>g 
<ood ....... l.la, .... ~ '.Ic~ 'to", togo .. , . .... eau_ b)' 
.. 'onsional lading. from high _ ",,"oed by momo'" Ioo<linl!, ood 
t""" pr ...... '1on '" b"'~. plu. any OIho, doMgn <0_, Must .. 
mu14""""oI\' bo consid.,ed, Obvlouoly, Ihe \0,110" 0._ '" tho ... ' 
juoO: """"nbed .. ,;.r ... . 1 dOSill" G<>odi1ion", 

3.g.13 Do"gn at 0 Stlltonod 1",,'><>pI<: Plot. """,n., FoH.,.. b)' O""kllng 

PIo,.o.", OIlI.nfId to iner .... 'how bucking Io.uI (wMot.;" dom;· 
""Iod "" Illo bonding stlln ...... , '""" .... ~"' It ... "'_" "", ...... . 
,n. "..,. 'hick..... Slillonns. """" ..... 10' ... o ·d . .... sional ..,,,<t ... , .. or. <IoSCrOOd in S4<11on 0 ,7 w~. _' . ""","",,0 00 ..... , 

Tho procoso 01 dHCribing appropriato .wIon. ", to, pI;Itu t>.gin, 
_ !too <IoIin~Ion.' 0 "".ign dn.-. " ~in .. o _ . ........ IKo" 01 ty,,;co ' 
_ on. rs. ond concludos " t o a run' 01 oow to dKiog" _ one<! plat •• , 

.. a.o¥< _ .. . o..;g" .. riotolo lho •• ",ho" <,,"<>god. ot~ 

infuonco. 0.0 ~rform.nco of ,n. dMign ...... _0' can . bo bo 
• doojgn oo""lion troI .. rangly 'nlluO<lO'" ""e" doojgn •• ';'bIN _ o'n 
u-.. do>ign, One ... Ihe .. ,Iy objooc!".' In '0. doojgn ptOCMO .. '0 
""'nlty tile ",. ign.n.-... ~nd """"""' .. ,. on m"""IoHng lhem o. 0p-
posed 10 o"'noIno ,. ...... 'M' <10 "'" "rang'l influonc. '1\0 d.sign. 
n .... , '0' .'''''M, ......... '" ""' ... "",ny _n' ""_ on how .... ca" 
got """'!"In 01 , .. Sltuctu,. 1 job dono with ,h. I ..... amoun' 01 ",oigltl 
___ .... 01 ~. otroog inltuo",," "" rs"l/O , o<o""my. ond p._ "". 
S i ..... 'Iy. opacocraft ..... 0 ""OI,woioh' objocwo ____ 01 , ... dosion 
_ . ,01 091 0001 '0 _tho opac«,.ft ;"10 _ co. ~, ~ .. 
"'" .t 01 stJrptioing th . ..... u .. high ... llncos _ "'" . .... iQtIt """.,ials such 
.. <o~. """ orio l. '0 .oolev.!too <leoig" oIl jocl". of Ie ... W1IiV"'. = oro .bo wolflh'· ... n_. , In 11""00>1, b<J! """' • .,..rts .,. oopeclolll' 
... MiI .... '0 .. ,""gth ood .. If.-. T,....- ., . .. lI'--"""'''e bII-
co!>SO 0/ the ,._n<y 01 oompr._ """"be,. '0 "",,,,-

A .podlc . ,am".. 01 .'""n. "nd .... U <Io-oign dn.-. .. .. _"'po<I 
try •• 0mln.,0 '.0 ".O<ing ,osj.,.,.,. ... the ......... ".nol in F;gu.-o 
3 ·12' . n . .. , the $\iN. n., wot> ".;gr,1 it • • 1r0"9 ""',,0"'" "" 'h • .,..". , 
""'-0 ,....."".,. bou.uso u-.. .. II ..... ' "",me" 01 nort .. is .. n><>gty 

, , 
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I ...... ,.".." , .-.. _-
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'\)"'" ~.121 ....... _, ",. S",._ p .... ' 

a"octod .0<1. '" lurn. ~a • • '"'Vf .,~"."". 0" lfoo to.roding ,.~."'~ . 
• loII. "or "ob ,~ "" ..... Is "'" a _ ... _""H 

..... "'''''''''''0 W~ conel_ 
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3.9.4 c.s'gn 01 . Lam''''''"", CamposH. p, ... 
l.r. =_, 'M "''"'''",., do"*, proI>lom 0/ a Iomi""''''' lobe~ 

,. inlo,O(><I "","poU' ~,.. oto. .... oIy. wo """ m"'" i""""," mo " po. 
", ....... , f>on in ' f>o ""'''''''' plol. do~n p"",," ... ""m. Iy p""''''' 'e<o 
,.Io,ed 10 ,~. lib.,,. • .,I,,,,,od 10m ... ma'.,;'" oropMieo '.r9n • .,ing 
<""""nto). ~ ,. ~,. "12' and G" !'O ~,,~ w. p,oblIbIy ....,.,.,; p'obabIy 
oonsiCle, ~""""" in ,~. dot9> P_. olh<><l"" w. cOn f_' , ... 
pn>e: . .. IOf _ .... 1 c""did., .... , .... ,. ".~ spec." P"'PO~IH) and to 
11>0 Iomin.,. <I>o,a<_1os 0/ __ , 10m .... I~"kn ..... ond Ia ...... 
",..,.,.1 """ .. 10' dir_ orit nta'''''' (M. Jon •• 1J..~1D . y"" ."". 
'"" c,"ion"", • • '~'ocW' -'."'1/0' 01 compo . . ... ""',"'os , ... lac! 'iIa' W~ can 0"''''' "'" Ia_.~ in . lamina'" to our _ ... <:on'on' '0 tr)' 
to !»'I' "'" .."., _Hie .. ", "nlt1uf' . lOis "",,,,,,,_10 .. '''tally .... ~. 
_ 10 __ .. """' .""" "'.0 ",.d. of iOO1fopio m.' .... ' • . Thlo Iomin •• _ ,ion , .. ,ib iily" oorlainl," an - ..... 510. 00' "" .. do· .... "M ir1 

3.g.4.1 D •• 'gn 01 • Lam''''''"", Compos~. PIote 
"'!JOIn. , F.H ..... Cou."", by H'gh S, "' .... 

["J-['" '" [[':J -["J 
N, A" '""" , 0 

F,om !he b l!lflll lor<:e oondiion IN, _ 0). 

O. A",,~ • ...,,.; 

, •• _A,;,. 
, An" 

n"", I~ . app!;od 10"", bo<>omn 

_.".f. ,..",IIIhII, , ~ •• ,I_nal """n . .... are 

" -\-L(Q .. · .. . -, 

13.5(0) 

13.00') 

13.5(2) 

, , • 



.,. .......... .. , .. __ ...... 
""mil., of "Y''' , ocd Iominao anglo. from 0 ~ (!«co_.Ir.in) 
",,,,,'Jon. Tn ........ 0 ~ ""~ .... m ..... do~n P'''''~ 1$ in<Jel" · .0"''' '" ",_.,.0"""" T .... ' 'aco "' •• , ... _.10,.,. ~9 ...." .. m 
"""" .... ....... 101 oct ... 1y i ke t. ol'bm'" , .. Iomin ... <Iosil/O , ocd w • 
.... v. uooblo do,.rmin;"g a singkr tomin ... do>sigo , much 10K ' hO""" M..., 

F", go .. ",' .. ., .... .,;! cornp<>Silo pro" ,. ,.. ,"la'.,.,. 1>0"'00. 
loren. mo ... n ... m_·our!ae4 otrlbn •• and m_·."~"". curl/.IU ra, 

M, A" A,; A .. 9" "" " .. <, 

", Ar> A;; .... 9" " ". <, 

"" A,. ,.,. ...... B,. s,. ". -r" 
(3.505) • 

M, B" Br> B,. 0" 0" 0 ,. " .. e" Bz. s.. 0" 0" 0 .,. , 
M" e .. e". eu 0, . 0"" O. " 

.,."",," ooorplrool";! lunctiono oJ , .. """,too, of Ioy.,..nd th. """,king 
_"onco I ... , no dO-oct ""'olio . .. lsi . .. tfro .. mo mo . nO! u lor
iootr<>pio p"""'. That i • • the", 0'0 no ookltioM lot tho ,equil<xlO1iekn o .. 
01 0 "m""'oO plo'. ,,,., . ' • • ",,~. to EQ"""" (J_~8~) a nd (J.og5). 
Tile prob_ .. ,ha l _ seek """. ""'" on. ""known. i .• . , "'" , hiekn ... 
• 1><1 II .. .. m .... ot~rJon •. bot wo .... v. on.,. or .. "",,"'ion! 0." , 
O'I'>OW ..... O(luations I""" EQ""tiO" (3 ,OO~), 

T ... soUion 10 'his lamina', do"'vn ~m ,,/rh malO design .. <1-
otrIu ''''n <>.<ling po .. m", . .. 1$ """,,,,101 Wolrour. dlrroc1 ooiurion. 
_ m.", . "., .. , "' ... "'.0<1 "",",ion aPr".'O"' Ont o""h _ Op
PfOOch 10 dooo>::!i><rd .. Soction 7 ,7.2.' 00 optimiza'ioo mothod. 10 __ 
M«I>. rra 01 Com_ Ma,_11 13·271, Thenr,' b .... ·foJO. , ' .... . 
""'"y_po...--«>...,i .... oo n. octromo 10" .... '0 lind . ....... ,. , .... , .. , . 

io!'" '"a o.oigr-r ,..,. ....... . " '". "''''''"0' _0" " l .. r ... rn""' ... · 
"' nkinjl p-rocodu ,. {3-II:!I , ... "ieh .. rot . truo o.ojgn owooeh. W in· 
.r. oul lo ° _~ ... ..,. of .. oluaOOn. 01 dilf ... nt p<odoto",,_ 10m ... ' •• 
undo< opoci iod ~ wit" ."b_"~ ""*inIl 01 tfro ' ," .. ~' ... 01 
"""ina, • • "''''' "'''1'«' '" ,h . .. obiily '" bed, 01. pr"",1bfId Iood. T ... 
""oIlom"" ... _. ''''''' '''''' ' . ",,.;,,.d, .., tIr. ~ .. I 1>001 ""''''t. 
"""'" Ir< .,"'ed. Ho ......... T .. r. """hod 10 .. ,ho adYa n"V" ttrat 
.. "ohing eon bo limit«! '0 ....... " .. Ina ... Of lamina'. foml lia. , ... ," .. 
01 in,...... Fo, .. arn~, a non""n mig"' bo '''',IeI'';! '" lam ... , .. lor _to 'Olig"' data a, • ."ollOl>l, '" ""lch .'. ,N<IlY ",ado. 

Th. "'_m.""" ",m"",'. !>IOblom io: giY on ,Ir. ", .... lolI<IIng.nd 
a ""'0" kIoa 01 ' M ""- ' "a' .. 0 wan" .. ha, Is , ho "",im ..... .. , of 
IOmino. ""' nta,_ ,,,., _ .:i ",. 'hio Iominal. l HOfiI , • .-. m" oI gOt _n'ito'",. and ouIIin. 0 opoetic oW..",ch 10 I;rmino' . dHign. F ..... 
... do not ..... k""" how ... nf Io""ou wo n. ";1 0.., be.., ~;v. 

, , • 



-. .. _ ...... Ul 

is ""', w. won. 10 ell"'>' • c. no " ••• 01 bods, The design PfOC'" "' no! 
.... P'V Hn<Mg • tl>lekn ... OS with . ..... , ""' ••• M is 'Rling • IIli<kn ... 
af>d .. M' flMf"'" I,..., mo:_ no"'*'!r lhe nu"""''''' .,.._.,iOtI 
01 ,he lamo- os in Figur. 3 · '23. TI>o, booic procoso 101 compo."," 
lamino'" 10 m,"", ..,... """",1ieo.1"" Ih., Ihol ,.". _ . 1 OI""" u_ ...... ' • 
.... mu.1 dot .... ino on~ on. v.rioble _ 11l.lhickno .. , 

. ... , ",.,.".,' .... , •• J 

E • • _ing ,,l. Iood' ''''",>,ing ~ 01. specie Iominol' Qnclud· 
jog 'ho Iood-dolonnalion "'I>ovi<>~ "' ... '. illhtto .... atd doto<ministi< pm. 
00 .... "" 10 d, .. ,,,_,, S_ 0,5 0' Jono.· l.Ioc","n ita a' Compo>ito 
1.10"",,10 [3·211. For . .. mp", .. 2O· loy. ,"" Iominal . .... . c_in 
Ioad..,."y"; capociry 10. on.lyp. 0I1<>.o.<k>g (.nd . ...... .. '" capacity lot 
• d;norenl typo 0I1o.o.<ling1. In OOn""" , \he .. m. sp«'iod _..,."ying 
capoo') can b • • eh .. "" _ potMpa • 20·. 3().. 40·. or SMoy. ,"" 
......... 0' .. Ih """'Y OIh ........ "'" ....... _ ......... ,es m •• ' ' h. 
Ioad<.lln'ling ,oquirom.", . .., "'" PfOCOM 0( Iomi",,'" de.ign .. """"""11 _",,_I<. ~ _ laml .. to 01 '1>0"'" mo'.rIol. 'hon 'he lami
"",. "'. ight", diHd~ proporl""","o Iho nU_ ollaminoo, ot./Iouol)r. 
,,,.20--10'10<"" lamina ....... " . 'ho ..... 01 tho _oral i>oI mont_. 
Wh. ,. .. m ...... ,..;gt>t ;0 con .... "", wo have. <!U"ntj""I0.-... 01 
_inguishing _ N n tho .arious 1'0'- 0 ........ 10 'h . Iominato 00· 
oign q ..... ion. TIl., to, will> • mo" tunction oucl> •• .... 'Ilh'. wo oa n "'n~ 
tho "minoto . .. '0 how _ tIIooy .. 1isty tho dKign roqui"omo_ Not. 
,1>0, OkO" gtll to ""' • morlt 'u!'>Clio" b"" . . .. "'0"!llh is • """ .. ,ainlon 
lho .. m .... l. dooigr>. 

In IIOnOlol. ... might """ ." conodor all po...t>le 10m ..... _""'lion> 
for 11>0 10 ......... , but thol o pp.OOoCh is OI1PQSSb1o. TI>o, to, 4 ... " 0,. 10 
'ry 10 .., ..... , • •• , he cor~ """ .... , ... an InIlnl. numtHo, 01 
...... _ Is po_It, "" 'hat --"' It """Iou.~ "'" ro . . .. " . Cor>
_<'oIQ • 101<\'" Ool>ilrary 001 01 _.,,,", lor "",", 10m"" " Is ..... 
u", • • l ot", sim ply boca.H !or manulacturing , .... n. _ do ,.." w ... '0 
_I)' tho, ..... loyOl m .... be a ' 67..3' and tho no. ' at ~.7·. Suoh •• 
finod spec,ieation ollom inoo an~. cannot'" ach .. od in "","ut",,,,,,· 
"'9, no ... iI n""o _ ry ". _ • . A !., mOl. Plaotieal approo<I> 10 10 

, , .,,' 



.... .... ........ , .. __ ...... 
IIoIn>< in lorm • .• 1 ,~. mooI ,.,_ ""goo , 01 ano...ing ,he 10m .... '0 1>0 
-.r .... , S· ....... ..-• . 1"0' ""'ieliorr on .. m ..... acor/a'orlonta'ion 
d, .. 'iarily ",IS down ,~. ""ml>o, 01 poaitrlo lamina'_ TIrO' .. ,,","iorr. 
1>0,,,,,, ... .... loa ..... a" """"""uotv ""goo numbo, 01 "" .... 10 la ml",. 

""""""""0 ;" a"'''"''''' . 
"'" .... n """" ~'"'tical oppr<>ach ;. '0 .. wi<! !he o«optablo 

"'''' ..... n~"" 10 001\0;. co,,",; .. I10 • • • """h nO' . 00' • • n~ , 4S' 
Iam'n ... I om notauggo .. ;,-.g '''''' w. ~uikl ooIy quui·ioolropi< "'",ino' •• 
__ use I did not .." """ ,ou .,U<>I h.vo !he ..... n"",be, 01 90' 
"'miMe a. O' .. min • • o. ~'5' 10m"" ... ---.45' .. m ...... l'" 'ho .um· 
I>oro 01 .. min ... ,Oo pm",,""" 01 ,1>0 .. v,'''''''' 'YP" oIloyora. c"ongro. 
The _ ign ""rom ... ,. U"" w. thon _~ !or .r. lhe va"' .. 01 ,., •• 
pa,amOlars. l. M aoo N. tho .umbo" 01 0'. 110' . and t 45' "mir>ao. ,. 
_,,,,, .,.. w. _ be .... "'.'<>\1 "', ... ""/ mo, . ...... "- ~ ... _ 
bad on . .. agoo ond lo, 'ho "Y'" bo 01...,,0<1.,5' incf,,,,,,""'" po$

_ """"""_, n •• ma'h. ma,"" ".,,,,,, ,,' ''''' do.us n op'lml, . ..... 
problo-m .. chengod • • .,. <h .. ico..,. whon ..... cu' down 1tHI • .."Dor 01 
<Ieo9> v. ,mhIo. '" .... n., tho ~ .. luo. 01 .... ~ • ...-•. 

Sln>cIural ""timimb,. '.,elmiqu .. !or composit. """'",eo a. do· or:_ b, Selrrnit .H~) and t.,. GVrr;lol. fl.~ko, on<! Hojolo [:1-1>4). ",-n 
lie uoed '" provide 0 deeioio.-<noking """' . .. to< .""" ..... 01 10", ... , . 
design po"' ....... . OplIm""'" 10 ",, """'"-'I)' wol _0<1 10 compo ... . 
.. ructur • • ~ t>teoUH both ,~. pO.O~ .nd n~ .,Isa '" 
'alo, tOo .. """ .. , . m .. ' ' '''I''',.m. n .. 10 • dog'N nol ...... lor 
iooIrQPIC mal.", • . TO. ......... '" """Ina" .. " ...... CQl>C0j)10 _0"'''''' 
by ro.i and PalJano [3-05 and 3·~) and !um- doscmod by Jon .. 
(3.21. PI' . 85--87) .,. L><Oful " _ "", . .. .;gr.. 

Th. ""joel"" in .~"" .... . Iom"",to tIo~ .. to.-I both 'h. ""'II_ .od 1ho ~ """"" "I "'" 100"" Moou' Oy. r<Io..,.. Thol 
is, , Oo Iom"'to i. l<r.IIo,od to ;">1 m_" ",",lie ,oqui,.m_ •. StnJc""". 
fMtIo o! iso"",pie rn ......... ,. =.1Iy ""'"rion', , •. , C'I.rd.~. 
1HIc4 ........ .... oI,.n\lff1 and oliTI"",," . ," .. "" lObI)' .nWl" in """'. 
diroctlo • . By a pp'opria1O <onol<lo,.I"n oj tho 100<1 ..... ;n l ...... and ,Oo' 
diroct_. 0 ........ ,. «on b. con.1rUO'od 01 __ , ......... "' ..., • 
• man ..... os 10 POI _ .. ""-' ""do a nd .... mor. (","h. 01 courso , a 
• • i • • blo"'to' 0I"!0<)'1. 

lomin.to dosign is a muon """. <ompl .. PICICOSO ''1an _«rpio 
.-' . .. .;gr.. Undo.- 0 _lOrd Ioa<IIr>g 10u ...... 1 p"to, ,h. onIy~ 
.. rio.bIo .. tho ,~"'_ .. 01 , ~. pIoI. lu""" 'h. pia,. motorio' ;. 001 
_ l ;.dl h . n I., a "'plo ........... , .. m ..... design ... ""' • • rrdng 
It>o oumbof 01 lam .... . nd!he _ .Iion. o! • • ch 10m ... (ov. n ~ to. 
""" .... , '" """,iIIodl. Th .. , mo.y """" d •• ign v.,iabIo. mu," be do· 
\" rm_ "', 0 lOm ... t. ttran 10, On 100"""", "",t • . M.,...",. " 10m",,". 
deoign ... ""' ......... o! .~nn ... , strongIn. a nd .n.IlIY~'" ('~' 
. ra. undt' 'ho _Iorm.,"n eu",o)" <Itf>Ic, ... irnp1icill)' '" Figut. 
3·' 2" along ","h Ia'igoo OrIo,h. , oonno' be do$>i<I .... ,0,100 ohown is ,o. 
po,.n,lo..,. 10'1)0 numb., 01 'oil .. ,. ,von" 101 .... , ..... ". bon"," ""'lllaml-
..... (duro) ,h., 000'" _g .. "' ..... "' ....... and in"u. nc. !he "",. 
aMoy 01 a portiou"" lam""". !or..,..,;tio deolgn 'oqu"'m. n .. 

, , • 



-"'_ .... -

F9>" :H2' ......- ~_ .... nnu ___ "_""""G 
'n tM, ... 1>-... tOon. a _,,,,,....,.,,. 10< .. ","", . onign w~ "" 

out_. ,"", • . I ... 11'1"" 01 na'u" '" 100'10." ..... ~"" 110 .. "" M .. 
• Iomlo.,. ,o ben. , ."' •• " . , ... ~gn oOjocIi'I .. . ' prossod ln ,." .. '" 
onrt ..... .. , .ngth. ~ .1>&o<pI .... , and , .tiG". ,~. "III be aao,_. 
n. g." ,';".~ .. b . .. <1 on "","~ . ....... '" w' h • _-dolo,· 
"",lion C""'. ,0' curv .. ) I<> Id",. !tIat .. hoi ... 11>0 lurdamonl.,,,,,,,,,,,,," 
doojgn ' '''1 ....... " ... ,p' . ....... lO,m. 0' .. Il". ... ' '''' "(IIh, ' "'<9'1' 
.boo""io" .• oo f"'y- iii • . r IO. f...-·lo"" ' '''1 ..... m. ", .. 'a, """" """. 
pIo •• hon 11>0 ait",,_ 10, mO"1 ....... , • • w~h . imple dosign "",un · 
",on". HOWfl'l .... .. e ";I _ . ... hi> go" ", c .... '" """'P"'" om ""0" 
..... 01 ' ho 10", ... 1. design ~"",ea. 

Th. oa'",. oT """ ... 1. b.h ...... c.n " "III' ffOlll . or; briu," lO.ery 
dUellle. A 1ypIca' brllllo b8h&'IIo, "' . p"nlctJla, ... iaxlal f . .... ' . ""'(\ .. 
shown.s co "'" A (lam ... '. A) .. ' 90'" J·,.5. Mew. due'" b. h ....... o 
.. , ... ...,.. '" "'\)Of _ "" 00. 10 .. itu," "to _om" "'''''.,.leO B. 
C, o r><! O. , ... prir>o:ipal d ffo,<onco bot....., .h. fo<.- _ ... _ I<> t ... 
.. _ td .. , • .,..,. .. t ... , moun! '" ' '''W • • _, "'" t ..... flo' oI(IIW 

'" -" """',"'floc",," c""'. 0"" •• rt.., Tt>o ""mIll""11oo '" "'" "q,. .. 
iniIi.1 oiopo aoo high .... ,,'''W , b..,,,,_ is 10m"", B, l om""". C 
l>a. a oigni!"",n' . n.,gy absorption but abo a ""1 <Ow first·ply 1~1"' • 

• 

. ........ , ........ . ...... .... -. ...... . 

, , • 



.,. ............ , .. __ ...... 
load Thus, "ode, ' oU" ... _;.,g, Iomina'. C would ..... too • good 
e_ too<;.auoo .... 01'0"""" load ""'"' ''''"",,,,, .... !han ,"« .. Io '~~~ 
"'" Ii<st~ lal o,. load. TI>o "', .,"'" '" 'h ... din ... " .. m ...... ". 
M,i;Q "' nn _"n,' complico""" ", d. o9l 0'" .Old .boY. th. ""''''. 
01 m .... """""'0&, H"'""" .... ,n. <*1'1., . .. I>oI>aviors."" p, .... '" odIIi· 
tkmat "PP""unitl' lot """", In .. .;gn_ 

Th. MI • .-.", .. m"'" _.,,'" CO" "" _ogod by <h""gO>g th. 
lam ... '. otad<ing wquoneo and ,,,« "umbo, 01 Ioy.rs, Dioeuu;.,., 01 t"« .... "",,,raI _ ... otill" .......... . gu.., ' ""'\11' oMoJption , and fotlg ... 
Iit., ", ""plifiod by """ . ... ' O>g only • ..., .... "" ...... 1"""'"9 N," FIg-
",.3· 126. n o _ .......... principally dop. ode .. on lh. o<ac'i<lll 
_ .......... t • . , ,,,« _Iduol "mlna. ",,,,,,.tion . . .. ith """' • ..". .... 
..... "","« num"", 01 layo,.. Th* Slroo-.gth' " ' a "' ...... ""_~ 
"" "'" """, bor 01 lay..,.. ,Ih'''''lh .u&l:king """,,,,,nco 10 . 100 ... """, .. , 
TI>o on*<1IY oblO!ptlon .nd I.,igue Iil<I ~ on IK>tI1 .ho otacking ... 
q_ """ '.0 "umbo, of "m'.na., Cllar.gng ,ho .. ,.""blt • • 100 
en.<>go> '"" "<5I -p~ '.'''''o .... d 

n o lam"'l0 <Iooign ~m"" fir<! a laminal. ,hat";l ..- ,,,« 
dooOgn PO""""'''''' "",,10 ",p_ ;" to,,,,. of " """'h , 0Iirr_. on
orgy .b»o<pIion, f.'Ogu, liIo, p4u • ."no, """"u",I .-._ ..,......, _ • • 
.. ~i9U'. 3·1 21 , Tho .. 1I"''' .IlI .!lain "" by ehaoging tho """,~ ", 
qu.neo . ndlor "'. numbo, 01 loy . .. 10 change .... lam ..... bohav", u", 
!ho ......... 01""", ,,,1 roopon_ " 00 .... 0<1 

. ....-........... " . ....-.,.,....-
F."., ," '_'25 E • • ct 01 c""V"II ......... s""*",, s . .... ",. 

OBJECTlY., .... D. """' ..... "'., WlU. ..... 
, ""- """"" ' •• '0 • .....,. GO.'" .. '"rssED .. TUMS 01'. [,0 • 

. s........... . fAT>:IU " U" 

"""""'''''", ~ "'. 51""""'" nou""". "'0'0" 
,"" -...eM = TO CK.OHOO ... 0 BD<A""'" 
U>mI. "'[ ""'"[0 . .. """ . . .. oe''''''[D 

, , • 



-"'_ .... - .. " 
n., ".11'10 "",,,mon'o l ",miM'. desO.ln problem eon IHI .... P'O""" 

•• ' Q/Y.n , ... Ioodong N, . N,. and N", find ....... mln.,q OIUkng .. 
~_ "' Flguto 3-'23 on pallO 033 . r,,-, " . ""'" a .. 11'10 IoroNo orl... to""" 6",\. 6" .. " and ~ow .. "".,. 0' 0_ o_,.tion ... _. 
1.0" w",,' a r. n" ",. n, .... 1 

F",m • p'.oti<., .... ~In', "'. lay. ", I~" .,. _ "' I~. 1"0< ." 
~ do"gning. 10m""". connol ~ •• o ""rely ."'~"''Y 1,.,. , or. ",.,"'n. " 
tIlo 'bo r orion1.Uion. _ ,a unWtIiod. "' on Ill. de&ign P"""" W<><JId 
",,~'im o. load 10 Iom .... 'es ~"ilo ""liko ony p,""io • • ~ b. h TIl"", , .. 
o"""gOo .• nd ._i"y "'" (" y... iii •• "",,1<1 ~ b. p,O<lO:toblo or 
1<nown ,,~~ "'. nee ..... '" """"'nco. Tho1 •. ~,.blo rio>.. in-
• .mod "' pt~ • """y ... " Iom; .. ,. . M"''''''' .... "'. ecot oj "".Iu· 
.t,"~ I ... bong"' . nd .aty.,o liIo!Of. n." lamiMi. is ....... in~ nOl ,,,,,,,, I. 
nus, , .. oddlion 01 IoY"YS wilt> ,,"on·.sod r""" ",..."."ion. ""- do· 
sign pra<_", !he r.mI .. , '. " ito", 01 ldm _ or o"on·<>SO<! lam ... ' .. 
_ <I'I,,,. o'01\st;,,,. at . .. ,"~.'" "oft-knowtl.., _ con <Iooign ,,~n 
"""'_ ond "'-.. co.,"' mon oy _ ,[me. 

lomin ... dKIiIn """ .. app«>acMod in IIow-cha~ 'orm.s in Figuro 
3· '28 ThO<O. _. 1fI~'" lam, .. ,. I •• tt>/Ita,iI)o _'od 10 ... " 'fl, 
~.d., • . TMn, 11'10 "'''''0'' k>«d<;lol'. ch"" bollavi,,, ir. ."."!<>atod by 
\!W of",. "'m"" •• 1r. ngOn .ro ...... ~ do",Obod in Soction ~, G 
oj Jonas' M""",,oa 01 CotrlpO$i" I0I.01' '''''13 .27). rn. n . .. .. ." is to 
..... ... t. ' ho Iom inat. bty.., " . , a nd that bo h, .... m .... be m .... rod • 
•• 1>0"1/11 _ 0 .. Os boing ... <10 willi _ minot. " o ·prediction tK hniq ...... 
Al thOs .... iI". " . . . . ...... In • • " eng"', ........ , rat~ I f ... arid .""'g,-ob..,,,,,,,,, o ... roo'erioI .... of tho ""odido'. Iom inat •. "ff-..y or • • iIIl .. too 
nigh Of 100 low. then Mm.", onongo "'" -""<kin; ""'."""" 8r-d'", ,ho 
".mbe, oI loye~ "nUl "'" '">pOO" m_, "' • .-..qtOf<d_," 

I :n"'" _ .... ,_ .... I , .. " ... ,-..",. 
... _u ....... ". I ...... ,_ ........... 

I OI .. _ ........ ,~I I 
i 

• 
. ""'"""" 
, ."'.-. ""''-'' "'" '._-

TOO "'" O. '00 """ LI ~"."OL" I <-"' .... . " .... "'. " ....... --"''-

, , • 



... .... ............ -.. --
U_'~. b." oI_"mstllr>ees, ,~. "min" •• "~io Io,"'ion 01 ,h. 
~ P"""" ... ,,,,,,,,. ''''1000 "ha,Ior, Unde, ~'Iy , ... __ 
0"'"_."" ... 'h. Iom 'n;II. Is <1000 in • ...,klng seq.,."". '0 ......... , .. 
.,.,;u, ~"""n 'a,Og .. b.ho,... FI.' ~' u_ ow""",,,,, ., .... , 0"'"01' 
Slane ... "'" .. _.",', " '1000 __ is ' otilly unknown. ,. ouch • 
0 .... ,ha, .. m ............ dho , i')'" ' 0100<10<1 II"", ~ dooigrl pmoo .. 
•• b. <.g on """"""" . r<t ily 0' 12) _. ~. ,.tiguo ....... in, ._. 
Ob\Iinu....,., t .. first c",,"=. is dioappoint<.g.n<! tlI. """""" ohoico is "" . 
po_ • • n<! tim. """' ... mng, onIb ~ ""u"ion 'Of "'" do"*, 01 m. laI 
_""0, Tho orIy holpful ""PfCI it tho I"",!hot com"""', " "'0,,"' 
typic.~ honlons/O' "'ligue no. thon m .... , .. """u ..... 

Cono;de, a • • • ample '" ....... ,. ,~. k>rogo<>g e<>n<:oopla_ S ' ppo'. 
IhO in~lal laminat.""""o is (0',110'01. "~h I,.. _n."inn b ........ 
... in Figoro 3· 129, Thb IomiMto __ , to ... _inuo/)' """"Io<! 
to tho loading boca .... moo1 0' tho .. mlrIII. hov. ,-. in tho ,",ong <Ii-
'0<1""", How ..... ". " N ' this ... m~" n".;ng ,"~ ... n .. '),. 01 'ho 
........ ' doSOgn "",,",,,0Ia,.,. in .. hIc~ Me" """',rtIi oIt ... nt is ""bjfctOtl 
to '''OJ' d iffotot1llypO' 01 ~ Som, 01 ,!Iou Iooadingo .t. no1 
«IObt Of <IfOIgn_Iinl 'ng lOt .""n .""",,,,,,,.,,,,,,,n' •• Ia 'hO oaso .. ,n 
Ih" Io.~, n .. t i., 00"'" ~ oro ".iIy """",,,. d by til, ",""',rtIi 
0 1001. ", Tni ... m .... t. _ obv<>u.iy .ooopl mort ""'~ in "'" y. 
dooctinn tuon.,._ '0 Ih. load ~ionJ, bI.O: ... ...... ;ga .. iIs ~· 
lMI.y ... tho ._ion. T .... \K)" loy ... Id by craclcin~ p . .... , to th. 
' ibfflJ (p."'.n<Iic ..... , '0 tho p,«fomiMnt _gl. Sim" l.noo"....,. with. 
Of Im",_oly .~.' ...... ,,"' ctao .... g in tho 110' loy ... , tho 0' loy .... . ... ,.i by or"" ....... "",. .. 110 lh. lbe,., .0 --..-" by r ... i [J-g7). >low ••• ,. 
Ihf two O' loy ....... or. oop. bOo 01 canyng iNgnlI","nt Iood "' the , -
doOC1ion_ In I""'.'hf ufti"",'. IMd Is .... """ tim •• the 1 I'''·p~ "'iluro 
I00<I, Not. thol this ."nato 0" Is .,il ~ 01 ""'Y~ slgnfa .. 
load '" the y-<l~..,tion .. en an., maw crac ' ing in tho 110· loy." ~ 
co .... the 110' lay ..... il havo <>nt>ro .... bOo", buO tI'Ia, ..... is 1101 td--$u_ .... ''''''0. t .. 1)0' Ia, ........ "" la m .... in on ~"or,,,,, to 
incro .. the _I .. Is' ............ nd 10 rae . .. Ih. !irsr .pIy Id,ro load 

""'" MTH _~ '. 

, , "' 



• • """" or ....... """ . " u._ TIl """' .. .. ....... ........ ·_ T ..... _ .... · ... _U .. ,..,......, 
-. .. _ ...... 'Il' 

'0 in F~ 3·' 3(1. Tho ",.d_ """'0 oIopo .~., ! .... p~ .. " .... 
0"" inc ....... _ ±o. lami ... ,opIa« tho go- lay.... How ........ ,~. 
''''!11 ob"""" .... doc ....... wi'" ouch .... cklo1g _ u""" ot.o"ll". 
The o...,.,iolod fa1jyu . .... .. ,. not "",,,'n unla .. both la min.' •• " 0 
fMdo ..... oubjo>c1od to !.' iguo Iood;ng 

T .. ~" • .allam""" o.oigo ~.Ia to eon"", '0 cho"ll" ,~. 
"""'king ""'Iue""e ondfor the nu_ 01 Iom_ '0 obIain 'oqu_ lev · 
... 01 ",efl\llh. """"os. langue liIo . ond ono,1IV aboorpt"". _ovo< . 
... muS! ,ocognI' . !/\al !~. dtsl\J> _ ..... ....... iml>O<"la'" 
' mila,k>n-tho !aliguo i l. co n b. dt.....,lnod on~ by moasu<o ... "'. "" 
by p,_ n . 

• paucr • • ~)uncI to 'h . .. m .... ,. "".Igr> po",,"'u ... I •• _ MOo 
lamina'. taiklro critonon tho' is 00-1 on ,h. m ....... um .. ",in critori<>n. 
In _. critorioo . " Io mina I ... u,. modo, . ," ;gnoood ",copt f., ,_ 
faiklro. Thot is. mot"" « OC0;09 is fOlIO,dod as " nimporlan!. T~o cr.o rion 
...... orciood by [,ndO>g tho ." ....... ,h. fob., dirodO>ns 01 each lay.,. 
Who. ,_ ....... o<c_ tho fibe< !~iI<.o'o .. ,.in in. port"""" typo 01 
ley ... onon 'M' leyo, .. deemod '" M"" 14ilod. ObYiooo/y. mo<e iomindO 
01 ,h. , fobo, ",Io",",;,n are ....... ed '0 .............. toolst ,h. __ b.>d. 
That ~ ,Jlia crito"", .,_ .. to ., • ..,"'. 'he iOtf'I1ity of I~ ... 5og 
10m ... '" lamln • • ., tha, mor" Io mi".o 01 ,ha, I)"po (hbo' or-"'_) oon 
boo added to tho .. m ...... '" achiO\lo a pooIlIt. "",<0\'> 01 "'''1)". 

T ... "' ... "'" .......... . ""'.' .. ,.ItI, in ,,,. deSign poo<'''' "" 
"mina,ed co~ .. p .. 'n.ra .tto<'od by ""'''Y 1001001: 

.. ' ... 00000.".,;'0, """ to _, 
hot • ...., <:<>rt<tI"",o 
~~. 

"- . d\iOO 
'equired 10Cl0f 01 " lot)< 

n .. t ... po.a ... S1n.o<tu'", "'19> m ...... dd ..... Iho ...... ' ;OS' ,,1\ict"I .' • 
.. tf>o P'O._"bad 'hings" ,h., coufd hoppon to a otructy,.1tI procta. 

, , "' 



... .... ........ , .. __ ...... 
3.9.4.2 I>o"gn 0 1 , LamlnolO<l C"",po,~. PIoIe 

Apln .. Fail, ... by 8""lo.Iln9 

W. ""uld .... ..... nlia", "'I"" 'I~. doolgn 0""" " '" Ih. p'o<oo;!. 
ing _.,..<\ion 10' <Ieoign _in. t h¢ ."'", ..... . " e '" """" we addr ... 
_ 0 ,""""""'" ...... ... of .,;l1n .... ",. nglh. lalq... Ill •• • "" 11>' a b· 
.. ,p,;o" •• ",. _ ••• , . •• ."..,.,,,,,101;'. 01 e.no<:IOt. Io"' ''''t. ""~. 

,"u>l bo k"""n In 0010, 10 """ """" . Wo<llYo1y in ptactk:e. No! ....... 
galing • • possIblo "ikl" """'0$ 10 101>...,. .....a<oOpt'~ .. n dMign prac-
"' • . """"-'I>' ., .... y. U\ ln~O'>\! abO<rI ,.1""0 "'"Iht""'" on ...""..u" 
""II'I11Y 0 an. ud. 10 ...... , . al"" lnal P'''''Ml1i"lrI Idilu", io "'" n>SpOIOoI-
-" • • • ogiIo • • ,., .., ... .,. ptnj • ...."...,.. 00190d 10 tim. 01 .. p<>0$I. 
trio maon", • • 0IfU0I",. or """,nin. mighllail. OnIy ... ith Ina' ~""v.1odg. 
e.n .... "'" 10 pro"on, ....... 

To ...... ~ ~ buc~in~ ",.d .. .. "''''.,'''' ",,",p<>d . pia .. muol 
... "IY. un~1 , lit buc!dO'>\! Ioad is , .. ohod n ,h. manne, of design of . 
"'",no,ocI oottlpoU' pLtto .~ . ..... 1. 0ut. ,"" ,ocI by ~ .. , ..... In 
S«:t"'" 3 .0.4.1. Furtlrermoro . tilt "min., . .. ~_ •• 1 lilt bu<k'Or>g 
!oed mu>l bo hill' o""u\lll 10 , ..... lhe buck ..... !oed. but ,he .. 
........... on""" h . .. .,... ' oclueocl on ,n. ""Y"P 10 ' lit buding ""-d 
by va ...... IOm"". <Iegr. do,,,,,, mo<n. n ...... __ u_ n So<ljOn 
3 .0 .0. ' . r .. _~;, _ornng "",,!dO'>\! <IdI.,ontial "",,,,,!Ion Otpo"" 
on the tyoo 01 "' ",ina' o, bul • UO""" Iorm of In. ~ucl<l~ <IdI . .. "''''1 
""'''''''''" 10 ,,,,,a, a_ raf'ily Iam""ocI pia'" <an bo _ __ . How" " . 
"'" ~ """'" bo In -'Ing wo" a lo""uIa_ . 01 couto. . • I .... 
• " m. n' _""""'" """"'" bo to ~on _ ng 10 ' .. ul. In nu rnoricol lorm. 
b"' .... ... it "'" ao. mpl ""'h lin &pproaeh n.ial~ la_ugh ~ 10 open 10< 

tho '"_I 
E, . n I .... '"_, Ih. <Inigo 10 regula, ",,,,mato •• j .• •• Iomino, .. 

_ 'Q,",I~,,",kno .. "'m inao. w. or . .. ;!110ft with 'I'JMI""'. of """ m. ny 
loy' " 0' _ ""u"'-tlrOckn" , ......... "" we nood (no ......... Ih. " mino 
''';'~n . .. "h;,h p robobly I> known K ,he mOl,,",,1 is k"""n) ~nd ..,." /tie ,h. orio"'.'''''~ 01 ,~ i"rdi-MwIl llmina. ' 

,he _ ropIc plio'. dolligol prob_ .,lhIS poin' had 0.,," QOOr ..".. 
~n'>l .. ". 'he plato 'h;'~",,". but lit,. 10, , h. 10 __ , .. """"",",,' plato 
ptOb_ .... . . . . Ira" .n ""k"""" numbo, '" ""1rn¢_' ''''' .. 
_ro.,I" iootroplc pia'. d •• ;gn pr»b_ .. doI.moo,tic. 111. IomiM'ocI 
eornpooil. plato o.sign pr<rblom .. 0igbIy noMoto rm_ 

W. """roach ,,, . "minol. d <"<''''J''''$il' pt.to .-.;gn prOOlom ;., • _uon,'" "",nn_, ... ~h oome simpl~ied loot go .... l) Iominot. <I ..... 
....,h • • ,.~, "","",.pIy la",ina' .. '" "'~ .. , aoglo.p~ _ .... to. and 
' lltn PfOO_ 10 """. "".,pI;c.t<><I Io.,inot" ";!to ..... , more "" ........ t .. 
dosign "'''''.... Fo, a ' egula, « o .. ·pIy Io..,inote _ OI . 'Mlin\l1".1' a nd 
\III" .. , .... "' . ........ use 0. odd numbo< 01 Lt, .... ln o ,do< '" a.old ", on;' 
... to anlisymmetf)' 'ha' would d. er ..... ,h. b ur:: .... g load as w . ... " n 

' Hybrid ___ ....... _ r_ r_ " _ .... _ 
_ , .. __ ~ • -. _ ..,"" ~_ Tho' ... ... -. _ _ of . " _ """'" _ ... ", - '"" ....... ~~ " -... ............. .... ... ..... - "" ... " . 
....... On •• _--'O" .... ... _ _ ........ 

, , • 



-"'_ .... - .. , 
Sodion 3 _5 T"- oo/y unknown is ,"- numbo, 0' lay ... _ "" "'" ~m 
.. <leto,mittksllo. ~gly, w. ' 0 ....... 'Ot ". nu"''''' or "'l",,~ 
,M,k . ... loy ... '" ... ". "'. IO',COOI _11IO'1Cl·) .... ' l<if>g -.q,.""'."" 
a (QO'Wi. " iO'. QO' ) . tl<:l<ing _ uo""o, T .... n , "" """Id """'- , ,,
" "''''to '" , .... ..... with ,~o ~st """,t- .T .. yo .. to.ca ..... ~ ~ 
.... g~ tho _ . ro;! ,,,-,01,,,,, 0<>01 tho ~ .. '" t"- """ _ •• IboI" 01>
'''''sIy m_ 'ho "'d-CII''I'~ capabi .... '"'lulrom""'). Roell. ftom Fig· 
"'0 3-63 on pag.o 331 '''''t. is no! .rw.,. _abIo 10 .,... alt tho Tiber> 
itt ,h. ""'tIod _lor> 0'. 1a"' .... ,0<1 " Ia' • . 01 COu_, ... mUSj h • • • 
a n ..... go, numbo, ot loy . ... Fo< '''It>.at b~Io ' compr • ...,. loading. 'oo 
two stocl<if>g _ , onco. "",uld /\a • • i<Wmloa' _ . but ",.;, b.~o.io< 
""""Id bo d;tf., •• , To, .tho, _ng • . Wo just . .. mir>od 0 '"'I' >9"""" 
c . .. ot 0 10",;,\.0. ' . , n"""", ' "'_'pI)- 10. ..... ,. ,.'" t w.' no' •• • tho, 
""""Id g.no .. "" bo .- itt pta,lico . .., _ MVO not 101 'o ... ~"'" 0 
PflIrn:.1 "" ..... problem. 

Th. n •• ' ...... -«>"""'., ... ,"",,,,.,. io. ,tgo.l'." ""","-ply tam ... ,. 
tn.a, a g . .. my ..... . ymm .. ric ,. avotd a r<Idoc<od boclding bad. How_ 
.... , we "'. Tacod with tho 000;0. 01 w1iotl1 o, 'ho , .... Io'jo , is • • " Of 

• - ~ """",,,lion. "" wo woold _ , 10 nood 10 • • • ",.,. boIh _*",
NO. 10.10'_.' , ". do> 00' k""'" 111. voklo of ,,' n.u., 'M [>IoIl lo .. is _.'m ..... 10 "' 'h o fl,,, ""\If 0 0 _ W. ""'-"d oppn>OoCIl _ ing , ,,
__ in a """,c'*'li ""''''''', OU<:~ "' >9ec;ilying a " IYo 01 " . ro;! lI1.n 
rI<1I1itt9 .... "'" 01 I~. I ~'" - '<I . " I - .. , + "I. 0< • • "~'''' ~"", . "" tIOC
.... 'IIy, l-~ I -I-(' J .. I +"' _ ~~ lam .... , .. no,. 'OO ...... numbt, or 
Io~ 10 , ..... tIIo Oosign bucl<1irlg <>ad, n .. l"ocod'J!. is _ .. 1Iy • 
"'1'"01 '" tl>o "",",,_pi)- .. ., .... , . d • • y. """,10 m wh.,.;" tl>o ,. mln • • 
on.nto,;.," "ng*< wo<o known. 01 "" ..... , 111., ",ohIom ~ Iwrv. ,. 
bo ,_,od lor ""'''I' o n.,.n' ....... 01" utlli wo ron<! 8 fOg""" . ym · 
mel,1o o"gle-<>/r Ia", .... ,o lt>o, .. ,os;( ... " 0 ,~'od ,,"sy, ... d (,.;tt,_. 
"_, .. ,. 'lOCfO< '" .. !ety l .nd ........ ot WOigl'll . 0< , ... 1 0001. e\< , A.nd 
_ .. il do "'" ..... ..ma, would bo <:OII_,od 10 ... a prac:tica l la ",,,,.to. 

A"",,,- , Y.' mo lO complica'od 10 ", ... , . 10 conoido, .. t"
to'll>O·,t<I~'), ....,.,h ;,. .-go'Ood n """"""' 0. ",,",f"" "'n '0 t ho 
<!0M-f>/)' """ 'ho o n~.p~ Iom .... , ... P ort.aps .,on """0 p,""'",,1 is 
111. IO',.IQO' ",~45' J, in whIoh m, n. " ."" p oro "'01lO'S. Ob>iouslr ••• ,. 
IOnt..f _ 'W<> "m"',e cia"""" e,io/ ord mUOl bo me. llgated to Iir>d 
• l uitoDIo 10",0.. , • . 10.10'_.' , 010<. '''''" OM Iom"'IO will "'i$Iy '''
<Iosign ,000Lliromonts. 00 oomo d ioa-Imlno,0'l' <Iosjgn ",ori' <0""'1on mU01 
1>0 . pplied (O\ICh .. 10 . .. woiIl ~' . 10 . .. co"" ote,) , 

t-Iot all IOm"".' . ood bo .. v ... ~t«j """au.. "'" ";1 1>0 abIo ,. 
<10,,,,,, trends (I you c.>.n 00 .... 0 .! "'" Iamin,lOs being n v. "ig.>.'od 
&long "ill> ""'it pMorrn.oco) and noneo Ih. 'd;' o.ction· to \10- Som_ .. 
IIK>oe 1,0000,.;il1>o monl •• ,od 0"1y itt tho 10,m oI . y.''''' ""'".t ..... o • 
.. 11'0....",_ ... ,,:11 locMiq .... 0>-tI'r ~ vou can ..... ..... <,"'-t. 10m;' 
""'0. con Y<'u _ the ".nds 0"" "" 1>0..,. 01'1 ",. m_ 0......-..;... 10" 
muot roly on , ,,- ",. ",. ",.1",,1 ope<a'ions n I ~o cornp<J!o' progr;>m to 
....". ""_II)' """au"" Y"" wit "'" "'"G 0"1 lOOiittg 1o. """ ,,,. ~ 
.. progrou.ng_ 

, , 



... .... ...... .. , .. __ ...... 
O! COUBe. ,h . mo .. _,"llom"" od """"",",,' P"'" desO.ln prob

..." ....... _ ..... mo .. _ ,oo .. _ ... 1""''fI..'~~''q' ... ). A 0.
""""lion 01 how '" API'""",h cueh a _ . , .. 01 ...... .. "'" ~o' avabblo. 

3 .V.4.3 Do.ign 01 . Still.nod Loom i •• ,..; COlnpod. P"". 
" ""'MI Foi l .... by Elt>Okling 

WiII1 . 1 11'0 pra<1i<., oooign p""''''m, OwoMog _h woight· 
.. ~". ,r..""u _ _ h • •• rcoa/t 0"" ~""'.~. ~ io ""' . , . 1 "" , . 
,,"","9 ,.", w ..... h;gh."'lI .... _Io .. . ,.. ;ghl mo, .... I • ...,h os rom · 
po .... mat . ... 1s '" ""hieYe ,h. <IHiIIn objoo:livo 01 ...... w' Vo\. 

For oem".,... . .. ;n.""" ••• in FIIlu to 3·122 on """" 430 .••• hop •• 
aro 00""0 ',om ird"iWrr l "'vo" 0\ .... torioL 01 C",",IM. ""mo .. itlo_ 
... "... o.n Do ptO<It>OOd~, roIIlotminli 0 ' """"'OiOO. !or . ,a""'It . • nd 
tMn 1 .... _ '" "".- Or. ' rio .. ilI._ ""'* o:><>Id Do ~ in • 
oOv'. <>pOI" "" ;nvolving ,h. p"""m.nl. "'"' "'I by ""nd. of intIivdr.io l 
.. m .... 0\ VoMU' __ • in ".,...."... ""eh '"'" a OUil up """,,,",. 
" .. b . SIiff. fIO,. con Do .... or>od '0 p.n.1s by bondir>g. oti",r.ing. Of 

mo<;iron,,-, I •• ,.,jn~. 
SIondo,d "'''''' lor eo....".,.,. ... lI. n"", or" no' Iikoli '" """"' lor 

mo5l •• __ oppkotions. n .",. the ,oklo and I""",ion 01 the .. ""'. 
,",a warr. nt op,;miling ...... lI .... dooign. in """,,. ot.1or more ... ry . 
da, 01'1'''''0'''"""".' scaIIo\ding. 010;",. yo .• nd ... _ ,. in cheml-
c., I>I> nt • . oomP.U ..... pr ... u ... 'ud to 0 oiI""'ion ....... eo""""," .... 
in _OM' olheio"", .'" ....ali """optod (.,...ofdoooign) in oro., '0 
.c ...... »wo, ""'" ''',n "ou'" 1><0 •• _ .. ,.d "on opI;"'um ~" . 

To ocr .... ,n. _.nod .. ",.,.,od «>mp<>Oit. P"' . ~ pr<rb .. m. 
we mLl5t _ !he m.ny .Iiff.n., •• _ .... """--g ''''' .. in ,fro 
" mino' od """,,,,,.;1. oti:fO" . ", '~.mw. ••. in ,,,. '''''Ii';' .nd in tfro 
do*, logic lor 'o«>ol..,....lIon 0\ !he otructuro. F""",", dotai' 10 o..,.ond 
\!>O _ ollhlo boO~. 

GIl ... ):: AI"""n,,,, • • m""'''' bOk>gicol ",oUion as is evide nt lrom 
11>. word .\10"'''' ...... " 10 ~ ,.(er. "". to ''' ' b'.,,"~ '" b<>1O\Jv trra, _ .. 
,.,;0, MHdiIV.nd va,"'1on in .." .. , Of , ... ,"" p"n,. ""' anim ... • (3·081. 
(,10'''''''"'. ,h . ... tllom.tical 1''''''' ' ' Is ir>c:orpomtod in tho lorm""',"o" 
0\ a " ·olrJorill1m· 0, ,,",,",,",",)::0, p"",odu" in ..to)::" "'_ eoncoplo 01 
probobi!Cy .,. ir.<~. In ot>ort. _):: olgorit"m •• ,. • way 0\ mod· 
eOng tho "''''''''''''''ry p""""os ind<><ling D. ",in· .... ...,;p .. 01 ...... ".1 0\ 
tlHI r"..,' [3·99]. Biologl::ol >poe,"" •• olv. "''''" ' ;"" . and p' .... mob/j" 
IhO", m.mbe ... o( ,,,. opeCioo .. ~h tho "",,,,,"" OhO r.ctellsliCt a" mort 
""Ii '" b<Hd.M po .. en thooo """" ona'''':'ellollu ........... ",,, .. I 
.. \oction p«>c: . .. in ac:tioo1. Tiro .. IIOn. tic cIro,a" . IiotIcs ... ..,,0_ 
'" on . DNA ot""""" _ m.tI\boo of a "",,""" ThO" . ... 0,. """" 

, , • 



-"'_ .... - .... 
, o,nod w~h how lOOse DNA " 'ings 0'0 chongod in on o,oi<.OioMry 
manno ' 10< 0""" opt<Ios. 

G.noIio 09><00mo oro a pwl>abtisllc "",im;z","", m~'hod '" guided "",do",_ ... «n ,",,"";qu.. TI>oy do no< ro~ en gradl.." .... _ .,Io,ma _ 
tion •• do ""'''I' ... "'" lochnMlu_ n . <ho"'Ohtago 01 g .. ,"m·b .. ~ 
toehhiQUO' io that th.y ",n """'" 00" "90 '" • bcaj m" in>"'" 01 the 
"'o,~ lu""'"""", ,. """p' m," 'h. globot ..... """" ",,10 ... the _",h 
... nin\l _ t io cINe to tI>o global minim.." . a onoli< ol\lOrl. mo oro 
".".. """,t a nd oro _ ". ;"'Iy ....... >it ... '" tI>o ""mplo. iIy 01 .... do
SV> """"". e .g" ...... bIe o! hnOOIing <b:ontih"""" I"oc,eto or 0",. 
,,".tod) do .... !!pAC.' in oddilkln to ""nt;'u",u. do';g.> """"". Tho 
'~U"h"S. how •• OI. eornes or , he ".,.hH 01 Oh ,"", .. _ numbe, 01 
a .. ~ ... v.toIch oro highly __ 0 "' .... ' U_ 01 dosign •• "'bI •• in 
thO~. tIo_nllnou, ("ojo"'~ or ,"""",moctod) do..y, .... , 0 it 
"""ro gonOlio "9><0""" no •• a maio' "",antago 0.0! g radio nt-tl._ 
to<hhiQ"'" 1""0 io no ' '''''Iog" to< contlMu, • •• ign """,,0'1, For 
o-.amj>lo. I>milll\tod composit. mat.' .... a,. compo_ of <iioonJro Ioy<>ro 
!hal _""'"-Iy eon h ••• d dt,,". t 0<;'",.1;',"0, I "'" co mplOl. 1y d " . ",rot 
""'torio, p"'!'OrIio •. Furthor, gOh.lie ol\lOrlhrtlS oro .... 1 odop<abio to 
pa,d.looml>A.l»o, 

Ou, owlicalion 01 II"not.ic ol\lOritnms 10 ony "''''''u,ol """mi"lion 
p<oblom he. , ho ob)o< .... of &<:'~ing C6Ito.in do.1gn 00010 StIC. as ,he 
"be>I' structu'o wOo" tI>o boo .. 1 _ighl I" "",,0 ot!>M cOl ...... or" OIl .",,). 
TO. ...... ".1 01 tI>o , ..... in such on application moan. the 1V>t0 .. « 
wongost 0 ' tno .- buc. '~,.olotar>l .. m ..... Onl<lhg • ~, 
oIlorninat .. 'hoi o!o con.id .. .t ... , he OoOO.ory pro<HS. Actuall,r. "'0 
do "'" _~""'Iy _ ... o.<e<iIy , but wo do elmolo'. tho P""'" 01 
.... _ by 00"_9 •• riou. Iominolo. in • ho.,,,,,hicol tool>io, 
1>0.-1 On m.n~IoI"n of tho oha,ao"''''''''' Df lamino' .. .... i !hoy • • ro 
a oh.in oI lom"" "" in • 'omily' ""0 ' time. Thol io, w . .... "'h 10' , no 
".,.,' 111m ... '" ", . , , .... . , but w. only simulol. 1110 po.M;>9O 0/ 'im. by 
.... minin\llh. "OlulioMI)' P"""'''' in ..... U"'mot""lle,.I"e I.,,,,,,,,. 
Wo CO""" . .. tho 0'1l0I''',, .. ,,. proeo .. in Urn. by LlSing goootic o igo· 
,_hmt 10 ... ft" '" •• n ",,~m ..... -'Uoo 10 • • "",Iur., ""","'n lct poW-
10m . 1.0 .. W. odd, ... a k>rm 01 gonot r<: engine. ri.g , 

F i>or-roI"toro~ compo ... Iom""" in ",,,,,,,u',, .. v • .... _ , 
eho""""","",, 0/ (1) Iilr.t Io mina thic_ ro,. """,11c compo .. o 
moloriol a nd (2) our w ong """"aUo ... 10 u" only . 1_ ."..,""' " m'" 
orien"'''''''' (o.g" O".!I<T'. ~ 45' 01 lno 100011 10 oimp~ th<o do-'9n ond 
mo.n"t""\u';"~ p"'''''_. Eloth 0" 0 ,,,,,,_" """". dixr .... .. ,Ublo.o. 
50 • oo """,,~e 10"" .. " eon be dooc_ ... ,n 0 bit-.bing 'opr'"""
.... t"h. tho lllmina'" oquivalo'" 011"" DNA 0Irin9. For .. am~"', Iho bit 
. bin\l """"'" ... e 0 1O.1.2,J,4)--t>1 "'o>Mbe1 I. mr><IeI • "mi""l. """'~ 
__ "hleh .... ompty III"' .... 110 model ..... bIo-Ihlclu1 ... 111m;' 
..... ". In" 0,.. . 0 ....... ). 0-. + 45", _ 4'". and 1lO" lomin .. o. 10 Figut. 
3 ·1 31. Th. high., tho ,,"mbe, 01 o lomohl. (possiIl1o IIbo, ", ....... Iion . .. 
• .. m .... t.) in tho ...... bOl ..... Io'g<!< tM populo'''' of .. m .... " . that 
muol 1>0 _""",,,.t, ho""" ,h . I<>ngo< th o pot ... tio, co_"'" 'i .... 
Aao, the """. 10)14" in. " mlnoto. "'" I<>ngo< tno colo ..... ,"n , ... . _ 

, , 



............ , .. __ ...... 
O . EMPTY LAM INA 
1 _ 0 ' L.o.M IW-
2 _ "5' I.AMINA 
3 _ _ .S' I..M""A 
• _ 90" LAMI"A 

'9'''' "-')' 1ld-1;' .... R.' .......... "'" or. LomIno", 

n . P"""'''' !ypicaUy &lart> bv ",odom e,oation ot. _u"',.", 01 
po~. lamin." dooOgno, (" '0' .... """. int""".,"," on 'h. ~ .... 
01 • po..- dooign "",lOtion. !hen )'Ou oon ._ tho populotion wth _ 
""om",t""). Thon, ....... t""te tho porlo,m."". o! oa<h <Inigo 000;1 
~ a '[, ..... value corroopondng to that p<W!or"",,,,,,, NO<!. , .. 
do...". w~h Iho hOjroot Iovoj 01 !~"*" 0" PI''''''''''' h> be 11><0 boot tro._,.·. i.,,, """"1;1(01)' I<> ca'ry on Ihe ! .. onoblo ctron,el.,;'I"" 10 Ih. 
,.,." oo ..... lIon 

10lo&I ... ,oh p«>eodur • •• ro oo"". ",od with • • 00 •• poio lO in rlesjgr>-v.,"'" ",' 00 , but 00""'"' . :go.ritM> •• 111 c:onc.med wl h an 
........ _u",1ion 01 biI "rinll" , TI>iI _,lot"" ~0 .. 1"", onabIo. 
uo to hov •• bettor chanco o! finding tho ~I op'ima in • problom. 
Th'" 10, kM<>ing tho "- _lo1ion irr 0"' ,_ " 01 oo""om ooabIo. 
'" I<> _;ngu;. h bo .... """ mo .. """,I minima...-.d tho tor more imp<>tl&'" 
gigI>o.l minim. 01 0 fuoction. 

n . book: oPO'""''' 01 a I/Onot<: olg<ltithm ... re" po<>COdu,o 8<0: s._ 
e"""",., 
Mu\'''"", 
Perm"",jon 

All _ II"not<: operator!'''' aimplo ,.odom chango. or .,oh,_. 
01 """,110 .. at """,bo .. i" Ihe biI ouinll <>ood to "P_'" 11>0 dMign 
••• W>Io. 01 0 1om ... 1 •• nd oro ""oc:,iIlod in Ih. I<>lDwinll p.,agraphs, 

So1tc19n ",,*, ,ondom 00"""';0" 0/ tho initi,o, poptdo.tOO 01 lami
nal ... ... _ 01 oon .. 10 ~ .. tors;o usod 1<> prOdo.>:>O • 'n"" oono,a llon' 
.mIch U!pioco. ,flo init", 1 populB'''''' 0/ "'minat • • wl h som •• ,eoptOO, 
"'"I might i",,<wo clorW>g 01 somo 01 ' ... ;n ' ''' """,l>.lion , "" "'0" 10 . 
(011)' I'" "'mr ... ,ojl lMo-o m. m ..... 01 tho irrit .. 1 popuIalion ""'h • 
IOghr>o- ' .0 . .. • ~ ha ... .. io Oa ... in .. pood " lo, ~ "~h.' prnbot.;lity 01 
_ ng '0 pn>duee " ... , TM! h9»< p""",b iily io .m· 
1><Id-t;" t .. I..,. I' . '"* .... 0/ m "" loll" ",""" I .. , 

, , • 



-"'_ .... - ... 
_ po,on". How Iho .. cIIo""".risl.,..,. p .. _ onlo ,hb.., f""" 
_ po,"o" _ ... ,aodom P<""'" calod ,_",. A "'glo-~ <"'''''''' l>eation ... 'h. bN ",ing 10 ,and>n\iI' oo"oralO<l ... .- '" 'hO pa'"'''' I>iI ... iog. [mo'. """,pie, oro_ • • ,..re po .. ibIo). Fe,. ~I 
0lI'ing won io<>gln Q and _ •• , pc/n1 S (lOt. ~i. from Ih<I klft), IW<I 

. ,,,,,,,otric I.omlno" p.o. ..... ""h po .. ibIo ',n"" ""'It .. "to """"'" in 
Figu,. 3· ,32. 

Po,.n, I. o 0 , 2 , J , , , [0·,, 5' 0 '1- 'S·,,.,.,1. 

p.",n'2; 0000' 234 1 [0·/45·, - _S·/go' ''''-I, 

Chrid " o ° , 2 , 2 3 _ , 1°,,.5',00.-45' - 45·,g,(J'10'1s 

Chi<l2; 0 0 00' 3 , , , [O'1 - 45',o' .J. 

Foguro 3·''''' c _ . Opo< .... 

T ... <......,.,.0< PO"" 10 t flo d"",,,"Q"" be ....... " PO"" '" 'no pa,..,..' ~I 
atrir>go , .. , .,. <Ol _ , ..... _ to '.rm 1M ePliklroo"s!>it OlfYloo. 
That "', tho ",h !lido 01 paren' , '. bl otriny 10 <><>mbftod with ,h. rigH !lido 
'" pa'"'" '1'. b~ .. ,;"g '" "".t. one <hKl, ..... I ... Oghl .... '" pare'" 
" . b i ",in g is combinO<l with tho toft !lido '" "",. n' :r. b' .. """ to ,,...to 
tho clho. <hKl. both ore bolo"""", 10"' ....... 

not in· 

, , 

brt " ring l . n. 

, , ",. 



... .... ...... .. , .. __ ...... 
Bolo", lam ... Swop: 

Z J 1 4 4 1 Z 1 1 J r4~'" 45"'0", iIQ", '<1'145' ">, - 4 ~" ] . 

23244 1 111 J (45"1-45"1 +45"190">,0". ' -45"10 

'"_ ,..,3oJ .......... S" 'p <)po'_ 
. , 

, 
Tho compotallona , <001 '" u,""O 00"''' ol\lO<""m. eO" bO quo. 

Ioigh. T .... "" .. ~o.-=-""" ..... 00" <on_in~ IOn" .......... nl in , .... 
"". "!'3<lO .t. pr",o'Y «><I dol."" .... '.. or.v;o" o/y,'" ''Y 10 ... ..,'" 
tn. ~o·op>e .......... "'" """"b., '" coooI"' .... '0 . d ..... A _ . 
llbIot, y., p,aebeal p""""m. C . ........ OI,ictions on 10. ........ ,. ct.oie •• m. 
I"fpioal (II O"~ b.,"","", ...... 1 •• Ar<I conoOde,. d, i.. " ........... bor '" 
• 45' "mina. """"" , .... ""_ 01 _ .5' """ Ino.~ 10 .",,<1 &Ma .... . '.n· 
0i0n CO«>IiI'g .0<1 12) ....... _.Ie ..... O)'",mo'," 10 .1'Oi<I WO<I;,.g-
..... ....", cooping. Ho"""' .... bencHw" <X>UpI<>g" "",.lW!1 ino.tod "ith 
ltoe .. , •• IriCl""" Sol" ,..~"'lons ~. IU """,bt"" tlilS"_ in I .... 
stting. whk:h , in 1urn. 'oq uir .. I ..... ' indiYO>a" In til. pop ulo,joo, ThIJ .. 
'ow" 10."''''''' .... con_. "" w. _ ...... ''''' cal<u"'ion "'n. or><! 
.... , .... monufOClUling procHO. 

o.n. "" .\piOh ... WOO" t"*l . pplood 10 ",,",pod . 10m .... ' .. by 
Cal"' .... " a od I'll .. ", (3· 101] . nd by ~ Aictlo and H._ (3·102(. Mor • 
• ,Io""'e . ",,1ioo.1;,m".od Ih..,'Y mciu<lng , .... !lioIO<y '" \10""'" '!g<>
,lhm, .,. de",,_ b~ llilrdol, H. fIko. IUId Haje10 (a.g4j, 01 ""u~. I .... 
,... '" \IOn.'ie o \piOh"" Is I., """"' ;",Ol.o-M ' ''''n <ikv""otJ .... , • . 
Ma.~ "",,,"ca '" , .... Iominalo oto<o, '"Guir. ""III_ ', ... 'mo.' "' __ 
clie p<ob...". t!la' .. booyood , ... """'. '" INs bool< . n. """all l<lpic 
III 11On<lie '9o<iI~ms " b •• """I.o-ino.s _"'m """. _ut. 

Th. 110"';" aJoorI~m a_,,~ wo •• ".nded 10 'no , . ... pra<1ica1 
p<QI>lom 01 blanding ditI.,_ .... inol . ... "'""~ _ u' ''''' ' In dOlo,..'" 
,.~""'" "', I., • • ampie . • n airplao. win g 10 -.a ... maoulac1Wing 
prob""". a nd """. oy Somm.kum, (lOOh1, K. __ lu. a nd Ton; 
(3· 100]. 8lordnq " tM p"""''''' 01 """ding con1nuity of """. lllmin .. 
"'m .. on . """""-,,,,,, 01 .. gOO" ;, "hio" "W.,. ,. Iomina'. oIIoGmg 
'"Guo""", .f. indiY<lual y o~murn H no blMdng ... ,. don • . onon 
mo"u'ae"'rinlI . n o"",. .. ..too,..,.., !Ia,. 10 .. III "a~ •• "" Ok>!>' 01 
indiYiWol lomlnu . ' •• r ..... _ n""""" in ditt"""" .. goioo ... su .. W , 
!(I, «'oasjng manLJfa","'ing Pf_mo and co.. _" , "" '"" "
_ """'kf ..... dio«>ntinlJOY..,. Irom rugoo", ,,\IiOn "" .. , .... . , • • 
III l1l<I " "'I;I-->n """",,,opWIlo ... , ..... lrom ,~. U """","m l<: poin' 01 
.;...-. F .... lIy. ,h. d_;,..,iIy 0' lo",ma1"" 'h. oogion toou_""' " 
"""",,. ptablo from """,I .... ngth .0<1 • • ttn ... eon .... .. , ...... 

, , • 
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3.10 BUC KU NG OF PLATES SUMMARY 

A _ ,.ngo 01 plol. b ",,1<Wojj "",'lom.!Ia."""" _.OM<! .... rt· 
ing woto 01 ... "", "'-'<Iding ""'" • 110, p<ebuc_ oIlapo. .... ... ~k b ..... 
t!oo ,..' u", of t!oo poo>b ""~1io>g '0_ "''' .,. • • tigotod 10 doot"'''''''' 
11\. ",a<lieal d •• ;gn oigNI"""'" 01 tk. Eu"', _ king load ..... .., .• 0 w, h 
1>0., • . Ih • • Hoot 0' _I __ "'-'''''"''''' on f>Io t. 0""' '"'9 w" 
u .... tod wlh 0011\ oIlho ",.t """ I"""" , . ,oolin1l """, • ..,fI)rioes ",lot". 
to 1>0., bolo>.'k><. Unllk. "" bo , • . w' did 001 .ddt ... In. "nO<1 of ' ra ..... 
vo, .. .noa, "" pIa'o boclo.Iin1I __ Consul I\IrO:tv ('" on o)(UiIo'" 
" ""I' 01 t ..... "'"", .~ • .". [3-1e. C ~ .pler- T.n] ...... ..., woog. Aed<1j" • 
• r<ll .. [3·107. Chop"" EIo • • nj. N.". th. cl>afll<,. ,lsIln 01 _ klio>g 
oI libt/,·.-od tom .... ,~ """'fIOSlto pia". "0" Inv . .. tuatod. r".". 
,oo no .. "". 01 """,;"od 1h ' ''''''' ''l'''nsion Qn .""Ung w .. dooO,lbo<I. 
SYbMquonttv,"'o iroIk .. nco 01 pia"'''' dolormotion on plat. _ g w • • 
ooMillorod. Fin.lIy, so"", boGIe design aspect. 01 both isouopie ma"" 
plot ... "" 1_·,.,lok>r<od to",ina'''' "",,",pooito pOOl .. wo", inlmdu<.., 

3.10.1 G. no,. ' P,oblom. 

, 

, , • 
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3.10~ 1 ConoeqllOnc •• at Stob,. P.,.tb""~ i "g _ .. la, 
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f"q.xo .. " .. l . .. ·~,"", _vioo- at Porto<!..,. Impo"",,, "'lolly ,.-.. 
-.po, 1'10_ " iIh _ su",>.,,,. '-""_ E ..... . nd 
v ...... ~ "'-"'" U_ E ..... 
(JIIIH /I ...... , . nd ... ,...,. 13-' .~ 
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1M necessa'ily 10'111 ""n. CIio • • ,ho, inclu<lo momb,a". .. , . ..... ,fra, e,· 
0" "'_ i>-pIa". boondory 00 __ 1.I0'_or. ttr. prolon!lod ~ 
_r<! deIorm.Iion ~ mul~ _"I/O' o! boc~1ing mod. "" .... i>OC" 

~'Y b""klO>sl .t.I>d, ... ;'1 _~Ie "'r>Ori""' .... 10' ;n l ;" ""'-<lI_ 
n."", .. ) do not .~ntty an"", t .. boclding Io.d or ttro ""im.,. ""~ 
4, • •• n .. Rhodo. ond H .... y" ..- .. f ;Yu .. 3-'3' (:l-' ~I. Tho .. , 
allroug/1 porto<' ar<! jmpor1OC1 pI., ..... ~ t~oir Iood·<IoI~'jon b. h.vi<>< 
in. ~tI.,.". ... n .. ,. tIwy soon .... ntioll'y ;';"1"'''''' 

Th. enoct of iniI .. I_"""ric i""",rloctio .. 00 plot. _~14ng io qui . 
",,~, on 11\0' ''''' ba,. in $00600 2-8. Tho' iI .. ..... rp b"".'ftg " od .. 
"'" abw' .... d In .~ho' o. imporloo' bo, or on ~ pIo'._ H. ro, ".~ pIo'" ha"ftg •• ,"'" 0<>\10 ,..,,»Ott con<I'''''S In f;g.ro 3 _' ]4, ,n_ I.Ig
ni""n< b.~.vi<>< ;, ,oo, Iorgo loads . r<! dolloclron, can bo obO. inO<l tiro, 
or. ".1...,.,.. ,~. Eulo, bueklng ""'. I"" lot......"jon of •• on ... .0 .. 
Ou"" "I~ !tHo • • nic.' • • io in figure 3·1:;.!) ..... 0 ""mo"",,,,,0<1 10< 
sim ply .. ~ pIo1M by S,'" [3. U) In Soc6o>n 3 .• _ H.,.. tn. &am. 
corw:kWon • ....,1t 10< plot ..... I~ OWO"". unlo<t<lod odgeo ..... , ar. (1) 
find."" (2) oi"'Jil)' -,Od 00 on< Odgoo ~nO " .. 00 ttro 01~. ,~. 

OINiouol)'. ' h< ro ""oro! bo . wol """r","", _Iou> b<JcI.J;ng ."0 .. 
or""'. 10< In ... "..rlOO, ""'II in • .,.,. !o«n., ..... _'u".' ttro con
'Inuouol)' r'osIng ""IUr. of ,~. OIablo poo!tru<' ling bo~.vi<>< In Figur. 
3-'30. Tfra' ...,~ 01 ".,Inl .n .. , ;,. "'" """" .... '-'>, I., on, 'OQin'" toying '" ,,,.It .. • 0<1 d. ,ign . ctrallon!J'O'.l .. """",. by _Ring . n<! com · 
pa,1ng """""eting do. """"opt, A "" .. of tho ....... fX'"'buo""~ 
bolla,,,, oh"",ctoriOli<: io ,h. probf. m of dete rm ining ju" w/Ia, load 10 
",po" os tho buckling bad' fo , 4n , ,,''',, ........ oct plot. tho' ;" 
.. "" .. «tty .uppMod .0<1 too __ 

A ~""k~ p,"" on'" ."<,oft " o.v 0 ' lu •• 101lO ouri_ w. <lo9rade 
.o«>dynamic porlo rmo"",. ","w.vo,. h""klOd P,"'M in inloric, PO"" 01 
1.1>0 ",<>eIu'. A,. _ "'Iiy Il«_, .., _"''''\10 ca n be taken o! t~" 
..-..' io' Iood·aurying eapoeily ._. tI>o _g Iood NoI. ,ha, 
pIo" __ 0 """'" I .. d dO-octty '" b"""""v 01 a " 'g'" ","""uo. (01 
_~ , .. plo' . io.n in18gral "" .. ) bKo,.. oIlood ,0<bIrttu!"" in tlla 
.. ,~ 51""""", .119, .""king 01. oinglo plol. 

3_1Q,2.2 Boundary Condltlo.oln ~.petl"""'t. 

Sng..,. 0,-" on<! W_ , ,ov!t'w a n . ,to""'" oolo-ct"" 01 plot. 
buddinO exporim.nt. owting .... ~ F_m'. in .8.05 lot th<I Britannio 
. nd eonw..,. TWu ... Roilwoy bridge. [3 ·17). n. moin ioow . NOm. 01· 
"'4'\'0 ., bo Oow ""n ..,·",DOd ""'pl. ouppo.1> too IMlizod !or ac'ua' 
plot"" T~. """"opt of • simply auwortod plot. io •• oy to tormulot •• I>uI 
vory <iII"uIt ID oclrio .. In 0 Itrtooratory. T .... _"",jon "" """'matico 
01 ,n" 'our _ ., .... p .. auwort in Figu'. 3-10 on _ 247 ",. nic • 
., look . t a n<! ... to as OIOjooI .... , _., ... OfNlo.v , .. 1 ... _. , .. , 

0"" doll ... nt In-p,"'" """' n"'''' at doll . .. ". FfO' ''''''''' .tong ,h •• <!go 
01 • plot. 40 ... ., • , aMty 01 ",oe ... Ism. ttLa, tvP<ai:y clIa'io"lJO .... 
• ""1"'''' m""""''''1 A ""'P<"''' 01 " . prt>bIoom is ""' . ... Y. ",ooh. n"'" 
11\0, '""" .... ... ~ beyond ,h. omal·dollo<tion .. nil" on into tho Io,!/", 

, , • 



-"'_ .... - .. , 
dollo<:hon ""'III '" hV> loads Acoo!dingly. supporI mecIIoniom. m"" 
"", .• '0 loIow til. In-plora moIlon 01 " •• pia .. . M_~'. '''''' ' m.ol'l
....... mUSI mo,. ,,".,~", '''''''"'_ a' ,"~o .. "' pO""'n. _ long \he ... ,. 
~ In order 10 ac<om .. odo,. 'no no<I ·un~()fm pia .... ,""'_ aoo ~.n<o 
dolloo""". along •• eh OlIgo 

n o ,jo..,_ ",p"'"" n" ;nd,,,," tOo, o . 1 ,~, o . S, 0 , _" '" 
Stondo«ls " 1\0): Holl. Ooloy. ","" Coon a' BrooI:Iyn PolyIK hn ;: I",,;' 
,"'" .. 10<8 [3·28): by Ko."u",,", ., ETH Ziit'cl> .. on. 1040. a nd ' Q5o.; 
by S .. ;" .. N~C~ Longley ;" \he 19_ [3oIS): "'" D.vi<l roy1o< ~I 
Btl.., ,.O'~ in tho 19000: "'" Camb,iII(jo llniYOrMy ..... 01 ,h. liI6O.o 
')"<>ogI"I ,,,. '9800; ,"V" "'" 197Ck>""" by 1.10,""", $nd Oyon .. th. 
Unl .... ~y 01 Tok~o [3·24[ n .,.. ...... '" m ... .,ned "' rovoal '~o 

broa<l\h '" I~. ""'$1100""$ '" fIOth ' im • • IId <OU"I<"I. F", ..,..,~" eiIo
!loot 000 _0,<1*<,,,,,,,,,,,, S"",",. AIt>o« • • no:! w . .. , [J·l7). 

In t ... >a riooo dHcr1l<1OnS 01 ,"" marry dill.,"", ~ '" 
ouppon;"g a plal~ """"","Y .. ""'ny difI"'"' ..,..,K" 1OoCtIniq ... . ,. _ 0<1. Fo, ... m .... io 1/01' ", .. ,ion·l ... root","" IIlal voriu a"'''Il , 
pia" edg,. """"o alld ",I,,, ... <ingo; are mou nted "" mulliplo indivd· 
uo.l l;"90" . Iong "'" ..... Abo '" u,. onI)I ",lie;"" oI lhe """'I expo " 
imomot"', hovo _ n ,on ;. ,~"' .., I" "" "". h • • used d"", lOp" [doek 
1I-pO, oicl. oIhoo~h "'k>n!ape 10 qu; .. """ulo, ... lricbon .-" . 

$"r>go" Ari>oc< •• "" W . .. , (3-1 7 ) .,;",,_ not .".., bu<;lo.Ing 01 0 101 .. 
I>uI 01 • • ,., .. , p.ne~ , ... , d .. 'y~ oIair<: .. ft .. ;"g.oo , ....... 1/0 p<tne'" 
plJa _ ... '"'II" 1I,Idgo and bo.Jting !1tdo<a . .0.1<0 . .... 11 ct.", l;ng ... ·OI<:h 
is 1M io<Ol lNto,, ' l\y "'. 1~" ..-1N> ",0 0"'. \Ii«IO' u""", >0<'( """',,0<1 _"II'" du e_d. Finol1y . bi .... ' bo<Ihg'" ~, •• '" Melly "H'od 

3.1G.3 E"W .. Io .. 01 P_ Co ... <a~ 

Ot~"' modli<ll\k>ns 10 , ... _ pro/llom. "M'od .. 'h'" chap'.'''· 
dodo ",Iy ""nlln ... , H><IopondenO """·isoI",,,", &I'o&o--"",In <UN' 0.
.... "" iypk:al '" tnOOI 1_~",1O<Ood 'omposiIO II ........ , ThIll 10. , ... .. , ... .,,,,;,, "0"'" In , ... ~, ... , . .. , direclk>ns a",~_ 
01 oaeh O\he' 00 ' ... 1 oo_.ro mo<. """' .... , lllan __ Aloo "" '0<1 
.. tho"",1 "oe ' li"Il o/~. plot .. 'NIh "" un ...... ' ro ..... 

3.10.3.1 Ouokllni o ' Plalu o' NonH ..... ' Com_I .. MlIt.,IaI. 

_ '_· .... '0«0<1 eompO'" .......... hOv. "' .. "",.". OY-;I· 
ani .., . ..... ,. .. "" .... 0 noniooa <ity, Fot o.ampio, boron· . poX)' .IId 
(,It"aph~ • . epoX)' 1Ia ... ,;".oar .., ... ·&I,a'o ...... Iot .. ,no I"'", do,.." ..... 
gght!y ""n'oo., b<>I\ovio, mo"",..w 10 tn . 1iOo .. , . nd. "'1<Iy . '",ng 
ooni nu <ity ... hoo, • • ihown «""mal;:'11y .. Fig"," 3·135. Motol· 
mo. .... compoo.ilo ""',., .... ...,h • • boron·. """''' """" &1""'11 E; . nd 
Goo ""n lin .. ,Oio •• II",. Mild E, nooinoa<ity. n-w •• -<limoMiona/ly lbe, · 
",lNolood """'POolio ma,. rio" _~ o. carbon<a.tH>n ..... ""0 ..... '_ 
~.,. .. all Q'''''''''' mate,'" di,ectlon... n . ............ "'in <u""'" oon-
1In .. ,IIio. a,. ItIfoo .oo""" .... , not incIudInv lhem'" bucking onaly ... 
'" ,"minaleO Pial" """ INd I. ~"'a'ht. """"'"'" .,.d po-o<Ii:I",..... 

, , • 
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~, trI'~ 
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L.!._ •• 

~ .... 3 ·' ''' Typ;<01 S ..... ·.~ ........ _ .. 
f ... ,.fIoonjO«Od C_i . ",.,.,;.0. 

Th ... _ " ' 10.,· __ <OmF"'>it' """or"'''' .ro modO '" ,1\. I""",, nl 10 ..... '0.1 plalos. or><! ,flo .. touc:i<l;"g "",tis a, ..... ,...,0.1 .. 
• ""ml>ir>al;", oIlom in"'od pIol. ,M<wy . "" !no1 .. U" be .. v'" by Morvan 
a .. ..., ... 13.1131. n ., 100" ' .. I 'h •• ,,""'''''. 0' ' '''' """"""'iIV ill 
tit. ,,,,,,,,, ..... lo.IIl. ·,;j,.,. <IQcI"'" to< b<t<on'O!'O" or><! g",p"i.·."". 
mal ........ ith oo~ • • ingIo ......... "'''' 0""', tI<IfIi",o.orit)- IE , ) in ,flo 
2·d;'"","" 1. ",. pI '0' an . .... , .. "' • ..",_, "".IIne. rityl . io ow«"" 
mal"'" ' . n kI .... "'Y ".tefI"'. In 0""" .".10' Oo",n·.I, """""" 0 '!Ia,""1 
_ """'inurit~ in _" ",~I _ 1.,.,I _iOn .. ,,,...-.~.in Ou"," 
(~iII'fIo 10., <IO'..,,;'n. I .• .. E,) ond ill "'oa,. ,flo . Hoo' 01 ' flo 
mul",10 tl<lfliinearitios con 1>0 o. high as"n oigIuy pefO. n, ,"""",,,n '" 
_0 Ioa<f ('.~ '"ls prod""iOn dot. not inotddt p~ 
.. , ...... nd " no, Y" • ..,....t .. ,od by .. po""' . ... ) ao ••• n in figure 
3 · ,38. n . _ ;"g loads aro 1o .. llIan "'" 00 ........ 00 ,0 .... ' ... """ 
_ by siIln itioam .mount. lor boron ... I""".um I ~ 10 90'!0) .nd by 
n\L,oll 10 .. siIlnif"'." .mnun .. 10, "",on·epoxy ond OrapM. ·opo>:y 

' .~~ I " 1,. __ .... ,-., , 

• 

, ;;, :1 r I:':.. ...... . . ... -
,.~ 

• • • • • , u ' .. , , 
• • u • •• u u 

'.-
F"9-"'O :>-':>0 "" ...... 8<dr.-.g loodo to< 

~., 0' "oron-.ob>rum 1.0":""' .. 
(.0o" """"" . .. """",, {3. , '311 
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3.10.3.2 Therm.1 B""kllng 01 ere_ply Composite Plllios 

{I} U"~'""",/Iy ... ", ... 10<1 Pt., •• 
willi FiIHHo .. ,h. Dit=/im 01 Re"'",'" 

Wh~n ,h. 'oIl.,. '" oll .. y.,. a, ... tho >-<,(_ (1Il00 .. -pla n. "'" .""Ot, _ion). J""" •• ",,.,,. ,, , .. boc'"ingo 'o""", ,,,,u", """ngo 10"", 
tn. ",,_.ta. 'ornp' '''''''' to b. [3· ,1'] 

(3.501i) 

O" l El .' , ',,'.,,) E 'E (b) • , , . I ' ' .' 
..tOeh dop. nd. on m '''' 01 ' '' ' .n~n.."'-9 _ . n", ..... ...doc . . .... 
_JOpio_"",t. ,iols to tho _iv . .. ", 0/ E_,,,,, (3.~II) • • o ~ m .... in 
..tOeh H ill indopondo>nl. Q. E. Som. '._"""g roll . .... "" " pt<>. 
",",,",,00;1 n. ""liv." in , ,,-"" .. ;.1_"". n-. !>eeoc .. «, ... lobe,· 
dominoted property . ",,_'ibe,·, __ laminae 1>,,, •• ""!11!';"o ", . 
OIM' .. m ..... nu •• more ~lI"I&r positive ",. , h .... 11'0'" EQ uat"n 
' 3.50C5). ~ rr , is positiv •. ',,0<> ~ r is. po"'", ( .... lingo .. '""u,,"" ,. buC>.Io 
, .. 10 ..... '«1 plot.) 0"" ~", ill nogotiv • . thon" T ill .,. ""liv. (cookiV Is 
"Qu~ed 10 boo>.lo ' ''0 lamina'ed ..... ,. Tn •• ""110,, ,. ... 01 "T lor 
.orlo ... m" not _""'s . .... vori .. w'h di~o ... " "' .. , .... . . __ a' 'ho 
~.ring """"'ani. 0"" witIr , .. pia' ... poct ,al" . .. :b. T .. vakJ . 0/ 
.1T 1101>0""" dft<tIy on th. oq""". 0' tho ;'W. , .. 01 tho "'-'·IO·,h" kn ... 
,.1>:> . M . 

, .. btICkiing '.m.,.,.'",. chon l/Os.rom tho n ... ·h • • ' . "",.ra' ..... 
.>.T ...... ,""'ed ',,, dtl • ...." M .. ,., .. .. • 'o "",",n o. p .... __ ,.,;, • 
.. "b. '", h9'0 . .....rukJ. !l'a phit • . .".,.y in tho ... IIom 1"';' 01 0 ...... 0. ;" F;g. 
uro 3-137. Tho , . " .. ore ,he !yp""" •• '_ bookling·morjo·oIIopo· 
do!><"""nt CONOS Ho"""''''. no' . ~Iy that • pia'. modo 01 

..,."..·_ In ",.p~...,po.y "~,, b _" •• "! my" bo",.,.....,. noI """,ed. "' b"" ...... Tho Iominot"" ","'" ~·iIh .ibors ".,.,~ 10 tho ,. • 

... ..." d<octIoo .. F;g.J,. 3· , 37 oct aH O<Y .. hon pia'" in «>mparison '" 
lho iootrwO: pial .. in Figu," 3-'03. Tha, is. ,~. ""_ 01 ad.1 buC .... 
I>a ...... , • • • m. ill only 1. 2. or 3 \JIl1O ;> b . 5" F;gu.o 3·137 . _ • • • 
irootfO!>lo platu ,u," ", . 5 b'j 0 b . 5 in Figur. 3-g]. nos. "'" booUrlg 
~,"p""'tUfO otw.ogo 10, IOm",'oo;I pll' ...... " 'ib . .. in ' h. , • • " .... ". 
fOCbon is .. ~ hig"iy .............. 00 ",b ......... boy""" .1>. 5 and _ • .." 
_a," Its 000 .... '" .,,;o .... u"' , ..... "",j .... ""a.iy high ..... 

, , • 



... .... ........ , .. __ ...... 
-~====;:===1 . 

L ,, _" ,./ [ ... ", ) 
"I • . """-' 1 1 ~ -- / ~ 

." -, 

• 

'. 
I "_'" ........ ..,,, I 

~ - ... 

'""'" ~ 
""" • • ....." .. no. : 

• 

F""' .. ' ·101 Tho""'" BuokI ... "' .......,. .. .,·P ..... Ro.~ ...... 
H~· .. oduIuo " ........ ·Epo'l' "" .. "" .................. . 
~'" PIa ... (A!t-ot .JMH /3. "Ob 

WIl~"...,. . r>Ol ... ""ton .<1<1,.,"" tho .. ,"' bY<~""g 01 t{I . ,y.'<>I\" 
lom.",l ... ,ocI."IjIJlOl .,.., •• ""''''lH'd on 'wo _do """00 . nd I, • • 
on Ihe ",h., _ ' <!go, [:l·51). TM. loynd It!a. a & ~ O· (onldo,,,'io""l) 
aoglt-<>ly ,",,"'10, w".., _ 01 ''11'>-"'"'''''''' g '..,..I ........... ... Ih ,;. 
boIS ., ,h . .. oct"'" 0/ ,."".In< O<l",,1l)' buckle, y orio, «><>,"",. "'" 
!"4a'k>jj.' ,.""~ onaiogous to .... pr ... "' ......... 

(Z) Un~'"""'//Y "'''''''I..,! pr." • • 
w.h F-. PerpMldi<uAor /0 Iho Dirrrdion 0/ RMI,"inI 

WIl~n m. I"'~'" 01 an lay ... a,. n tho .-<IinH:tion (pO~Ia, ' 0 
m • .,.pla .. .... ro~ dnclionJ. Ihe buoklhg IOt't'Ij>O<. """ OM"lI" I""" 
m. ", ......... 1"'"~'al<lfO ea" ... ..,., .... 10 bo quo ""iIa, 10 Eq"ollon 
(3 .411) ' «OP' MIh '" in pia"" 01 ~,. Tho • . -.._ 01 ",.10'" , ... , "> 
... lway' pod ... 10, 1"",·, . 001<>« ... "".".,.,... "'''' .... , " •• ul)".IT .. 
oM ••• po,lwo, 00 ouch 1o",,,,,,led plol .. musj .,.,., •• bo , .. led 10 
bucldo. The ""._ ,.Iu. 0/ AT 10' ... .,..."' .. "ot _""". b"vo,i • • 
_ dill. ,," .. Ia~,. , ...... 01 1M '~'*" '" """",On\> ond .. iIIO 1M 
I'lo" ' ''Pocl ,.Iio, . 1>. Tho .oluo 0/ AT doprtnd. <lirocl~ on ,1>0 "'I""" 
01". In ..... ",'M .. d h· I<>-',,"="""" 10110. b.' 

Tho IW<klhg loonpe"lu,o Ch"1I" "Om 1M SI, ... " ... l .... p. '.I .... 
oro piott. d IO! doIl._ wd,·,o·'''''''''''oo .. ,io., b/I, • • • I""",,,,,, 01 plato 
a&pO<' ra'io. a.'b. to, hilI"-rT><>dUu. O'ap!ott.~. '" "'" ' Oll pal' 01 
"YN" In F"..,. 3_137. TI>o roou" Oro tho I,p,""' 1._", _ . rlng. 
modo· ..... prt-<lopor»errt "y", • •. Th. laminotod plat •• ""'" ,_. prtr_ 
".nd;euia, to m . .... ,.In, o lro<OO" in Fi9"'* 3 · 137 ..,. • • , o f)' "'"9 

, , • 



-"'_ .... - ... 
pill, ..... compafioon 10 ' ho iooIropic: pIo , .... f~"r. 3-93 T"", is. , flo 
!>Umbor 01 ax .. 1 'ndol. ",~·"., o • . m. ncr ..... "'l'id'llor _ ~Ia'" 

, .. ching II' ~ 4 10 rn ~ 12 toy a·~ ~ 2 •• """'""rtd '0 ", . 5 toy a·b. 5 "" 
iooIropiI: p"'.' in Figon 3·93, '''''0. tho buckling 1Ompel\1""0 ch._ 
10, lamina,td plo' .. woh lbon po.poMic."" " tho ro"ra," dirodion io 
..... ntlo"r "",,",.n! ., • • .,_YM .. a u. lor a b • 2 la"" ..... io .. "'a n 
o.;b . 2 lor p,"t .. _no, ,h.n M . 1001, 

(3) Sy"""olri<: =·PIy umMOI":! Pm ... 
_ !.h>I .. i>1 In-PJd". R ... ",In, 

Lor. o. p""o .... --,"lOy ,.." • oymmolrio "", .. -ply ,",. ;""' 00 
piII'e ..... n be collOUU<,ed tha, conoo' bucl<lo a' any 'ernpe,o,",~. j •• • , • 
""". '''''"",-I,bucklng symmo'ric ero ... ".,. 10., ... ,00 pIoto undo< ",,1ax;,1 
","roint .,isI., Thia Op<><>I1unlty . ri ... wo. ... ,"" "" .... liv. «, "" 
high·""""'luo ",.ph~o..",.,.y 106d.1O (I) <OOIolg c:aLJ>irrg I>ucIo.ling lor. 
un ...... 1y ,,,,,alntd """"'Od;,nallomlna'", pia'. wilt! Ill< ... ., 'ho '. 
"'0'" dirt<!io •• "" (2) """'lobo" ~ul'" ., ,'''' ,.st,o"'! dl roctiOn. _'ing • ,equHd '" bll<k. 'h o pIa' o. ~CCO<din~Iy, .... prollur:kir>g 
oq ... _m 1""'0 " 'flo ,.",a"'! dI,oct"". ~, . m ... 1>0 >.ro lor a ..... 1n 
P""'oo"'lI" '" 0' ,"y. ", ''''''''g lbo \I(l ' Ioyo", 01 0 oymm o'ric cro .. ·pIy 
Iom ... , td p ioIO. ~"", wiIIr only .,""",,1 _,.inl, ~, • 0, at COIl' .... wlh 
"" probockling oqu j t>rioo> I"" •• "" 1ho ;,,,,,,,,,,td P"'''. "" -"'It """ 
occ.,. A"", ... ".,. Iomin. ,o io mo<lo "1' ol '" Ioy_ a nd "'" Ioy. ,o " ith 
total "'>::M ..... 01 to- and loo-. fO,""OCriY.ly. Th. 0" and 1IC· loy . .. co n 
1>0 ."8"9"'1 in any orde r l .... eking ~) boca_ Ih. re"'ling 
Iom"",'. o" ."w .. , oIiKoo_. 0 ... 0;."' ,,,,1 lor o. ".c~ing """u,,,.,,. 
10' "h>::h r., • • nd 100. ar. idenl>::ol. 

HOgh.modu u. ",ap"lo._.~ _ . M!JO'OI' rt, and a pooi!'" "0 . 
.. • COn ~._ 10 <»0"""". trOn-l""""'''bu<U''Q 11)'", ... 1<10 «(>$0-
ply IIt miM '''' pia, . ... Ih loJ ' ~ .448 0< 45% 0" loy . ... ThlJo ..... ry high· 
""""'luo g",ph~."""",~ o,\,m .... <10 « .. s---pIy lam ..... d pia .. wlh mort 
""'n 4S% O· .. y . ..... ' flo , •• Ir .... """"""" m,O\'" O<><>1Od, r-.;r1 h • • ' .... 
to _ . Convorwi)', """,1",,,., 111_n 45% O· ...,.. ... tho pia" muO! 1>0 
".. .. d 10 boeU •. Th, boolMg .. ""10 '0' 'h ,..: .. y ..... (0',,100"<10", ,( 
"Goo" plot, .. . r. """loy'" ••• porco''''\10 01 0' .. yor. "' tflo " m""'" 
in Figu,o 3·138. lndood. 0' 45% 0" .~,,. n .... Iomin.". tho bookir>g 
,"rnponr" " cho _ .. inI ..... "'" •• "'" ........ , .... ""'v-r\4rity ;, ,ho 
boo","9 , .... :to . 145% cr lay." os p,od>::tod. NOI. ,h.t tho rno9nihJdo 
oI'h o booklin<.! ,_ depo_ "" tho orde' ,,' "'" toye" in tho tamiMt. 
"""'""0 _""""" beco"", 01 ,II< <!op<nd.ne<t r>n 'h' I&mino'o be-.g .. itt...... 10 eorrtr .. l. "'. """ 'IM",,,,".vckti,rg Iam""O e., ... ..,...1 
>IiII ......... .m>::h do'.rmlno tho noMI>o,rnol·bucl.ling Iomin." po«<", . 
• "" 0' O· 101 .... oro ~ondo'" '" Ih O _ oI'ho layOl. in 1110 'lackirrg 
""" .... """ «ho Io",na" 0"'011_ 01"'_0. "-t. 00 nol <Io".nd "" Iflo 
man". , in "n>::h tho O· and 90" lIy. " .ro __ , ... , buI on1)' "" 'ho~ 
'0spoc1t110 ",,,,,,,,,.,,,,'1 ThUC, 10' 'M cr<>ss--pIy _g "",,'0..,0 
(W· .. , to''''i''''~ ' '(' "h<:tl .... Ih . ... m. ".rc. n"'"". 01 0' ~nd"" loy. 
Of> .. too pr ......... " acking ~" Ih. booki ng IOm;>ora' ",. 
ohorogoo ... 10,,", in oboolu .. . ou. lh." tn o __ in Fq.,* 3 ·1 38. 
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, ---,,---"',,'CL~,,-'''c---ct~ -, 
"""""""" "" " ........ .. .. " ..... , -''''''' 

"9>'* ) " 3/1 1"' .... a~ 01 $qua .. ""'"' • ...,. In·"',,,,, Ro,,_ 
~""""'" G"p"'IO-E po>t &y".."..., C"".·p~ 
l _ ""'""""'" P"" .. (A." Jono. p ., 1<D 

a""" OM 'he ""M , 01 Ih. ~b""1inv .quM>rium o.to" d. ~,_ 
only on Ihoo "'-pIo"" 10.,,,,,,,. ";~n ...... An. A" . A" . • nd "," . .. tMl no1 
on the "'m",,"& Wmling .,iII"" ..... D •• Ih. ocO",,1 omor 01 'h . "'y .... .. 
11>0 1.0"" •• " ... ekir>g _uo..,. is """"" .. lal "''''''' ,I»., ,h. lam ..... . 
,"ulll b • ..,.mm.""'bOuI • • ",ON .U~.CO). , ...... h «oook,,'''<) ,''''' 
OOO* .g eao ... bo<;kWog . ppi •• 10 01 hlgh-""",ukl$ graptoil ... _,y 
"1' ..... , .. <"'""P'I' 1O,.,;".1od ,..., • • w~" ..,.".. ,"". 4~% .,. lOy. r$. 
_ "or, ,,," .,,00'" ,.~ oI,h, _1<1" 9 0.",,*,,'0'" ,,,"ogoK dtl .. 
'm dill.,..., 0"'''1''1' "'m"" " boca_ boe~ do~,"'" on 'h . .. "';. 
".,. b. ndir>g _n_ , D •• wllieto. in Mn, doper><! .. rong~ on ,,," 
_~"'~ " ..... ,. otool<;,.g _"....,.. B. lOw ' 5"'o O· Ioy ..... '''" 
"'m ... l. must be """,.d 10 bucklo. Irr."I'octiY.oI "'" p.",eotol/O 01 O' 
.. y .... , Iho ~\!CIJ .g le .. pOf. two 'h"""" ." ",U<IO low"" ~~ ........ 
• olue 10, ,hIo ,..., .. (1)'' . 300) lho. 10' _,or pIIo1O. (b'I . 1(0) .. flgur . 
3 · '30, OC.iousIy, 11>0 ' .... ""010'" , .. _ . rOQU, O<I IO bU<1:,Io """. 
Iom""od pla'" H.m 1""".lIsb:: .. I.,.) hllto. Su" ry 11>0 m.,_1 m"" 
y;o.:l ........ """ (11 .... ""00 pmpo .... ~ .. a" .. 01 ",""a'"" '0...".'· 
o,",os, 01 COIJfH. ~ ,h. '"",p' '''''''' o-.cr..H •. III . lam ... m.,orio l 
proport ... doc, ••••• """,,""IV .hD ,.,a" ix...,.";,,",,",, _ ..... and'o 
• 10 .... ' " tem .... ,_·domino.od _rtioo, T ...... Ill . ",,~in.". '" 
ch""!l" Ihok ",10',,0 v. lu . . . ... ,h. lam ... m. ' .... 1 P"'P""'" cho0 ll" 
... """ ..... Iorrn "",me,. Accor<Iingly. "'" preeioe p"",.nlBgo 01 O' 
....... '" OOh;"o. """ .'~.'b"<kjing .. m"""" "", ... pIy "mino'''; 
pial. dOpe_ on It", _ .. ling lempO,al",o. 

WM.~V a"" A$h1On _00 ,,,",,,,.1 _log 01 _nwtr1c . 6 
oroglo·pIy l.m" . 10<1 ,..,,,,ngu'" plo_ cIornQOd GO two oppo$1I. Wgoot 
. "" I ... "" tho "'''", "'0 odgo>o 1:),,5 '). Tt-.y lound ,,,", to< & .. ... rango 
o ~ e ~ 17S """Ong. no1 ho.,;"g, .. ""l""-' 10 _ a "",to -"" 01 
toigh.rT'O<>d<Jlo. gropnl..."."V . .t.r.d. a' 9 _ 17.S·. tho .,,,,mOlt., a ogio.pIv 

, , • 
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,~_ onC _ __ ""'...., "'_ ... """"'_ ~.o.,_ 
""'" '''' . ... ..,.,.. ....... _ e.....- "" _~ w,_, D.C" ~ -,-,.,. ....... """"', ..... 0--0 " __ """"'" ",. fL" ... _ -..,~ 

c ....... ...., """ . , .....,'" .. c _ ..... .. r. C. "'- "'" ""-_ .<._M -..._..oo..n.r", .... ,_,,",' _v-"",_ , .., ..... ,-,., 
.." - '--', - "', . ,,,--. .... ,., .. """" ....... ",,''' -= .... __ """"_"' ............... _ o.c." , .. 
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... _ ... _ ..... ~ .... V ....... , N_', ,"" ,w, "-", 

... ' ~_u, _ .. , ........ C""""' .. ......... , ..... """" T., ... ".-, - .'->-20 _ ... _ . .. "' .... """!<a· . .. ....-... __ ,_ 
, ,,,,,,, .... , _ ......... 'N7 . ... _ J.~. __ .... J.". """". "'""" 
"'''-_'_,'''_Co , ..... '.'" .'., -~. """"" "'" --.. -_ ....... -" """ .... --"C __ ..... ...... "", _ ... _ , .. _ ..... = . 

»> v-, v, v._ f_ ,", .-., ' ,..;.0 ........ '_1, __ 01 C--_"""' __ , ,_&.,_, w,"'...,." , ..... ..... _., __ __ 
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- .'''' W' ',N_,_ ... '-.. ... ~ ____ ... ,C"C "'-""""-..,."' .... , .. ,. 
,-o:! S, ' . A_.....,.... """""' .. ..-.- ._ .... ""'_ ,~ .. ,, _ _ '" ""'_...., _ ...,.. ..... _ _ , '''' t, ..... ,_~ 

T''''"'''''n'·'' ..... _ ................ -. ....... _ ,W._ 
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Chapter 4 

BUCKLING OF 
CIRCULAR CYLINDRICAL SHELLS 

4.1 INTRODUCTION 

MOIIia!"" 1O<.I>O"udy 01 .~.I buckl<lg &-.1 tI>O _, .... ~ .... I.," 
01 _~ ~""loJ inII _ ""s inc,.ued .,_illI)' >nee the , g30s. 11>0 
11,01 mojo' ,"-u, 1ot , I>O UM 01 01> ....... ,,,. 0<1, .... 01 ,,,. 000gI .. 
OC ·2 .. , • .-.• ~", ai<p"'''' "i1h oJlol . Iom . n,. a . .. F.".... 4·1 . loot. , . 
",,..i .. aoo , __ ,.,. votoic ... PfOV_ lu~~., _1I00l/00 ocd appIicl!. 
tio .. lor 011 . ... MolO ,oeonlly, off __ ,. <>it drilling pIolionn. hoy •• .on 
do. obpod ...... 11" '" "'-' OY"'''''' ' , mo"" .Io", on'. 01 ... ;,~ .,0 
"' ... ao in Figu,. 4·1. Som. of ,no"""", ",pO:! gfO"'" in 0li<l1 '''''lysis 
cop4bil<ty "". OCC",t<><!...,. ,000 

, , • 



... .... ........ , .. __ ...... 
A ,""' ...... 11>. momb .. 0/ IlHo family of _~ Iha, b L>C~1e is , flo 

o""ula, cy_ ' _ , r ... , oi<npIo _ "' ~_ ma ny 01 , flo impo<la," 

foa' Ulo. of .~ •• buckling, y.ot io """1Oomo1io. ",, an,. cliv. 10< OIod\' in. 
fi ... co", .. on 1>u<:I<IW>g. Tflo \JO<OmOlrie. 1 """,,,,,,'o ro. ,;rio •. ' . tllie' · 
""", ', aOO Io"lllh . t . 10' a c i<e .... eyWod<ical oheII a ro """" n in FIgol,. 
4·2 . A ...... io oakl '0 to. "'in I ts ,_"",_,_ ,.,"', ,~ , is la,,,, 
aoo ID to. Iono.I if .. IengIh40' <ado.s """'. L/" is la,,,,. The~ • 
• y.~m is x,Y.' 1"dol, c""umlo,on,iaI, and <Odi.oly <HJtward Ira n"" .... '0 
Itt • .., . .... M oo). and ,h. "",...".,oo;ng displaoom. " •• ,'." .. . 
",.,,, ... , 001 I""" a ,.f_ "o. ..... a' . in " .. mkt<lo 0/ Iho ..... 11. • . , ., hoi 
I!>o 'h" ",,", ...... "'011, . . .. "go o/het 10<0' '' 0' ""n to. """ 

-

.<" 

-~-----'.'" --. y.' ---. .-

Tho _.0 and ",omon," on. ",,*11 .Iom.", a<o OOlin.., In FIgu< .. 
4_3 and 4 .... !8SpK1;"oIy , 11<1"""", "" wil "SO _.s P"f "n~ Io"lll" .00 
.,C" ....... .,... unll iongth in ""' .... !y ••• ( •• w. dkl lor p"'" in CI'I&j>'" 
31, but " . wiI """"'" eaII ," om 10"" and mom.,,"" lor "" • .on."",,_ 
W. "iI hove"'l0 """,, '" '9f., ID H,o Kio:/o""" "",,", f<x<u, I(, . rod K,. 
OIIOwn in F~u ," .~. ~ '''y 3<0 d"P'OY""O' oomP,",M ... , 

, , • 



......... .. "" ..... ~ ...... 

n . OIr __ ,n..., a ,. caIe"latod i'I ,Il" U<1;,n lot Ill. oppkd 
iQo<ingo" F;go", o.s . ,. vo l'" lot <h ... 'ha' .,. 11l .. . """!1> 10 ""v •• 
urufom .. , ... __ lhrougi'I tIlo 01>011 !Il>:i n ... , Tho .. _ .... 
_ tIlo _go !",m .....,h 'hey <omo .,. d ... ",_ ... ,Il. !o"~ 

...... , 00""" ... .,., ... "'od P .. tI>o .... I _" '" til. oir<u", 
cyindri<;ot .slH>ll ""'t p'-':o. oompr ... "'. ir ... ,urtaco _. (ond _ . 
IHIr <mi'_h) and ''I'"'''' «>mpr<=i>'. OOrHO;" "'I .... 1>.1 <I_lion, 

N . _ ~ , ~, ~ • • - 2~ (4.1) 

on<! 00" co"", oihor from P or I""" N, appIio<I dI,octl)' a~ , ~ o odge 
as ;" f jgur • •• ~. ", .. , ,...,.;00 _. no! Iood ., _ kling, bo, could 
loosen 'no '. ndo""" "'00 . .... 'o.tv pr . .... ri'. d _.,_. 

r .... , ., A><ioI C_ ...... , Co", .. P~''''''' . _., ... P" ...... , 
..... To...,.., "" . C.wI>o" CyiO'IO""" & ... 

, , • 



- ............ , .. __ ...... 
Lale-oJ p<OUU,,, Is an 0"0,,,,,, _'o .,.~ O!#j i" 1M .. dOoly 

iow.,d 1_ z) difOClion on 'M <ifcoml. , . 0C4 al l~. a.:ulo, cylindflc. , .~ •• 
io F"ur • • _5 ~. <"" uml ... n". 1 .... u~.co I.« • • ro . Uess' 

0,= - ';' 

TmY>nol Ioodiog on H,. cm"' .. cyindrit.1 . ... . ohow, in Fis" o 0_5 
p«><i., .. .. ·.....-t.co _oiog 10"' . . ... 0/" ,0: 

N ~ T ", ~ T ( •. 0) 
. , 21;, 2.rt 

~ tht ..... Is Iflin "noogh 10 t>o .bIo 10 y,o,-. tho ..ouaI _nO:" 04 
""" ...... 1'0'0 _ sIHo&, .... .. va",,"'" "'''''''''' Ih. "'_. 

In ,h" C~opt.,. lho 'o_m,,""" .w" .. n''' ' eqootioMol eq u_ 
aro booking ar. do"""" uodor ""ria .. oirn~iog cond._ Tho .. 
eqU;Oliono .Od Iho ._'0<1 !>Ouno;o.,. 0<>«>1 ..... , o . .. ~" ''''',, lot 
pial ... ,." consislor>lly _"" <\'lito on "n",w _OOOh in SOOIIon 4 ,2 . 
n .... "'I0. ,1oos _;II bo d;.pla,""" ,. !Iou. korms, incl.Qog IhoM d .. 
10 [Jon .. ' 10· II'Od B.Ido~ 10.2), CIo""",I • .,M",o. ~ to Batdorl", 
al. lor ",." romp_no "".,.1 PI ..... ,., and hydro.""., PI"""' a,. 
""",in"" 10' • • v.,'" boonda,.,. eon(lOoon. io S«!ion 4_3 '0"" ,,,,, _ _ 
!Jon too- "",,. ",""picol"" .... b""lMg pK>blo", .. no cta...,., <04-
",10,," 0,. 01,." , ... "",, to .s E"', bucklltoQ "'""" .... On tho ulJI' EuiO! 
did "'" _ .. _ '10, N .... ~_I .... l M .. mo typo 01 lMo,.,. • • M u_ 
10, bars 10 . xtoro<I<>d '" _Is. non. tho ""to", 01 ~uc~ ,.-"" , 

:~'::'::'::.~':~:i.~,~.~tlon:;':':'::1n .,do, 1o . ...... 111 . ph,Uc. ' . ;gn;IIc&"". 
p"", '" ,.., ,"_ , "'Iut'~:::':';' 

no 1oc.1, 

, , • 



........... "" ..... ~...... .., 
4.2 IlERIV ... TIIlN OF EOUILIBRIUM ... NIl BUCKLING EQU ... noHS 

PLUS ASSOCIU~1l BOUHOARY CONIlITIO HS 

In _g Ill . &11 • • oquft>rium oq,,",ion. ond b~ oquo'ions. 
_ "';1 '~I; n •• vly on "'0 gene<;l1 v.na' '''''' approach dovobped In ,Oo 
~ on pIo'o. In CMpto, 3. TM' .... _ "..." ""'Y darN. ,h. 'otal 
po1. ntiol . n. 'YY 1o,. <"""la, <1_' oh. l . a nd then we con <IH<tIy 
otrIa .. tho oquilobrilrm dfI.,.ntiol "",,"bono 4I"Id tho bu<kl;"g diII.",", .. 1 

""I""""" b, "" 01 'h. gon. ,ot" """""1 ""1_"0 . .... , .. uh . ' • ..,. 
Ihin oh .... , . .. _ w~ I,,","" ............ 1 """'p ..... to Ih. ,.Quo. 

4.2.1 Equllil>ri'llm Oillo,.mlol Eq"olio"" I., 
Modorololy l 011l" 00110<110"" 

n . """" pr ...... od nor. io ,h. <lrcu"', cyI-a1 "",,'" ."" ioguo 
oI.on KOrma n "'110-<10110.:'00 pia'. 'hoory (4-3(. """"'''''''Y. [)(lnn" 
(4- 11, ... ,00,.,0<1 lI>Io'YI>*.' " ""''1' In ....... "" "300. ro ..... "" . '" 
.... "'00'1' '' '001 u,. 10 .. ",1 <loop"'< . ... nl" .. 1o"J" . noug"!!>a' Ill. In. 
ou ~"". _ • • ond displac4om. nt. m"ot be <on.ide,od .. .... j, nonIinea, 
10",,_ Tho ",,,;" ·~.m.'" ,o""ion. IQr Ihot _ , middlo ""~..,. 0,. 

' •• u, , ~,,: 
', ' V, , {-'Tw: 
1" wV, ' ''"w,'', 

.. w,,"," ~. on di.p""' ..... nts do_. panlol diII .. o"io,ion. 

(H) 

Th. e"e<JmI. ,ootiol st .. ln .. EqLlll'ion (4.5) ho •• no .. 'o rm In eom · 
".,_ 10 t, lot pial" . TIIIo '. ,m. 'iii. a ...... rom a 10",,, olrcum l ... nc. 
'" ' ......... ""..- by • "_m ,,......, upon"'" w. r ... d"' ... '. '_. 
dolo ... _,ion is 2, .nd .h, doIolm.'ion is 2(, . w). '""s. 'ho eire"",I.,· 
.ntiat .,rain is 

t • """,0"",'8,0/\00 • ~I , w) - ~ w '<"""mi.""",. 2.. • r (~.&) 
and is _ .=rr.panlod by circumle,enOl.1 <loploo"",on' ,_ 

Th. ~"""I>oII_lo, . ~jpol_ is ,.,,, .... ""0<1 •• do,""""" by "-
E. 11. I.<N". (,eth)-,g40) '0< _Os [4~) .. .... ""., ."e"S;on ., ~ __ 
1>011', ~pot" .. is 10< plo'o. (. ·5). Th. ~po'h"'" ~." '" two_· 
Mlat <O"''''<Ii<1ory. but •• U._~ 0" "" a nd ,noo"" ' pp"",irna'lon$. 
f Ql , 'h • ., ...... 0-" 0-" and t" ""';"g In ....... " _ (Ihot ''Y S,,"ace) .r. pr • ..,mod II> dom."". , ... ,h.I_ •. ,h. st, ... st~" 
.. ""~ich 0-" '" .• nd t", .r. igno.od ill , 001010<. _n _"" j""". "", • 
.. plan • ." ..... S...,.",.j. ,~. ' ... n",._ oI! • • "n~ st_ •• T" .0<1 T", . ... 
.... ' .. n ..... rw """"'" _ so, <" oro nOllo.ctod _"upon'" """""Is 
to tho sII •• ,or. r. "". outIac. _ ... """""I and ine" . naional durin~ 
dolo"" ..... . . ;" Fy.-. '_G. Tho """, .. d"'"'" . ..... '-'-"u ... ho.;.,g 
t. as w • • "" ·'-a..nd T,' be ZOto ............. t. or. pIo". ".ain. r>:>I 
!Nono ",,,, .. '" n ' ho I~".~.I the K. ,M",W·lo>-e hyp<>tho ... _ TM 
"",-",,,,,,,ion" ""0 traMV"" _ring ,"ar",. r ... nd "ly.. _. load 

, , • 



... .... ........ , .. __ ...... 

to " ' 0 tran. vo ..... h .... g ........ , '" and!:J, ill a con,"'.n' ""nM'. 
oo .... ..., ",""rnpt""" ... ." .". I."od. TOO pMcipo ' "' .. ~ 01 , .. 
K;_ ·L"". Irypol"" " .. I"" tho at",.,. '"'Y ijoo",1y ~ th • 
..,.1 Urd:",,= 

', _',+zr;:, 
', . ', " "", 
Y,, - T., oz',., 

(4 .7) 

ill ,.",.,. ' .. 'r .nd T" .... th •• " .... ot ."" point ill ' • • """'" '" ', . • M 
T" . ,. til. m_ """"". at ..... , <. tho tIlie' n ... ~ ... , . ........ 'od 
from tho middf • • Urt004: OM .., . ., .• rod '., oro l!r& m_ , .rtoc. 
chango. ill ' 0"'.'0"'0 

', _ _ W ,," 
~, __ w ... 

(4.8) 
<" =_210.,, 

Tiro' i •. ,1>0 or;;; ... ' <ulVotu'n of 'h. """. oro '"'" ill"," .-<11.-, l/r 
ill til. oi",,,,,,""".' ""« too, OM <oro _ 00",.10, • . Nt .. <101o,.,.· 
lion of 'lMr .... 1, , .. 0""'0''''0' clrlttrgtl by tho 0"""''''' ill EqlJotion (U). 
S~_ 0" ,olo.t"" 10 .... ... ill 0" ioo'"",",,~ mo'.riol by , 

o,~ _ 0 (, . ... ,) , -, , 
' ,'---. (r, .. ~,1 , -, , 
'., E 2(1' vf 1" 

ill whicn E io 'n" . .... " Younll'S """," Ius an<! ,. io P<>isoon'a ~t" 

, , • 



......... .. "" ..... ~...... -
By delln l ..... 1M .".in .... ,\1\' lor on ~trcp;e .b .. k: ... 'o,ial "I~ 

a, EO. ,,, ~ (l . ond '" EO 10 

U - ~ j~ I)"! ' ": -2,,,,,,, • 2( 1 • "'<~,}u 1 d.~ (4.10) 

in "hk:h Equ.I ..... 14.7). (4.ft), ond (4.0) "-"" t>o wbSlA",.d ond tho ",. 
""l ing .. ""' " "" " 09'"'od lm."9Ii 11>0 l"",k,, ... 10 ob"'in 

U _ U",. U, (4.11) 

in wIIleh U" is "'" ",o",lInIno .. ",in OM'I1\'. 

U., _ El. JJ[t..~.:M,l,+ 1;;" t.,]d:<~ 
2(1 v. (4.121 

and Ub ioll>o ""nding " ,o in _\I\'. 

U, _ [1'. JJ[w:"",~ , ~'W"W" ' 2( I . \')w!,.]d>r~ (4.1S) 
24(1 · , I 

I+. I""",""OI!o! ...,.rOCOhl dollo,...,. "I" •• n p"". and "" ... q .. ..,. 
do' .... liona "' ...... 1""" <i1!.",~.q, oo n .. n'''''' ' F", boIh two-dimen
....... 1 .uUC1urol ol.men". Iho ooordinolM . ,. in «>tIOOMrrce with 1M 
,;gN-"""" se .ow ,u"" How .... , P"'" r;<>o<dma,.. hav • • "".n.-. do",,
ward .. 'M roost ""," ... n~ uSOd 1. ' ...... Iow. n~elo .... <J"'. n'O 1M-
oro .. b<><.<Ida",. ""00"""'" muol boO pOl1ormOd In • 010<_ m . ..... 
-. looking in ,~. poo.itIv. z"""odi:>rl (0·6]. On ' ho ",,,", hand, " 01 
0"""' ... ' .. oni .. ri>i M, •• posl\l¥. """".«1 as ""own in Figu' •• -2. 
_inW, ".-.on', ,hee""" bou"""" int.\PIOO. muot boO po<Iorm«l 
in a OO"nto",1O<1<wioo man .. . wMn Iool<ing in tn. nogatlvo z""' rod ..... 
I+.ItJ>oug/'I ,h ... io "" '"nft''' in til. Ior-ogoing ""omo nto. """"',.",. " 10 · 
II"'tio n. ", u", oi>IMouoly" ""rl" ,,"od., "I'""olIo dir",,.,,,,, who n ,.;.,.. 
ing • p lol. ve'OIJO • 01> .. in • "na' uror monnor. i., ,, noM.' ......... 10 1M 
' . '1"' ''''''. Mason ,,,,,,,,,,,",. 'Y"."'" o nd tho ir orio nta' '''. 

To ""rlorm bo"""",,,. "".\1<01;'" f", • muffioty-<:;onnodod ,0900 
...,~ ... a""",,"" oylind.",,1 "'01, inuoooc." cut in ''''' " ' ogralion ,o. 
11'><> '0 dotino 0 0_ 0"'" C. Tn. ",,,,,1"'11 """"I.""'d ..... " 1 .. 
\J'o'ion ... Ih is _ 'ed " f;gu,. ' ·1, !"lo'. 'h. ' tho .,,0IJr101o"""v 1M 
__ • 01 u,., 0 .... CIt""'" 1HIeIt ..... I~.y "'0 01 """"",. oigo. AIoo. "" 
oa<n., """". eon "' ... -. ..... 1M _"ml ... n,Io I IoooIOO oIlho e .. is 
a.bll~"'" 

In .. do . 10 .... 1" . tho JO",,1s gIv. n in Cho p'", 3, B<JCI<firlg 01 Pial .. , 
to, _ .... .".1 OQuj briu .. and buokNog ""I",,' io,,", 01 bounda",. "" ... 
ora' ion " to, .... !. ",,,", bo '" IJ'I<Ood a. o.Ing .. . . n 10 In. eounto",ioc'· 
wi .. d' • ."ion. Then, "'- <><>rrsd _",. «>nd • .,... 10f" .".. Oro 
oIIIoined by _ combinorioo 0/ In. intogra' ''''' 0/ Cho p1ot 3 witII 'ho 
10_"'11 "'" potontlal_g) 01 oX,",1>&1"""". n . g""" 

, , 



.10 ..... ....... , .. __ ...... 

-----
~ 

.. , --------

.' 
---- -.. ' 

.. -

1 ... pOIoot ... _11:1 01 ' ,",n"' _ wooislS '" ,'''', duO \0 ~I.,~ 
".. ...... p. (a '", <.a,1ood ""n ...... pt . .... "') ,,, .. U1 .""~ ' uri."", 

tltal duo 10 in·. uri.co tore" . N. o.nd It,. along Ih • ..,eI odgo.,,,,, _, 

.00 tha, duo to ,h. K;.cM,oll _ ,;"g _ . (0. dofnod "' Sod"", 3~~): 

14.17) 

Not. tha, 'h. be •• • oo ......... n .. po. ........... o.. "PI"'" orIy . 'c og 
lino" • • «>mIa .l with ,1>0 e.<ceot"", 01 'he "" "",1 pt ...... o. 

1-1 •• '. o""""luI. thO OI, ... _ to<.m.to1 ,.""i<>no, ( ..... 'iOn (4 .~). in 
thO .. ", in ' '''11:1. Eqwotioo (4. II), on<! idom'Y F in Equotion (3 .5) on 
"'II" 230 01 Sodio. 3.l!.1 •• 

,[ , ,' wI" F. 2" 1 .... . -£ ..-, ) ;(v, + ,+ lr 'o,! 

" '" 1 , 1 - , 'J • 2\'lu, ' 2 w,)(v,' -, ''2 ",)+ 2 tv •• ..,· w,"",1 

' [' " '1 2 ",.."yy +Z," ... " ", + 2!' - ,·)"" -pW 14 .1 8) 

, , • 



........... "" ..... ~ ...... 
,, _ E, 

, - ,J 

,,' 
D~ '211-"') 

"' 

14.201 

_ . 'M' F ia 0 quonil: ruoctlon 01 w. ond w, ond '"ot ooly U. con.m.. • • 
10 F, roo _ 1<10 dtt;'a,kt •• 01 F "to ,oq .. .,,: 

;:, • ~ [2IU_ ' ~ W;J'2v(v, ' ; ~ ~ w~] 

• .., , 
2 [(1_.)(_"" , ,,,,,,,,)] 

(421) 

, , "'. 



.12 ..... ....... , .. __ ...... 

A[(>,. ~ t ~ "':)-o-V(",. ~ .... J}"p 
- A ~ [w.[ru,. ~ W;lHr<, . ~ . ~ "':l] 

• J...;~ "',r< •• "y ' w,w,l J 

_A! [w,[tv,. ~ . t ,,:,-,~", · tw~,] 

~ ' ;" "'(';""'.",,,",)] 

[ i ' i 1 ,D Jr." (w" H,..,," 2(' _ ,) ~ w,, ' ill' (" ,, ' 'ow,,) . 0 

U ~ O Of 

V_ O Of 

w_o 0 1 

[ " ", '] -A (u. ~ -2- W,)HI., t -'- ' 2- "") ~ N, 

1 _ ,. -
2 A(v"u, + w,",J- N" 

, w.[ t",' ~ w;) 

(.25) 

1·26) 

• '1', ' ~ • ~ W:)] ' 1 ;,. "',1', ' "v , ... ,W,J] 

_ ~!(W" "'W") '~[~I _ .)w,, )] ~ K, ( • . lm 

w, . C or DI ... " H .... ,,) u ... , 1 • .llS) 

in whic~ In. Uido. do"",. appI/M _.S 000 momtOnlS a l tI>o «t,)os 
HOI. tier. tI>o ".'."" diSllno_ be!_ ~ __ .y """""'."" 

ar><l _ """nda.y <:<>n<Mion.. A citculSr cylindrical _, lias I"", .00.. 
. nd al • • c~ e nd.,. tI,e 011 .. ..mac. lhOfl> is a n 1Idgoo. lh. _~ ,urlac. 
1>0., 001/0 condi1ioo. ",·h. ",u Ih • • h.I ..... hu . nd cor><l. """" n . 
booOOI .. .,. ""r><Il;""" in E:quo' '''''' 1.25)- ( • . 28) m ", I", 'h. ' ''11' ' , w. 
na,& ""' .... ul!tlod 1M nM «><>ditioM on "'" end 0/ ,II. _~ o«ept On· 
~~'r •• • n .... \1<. , '''>ro\l l~. ~ 01 I~. td~ bO"_'I' eoo<lit"", 
1"..,."", . \01 ... mpIe. N, In"goa l .... Pl. ThIs di$l""1on can be ~r· 
c. ~od bo . .. "I~ ,~ . old 01 Fil/llre .·8, l here. _ h end is _rood 0' 
c .. ~ ... oem ..... n"., otea .... ' n" ..,.. a.to ",nno' rota" . , ,n. 
ondo who-n "'" .~.I is re ~""'" a. 0 ~ aupponing load P. HoW."'. 
11> • .., .... 10 """, . .... rt""" can JQja' •• t _ ond. 1-1.""0. 1_ • • "" • • '. 
c"'~. yo1 ,he ~ •• '" oirnply oupportod , W. w;j( _ . 0/ . 00 
<o""'bn> fo, _ ... or ookJ .. "" lon. 4 _ .. , "'ruct"rni , "man lS) 
and 0/ boI~ . 1Id ond edge condition, 10< pla'e. and _n. ~""'-<limon

..,."" ."""M~' ''''''.ntsl 

, , • 



........... "" ..... ~...... "" 

~\)<.o' ~" s_"'""" VIO~ " EO\jO ...,. E ... s..,po.1 C"",",,,,,. 
"" 0 Cio:W, C~-'" S ... , 

lho OGuillt>riom ...... ,""" . n~ __ ry 000<11""" con t>o oim oliro.d 
00_'01>11' by .oo..iutioo " ,he Io<ee·..,.., and mom.nl..,u".'uro 
,0IoU"M 'ha' oro obIaOlod by InlograUng ....... " ..... , ~quation (o_~), in 
t. rm . '" ttl. o""in vorio'ion • • E_'ion (0,7) ond (o.a): 

" N. ~J ",dz~"'(;, . 'i,) 
-" 
" N., = J ", <l< = 10.(', • vi',) 
-" 
" tl" . j t,,"" ',-- AT" 
-'" 
" M. ~ J ".'''''-0«,'' ... 1 
-" 
" M,~ J ",,,;lz~O( ... +v~. ) 
-" 
" M,,= j . f"zdz= ';" 0 <" 
-" 

(4_301 

'1"'0 in Eq .. tion. (4.291 ond (~_301 ,ho, .pp<o.irn~tion. ,,, ,"" in·,urioco 
1(1", .. ond momo"" O!o __ 10 "'" ... ono, 01 00tI1\eM ... 10", OIl .. 
' heory, Actudy . mo<9 oc<:''''''o in'ogra l • • pro .. """ 000 10 FKIgyo f'I·71 
00<1 Novom;!ov (4·81 0'. ryp liod by "'OSO r • • ulonts ouch •• 

" '1, _ J ",('-; 1"" 
-" 

Upon ...".t~U11oo " 'ho $l,.ln-<hp"'ornon( "'Iotion " . Eou""", 
(' ,~I . ond ,"" cu"onor.<llopIacom on, rolo';'(\I , Equa';'" (0.11. 
Equo.' ''''" 10_201 and (0 .30) I>o-oomo 

, , • 



." .......... .. , .. __ ...... 
N, -1(",' ! ":)"'("~ ~ + ! .. :)] 
N,_--{(". ~. ~ W;)"'(.,+ ~ .. !)] 

1 _ . A , N .... Z I','", , w,", 
... , _ _ 0(",,, + v"',.,) 

... , _ - 0("',., "",,) 

M., - - (1 - ")Ow., 

(4.32) 

(4.33) 

",100,."""" H", ""oiIton..m . q ... 60n •. ~~""'""'" 14.22). (4 .2:1) .• od 
(4,24).-.. 

(4.34) 

"" . -. • (4.35) 

;f.... l...... i ....... N, 
7~2 indy • iJy' + N,w .. _ N,"'",_2N ... " ... _ _ • __ • ( •. 36) 

Equation (4.36) rod+l>o: • • 10 ,flo."" lUirJN!n Iorve-<lollection pio'e ell";' 
"M" m OQUO,""," ....." ."- ....... <u",.turo. 'fr. go.,. '" ".0 [4·3] Noto 
_;Oily . ... Itl ... "".at"'" .'. nol b<><OI<>g ~I_ 1"»0 or>
_,"noo 01 ,flo <""'at .... . od circuml~r_ .. 1 lor,," per "n . "idOtl IOrm. 
N.,/r. 10 Eq"''''o (4.3e) Is I1m".r ,.,loMlz..:l by . ,.mlna,,,,,, 01. <Uter· 
."lial _ .Iomo" In FIg<J1O ~.$o . n oro, N ha. a oompon" n'''' ,tl. 
z·dWoci"," " ' or .... lor pIo .... .. .. Figu" •. b, ,hOI' io "" ""'h ""0" -. ., 

, 

-, J 
I· -". 

• SOo<IE_ 

.. 
-====" 

, , • 



Eq .. Uono 14.:l4)-(4.3e) , ""-' . 'p,ossed "' lo"",~! ""","" mont> 
u .•. aM w i ........ ~_."a",-<IiopIo.oo.,..n l '''''100$ (Equalions (4.n) 
.M (4.5)) aM 'ho m<>monl-<"""I",o-<Up""',mon' .. 101_ (Equ. llono 
10 .30) 0"" {4 .8 )]), oro ""00 COUIlIod p.rl .. 1 diNo,onliol oqua1io... Roes. 
lllal ..... """ """ plod plalO oo1 urlibrion! 001""""'" dol. klln_p""" ba<irIg 
. ro ~Iod ' '''''' tIlo pOolo oquiIiOOum OO1"'ion lor """oe'ion " _ 
_ ., .. Iooditlg_ Thu" tho OMI OO1 ulli> ri,,,. prnbIo", o"oY' ."."", .. 
"" ..... g ... ".,. n""'" ~g, "" Or .uIomoti<d y m""O """,.Ii<o.,,,,, ,"0" 
lit. ","I. oo1uilbrium ~m_ 

Th. """"""0)' ro""l:lons "" dO!j>Iocemonto. lo,eoo, .M "",,,,,,nto 
10"" tI," ""' ... a' .... ) ,.,.. 0;"' .... ' cy'_""" 011. ,10 ", Equa llono (4,25-
".28, with ~Idoo ID Indica'o .h. oppIlod v.I<»., tho boundol\' , -"mo 

u. il • ~ • '. • • r; • "., • N" 
w=w ....... . M" " . N,w, ' N"w, = K, 

(4.:17) 
• 

IV, _ W, • ". • M, 
;" wtMch K, .. tho oppt;ed .... u. 01 ..... Kir<hlloll ",""" Iorc<I I .... 
E_,1ons (3_55)_{3.57) and f'.5D_ No ••• hat tM d104>""'O", o",·,olo.t"" 
bou...to.., oond~oo •• re oct .. ", .~..,~., 'ho .... ~ ""er ..... '" ' I""., "'" ""e, ",. enl;", Ihlc_ 01 tho od9o .. "" mig/'< i'nallino_ 
S,,,,IIa,~ . Iho fort" .M ",o"",,, a , •• ~.t .ho ...... '0',,-, "w, 
,"" •. ThO _ .. Ip<>sot .... ;" '''''''''), """"' n!, .M diSo1ooomOnts'''' 1M 
_ 01 _,. 1"-. a .. ol:ho'""pIy _ ... .,.. cla",POd, "'" "'" " 00 
I"" ' M K"""hoH _ , _ . is "'" .ellYo), oro OhO,,"," figure ' .10, 

./ 
'. " 

,. 
r ..... ' ·1 0 For"., "'~ •• no 0..1"0<.""' .... "" • S ... , £<!go 

_ (Hll "00"' '''' ... , 01 ,..,..""" ,'" tho ~on' od!Io bo>UtI<I;ory 00<>;1._ o •• e"""" oyO_"'" "'0' , .. , _. I""" ... o",tora no 
Pfobucklong oqu*,,;"m ""0, T~I"" w • • '0_ on~ .... ndod by 

Ai mrottr (4·'0) .. h .. ""'mon' 01 ' M ~ """_"I wnojt" ",, '0' .... 
cu ..... Pf8Iloc. 1ino <Iolormation;" _n lo.ho "gM __ .., co ndi· 
tio .. fo.t bucl;l;"9 I<OM .ho tid"'" p,obucld;"g ... to_ Fo, .h. """""" •• 

, , • 



". .... ...... .. , .. __ ...... 
p<lOctiao l CM<. 01 """"'" -"'" odgn .nd clomp«l edgo. , 1M .~ • • 
oqu,oboioJm bOundooy _ . in "' Imrol~ " no"''''' 10_101 . ... : 

Simply S"P""~"" E~.~-

" 0_' I.!, • 0 "-. .-. 
" 0_' I.!, • 0 N, _ii, .-. 
". 0_' I.!, • 0 "-. N" . N", 
~. 0_' I.!, _ 0 N. - ii., N", _ N", 

CIo~E~ac 

" 0_' ",., . 0 "-. . -. 
" 0_' .... , _ 0 101, _ N, .-. 
" . 0_' W., • 0 "-. N.,. _ N" 
C4: ... ~ O ... "~O N,~N, N", ~ N", 

;" ,.~clo l~ . ",000_ ~" N, (0\10;", _~e in 1""""," "" n .. 
..,.uilibrioJ," ptolllom) and N" ".,.;gI1' bo .. ro bu! , 01 <Out ... "'" I'll"'o 
"'..,.. "'. l~. &ppIOed ~ 0. 1!00 "" . . . ... P~,IbOd ... mt<ll r.1. 10 
"'" 01 ;", ... " ;" "'i. book bocauso 1_ • .." Hd 10 " daosi<ol buc:Ung 
fI'Obltm. n. edgo doopjo<om.". •• ond • ""'*' ~ ...-_ ., ' .. 
0<Ig0 o. in ."",;1",.1 \IfOUnd·_m. n1 pr<Oblom .. 

... "hoi can ~ cn"""" . rizod •• ha'iin\l an, "". 0I1!oO . ' caridi· 
00"';" iOquo, ...... 14.3I!1 • • d I',~~) on ~ 01 Ito 'M> 0<l!J0. ( ..... 01 
oo ..... !. ;" FigIo' • • ·2., Figu' • • · 10). n . ""'I/O 01 po_'b .. ... 
th. ,ofo'. , quite 10'90 ( ..... ~ ~Ie eondil"n. On • • ,~ 01 "' . Iw<> 
ed!/O' ~ ,~. I' .. ~ rordOOn, ItO " ••• , .imp~ oupporIod 000 
c"mpM.edg. cond.."... ... Includedl_ n ..... plo'" "" ... to analyz. 
"'''.,~ .... _. ~ • ., ... . ! t>ou<>:IO'"I •• "";",.,. on "",""OIl. Odge" 
T~ . """". In ..,. book Is on .... 1 .. 1OIt~ tw« sin>pIy _«I ~ 
SO c . . ..... """"" lrom 1_ .. E"...tiOn 14,38). NOlo tI\Ol "'""" 
._od odgn flo"" no """,Io""l , • .,,. .... but """" thlo slm pliliod 
'ormk'>oloW 01 .mp~ _od ~ 10 ....... tOO _~" in_ • • rloeo 
concffiono oro flO! del. rmNd, OIr;iousIy, tIl9 ' 010'"" 01 bo.nda'"l con· 
_ itlClUOing in·owl"". condII"n. mu .. b. ",,""I iod by outng. "" 
"xomple. th. , • ..,1uI"" io ""Isin"" "" S 1 _ .... '"1 oond'''''', 

T~ • .., .. odgo boU_'"I condition • • ,. quit. simi .. , to tho ~,. 

od!Io bou_'"I eondil"",. ,';'cu_ in C"pte ' 3, In f""t, we w:" deoiol 
,1\. _II odgo I>o<Jn<hry condtloM in 8 "",nn. , • ."iIo., 10 ""'t 01 "'" pia" 
odgo __ .. CO""""'" boca.so both .. ", 01 t.c.Jndlo", «><>dOt",,. 
owl! in "'. ' -y ,,"~.<e .. h"~ it I~t !Or p~l • • and o."Od '" a ...... , 

To .. n .. OPP,,,,,1a1O 'ho tour ~ ""p~ _~od odgo bound
"'"I 0000iII00_, <OnSldoo , I~. _~ ..,.st.",. I., t .. edge 01. tI> •• "-
.... "',0<1 in Figuro .·11 "' ..... ' ·phyoiool '.mo. w.h moch.nism. ,loa, ,oo 
'._, can .. ..". undt ..... nd. V,"" 'h •• Iom on .. .. F;gu," 4_11 ••• 
• ~ ""11'"00' 01. circoMnt"QfIbo'''~ .",.nd , ho ond ot 'ho 01101 ' " 
co,,",iIu1. "'" otId 01 ,1\ • .., ... No,. 1M' 'oo .. wort ..-..elul"""" <10. 

, , • 



........... "" ..... ~...... ." 

piclod a ,. 0<0Iy I .. , <>n<Ie_-.v 00>< Ih. , ........ ~ 00<J#d ,"or\<. 
On.,. \ht rta"", ean <10 .... _I ""p~ OOnd. """ ". _."'. 10. _ ,Ie " """0'" 01 ""","" , Fo, a ......,.,. '''"pMod .... . odgo. tho 
prine.". 1 '""pori _",om in Figu", 4· 1 I is • """,od " ;,,royuIa, p, ...... 
with • c,""ulor·croso·_" prism.'ie plOtr_ nc. (pi<oIJ on 'no lop " 
o r .. l_ m_ ",om lor tho ,,_ ""·""'-" IuUIo....." ""ppo" lor 1000 
",,","'" aOo"t 'ho sh • • moH" .ooaoo, I.., .. 1.1, _ 0_ Tho . od ..... oj ,h" 
C"Ned triangu,", p,ism _ ..... , Ie> ,h. """,I boam """pon. b<.O. with 
more ,H ldlc ....:hOn_. ,1U.1 .. ,mil IhO omemenll.) , ...... «1, Foo. 
""-I. tho p!o,ruda_ io 0 bN,1ng """ .. rml$ (!;mitod) """,Ion about ' ho 
y ... , " t"""-9> tho con' ... 01 lho p<Otrudanco wh:" .. Iocotod .1 tho 
",1ddIo ""n...,. 01 tho """. [bUt ""' pro<koo"" , 'ho -.igo c! 'h" """ ' )_ 
Tho p",""donco l" in 0 oovity in tho .., .. 0IIC!l thot """,jon Or<>IJnd tho 
y·., io i. posoiIJlo (<>I CO<lrN. ~ .. <*rI1cuI! to ... gIn. 00,. ° c"",od .. rioco 
con "".1& .,eopt pornopo 10<.",1). bUI """,.m ... " "0",,"'''''' to tho .h.1 
... rt..,. ;. p" .... orotod (w ~ 0) o nd , .. noIo'ion along lho y_io <>Ilho cUfVod 
Uiong ula, 1>< .... ;. no' ". ,miled_ 

Tho lour m.me .. 01 ,,"pponlng ,1Ho cu,"",d "ioogulo, p!is.", " 0 . 

<I ) For lhe 5 1 oondition, tho cu",ed l ... ovuIa' pnom io I .. ,e<>e<l 1o ° 
o"",od $U rtaco ouch .... , II ... ",Ism o-on"", ""n""". In tithor Iho ,. 
or y·dirK _._ Thus, u ~ C oro ... . c oro to<c.. N. ood N.) . ,jot. 

(~I For 'ho $~ __ • 'ho o" .. od ',,"ngu"" po"" io ,""""",,0« on 
p.rt"'~ ._ V_ion roIlor tooo rings l ila' """",it 'ranslation 
in , he x""....,lK>n, "'" , ....... ,.'" .. lhe y.dio-ootio n oonno' """"'. "" 
" .. 0 .0<1 ... _ O. Honoo, lore" N, mu", b . ,oro,"" N.., mu", • • iot 

(3) For 111. S3 <><>ndiIJon, lh. o"",od tr .. "~U"" pm-m .. ,""""""od on 
•• rtiol~ ._ .-<IO-o<:100n rollo, Iofor"g. t""l .... m~ 1' ....... 'Oon 
in 11", y",,_lIon, "'" tr.nsI>.lion in ,he , ·dio-octi<>n c.nno' OCC"'. 00 
" · 0 aO<l • _ O. Henc.. _. N, m.51 ..... , ~uI N<j must be :Of<), 

<' ) For 'h. Sol __ , )1\0 0""'"" ''''ng u"" prism .. ~od on 
p.~IoI~ __ spherioal bo.~ng. 'M' ""rm i t"," ... _ in ony 
d .ootion .. tho x·, ..,~"<,, . Th .... " . 0 3M ,, _ 0, .., both "''''0' 
N. ond N,., must bot ' '' ' 0 

@> @ @ @ 
• •• • •• ••• • •• 

M • • O M •• 0 M, ~ O '" . 0 
• •• N • • O ••• N • • O 

••• ••• N.., _ • N .. . . 

F;go re ' _11 Simply Su,,,,",,",, EdoJo E,,,,,, ..... _ """"''''''" 

, , • 



<1. .... . ....... , .. __ ...... 

TM ... Iogou , !our bou-.y eon<lit.",. I", clamped od!Ie' aro ",,,,,,,,Ira, "'0<0 drII"uN 10 ~o .... , ThO I lr .. ~p_n 10< """'I eon
tIIIUt .. a elampor:! od!Ie m;;N boo 'hO e, (lOI'I(Mlon 01 "" <lsp1oc..".nlS. 
u. v. """ .... ,rod no ""al;"'. ~i<l>, Ho"""", • • e_ped 00\10 10 COft1. 

""""'I\' ""o'ProtoO '0 ...... n onl\' ,flat 'ho Iran" ..... """,Ioeo",,,n'. w •• rod 
"'0 .,;g. """"'n. ~~'. 0'* bo," zoro _'" ~ 01»' ih-p/ano 
~"'m.nr CO'I<Ii!""",, _ngl\'. I~o co,,,.d boJ<y mil" ,h., """ . 
.... LII • • tho cbmp<>g lixllJro in FigIJ,* . ·12 .... ""in. ""'~ " .. "'.ISO dis· 
p/aeo"" " ,". r>nd odgo """''''n. ""'"""_ TM "'. , tl1 0 d.mpflg lixMII is 
b .l .......,rtoO <IoI. ,";n • • ,M in_ ~"". b<>_ry _",no, Touo,4 
tho damping I",u ,* ""oro! """". in 1100 x_, ",,<1"'0 , thon u • 0 ."" v . 
o kI' ' M CI bo und.o'Y~ , Onl\' ,~. C I co<KiU,h is ""1\' clamped 
in .... 'Y .. ..,.,1. TM 011'*< c"mped~ co",",""" . , Nrve """'. I<>mr 
01 in·""""". """,.m." .-mined tlj vlrWo 0I'~. ~....,oce 01 , • ...,"" 
"'''IS. T"", Is . tl10 cIa~ corr<Wion is in" "HOled 10 mo. n <>nil' 
tN.1 . I _~ .. fIa". oom~. r •• " a lnl " o«!o 'ora,ion."" " •• • "" 
_oo ... nl coo oocur- I .. n ... .... 10 tiro , 110' ..... OCO, "'M cIo mpWrg 
fi"LIIo can roH in tho , ·d'oction. 11100 N, _ O, b"' • • 0 beca.- 00 d ia
p"",.." .. ' ocern In to" 1-<>"""I0I'l !Or tho e2 0''',_''1 """",*""n. 1< .. ,. 
~ 1M ,"'mpflg Ii,,,,,, ClIn ro' in I~. y·o;t;....,.ion b", "'" in IIr . x-dirKlion. 
"'on N", . O ond" . 0., Final!'. I ,~o clamping l""uro can roll in both 'M 
, . a<KI V·dft<lic>no • • ~ _ned on ''''''''' .... ba .. , thon tl1 0 .,40" 
t..,. "'''' •• m .... "" «<D. ; •• , ' N, _ 0 . nd N,, ' O. 

§ @j @j @ .. , .. , .. , .. , 
w" . o w~. ~ " .. ' ~ "',. ' 0 .. , N, _ . .. , " • • 0 ,., ,., N" . O N,y • • 

F'P'O 0_ 12 Clo"'PO<'-Eeog.o E~ _ .... ~ 

4.2.2 Buckling DIIfe",nllal Equo' ;,,,, ond EnelllY E.pruslons \or 
UItorr.1 Pro ....... Axial eompreulon. MIIII ... Surfaco S/roor 

w. bogin wiItr Ih . .. m • • lfOso·oIr ... ·dOsploc.moro ,oIa'''.' a. ill 
tiro precoOing .00000n a"" . M ' IlO ..... total polon"'." '111 .. pr • ....,. 
'""«P' ,hOi ... ddr-. g.otd 01 ""","'iol . n.,(I)' 0/ . " " .. 1 "''''''" lot"'" 
e ,".,,! lhoeo d .. 10 .... .. I p'ossuro . .... 1 <0""""",,," , 000 " -ourioco 
""M', Th .... ~ ,110, CIIU .. bOO,hnll a t. dopi:;loO ill Figu •• 4· !3_ TM 
_i00i load> 1<)' '-I". and p do no1 oP"" ~(I\' in , ... . .... Won lor 
6'V __ ..... 611- 0 . _o. d. ,~o _ onlor trIO b<.<;1<Iing F>fobIom 
tIr""'llh Ih. 001",,,,,, fo, '0. prol>oolol;nll oqu_lum ... ,. _ 

, , • 



........... "" ..... ~ ...... 

TlJ40 _0.;, """ZO'O _ """", , _.t"o. oj F ... "",. ;nod 1""" 
SQuat .... (',2'); 

,', -. . ' , 
t , 

dUr, -' -, , 
i F , - ,. 

J..,'Jw, --2 

", 

", 

t, -.' , i F __ A 
. , 
", 

I - " A , 

h [ ' " ,,1' 1 _ 0 'J --• • A (u. ~ T w, ) ~ " •• "(0, ~ -'- ' ""f w,) ~ - ,- ', 
~, 

i F _0 
~' • 

1··40) 

'-""" ...., .. iM,," oj th. """"" ",,~lol do,;..w •• oj F, Equ"1i<>n 
(' .40). ;" U", . . ...... 100 1m ,ho ...,.nd .... ,oo of ,ho to"" pa,. ", .. 1 
. ... 'W. Equ:uloo (3.(IS) on pagoa 250_252 ;n Soaloo 3.2 .• , " . get 

, , 



... .... ........ , .. __ ...... 
.' " • [Iu., ! W;) . W!H(\',' ~ , ! "':) ' ';' ... :}.: 

l W", ",-,' 'J-'J • 1'," ' "2", )''', ' ''lu' ' "2''' ) '-,- '', w, <I:<<jy 

• D fJr W:, • 211 - \'».:, + W~ . 2>'''''''' .. 1 d><jy 

• ";","', ""',",",' ';' " ,","',. ';" w,",W, ,-. ,-, 
• 2 ",',",' 2 ",V,"," ''',','',''',' ,'', 
.. I ..... "' · . , .. .. ''W,'''', + ... ,. .. w,J" 

• ,'w,"''', . .... ,",] d.<jy 
;" ..-nch .... . "" " 0. "" octualy ~,. 00. . • te . li .• _. th. <Io ';'4t"" '" ", • 
• or'''''''' 0S!l""""' "" IJ'om t~. "'!u;{obfium ""0). All ~""-"'it l" with 
v."t"MI "I'm""" 0' """'ttl ........ plaeo _"9 buckW>g_ T ..... vari
. too. M • • 00 relolioo 10 " h. 1 MI'P""';" Ih. __ .m ""'-t. ~ 
"1'10 111 . bocklng load. Abo. Y,. ",. 01< . • r. tho do,,,.,i ... 01 , ... d ... 
pla¢emt"'o '" ,n. "'!. I~,"" ""'. 

1I"",~o EQI>OIOO 14.41 ) as 

in """'" 

o'u .... "f5[(~; + ... ; .. !. 2",",w,J 

· [.: ... 'fr·. ":",' 2fi,ii'" '," ,", ' ""',"1')] 
• 2Y(ii,', ' ",W.', • ","',", '''', " ,', • ",w,w;" ".w,w,w,) , -, · , (""" v, • ", • w,w, • ",", ' 2Iv,., + "", .. , • V,",". 

- ...... ," ........... ,' .. ,,,,,",",)1] <hOf 

.fu.., - "f~[ lu, + t .. :) -vi' , + ~ • t .. ;) ]w! 
[ 

.. 1 , I ' ] _ ' - (\',+ -," "2- w, I · "lu'- -2" "',1 ", 

, I' • '11v, • ", + ",w, lw, ",J.t.dy 

, , • 



......... .. "" ..... ~...... .., 
s'U. _ 0 JJ[ w;, • w~ . ..... w"w,., • 21 1 - ,,)W.,.j a.<Iy 14 .4~) 

/I pmctioo'ly impo",,""' .~., .. IiY" 'orm 01 Equation (4 .42) is -, -, -, -, -, -, 
6V . 6 U", , +6 U.., + 6 U.., + 6 U.., + 6U. (4.4<5) 

.. ",,",h 

~'U ... • /lIJ[ u! •• :~ ,l,,' -..... ,.'" 
_ , - -- ., I - v ,',< fl,]_. ~ .. ' "."+",,,". ,~ 2 " 

.i'U.., . /lfj[[ u,"'I',~ 7 )},:·rlv,+ 7 lHU.}': 
• It _ ')Iv, • " , "', ".J dx<ly 

~'u ... - 2/1JK[u"'·lv, + 7 I}"""[I'" 7 )""']"'''' 
• ' ;" (V" ilyXw,w, . ",w,l]d'<Iy 

, 'jJ .-. >, '. " o U .. , . 2 (3",". ' ]w,", ' ",", ' ".w, ' 4W,"',","',)dx<ly 

IHa) 

14.49) 

(HO) 

.'U, ~ D JJ[ w;, • w~ ...... w"w,., • 211 _ ")"~] dx<ly 14.51) 

T". _ .... ,ion 10<1'" Iwo .~ef""'''. foo .. , f", ,,'V. EQUO';"". (4 .021 . ... (O.'SI. io , ... , EQ""''''' 14 .• Z) .. """,p~ • • nd .~~.,."t1y ';~."., 
E_''''' (4.06) io mo,. """",uolf ",Q<jdiod 10 ..,.,.,...,. 10< • .wn.>10 
"..b,,<klood shape. Fot o~1 .0. 1 buok);"g (1\""'1' .. ... .,boo"" 
p'.b"". 1ood 'MP& is tI>o oq ulbrium .... , • . Th., is, tI>o .0 01 oirnpI"j con· 
tract. andlo< .'l'Onds In lho a . .. ' .11<1 <ir<".,le,,",,,"1 dt "",ion ...... 
M.mlno< u_ bad prior 10 bucId~. bul """or beod>. ThO" . 'M 
"",b",,' 1inV "".tioO" , w, and "y, . 0, ... ro •• nd E~"atio<o.o 1',4g) . nd 
(0,501 ,_"ish iOo , ti<.olly. HQ....,er. """" ~ """""'''-'''9 . h. p .. fe<lu.o QQ"oido,~1K>ro '" E_,,,,o. (4,49) ~nd ,' .50) • • we wit! """ .. 
s.ction • . ~. rot. <10""" bi , ,,,,,,i>ro "'""*'"'~ p,oblo m. 10. p ,..,,,,,kIo<j 
shape" .. by .. ,,,. ,,,,, W 1II. londhg" a,...,. .. "","O:, "' .... "r. Q 

Upon ,"b.>titUbon 01 11>. "':011<1 I'f'rtiol _at .... 01 F .. 11>. II"Mral 
10"" '" tho EuIo, equal"'" lor" buoklOog. Equation. (3. t1 1 I. (3. t1 2 ), a nd 
(3 .1 '3) 0" pall" 254. ". get 

~ ( u, .w.",.*. ~ ~ .. ",W,)l 
, - < ~ ,- - - -, 

• 2 ;/oJu.,. • ••• ","', . " ... , ~O 

, , 



... .... ........ , .. __ ...... 
A["_~ • ",,',,, , qu, ' ",W,)] , 

• A :. ([ U. ' .Iv,' 7 )] ... " 1 ;,. lu,' _,)<t, 

• [(Y, + ! ";)+vI',. 7 _ ! ":) OW;, 

-[1', *7 ' 
, o,,· ... ~ o 

" , 
2 .. · ) · ... '· 

,.,. '1-
2 "'r' 

(4.54) 

n . .... ... " .""idO>g "; .... nllo l o.q ... , ...... Equa''''''. (H.2) . M 
10.&:1) • ..,.m .... plo ~. b O!1 E~ ... "'" (0.54) 0,," bo;r ~~ 
",,"p~iOd .!>II 00!1 "'10. 10,m I~.I .. """" .'0iIy iot0'1"ol..,. F ... I, ,._. 
Equat"'" ( • . 54) in t~ tom. 

A[ ¥, ' ~ • " ,Oi, _ 'Iii. • "',Oi,) l" 0"'" 
• A ! rr u.' "',w, ' '.(',' 7 . ... ,"',)1"', 

• '; ,. Iu,.· ' . ' "'.'",' "i","'", _[Iu,. 
, , 
2 "', ) 

-"I',' 7 • ; ";)}, , '; ,. !Y,''',' W,,,,,),,,] 

_A ~ [[." ~ , ,,,,,,,,,'10, ' '''W,)}_, 

• ';' I", . .. " "', "',' "',"',)",' 1;' I. , ' u.,. - "',",I". 
(0.55) 

W th. indio. 1O<I cm'_"t"", it; poo1 ...... d "" ,~. <00.1<*'1. 0' " •• M 
",.!>II tfIo fir .. lwo .uc"'og dff. ,. oIia' "Gu,,""". E_t.",. 1 • . 5.2)."" 
I' .~). are ..... .., 'oo sinlpIJa.ion 01 ,~. rotY", EquO'ion (0.55) ""'. 
be shown 10 be 

, , • 



........... "" ..... ~...... .... 
1"~" ~ ... W.~,. (", 'W,W,>l' +D'I' · .. 

-".[1". + "" ... > H(y, • -~- . ..... ,1] ... " 
- II - '-)AI.., . '.' w,w,+ "" " ,.,." , 

_ ".[.,' ~ + ... ,",.HI ... ... .,.>} ..... 
-... -! l[I., . ~ ":)" 1'.' ~ . ~ W:>}', .J~v 

- ' ~. [ '-, ' ~ ' 7 I.,· ... ~ .. ,"'.) ... , 

[ ." "J 1 - N, ' , . 2",I"-(u, - 2 .... ) .... _ 0 

Nex!..,.oorm .no in<bted an. , . .. ia1iDn on tho coeIIic:lon .. 01",0"" 
ii, ."" ..... ,h. Ii,", Iwo -"!,,,_m ""._ .. 1 "'I.OIIom. Eq"otloo. 
(4.22) 0"" (4.23). to obta., Ih . ormFMio<I ,e",1 

... [ _,' ~ >- ",ii, _ "(Ii, • w,ii, ) ~ .... , >- 0"'" 
_~ [u, . ".". H(., + ~ .w,"',)r~ 
- A( I - vll .... >, + "',w,' "', " .1" q 

- ~[v. ' ~ +w,,,, I "W,' w .... 1 lw .... 
-A[(U" } w:> .,'(". 7 + ~ "'~I}" 
_ ~( I - .,(,, , ", , ... ,".1"" 

- A[N.' ~ . ~ w;> "'(U, ' ~ "':I}'''' .O (4_57) 
E~ ",,"o ... (0 .52). (4.03), ~"" ( •. 51) . 'G "'" ,h, .. b""k~ doIf. ",m;'1 

-"!,,,,'lono " ""ple'" ~.o .,.1 k>, .. k>, .,;.; .... , cylioOri<.' '"0"_ ...., . 1-
lemotwe I. ,", u .... ""t. 'ooa 0.,. ...... IIu1ng H,. 1o<e<r -d""conte", 
,.tallons. Equ.o.' l00 «.3:<!) •• "" , • • • va.;',,,,,, 

m . . ... [(U,_ W,W,)_,.( ••• 7 , ,,,w,l] 

!oN" . ' ; ,. "'(>, >- u., • "''''', • ", .... 1 

a<>ng ... ~~ ,,,. "",,,,en'~m.nI , . ... ,.".., Eq"",,,n (._:13), . "" ,_ .. ,,,-,,,,,. 

, , 



............ , .. __ ...... 
bM, ~ - O('ji" • " W",) 

bM., . - Olw", • I"W"I 

!M.,' - (1 - .)Ow" 

10 e""",.,.. (~ . S.2). (4 53). and (4.57) 10 """"n 

~ (6N,)' ~ (ON,,) ' 0 

! (bN., I .! (~) . O 

;/16"Y 
• t . ON,,, .. , 2SN,,".-,'SN,"',,, • 

;/(SM,) ;/IMI,,) 
iJ<' • 2 a.;,y 

(4.591 

(..e l) 

• N,w" • 2N"w" • N,"", _ btl/, ~ 0 (4.&21 

T"" auociotod """king bo<Jodary """"lion, a,. " _ 0 0< !IN, B O .• te. a. " C ..... ,. ' 3 . Equa' "o" (3.'58)''''' (3 .159) On P'\IO 260. AI " . 
oomp~, .... 01 ~ ,igoro"" pr«>ucOJi<>Q ooklioo a,. PfOMnl in Eq • • Iioo. 
1<.60). (4.61) • • "" (4.62), i .. .. Iho ,.,mo w" • . w", w"" N" N". and N, 
"' ... be dol.,mirlod '",m 111. p.-..roolo:Mlg ~"_ ...... No"_, 
0;"11)'1"", N, _ Ny . ,e do';"",,\<>" ~e " ' en"",". Tloe bo"_"1 
co"",'''', ""''''II b<IClding can be "''''"'' n AI",,·oW. notalio. 14· 10) "" 

Simply Suppo~od £<11/ .. , 

SI : k_' !oM, • 0 6 • • 0 .-, 
52: k_ ' &d, '0 SN,'O .-, 
"' ~ - , 11M, _ 0 "-, 3N" _ 0 

(4.&3) 

"' k_' 11M, ~ O W, _ O W,, _ O 

C .. ."...., Edgu: 

Cl : ~ - , &w,, ' 0 "-, .-, 
C2: ~ - , 310., _ 0 1>/01, • 0 .-, 
C3: .1" . 0 ..... . 0 " -, SN,.,. . O 
CO: b" = 0 3w,.~ O !oN,~ 0 3N,.,.~O 

(4.64) 

W'IIh . i .... ' .... ' p t . ... 'ioo . ... F;g.," • • ·14 ANl ' _IS with "",,yo;c., l do-0<"""'" w ..... '" on ""\10' on . nd 418. 
TholHlckling boonda"l condlIion • • ,.:!OIMWM, _ iIo, 10 Ihe eQ<Ii

Iib'''m boondary condIIiono. bUt 10 • posH>Iy <Iocejlt"" .... nn... In boOh 
t .. _0 __ 'I' """"' .. 00 S<! ."" 54 ,<>< .. .",., ~ 00\10$. 
H,e 'elm m.~ o ..",..ro. 'n tho eG"_ bouodary <:<>n<I!""' •• t .. 
&OQ<T\""'" .na~. 10"" N, _ 0 aw<>O ro . nd oVUTieo t!>al no _. 
~.!otc ...... . -duOClioo., ,"" odgo. ,. con""" 1M bueOJi<>Q. IiN, . O 
"'Il"iIMJ. that. ,",<,* N, con ...... bu' Ih •• ~ do • • ""I </lange 1\'$')') . 1 
til. b""U,'fI _ Smilo , ... tom on'" can bo mado about "' • .,..... 
bCI..-.:I&"1 mndItIoln d ;tt .... nou be, ....... oqo'tIib,;"m a nd bucklin9-

, , • 



......... .. "" ..... ~...... ... 

€l @ @ @ 
. w. o .... ~ • • • 0 • • • 0 

0101, 0 0 oM, .0 . ", 0 0 ... . . 0 

" " . 0 ~ N • • O "" 0 0 /l H, . 0 

"v . o I . 00 IIN<I'0O . H,y.O 

"!gYro . _,. _ S~ fOgo &ucooIng --. eor.o;""", 

@ @ @ @ 
~ .. ~., ~ .. ~., 

;\00 .... 'W" • • ",. .• _ 0 • .... . 0 .. , oN,_ • • •• 111< • • 0 

• •• • •• .... , . 0 .... , . 0 

~_ ','5 CI<rnpo<1'£cIgo ~ _'I' c-_ 
... .y.;fX,.n, .. ~,,,,,,..., 01 tho . hd _~ "'l,,"'''''' """"'" 

_ " ",. """'"9;' .... yon_rio.n<! i>e",," I~" . ,.., ,,,,.~ <IeIo,,,,,,· 
!Jon> at. a"Oy"""OhO:. n o ..... , ~ ".., g WI')" ~ 0 and • ~ 0 •• w.:' .. 
... ~ . 0 .... roIeh ......,.. ,h. ""_ 01 '0_ ," EQu".ion (4,&2) (II'OC ..... 
buI ........ 1'1'1''', ' .'1'1'10 a,. ~lnal" ''''"' Eq ... 1i<>ns (~.32). (~ _ :J.:l). aod 
(4 .SO) ""'''n """'om. 

N,o"'[(U'+1 ,,!) ~\.( 7)] 

M, ~ - D .. " 
M, "_ 'Ow .. 

M" . 0 

(4.05) 

(4.0&) 

, , • 



... .... ........ , .. __ ...... 
m, . ",[(ft, ' '',w,)''('',' 7)J 
m, . "'[('" 7 )>(u, + .. ,W,)] 

, - , m,,_ 2 "'(v, ' ",_","',) , 
(4_67) 

, 

"-UN ' OAD.D .... U. 

flgu<e ._ , ~ E>_,1Od _". 0. __ 

A mOl. hgofou, ..,p""",. !ho.n 0:10_., D"" , ing , •• 0 .... ..... ""' •• 'he 
"... 01 , .... "'. I>ou""" .... ",,, .. lion. I>OIl'! p,;." •• na duMQ _~. 
T"- Inc"', .... 01 • riQorou" .na _en! p,obockIVIII .... PO _ to 
dOt .. m.'lon. Plio' 10 bu<~1<>g n ..... ,.." In F;gu,. 4-17 .Iong wi", 'h" 
"'.""""". """',.", "" COMP'''$on. oto,~. I". '""""U" ",tbu<Un; 
""'"''''' n •• 0" ·' <!go eIIocr ..,,;,0., 10 toou<'>d!O,. -IO,., ",oD_o. T"OI it, 
11>0 """.,. dOIQ''''''''o" .noelS .'. _ In •• "",,, bou_,. lOy.' .... ' 
"'"._ 01 th . oh •• ", In dego.",." ';:" 10 ,h ...... b"' .. ooIu'lon ""'Y 
,""" ' ho . nd. Tho ",-",nc. 01 11>0 '""""uS p~ ",lui"'" w~ 
too diocuowd .. ,., In SKIion •. ~. W . .... 1 ... . .. mln. classico' bucl<l<>g 
'hool)' In del.i.1ong wth man, ooIu, lons in Soctlon 4.3. 

, , • 



........... "" ..... ~...... .., 
... _.""" 

n o """' i>M"'tion" ",,",.d b, uM '" "'" ,"0_.". p,obookWig 
.., .... '" c,"...,", """.Wig t~~ ""rn a P ..... <ilr 1<0'" t~o 10<01 , .. , ' ... 
tfltMVe<O& de~«tion. w, is conoIant ov&, .. Ih<I ""' •. "" • .,.,.,... 
quO", •.• M 1_ ... w,.f)d w, , ,""ish hom Eq ... , _ (~-3Z1 .nd (4.58). 
", .... ,,.,., Ie ",, " '" w,,' ".,., .f)d "''1'1 , . nish !rom E"",,''''n (0.33)_"'11 

N,~ 0["" >tv,' ';' )1 
N, _ otv, . ';' • I'U,J 

N ~ ' - I'A( •• ul 
., Z " 

M, _ "', _ M., o O 

liN. x"'[ u •• 1'(>, ' ~ I] 
liN, ."'['.,' ';' ••• il.] 

ON" . 1; ' A(¥, . ... I 

, • .70) 

o1oog ""'~ e~".tio" (4 .~Q) '0' W •. bIol,-. """ W" . T~on, 'ho bucl<tng 
diIl",.","'1 "'1."",n, "' ," ",," ot p<obucId,ng 1.!Cos af)d . aria' ''' ... .. t.,,,,," ond """"onro dumg "tICkling can b . writton •• 

; . 
.. (.N,.~ Ay (UoI,,) o O ( • .71) 

, , • 



... .... ...... .. , .. __ ...... 
in ,,~ic:~ tho """'p,. soiv. bock .... Ioods, N • .' N. y' ood N,. or. <Iollo~ 
.. N. ~ _ N, arod N, . _ N, ~ -9' ,. 110' -..0 ,.'uo. lei , .. ooeto:lr>g 
"""'" ,~ ,_"' ,n. r.., 01 tho __ n .. , .. tho ooekNng _ OtO 

<101_ .. """ .... ;" """,p'._ lei coo,. o,""". , "'' '"",I",oly , ,~. 
110, ... <IIII.,,,,,, jal oqualloo. oov.,ning buckling !<om a momb,."" pn>. 
__ 01 .. , . 1<10' .-1 ;" t."., 0/ "'" pr.t.l>Olding doIo""o60", U, '. , ... 
w) <>on to. .. r.:o n io I .. "" 011h. "opbcom.n~ u, '. w, t"~ .,rio,"." 
du'ing boc~ng, ii . . . ... dod I~ • • d.ri .. ,., •• •• ' 

! [ 1l,++" I' Y+ 7 )] ~ t;" ! 1y"",)~Q 10.14) 

';' ~1""h,)·![v,·7 ·· " "'] - o 14.75) 

01"", - ,0,[ u • • "Iv, ' 7 ) lw", -AI 1 - "K>, ..... )w.., 

_A[(.,+ 7 )+,'u'}'\'Y+"I:',+ ~ +,,".Y, . o lo.le) 

_ . t,..t EQ"~ (0.7G) .Odl>Oe.lo I~. ",nOlO pili. bu< . .... <IiII • • o-M"lI "'I"""'., (Quol"n (3.162) "ho. to. >h • • ,o<lius, ' . _. '0 O>IlniIJ (t>e. 
eau .. a plat. h .. "'0 c"",a,",o) oIImlna' ing 1ho "'" .. mo. ~"" tn ...... . 
.... ' .. m. Also, ,"I r ... _ "'I u.,Ioo • • ( """,Ion. (0.74) ond 14.75) .. . 
,/>en ,*""",1«1 !nom EQ .. ..,. 14.7e). OIl.n, w. ,,)I """ _ 00"" ' 
bo<>< w~~ 0.. ~ , .nd /;w io. 'oad 01 ". v, ood w. 0tI1. , Ioim. or t~. p ... 
ooOng "'("'-' ''''" ond tho" ..,~ ... IriJoIO<l I" "'. loIo""'Q -'~ 

lh ... <i.,,,,,. in d;opbc. monl. u, Y, ond";., Il00. <MfflO'"'' "". 
_, impli<ily in . 1 "" .. buckling dill .. omi • .! "'Iuolion • . Equo,io., 
(4 .71). (4.72) . • rod (4 .73) . nd explicitly;" "'" olo,no'" Nt 01 b""klio; 
doIl._ial "'I"",iDr4, Equo''''''' (.,74 ). (4 .7S). " ..,j (0,76) Thw. 
to.'-O .. ><I • • oion aoupIing inllo~mly .... to dlJrir>g ,,1001 bu<lding, "" 
""" 01 ... "'0 ••• " oj III ... buckl"g airI."nliol .q...,tio .. ", u .. 1>0 "",ad 
oimuh.-...l\' , TIMo aoupIing bel"""" ,~ ..... 'Oon. _.ki be """" 
, ,,,,,Od wih lIoo siI ... _ r", plio"'" """,,,,,, ,II. t~i1I bLIC kliog diII .. ~mial 
"'1"",100 n iii "0' oncoupIod 'rom III. , .... ' '''' in (j and • . 0 ". 01,11. 
11<$/ ott.mpt, lO so"'. tI>o ooupItd oqU>lion. wa. mado l>V DoM~1 f4-'I 
"""' .... .., ,,,", 'ho ,,,",, _inO" . """ Oould 1>0 .""''''I~ ' rom I"" 
lIo.d t>u<kli">g diKe .. n,jal 00"",100 l>V an inv<>"'~ prooo. .. 01 dtlot .. · 
tIotlon ,o ... ting In 

.-v'" ~_ ," ;1''''_+ i .. 
",' ~}l 

• J'- a'ii ,\' >' __ (2+\') W 

~'", ",' 

(0.77) 

14.7~J 

""~ • • E1J·w • __ _ 
U¥ " d>. ' + V (N, .... . 21-1., " " • N,w"J ' 0 ('.70) 

_ingIy, '" ('" /;wI io _ f""" Equ"_ (4,70), and lIHo imj>1iO<I u 
lot 0.) ood, (0' IW) "" I"""; I",,", EQ""'''''" ('.77) _"" ( • . 18). 1 ... 

, , • 





·.. .... ........ , .. __ ...... 
4.3 CLASSICAL BUCKLING THEORY SOLUTIONS 

4.3.1 I<otroduetion 

CIo"",. ' I>\o,* Ii"g I"-Y ",,"Wo", . ' . 'WOo,blt fo, • ., ... , ... , <It. 
komi .1Mn" ....... rMmb<on. (I .•• IOithout .... <IiI_ oII in·s url • • • 
oonlmcl;" "",,'., .. ..t,,,ng ;., lho .. "" . ....... ...... "' "tiOJ d" otio<1 . 
"" .... ) 0''''' 10 booking. a," .... bj<o<tod to va,"'" -. .... have , o riou, 
__ oy .orn;l<" .... Tho! io . ... ;g"", • • , boo.ontiooy 'Q"' ~;o", .. '"a 
",,"I obriurn ."',. prio< I<> ...,U;"g_ EigI11 poso.iIllo .moly OIJPI"'rtod .d!l" 
. .... lomood~ _ ..... ""<Iit .......... <luring buo~~ .1ong .. 010 
ed!;Io ., _ " oro<! 0/ 0 "",,"10, <y_1eo1 "". 1 as <loser«<! 10 So<lion 
0 ,2 ,2. !'-or- . ~ D,," '~ ..... Iion ........ Equ,t;on (0 ,7 G) or (0.77). 
tI •• 'nlr. ,. nl bl~'to nsion coupling ""''''g bucl<long ", .... "'-td bo
c.~ 1100 "·ou rl~"" dloplo<.""", • • 0.. .00 fH •• " ;"p Ood. 001 "~I. 

For"- wth oimply _nod odgos. c, ,,"" cia .. ", ,," Ie"-SW. 
~, • o. _ Oon.,..-. <quo'''n . £qr.rot" n «.7Q). or Bo.Ido.r. _Ion. 
E_t"", « ,SO). <an b. UMd to . orf"t ,,,at II,. btrel:l. _ I"", 

(HI) 

(0' CO< nYIr) to an . ,"" oolulion Ie> ,,,. _ ' '''ng dIII",. n".1 _ .... _ 
By u .. 01 Equo"'n. (4 .17) .... (4.78) . ... ""n _ Ih.t £""., .... (4 _81) 
leads 10 6N, _ S. _ 0 and ".,.",10'" cor",_nd, to buddtng __ oy 
"" ........ S.2 flow, . " , aa wit" b., •• m pia,.., tho ..... 00, , 10 do -
1l0<l000 ampUudo. W. '" _ to,minole in . 11 o;go""o"'o problom._ Sol· 
111 ..... 1", I"" othe, bou .... .... 0_ 1 ..... . , . obIlrOred '0' Bat"",,". "",," -
I .... 0 ' 11>0 u" ... cooplod ",""king dM ... nti. 1 &<Iuotlo.,. b-y u ... 01 ' " '00, 
.""", • .". ,. 100hoIq_ . ""10 .... aalo"in" Method or lirM dJ!or"""'" 
Aj>proaclIH suelr os 1100 Royloigh_R ll M . .. ,od or linit •• lom.nlS a ro 
tra_ " '''''ll' "",,,- _!II' ,'p,_ n. In Equ. """ (4.4&), 

Th. torm "'(mwL) in EqLl>OOn 1 • .81) is qut. oimHa, teo. and hJ~ 
. .. Iogou. 10 . ,'', ' or," ",n lm"':o) .. pia'. boo~ oo'-'!;o",; m;' ",. 
numb. , 0/ "'""!do""1 ....... In tho , "dWOr06On ""Of lor>g!h l 1o, • • " . 1 
a ... "". , . i<It Ionglh . (0, . pial. , How ... ' , 11>0 I""" ",,(n 'r) in Eou. , .... 
(4.81) """ .~rc. nt dill ... r>eo "0"' u,. to,m ""( o" .-b) ih »lot. b",,' · 
IIoog oolut;o.,., Fi,>!. wo OOn ,.., .. , 1M 0 'll"monl 01 tM . In t.". 10 bo 
"pr • ....., In IO ,m. 01 ""_ ouanU.1' <III" to. ~h 0( tho ""joct ... t ... 
0 • •• 1"" "00""' .. 000 , 2." 01 ,,,. . M • . nam."'. 

_ "I' _~ . 2nr/ _ . ',,\, --------------, 2.. 2.. 210, 
lrom wfricl1 lorm we oor-.;;1<J<Ie ",., n" is ,h . number 01 buc',. M I ..... e. 
In ,,,. y-d...." ..... "" • is 11>0 "umbo, 01 _ 'u' w .... In ,Ir. I'-dio<re
lion. quite uni~e n In pia" """kling .oM"",", OIlon, 0 i. f<Ilo"ed 10 .. 
'ho fKJmbo, 01 buoklo ...... n tho o",-,"m,. "o,I • .1 " "octloo wl ho .. _01-
Il,,.,,,," In.lo "'.v, is IwolrM ....... Thor. mu", bl " n 101. , ""_ 
01 b""kI. w:w ... a OO honoo an .ven nl_ , ""mbo, 0 ' bi.rckto llal 
....... on, ;., 1110 ",""","1..-. ."",, _ Ion In """', 10 "",." .. in <:ont'nuity 0( 

tI>o """idIng dkoplo.comont. w, ot>d iIa ,,", .... IN .. . , Y _ 0 """ I' _ 2,,_ In 

, , • 



......... .. "" ..... ~...... .., 
oo",ruI,' pial' can hoNe on odd in.OIlO' """".,.. or boc),10 hoi w .... 
(' .g .. n . 3 ' ''' som. pl.o'U """,~g to n ~ 3 '2 !Q< ..... 1) bK;lu" 
11>0, . iI no ~ 'oqunmon' '''' plotn (o. ,~ .. , i1".,.,. Io, .., ... 
in ' hO .-<10,...,.",,). ThO o"".ml.",nII.o , f>O,kIdo<iIy .. qu_n'."'" .p. 
pIi •• to Ill. in....-lace bucUng di$l>lll<om . .... u."" v. Nolo ""'t n _ ' 
1m a .... ""uld cm",op>nd to a 10'.",1 ...... 1.0""" of , ho o nli", Oro.' 
MCbo. wc~ as W<JOid """'"' f on • .001 b<>:1oJed .... 0 b&,.klo. . obje<1 boo 
tw. o." , _, PO>I tho '"""'Om " ~ ';;"'l'!') to co",,"" ~Qu_M o! 
'M' po~ (o"""""" ,hO lull do""lption 0' "'" b<>:klo 'oqui<es Y. y. 
a"" .. ). nus , .... ,"SlIiCI "'-" oM",.", t. n ~ 2. 

UoI all sI1 .b lHd.lo -..1111 tho modo sha_ in Eq ... t"" { •. ell. Mon, 
"", . I,., mt><O """",,"""od g..,m ...... """""",.ro "'" .m . ... bIe to 
'OJ' "" ••• _ gaom01ric do""IpI"". 1'1. ,,;I tnt """'''''''''''' "n tho, • 
.., ... I", whOo~ Eq~ .. ;" (4.8'1 ."" oim ia, Ion-n • • ' 0 . pplio.blo, 

Th. ""Iut"" "" 11>0 52 buckling ""undo<)' ~n OIl boIh 0<100' 
B obIo"'" lor . ,,,,1 """'P"''''''n. 10',,01 p __ • • nd "1"", ... '00 p"' • . 
OUt. in SO<tio>n 4.3 .2. Tho .. lui;". k>I- "'" C~ . nd C, budl;,'11 boundo,.,. 
cond~ion •• ,. obIoinod by GaIeI1<in-. melhod Io, axiol c""""._ in 
Sectiocd 4.3.3 a nd 4.3 .• , '''''''C'''.~, _ . lila, ,ho S2 boon<!>. ... eon· 
do ... prov;o.. ,~ . ..... t , .. Is!."". Io 1Hd. .... of ,lie 09:1' boundo,.,. 
""""'ions "''''US tho C, \loun<Iorv oo""ilion """_ "" "",$I _ , . 
aflC9 10 _",;,-.g. In dolill o. ''' ' S2 bounda,.,. "'''''~;,. io <:om""""", 
U<Od ao • 10 .... ' ""U"" 10 oJ! &d9' .,.".,.ion ",,"10 Tttuo, tho S2 
_9 ""u""''''' <""""ion iI . mph •• ized in aub&oq uon' MClions 

4.3.2 Batdorf. CI .... icol R".uI,. 

In 'h. ',..OS, Sam.ol D. D.""",,..,,; ... aooo<'-''', Manuel S'", 
."" Mu, ... Sc~"""","' , .. '1.o.c~ Uo,y.y '\. ro""',".' L..,."..,o,.,. .. 
HamplO • . Vitginlo. I"'''' '1ASA LafI\lIO)' R .... "'h C.n"'~ so"od ,h.1 
_g problem. 10 , many Io.ding . "" "".ndal'l co""O"'" WIItMn thO 
, . """'''n. oJ , lauical bucld;,'11 '''oory. Fot ..... 110 "~,, '"""~ ""PI"'rtO<l 
odgoo bucUng _rv conditioo 52. Sotdor! _ b",~~ to'U"" 
10, . , .. , ""'".,.~, ,-" .. I pro'""" •• od ~.tio pr ... u .. ... """ 
oBMicllI r.po rt 14·21 , In 'Nt' ,opo<I, he ",e""n1e<! his modilic.a'ion 01 
Conn.!!'. oquo'"" .Od >Om ......... n. 10 Don",1ro OQualion ItO¢lO" ,r.a, tI,. ''''' oq"", ..... 0,. OQ ..... lon! lor slmpIy""-,od odgosl Tho sol-
"'ion> will be ,_ .. In. 'olO"""g, 

0.3.2.1 Adol Comp,o.oIon 

Foe ",101 """,,,, • • olen ... ding. 'I, _ _ 'I,. Equ",;,. (o.70) .-.du<4o. '" 

. , 
J W +k • 

<Ix' 'l' 

, V, a ,, _o .' 

, , • 



·.. .... ........ , .. __ ...... 
(H-I) 

". 
(~.e5) 

Tho q' ''''''iIy k,. is an """, I k>ading par.om.,., with boOn 1/OOm","", 00 
""'orial propo"~", aod Z Is ""w known • • 'no a._ Ctl",.tur. pa _ 
' . """"_ NOlo "'0' Z 10 p~ a lI'""",kioal I. """ ........ m;!d .1-
'OCI ." ",,"oriol l"Of"' rty . .. moly P-.·. nolio. Boc," .. 'n. _ . m. 
inI! bockMog d iftorontial ~""tion n .. ,., 000 Z n <"',ae_", po .. .... . 
..... to ,,;I tho ooIut'm_ CQnooquo"'Iy. "" 0 '" '"'I' "" . .... od ... H,. 
pllyoicol signf ieo.rICe 01 Z. Tn . "1"~.1y •• ,io<! 1ypO' 01 _ 10 1I10t co n 
tHo 'op.-... n'<rd with 0 singlo liocod ,.11>0 01 Z .,. dopjcIod in F~' • • ·18. 
Th<o ... i lis «>I\SL1M. "'" oMll • • , ;., 1,00. "';c~ ... :on a.",aI fIIdi", to 
Ifo ..... itfo. ""'II" r.<Ii",. Or, ~, ia <><><»Iont, "'" ohon •• rio. hom Ihie' 
000 long 10 tn .. 000 0Il001. F .. olty , "" con,"'"' !. H,. ""'I • • _ lrom 
,,"'II" l 800, to """,U lond '. 

Th.lHI<~linI! ~ ...... nt (won Mo, .. ", ... lo om<>PoU<lO. wi , 

.. tisl;'. tho ~ b",,~ OO" ndo'l' =_. &nd.too .. ' id .... , ho <ii_ 
f. ","'iol oquotion l/OVt,ning b""kIi<1g. Equotion (<.113), ~ 

,. I"" ~ ~')' 12i'm' 
(Ul) 

' 9>'0 ' -1' R." .. _ t ... Ci«oIa, cyo nor1<a< s ... ~ C<"""""",og 
" .... SO'" V .... " Z IZ """ ' '') f~.'" ""_IN!~ 

, , • 



......... .. "" ..... ~...... .., 
~ _ ol (4.M) 

m 
Tno low ... t>ucl<lir>g bid or _ .. v.1ue 01 "" trom Eq""'ion (4 .17) 

io """"",I . FI<SI, wo lind a .... ,.,""I'Y v.1ue 01 Eq .. _ JU7) by 0GIirIg 
IMI it "'" be ddf._iolod ,.'h,....,.." to 1m' . ~')' , I'I'I /, -..oi'lg ,bd 
10010< """ I~". "" """,*,,,,,,,,,, .~"'.. " hM;/l. ;r, /1«'1, it ""nT",Q to "",.In 

,[ .. ] - , _ ' ~~ [ 'm'm':Y l" - o (4.89) 
• (m' '~'I' " m' 

(m';:')' _[ ':~ r 14.go) 

al " n;en v.'" ,,,....,.., """,,",N, 0' k, win _'0 (m' + ~'l, ,,,' 
.. poMNO,.., [quol"" (4 .90) p",...Q,o. m,,"",um '0 E~u.boo 10 ,H) 01 

." "" _ , 1. • . 7021. (4.g ,) 

• 
..t.ich, l , . • . ~7, " ,h. ',m" ', ood wOoly.-, . , io' buckMg ...... 

o, z .&Etlr (4-'1:1) 

_ .. or. w' m"SO _!ga'. In. ra""" 01 ".1kIiIy ot ' .. ''''ogooino '-_. 
SoN. Equo"'. (4""'1 1o<~: 

~ · l [ ':~ ]"'m-m'f 14.03) 

T ... min im "m • • Iue ot , ... n"_ rol .. iof buckl. ""M·w.,n , m . .. _. 
so '0 g.' , .. I va lues of ~ . nd "'!>C' 'HI • • IIies ot n, 

.' l ~ I., ~ 2.85 14.1/4) 

" n ..... (QUO"'" (. ·g' l .wi •• lot Z >2,85 .• ...,..,"'t . ... ~ .., .... 
F", •• Iue. 01 Z < 2, ~S . Ih. ""II" ~. b",,~1Od ..,."" .. .,, _ 

_ ,.;We """,b. t$. "'~, ond ~ ~ O("=O) • .., I", ." (qUO"'" (U7), , 
k.~ 1 _ ' Z~ 14.115) 

• 
_h .. , • • <:a" b-o ""ooprotod a . "'P' .... "'ino • """" o",u", cyliOOrica l 
.., .. I""" Z), ,\,. Z 11"'" '" 'on>, "" .. Equation (4,g, ) 11"0' to on • . 000 
;""'P .... bon of Z . O '" "!"f"""" axio". """~. __ ~ tho' can 
be 'u..--o ..... '" be ._ ... long fIa, plat ... ... " ...... ""'"p •• ...,. 
wiIh 1/ •• Io"g .agoo oImP ... ""Pf>'>'lod ..... Fig"" 4· 10 ('''' _.-.:hry 
oond'""" an tho two ..,.,.. ""I/O' ........... n ... 1Iy "" oft.<I on , ... 
b-uci<in9 ",.dl 

, , 



~ 

! 
I 

I .fIX), 
• I 

! 

• - j - .ii " ': i } ~ "-' "'I "Oe I , . _ ',- W o , - ~ ~ ~ ~ -, .. ", l'j ' , I ' . 'j' • . , • ~ ~N,....---, S.£ if I l l'; _ ~ ~ . - N - '5, ~.5 . ~ 
i jN~N~ i .!~!e .. =! :rIll ~ "0 ........., 0, s " Ji " , t", •• "" ' ,-. . I ' ~ l"~.11 ~ !t-j' , .J! l' . ~:i"~ N '~ • _~ 
~ : i ~ t ~ =H "5j " = " N ~! I • .. 1 -. " ' j . ,. ~ = - E~, ~~ :fl "-E- I' i ~l! • of It, ~l'§,~ J: ! '" i:!N""'---'1 g ""- i. 0; . ' 0; :;! 1"1 I , '>- --,- - ",~ , 

E ' IJO$ ~ . • ... ~'" c o ~ - ,\1 .51= . a 
I " ~ i"'~~l, "!'~ ! ~ :& '1--. N'\.N .... · ! .§ ~! _I'; i 
' ·, a E§ .s;z lz"'-:iI<>g-:; ... 't, " l ,~ 

~ !'! . "" Ex I"''' - - ',"' :;! 8 0 .!:::::::... i ..r .. /'J ~ 4 I ~ 'i" ; ~ 13 N _ = C '; ,, ~ E,!: & 

'

2 .f "":" e!!~~!!':tli "! , " ' ,.,- ., i "- "iN NCli_~!.~ ~; o" "-
<· i'·· .. ·l·· .• '" ~!!- ~ "; jl> i ... A!il u.CU y._ 

., 



........... "" ..... ~...... ... 
TM ,_,'"'" '" 'M buckJog '""""" .. " "'glo ~ • . Z <IH'I' " 

• ""'~I1""":on '" tt>o acI~' 0;0""1000. W . ....... .,;I~. '0 .. a 0<IIl!i<>. 
""". '"""',," 01 I",'. ~ I·",' "" 0" " . 'ourod a .... '''oar; . . .... '" Equo''''' 14.971. flo ....... . . m.rod" " 10 _""'.,;I;"~ . E~uatioo (,.!an 
can ...... 0" ol"iy ;"'ogo' v .. """ "",,"UM only an i" tOgo' ""'""", '" bu<1J • 
.... wo. o. <an """" ""'''Il ' M Ion",o '" . "mod 'ha o;'""mle,. _. 0',. ,· 
";H. Ih" .. 10 ' _<\dar; """"~'""" <»u1cI <101 .... ,I" i.., "'" """..,.,... 
oum'., •• 'Io' di!oI>Iaoo","nt OOOIiO"iI:y ("..-Iryl . Thoo, I", a paI1lc,'" 
..,01. I .• .. partie ... , 'a ..... 01 L. ' . ood t , tho k, .Z , . ,",. ore ",."pad 
ou" .. abov.tt>o ~""' k,. - _70U gOIbO i<> Eq,,-,LOn (4_891'" i<> tho..., · 
a!lll"'atod _leh '" FigulO 4·21 Tho cuop> OtO cou_ by old"", ... ) 
<"aogo In'M buc ..... ~ '""po •• 1 vo rlo. iJ"' " i<> plo'e ,_ 0' 
• ' ''''''' .... 01 pI.,e ""f'K1 .. tio. TIIo ""."" oItt>o """lop. do 001 dtl .. 
oul>$lantlolly I""" " 0 .... k,'" .702Z, For oll!o< .. _ 01 L. ' •• Itd , . 'M 0<&""'. oIIif1 ' '''''IItt>o '"'" ".- a .7021, &od 'M~ point. 01 "'ngoncy "0 
__ 'f<>m UlOH shown in Fig.n 4·2'. TOOo, tit. m. ", • .102Z .. 
!t>o "",g" o1!t>o to"lI""' PO;OIO 01.~ """"",,, • • rod 'M""',e ,.",.,_r. 
.' ... .. to m. dtg'H ;'<1_, '" '.<1. tt>o ~-Z """' . .. . "'" .. 
"""od 00 tho .,,"'" buckllnQ ," .. 1$ o.1!. •• ...,. _ "' F~" ... -2' . 

Tho ~·Z ",p",_'ioo 01 _g , ........ . .. bIe. " 0 p_. ,ion 
01 ,_rio •• 00 expMm .... ' dota Io,..;do IOngoO "'_m.,r<: pa" ..... 
..... Fo' " 'Mplo. Z vo<lo, "' .. Iou< ""'"'" <II ""goit_ in F9- 4_2(1. 
TIlIo _ ' '''"11'' 00_ . "ho • • ""_ 01 <Ii • .".".o "...,.,,,,,.,;1 ..-'h 'M 
1oy.Jog ecolo.~. Tho! jo, c.", .. '" d ... thot OWOO1 010 .. on. <>g. 
log plot ",igh' ",,'ua lly <lin .. by " """",to 01 _ .... _ , "n1l<>_g """ . 
co .. , T" io d~.1I" m;gh1 0' ", 9>1 "'" boo ""~rt.o"1 in """' 0 on",;
"""'ing 3j)pIic.lioM. Tho ""100 k·Z .. , . b ,,",", 01 «><>rM. be pIottod 
"" liMo, ..," .... ""., !II",,' "" . ... , '""II'" 01 tho 11"'''''0'''' .... ,. ""', . ... 
n ... 010 .. ",., .. "" on ' ho .... t"IO <II log-log k·Z".,to " 0 _ lolly im· 
I><><t/Inl ""bO WO ~," mi"" ,,",~rir""",.' <10. .. I<>r , M' buclo.Iing, 

" 
0""" 0." '" 

'HnL'~ • 

.... u.. \ 
" 

....., ..... 00" ••• '" ----...... 

;.,"- '. w,m, 

Fy.o '_21 E,,!>I"""'O """''''''"'' ~., ,. .. ,,,",,,,,,, 
'" ....... ' ,-<: ~ . . .... ... T_ """'~ 

, 

, , • 



·.. .... ........ , .. __ ...... 
E>p. rime"!aI buc";"g """ lor simply .u_n", .., ... LIndo, .... I 

eo"",,_n I,om a va,1rtIy ot oome .. a,. plotlO<l In ,n . 101m or ooel<lr>g 
...... . . a "."Ion o"n. E ..... ' _0 ..,... v"o!>< 'h. nodIuO-IO
IIrIo'n ... ",,", .. Fi<;ru'e 4-22 T .... dolo """. \I<',ho,....nd 6", pre. 
.. ""'" ", ..... Jorm by Donn, • • nd Wan wIM> c~ • ...ctr opKfic do,. 
""u,oo 14-'21_ S •• • 100 fi<;ru," 4_' ,p "" ",go 6S11 10, lurth., '''1''''_ 
....... , , . .... ~ • • ,.., SMrgo" A,rt.oc,:, """ w ... , 10·1al . T .. ""to 10, • 
"'ioty ot ma' ''i . ... eooIig<l .. Iicrn •• • ,.., 0100II " Upp<>rl ,ond~""'" occuP'/ ..,mo''''' •• ""O ,l>.ppjng rog;on. 01 "'" pb .. AI_gh mosI ot !he dota 
0'" 1o, ...... wlh _oodIy """""'" ""W"'Iod .,;go,., """'. oIrol .. h • • • ..,mew"'" mo,. -' " nd;"g Io" ",d edgo IOrily. Nol. "'"' llald:>!l'!l 
lh"",01.,..1 ..... 1 .. conoIot . ... ly .... 1 otoo • • ,h. "' ..... '.d br.ekIO>g __ 
T ..... <fo< __ ""moot "....""", <10," ","""0' rac..u" ~ ~ ""0. IIrO" 
"""'" ,.".15 would b. above tho 'hO<><)' • .-.:1 somo below. this 0".. 
e,epo"", " on IndIeaUon ",," tho theory locks 01100 .. on • . l 00' """' . 
.... Mio' I ... 'uro to doo<,IW ' h" .e!Ua1 \lI"IYsic.a1 _"""'_ ()by"",. 
ooncluSiOn. ~.m Flgu," 0-22 ... 11) "'" ""to . '. AI •• ...,.. sIgn '''', nll), 
low .. 'nso "'" ELIIo, li».d. '''O"ns! lrom 40% 10 110% Iow., • .-.:I (2) , .. 
""""'f"""V" _on,,>, ,,~ .. , '.,..'..., .... 110 (hill" ,n ,ak>t-$) ''''n lor 
lIrio • ..,. 110 """ ", ........ 1. Thus . ... eon"'" ebi .. IIr,,, t .. a.'<Iort ",su I 
is . ",.oon;rblo p,"'''';". \001 for dosign 01 icotrovio eireub, <:)I_I 
..,. h ~lOd 10 "" .. I co.....,... .. "", 

Th . .. " porion. " tal daID """,00 ... ... h ,ho .... "' .. 1 ...,. ... 0)' at 
.., ... boe.l;"g _ &>Cial <»mp .. _ . ""m ely_ why .. thoro 00 much 
<f.>c'."'''''V too_on ,h. doID and ,10<0 1:",", b"" Mlg 10>0'" Tho ' • • ..,n 
10, lh. diornrpo""V ia ""'~. ""010 a. ", •• lh. e ... !or b.", or ooIum.,... 
A..",A from SOCIion 2 _9 th., 0IUIy too, b""","O ,",poriman" wo .. po'. 
Io,mod on rolo!;"e!y oIron. ,h;c, . o!urn ... Iypieol 01 p'.· .... 1 <:<>notruc\ion 

'r-==:-=:.:::=l 
, ~':=~Rl, ~-.~~ 

-. .. ... _-
~ .. ;:: , ...... _ .• . . 

IW; ,,~\ ,-. - .. ,,~ 
I ~'. ~·~~-'t-:)S_ .::- ··~- .::- '" 
[ ~~k.~-;.1;::~:~~~~~~'- ... --";-~:.:~:~.~ 

, L'''-'''''''''-~'-",.~".""",,-_~l,-='-='O''"-C ,.., - -, 
T 

Fp ' ·2. ..... ... C¢lrro ..... 'n B_;-,g 0. 1& .... 
Sn.., """""" ... co.",", c,-r;....-~. , ,,, ... 
IA .. , .,."". •• od W.n /..,211 

, , • 



",,*,h actually bu<~!od, I . , a. , """,ico'~, a mo'. tio' "" .... 10< no! """ 
cooo,td , .. LoI Eultf. ba, bu<1<Iftg ''''''1' .. ",,'hopo ' ''''''''"'td In ''''''' 
(IoY.I'h. 110(0). A. noItd in _ ~.~ 00 010 .. ., b""klOIo or ~o rs. 

.,.... p .... ., t>ucl<log ..... at»o.-. ,h •• g,...., . .. w~h .'1'0_'" 
""""m. ""iI. good, And , W""" long." !hinnor bars bOll'ln 10 bo "_ 
in pro,,,,,o Ityplco.., mo", 01 ..... ), p~n or ,.,... b",kMg Iood w'. 
1. ''''., 00<1 pia' '''') EuIo, 'hoc'Y .... ""it. good. _ ..... " "'01 b\o::k • 
• ng <Io.1a pr . .. nt a " 'I' doff.",nt oha"""o';otie. Tno bU'~Mg loads tor 
' 0'1' ,n ... oMh lor _" plaali< bL><klOIo would """ occur . ' 0 1111 10 .. 
_" pr_,td ,h.n .,. 'hicko' 01>0110 tor w",," pie .. ., _kJing <out! ... · 
fill"",. land _, .... ' rom ,,, .... "'" Eulor _Unv Ioad)I Thu,. ,,,. 
'u",",,,,,,,,,", 1 ",,'u,. 01 ' ''0 ".",,,," lor ono ""01 buekWIg pmbIom .. quito 
<1,11._ lrom _ lOr ' M bar or ""IorM _!<ling 0""' .... . 

TM tv"",, 1 diamond· ... pod 
_ ' 0' on 0.10.., «>mpro.
o..,ular 0,_. , """ • • ' . """"" 
in Figu' o .·23. Suoh b"" kln .ro 
_ __ wto '.0 .. .-sioo 
_rmotion ' .......... ' ;,n 01 Eq""'ion 
10.8'). 1.10...,. .. , ,M 0" 01 edgo • 
• ,. no' oirropIy _ rted, but . ro 
_ ..... , ad Of 'potted' .... ..,ft 
",."" <0.--."" 10 on. blo good 
<00"'" '"" tho Ioo<!-Iramo p"'". 
Itho odgo' mU$l b. 110'. parollo' to 
.acIo oIher, and "._u .. , 10 
tI>o .... .. Is). TM potted odgo 

provld .. ..,." . "",,"," " " ... 10'. 
' •• " " ... ,..,.,., 10 odgo "'Io'On, • • _II o. n.nsla,"""" _ ",in! ... 'h. 
"'""" 01 tI>o 0 .... 0 _'u .. or hie· 
Iioo . 

1.10"'1 r •• ""n. !or tho dOo<~. 

all<)' ""'_ I!>oory and 0_ ' 
On"", lor ""iolli __ ,is h ... 

boOo propo_ . Fr.,. """" ... 'ho 
diocnIpall<)' LoI Figur • • ·22 Is no · 
1i<0.1>IV 11'0"""" IN, ........ lhan ........ 0->:> ArioIy eo.-y. ..... Sn.o 
lor tl>i<k _ 'ho p.-.:e 01 Iof- (ArIO,_ Suo" _ so.". r" " fJ 
tJa, geom olric i'npo~OClIon$ 10 tI>o 

.., .. "..,.uso '" """voIda'" ""'001$ 10 I • • "'ooulK!",log """'0" 

.. omo a .'o ~ _""" lor ,h. dioc~lI<)', Tt .. , ... 0 ,n" ,h.1 io m""h 
"'Idor 'Q mao "»orIootIy. than . _~ _ no Arrf mo,"tactuling <Io.hIc1 
would be a higIIo r p. " ontago 01 th o _ II ''''''~no •• !of . thin ..... than 
10, . 'hic~ _. OIn. , ' . 0"""0 ... . boOn ouggMIod . "" .. , • • tigotod, 
a moog "'om Ino.nO<! '" boundro'l'~. a' tho ondo 01 'ho _ A • 
• dil ...... moohaoiorn!of ,h" _ kl0>9 Ihan!of be, '" plo.l. bucklO'lg. 
"" , Tho ... potoolio, ,_ lOr. or """00' 01. tI>o dio<rwancy toolw .. n 
theory.nd o,,,.rirMnl will b. di",u.>Od io >Uboeq~nI_Iio, • . 

, 



·u ............ , .. __ ...... 

4.3.2.2 La1er.1 Prnsu,. 

lo'.cAI pr' ''''' ' Io4d;"g ,", .. I. " ""'um' . .. h''''' "' ..... N, ' _ N,. 
Oft tiro olio' . and Eq"'''''n (4.19) rod", • • to 

DV· .. . E1 ·~ .. _ . N V· ;,!...w . O 
,..... , dy' 

" . ", pr L ,.--.--
~·O .'0 

•• 
(4.100) 

'" .. !>ioh .... is. Oo'. r&1 P ......... 1<>i>ding f'O",mo'Of (wil~ bolo """",,,,r'rc 
.nd ","'0,10, _" ... o. _ ~,J ~nd Z is " •• B. ,."". o""" 'u," po
",mot", as dlocussed " S«:tion 0 .3.2.1 

Th. """"'rill ,"",laoem. nl (w' " Ind ... ........ ompQh40. W,. 

(0. 101) 

.. ';of ... tOo S2 ~LI01drn~ boundory oondrtioo . olld.to<> &010"1",,, tho <lit. 
10 .. "'0.1 ......... h _ . ,nroy b_g. Eq .... , .... (' .QB). ~ 

,'.102) 

~ . ~~ 10.1(0) 

DlY Ido "'. hum ... "" " nd <lonomin.1Ot 01 tho H«Ind t ...... in Equ. _ 
10 ,102) l1)' m' to obt.in 

m ' 
~.- ~" l . ~'.mY 

14, I(l4j 

_h 10k • • on • minimum volu. only !Of m • I . i,o .• olio ... undof .",."",1 
pro""", buckle .. ~h OM o,la, fIo~ · .. "". bocou .. ony hv.or va u. 01 
'" ""uld 00 " 0 • gro'''' ky. Th ..... EQU,"'h (' ,100) _ • • , ,'.105) 

, , • 



........... "" ..... ~...... ... 
For oOOn eireulo, ~I_. Z "I'll""""''' zero. 50 , ... " in , flo 

Iom" 01 Z ~ O. Eq .. lion (4.1051 be<om .. , 
'Y -[ t + ~] 14 ,100) 

_h is1l1. I1>0 .. .,. • • , flo ",1uIioo 10, . long ..a._"" plate n . . .. 1 
eomp_n n Soction 3.3 .2. NOlo , ... , 'h o ol"",m[oto"U.[ ~ticn OI 

III", >ho~ Oir<uIa, cyf_'''''''' ..",_"'" 10 tho O>r>g _."..." '" 
11>0 .... II' Ioodod I .. , ,""'.ngula, plat. ao lor 11>0 ".nS"lQfSOl\' Ioodod 
O>r>g pia" ;" FOgo,. 4. ' ~ O"~!JO '3.l . Fo' ,0",;""OUO ~. Iho mr.im"", 
'" in EQu.tion [4.1061 "' ~l , .... 0 _ 4 ... in _,ion 3.3.2 " I h 'ho , _ 000 
y .... oel;on. ;,,1et-ehonooC 000 l 'OP_O b, 

For _,,,, .. It<ogIh Cireul,,,~, _.~' > >',50 Equalion 
(4.1 0!\) _ 

_ h i . ..... 1\' miniml.lod 10 ob<:Iin 

'" _ • ,OOOOl , .~ 14 , lOll) 

For Ior>rJ ~, ~ ",. b , tho "umbol, '" cireuml._"1 
hor·"",vo. doe' ...... '" 2 • • Z inc r ...... Th. " . 2 or . ,iptio.,.hapo 
""" ..... n FOgo .. 4·24 0<><\1" "" O>r>g <,",.10, <),,_" _,is ",noroupon 
E_t"", (4 .• 07 1 t>eoo .... I<, = ~' r _ 

Ib..,. u .. 1I~' ... 0 ) ""' "'" "PO""';" 
. liM".. '" ~ _ ZU., _ome. 

• 4 Z I 
. ~ . 2.~ , 

XV' · " 
14.'091 

_ o.or. Ih. Do"",,' olio_ ''''''''Y 
us..:! is rIO! """""', . lot n _ 2 '" 
.... .., oo ....... h., higho,. Beca>J ... . 
Ir>n<;i <,",ulo, <),1O>drical oh.rl b",,~1n 
~k • • ' ing, ". ,,"n >howl"" . - , 

-.--
Fy.n . ... c"",-s",-" v .... 

'" "- , """'-'"'II .. -

'y ,-~ 
• V · - v " , 14.\\01 

n .. , rh o ",_ n Eq,-",I;,n (4."1\1) is too hy, Oy "",,0 'han :10"'.. 

Tho I<,.l ' .... 1Is '0' short, _,.,.·Iooglh,.oo long eireu,"" ""lin· 
<!tical ........ ,. pIOIIod In FlgoJro ' -25. m., •. • h." . ,nibO Ol$lln,"'" 

diIIo rront region> '" IKJclo:Jinv bono, ... .. Z incro ...... fO nllinll [rom pial. · 
1iI: ...... , 10< to rino--IA<. b,,,vlo< 

E. p. rim onlnl bu<1ding do .. 10, simply ",,_nod .luminum .., ... 
"odo, " 'eral pt' ''"'' lrom S'",,, "', ' 5] . ... p","od .. nor"",.,,,, b...,"· 

, , .,. 



... .... ........... __ ..... . 
• 

r:::'/~ -~ .' 

V~"~ " ~" 

" "" .............. COHOOTlOf< - 1oIO""~T! ~. 

, , 
" •• • •• , 

~. 4_,S C.""", P ....... &ct.~ Coo""", ", .. ." 
S""I'II' ."~_ Cit<ul4t C~ ......,.,.. .too .. /~ •• ' ... ""'" /4_2P 

~O~ $I .... parameter. <. •• r ..... , .. B.tdOrI .., .. pO r.",.I .... Z, Or Figur. 
4_~. _ stro,," is 1M B.1dorl '~_.tal r.....n .. <>died .. 1hiS ow
UCloo"!Or In. S21, .. ocI,,»g _odol)' <O<'dtlo". So"", "" 1 .. _ .. Mr •• 
a so"",,,h.1 hd>e' ~. 1Iy """" CO!'KIOoo ""'" oJ..,.,.. _rt __ u .. 01 
.,po_",,1 <IInWitio. in ;oellit,»g _" .01",,1""1)10 "'PfOOrt. Sorn. "" 
I .. ,,"1. 'an ._. 1 .. '"00'"'''' ... ... ~ 0"" oom. t><r"'" '*0(Ii0>c oon!;' "*_ 10 Ih. "'-'I' •• 0 ",."Ic.ol ",odic''''. i0oi 10< <IHign 01 Ioo!rop!c 
<",""la , <'1_,01>0 .. subjecltd '" Ia'"., p''''''. _ 

•• ,----,r----,-----,-----,----, 
' OT..). "' .. 

, , • 



TI>o typ;eo, buel<~ do-
10"".1100'",. """,,,"' 0, ' 0-
'""',....,. sobjod 10 .. , . "" 
pro .. u •• io show. in FiglJ,. 
2 ·27. The buoki'g modo is 
m = , will> aboot 'on buckles 
In 11>0 <;lo:om,,,,,,,Ia, d~oc-

1io" . I .• .• O ~ 10_ n •• ",.1ho 
Ittoo,oiical bucking do!o<ma· 
Iioool OirI.-.... lo'm in EQ""
,100 [4 .100)15 QU~' .-.0,_ 
ablo. 110 .......... "'" ..... ping 
Ioa_ • .,10 ., Iho I<Ip .nd 

bo>nom o! "'" .ohelI ~ 
""' . ...... a Olam~ td9t 
, .... oI"""V ouooo<1eC1 0<1\1' . 
ActU"I)'. '''' .... 1 .. FiglJr. 
4 ·27 io _i_ 1o hydro_ 

""ic p, • ...,,., but !he buo'· 
'.g do"" ... """, "'. ' OM'_ 
1101)' Iho .. m. '''' I>oIh " ' oro' 
and ~tic P"'osunI K 
Itt •• h. 1 io long o~ ("""" 
",,0&0 undo, hy<Jn>otolic ..... 
... ,0 .,. """"""ed b:t .do' ""...,,_ .) 
4.3.2.3 H,droolo'ic P, .... ", 

For II)'dfosIa' ic prHS<>re _g. Equo'ion (4,79) ,odJc:es 10 

0 ... ·,, + Et a.w_+ ...... [ I ilw + a'w ] • • 
?ax' , 2 ax' ay' 

,4.1 II) 

I>t<-Ou .. N, _ P' • .., 1-1, _ ""2, DlvO:lo EQua,,,,, (4.1 II I by 0 10 \1<1 

1" .. + In' a' .. +0 £I'.[.!. a'~ + a'~ ] ~ o ,'.1121 
L' ax' • L' 2 ax' ay' 

in which" is. h,_.tic ..... u .. lo. ding "" ........ 

",' c._ . 

" ,. 
" 

" 
"1-} 

14.11 3) 

[4. 1") 

, 



50> ..... ....... , .. __ ...... 

14_,, 5) 

.. ti. fi .. 11>0 &2 ~",,~tio9 ""u,do!), corodil:"", orod . 1<o> .. I.., .... tho <"to 
le",,,," 1 equation 1I""" ,nng buclOOU_ Equat"" 14. 1 12). l 

I m' +~')' ! 2i' ",' 
e ". 1'_11 6) 

P ,,;2 . ~, .' I .. ' .~')'[ ";'.~' J 
The ",I"",um va l .. 01 e, """ be .oo..·n to occur !or "' _ ! in Eq".lion 
I'· , I"). n . c,,-Z ,...,,.. .ro .... ia. 10 !hoM for Iotor. ' ptOSOO", .rod aro 
$/IOwn in F''''''. 4->15. Ago .. , _ , _'~I" a"" IO<Ig ,.g;or.o 0' too-I>!I,"' ... _ "'. rarV"U lrom p", •. 1i!o.e bo,,",'" \0 rlnll-" .... _,"",. 
T ... 'iPioal t>uc1dOog do!orrnalion IOf a eireu"r cykfld"". 1 _ """"' 
"Y ....... tJo pr ... " "," """"" .. Fy.... ' -V, 01"""11" ' ... '90" .. !> 
boolo<l "" . .. , P" " "'". D""' ... "" 01 "''''''''. n,.1 '-"" Or postpon od 
un1i tho no" ---.ion. 

, 
. _ ' -2;$ H,o ","""~ p ..... '" &0.>0_ 0>0" ___ ', l<;.-

S""",,, _ C.., ... ' CyIInd.uoI _ (""-'~_I'-2J! 

4 .3.2.4 Com"",~oon .. ' RH "bl", Aldo l C""'",,*o.lon. 
Lat.r.1 Pr ... ", ••• nd i-fyO rootol", Pre .... .. 

n. resuIIS \of . . .. 1 0,...,. • ..."" ,,"'ra l "' ...... .. , ond hydro"'.,., 
"" .... ,. \of I ... S2 """"""'Y 00ndi"" co" .' boo PIOtI"" " F .. u,," ' -2g 
~ w, IMi" . ,hat by "",Ie. c" g 21<,. Not. ""'t. 101 Inc ..... ~ Z looov, 
100). 'ho 8<101 pt. "",,,, compon . .. of "Y ....... ,,'" pl . ....... "", "" ."eel. 
On 11>0 011>0, ho rod. !or .... Z, ' .... , "" p' . ....... 00"_ .. ", "" .. ' . 1 .... 
Th lo booha" " , .. " plo;n.d by ob""'"' g ,hat., .. ego va"', 01 Z. tho .... I 

, , • 



........... "" ..... ~ ...... 

,'-~~-+-~. 
, ,. ,, ' ,0' , 

r .... q. au<kWog C .......... ... A • .., P"'''''' , 1-0 .. ,01 P""u'", 
and '¥*O.".b< P ... .......... ''''''P'Y $"f'F'O"Ad 
""" ... ., """"""" .. S_ 1"""'''' _1'411 

..... o;s to ","u" """Io,I;ng "' m~"Y tim .. tho ~"" c"""mt.<.""" , 01, ... 
"" tho <io;"",f." nliol " 'NO _ ,no bu, , 1ing boo<o.U", ""'_, t~. 
c;"'uml.,. m .. 1 str ... i. Iwi<. o. 10'1/0 .. tho uiol........ I'J 10" Z, 1M 
.... I .. , ... oootI",iom 'O'qu_1or b", , 1Olg io m""h .... IMO .... 

Heto 1M' ,lie 00_",,1Ied Batdo~ '''''' ..... po"""ot., io common to 
tho <ttI.,."'",1 ",,",""OS I", a" ,"' .. Ioadlo~ ~"'"._ n"" 10. Z". 
oombOn.o ~m.',", , n" "",.,",1"",.." ... , t~., io <ho,a'~n..t" to t~. _g <l1II"" ,iol .., ... ""~. i .• . , . oo--c.l .o ch._.n"", "" '~m.' .. 

E' o.,imt"IaII:>u<I<IOnQ "",.. lor """ pIj- """POrted ", ... ,_ .... . ...." ...... 
..,eto " .,,1/11 hyO_.,,,, .. e ...... a.* _0<1 .. ". .mollO<! b"",iO>Q 
....... "",. _e,. 0, nrSu. Ul* Bo.aM ohel ,,,,,.,,, 0' .. , Z, In figure 
4-30. Th • • e, ,h. a '"mlo"", _. dol:l • •• Irom St",,,, J-t.15J. "" ..... 1M 
.... 1 _. dalO OI. T""" Wnllenbu.g and Trfing (0-! 5], I>bo sl"<>wn io 
' M Bot""n _ .. 1<: ••• UIj" .. _ In .hIs subseo1",o 10. ,h. S2 lx><:,iO>Q 
bourMIary CO<>dlJon. Som . 01 to • ..,. ,10 "" .. a "' ..... wM, hIgho, Il.<ity 
odve eood.'''''' '''an simple '"Ppon boo<o.u .. 01 • • ~n"" ...,1<:"", .. 
in ""h.,IoO an ao'",, ' 01"", .. ""P!,on alono 'h. Odgo 01 • _ _ 1110 do", 
la~ ""'" I>Olow .1>0 'bO ...... _ .. ""I ••• ul On most caw< 10' _ 
""" l> ' OO 10n<!0>g oonIldo<>c. to .... 'hOOry ••• prootic.1 ~.""""~O 
' .... How'''', tor ...... \%h.,w l , ;, • . , l < ' 00, 'no ..... ...." '0 '" we""'1oW t ........... ic.' '0""'. 'h.t"" ""'-t"", _'" <><ou, (1.0 .. 04 
• • _ , <cu'ae)' O'Iot' ...... _ 04 .~ . .. "udiod...n~ "'. 10'\10" din ... • 
"""" b.ing lor 10 .. Z ..,~ .. ) is "" noolly 1o!1ieol wllon w. fU~~ 'h., .... , 
eompr._o begin • ., doni .,. ...... hydro",,,,,, p,o& ..... "-ling as l 
dec< ...... ...., .. 100 in FiG " "" 4 ·211. T""., lor <Iooign 01 iootroplc: <Wo"'" 
°11_.1 .n.I. unde, hydmolat" p •• ..." • • w. nov. a .. ,Ut" prod<:· 
tN . tool in tho I",", 01 tho Boldorl ,.,., ""'" f .. Z > t OO_ 

, , 
"" 



>0< ..... ..... .. , .. __ ...... 

,".----,,----,-----,-----,----, 
.,' ',','. 

. --.... .... ,....-.. ,. .. .-.... 

" ~---.j--"'"I" o , , 
0 

o 0 ' 

r , , " ," ," --, ," 

n . , ·z pIo' 10"".1 in F'YuJe 4·30 ......... 'h. 0<1",1 ""'.,.,..,. be· 
..... n.n ... _.n,"' d . ... """".",, 'ho _ . ' iO.1 """, •. n o tov-tov 
plot to<m., "" nk< tl>o ." ... , ott .. onoo 10' on."" .. 01 lis lo,m" . d . 
Thu .. oHhou"" WO migl>1 ,hln' 1!00 do .... p~.r "", •• '0 tl>o """" . tM 
00""" ~"'''IIO ""'.r...,. m~ bo QU" iarllO. and In lac" boYo"" 
""", w. wou1O be willing to '<""pI In dooigo 

(.3.2.5 Torolon 

For "'",",n.' Ioo<llng on ,h o..,d onds. EQ""oon (4.n) redoo: • • '0 , , 
D"'(Sw) • .!" • (Sw) ' 2N ~,it (~) . O 14.111) 

I ",,' "iIWt 
AIt., .. tiv. ~, Botdorf, Stein, ."" Sc hiklctolJt (4·1 71 .,an ,""" tM Botdorl 
«1""' 00, Equation (4_80)' , 

DV'IMo) < 5 Lv· 4 (1Nt) . 2ii 6w ~ O I' ."SI 
" ",,' q" 

~ EquatiOn (4 .1 I 8) is diYldod by D, " . goo! 

9"6 .. . I~V--4 a~INt. 2to," ~~~ o 1'.11~) 
l' ,n' l' ""'" 

14_1 :/0) .. 

, , • 



........... "" ..... ~...... "'" , -
Z _ ~, "1 _ ..' 14.121) 

Ali; b.''''~ , til. q,,"n'i1Y k, 10 a _ . l loaQng po",m.~ with boIll !lO'
"",ollie: orld ",oto",, ' """",~Jo'. orld Z os "'0 BoIdot1 C"",Ot ... po"mo' .. doll"""'"' •• r"'" mo n"",. ., f iourl ' _1. Oft po go .~~_ Thtn. tilt 
budding "'1"_' Eq .. OOn (4.119), eon bo ~.pr.""" M 

0 10110) _ 0 14 .122) 

in _h 0 .. tI>o OI""'\Of <101_ • • ... . .. 
O~,,·_ '2~ v" d .2~ x . ~ 14,'23) 

l' .. ' 'l" "~ 
lIl. ookJIion <>I Equa'ion (~.In) ~ I>V OlIo Gao.ron metnod' 

(4·18( as .. _ • . Tilt OW",. .... ,. buCI<I">",j diSpla<o"-'" it; 

, 
C"'t V"O(&.o) d,dy . 0 

(Of W"Q(&.o) d'dy ~ O 

, 

" 0 0 , 1,2, .. I 14. t25) 

Equobon (4.125) is a 001 01 """""""""'" ..... ,. o'II'I"'oic "'I""lion. in 
wt>ich 'Ilt "umb. , <>I "'""""""' " "d .... y.t" ........... til. "ymbo, 01 
to"". IOk.n in EQuation (4_12. ). Wi h t"" •• oq .. lio"". w. ·minim".' tilt 
, • .0:1"", Ih. t <xx"" ..tWin w, ."b.,~tJt. on 0011""'_0 diopiocom . .. 
...ulon "' ,),0 6"0","'''' oquation 9<>"' ''''''9 hocking ~""" I _ 

Th. B"'do~. St . ... o rld S<hildcrout lO~ion!of oil . .. <>I ollori. rId 
m odUm .. "~ ........ """ ply ""I'!"'rtod od9"o wi " t+.. S 2 bocklng bo....d_ 
• ..,. """"",," Jo baud "" tI>o buckling dolloctlon 

14,1211) 

', ... - - ~ _ ......... .....,. .. ..., .. .. ..... _-
_. " •. V_ I<-"I_ .... ' ... _n.' . ' ... _ 1 __ >0. __ " 1 . .... "" ..... ~ I' "'I· __ Au ...... _ .... _ .. , _ ... __ _ 

, , • 



... .... ........ , .. __ ...... 

ii{(n>+~'l> , 
10 .. P\leh 

aodm ~ n"odd 

v • • r. roy .... . !'" , , , 
.j . no", 

Wn ' COO- ,- O" - c-

~ . nl 

" 
' . ' ,2,.l,. 

14 .128) 

14 . I;1G) 

"""',0/ .. 1 001"",. ~ I .. inlnite <IoIo,m"'''' , 

' •. ,·.[IC"Y--''''·:''] 
• IIfl ~·(n· . ~')' 

(4 .'31) 

Th. lirel 4popto,im.b,n to 'ho ",""ion ~ S~".tion , 4 .1:;0) is 00' 
taio od by toklnjj '. ,rn. "p ",""SIh • • 2 , i.' ., 1M MOOnd·ordo, <let,,,,,,;. 
M" in Sq"ation ('. 130) 

J<! ' [ ~lM,M, 14.132) 

Tile second aW'O,""" On (I,om "'. 'hitd-order "" .. minanll .. 
, M, M,M, 

", . 14 .133) 

[ ~ lM,. [; rM, 

For a _ I" ,ak» Of .... o ..... a'ut. po,om.'.', ~ , "'. """kIong load 
dopeOOs on Ill. b", ' ''' "" .. 1ongth, n. W •• ro , 0' "'"'", .,ro _od., 
til. 10 __ !ding load, .., k,. .. minimizod with '"_, 10 w . .... r-.gth 
by ..,.,...LI1ing val ... ~ ~ .... ..,h 01 11>0 ,.no". oppmxim.U<>n oquo"" • • 
unti .... 100 "'" m;"im"",,,, on. olaO 01 .... .. ""~. S""h a p--'" 
io ,del on~ wilen ~ > 2U.l, j .o." > 2 . s..'dort, st. in, and S,hikkroul 
_ OI,a' U>o .ooIu""" lor tM """"'" _,-,On Is b.,.~ d;., ... · 
~iohoblo (rom 1 ... 1 oI l~ . Ihird oW'O,imolio. "" Ifill "",. 1 .... rw. Z 
plot. ThLlS. W, cO<I5ido, 1M third "PI'"" im., ... as ,,"ffil:iom~ •• Iid "" 
til .. ""ptollCh. NolO It"" 1M _ w .... mpliO_ •. " and ii . • , •.•• 
....... l ...,. .. 'm .... t • • 

, , • 



......... .. "" ..... ~ ...... ~ 

" " " " '. '. " " '. '. '. '. 
." , ", , • • • • • • • • • • , , " " ." , , ", •• • . >0 • • • • • • • , , , " 
."' • • ", " • , • • • • • • , , , , ... • • " ". .~ • • • • • • • " , • .. , o _ 10 0 -~~~ • • • • • • 2 1 ~ I<, " ." . • • , • ~ ". • • • • • • " 

, 
" " 

M, ". ." , • • • • • • . , • •• • •• , , " " ." , • • • • • • - 2 M. • • >0 • , 
" 

, 
" ."' • • • • • • • • M, ." • ., , , , , .-. • • • • • • •• • ." M. ~ • " 

, , • .. , • • • • • • o -, 0 • ~ M, _30 

" • ~1 1 ... • • • • • • •• • ., • ~ ". " 
, 

" " 

14 .130) 

T~. Iinol ' , v.mo. Z ",sob a", 01>0"" ,long ,.'h .......... 00101_ 
..... 10 F"""e 4..:11 "" .h . .. 01 va riou, "",,.r .. 10 '."',,,,"u m, ..... " a od 
brass). Tho r. , 'ho pt ... n, ,h.." .. ",,1 ,MUlto or. 10", .. 1M" Donn .... 
"""-'1;on 14- 1)10>01 ""',,") On<! !/It," o'. ""' .. ' 10''''' ",""""enTaI , • 
...... 6.1d<>r1, St' "' , ond Sohldcrout Ioond "M,,,. 'hon 80 ~"t 01 tM 
t~ .. poio'" .r. ""hin 20 po",,,,,, 01 ,h. valuo. oonoopondlog 10 ~ .. 
a"dort. SI .... oro;! Sehiborwt ""Iu\;on) • • "" o. PQM~ 0" _ in 3S 
po",. nl 01 Iho v."' .. <:OrN_r>ding "'",. ~"'O"" ""~ <urvo" 14-17). ~ 
typlooi lOroioMIbooIdIngdolorm4';on 1 .. ""_ 10 Fig"" 1·1 ~ on po!/" 16. 

, , 



... .... ...... .. , .. __ ...... 

" 

' .... '-c'! ' r_ B"""""" C.,._~. for 
s;",o~ 8",,00_ 0..:_ CjWodt\<., S ..... 
(AI!<' s • .".,. S,." ..... $ __ (4-1'V 

BotdOl!. St • ., . • rod Schil<t::"",'''''' 0l>I0., ,_I. !or long sMlIo lot 
wt.Ieh ,1>0 ""~ _oy eondlOOO1 10 ~ .. . 0 ond lot ohM'rKI rr>e<Ii\oIn. 
1e<l{II" 010 . .. wilh clomped·Odgo """""""v bOu"d,,,!, ooodo"", C3. 
Y~makl (.-231 obtain od ,e"""" 10, .imp~ S<lppO<Ied _,is "'1Ih tho S, 
_g bOu"' 'Y co ... "",."" '01" o"mp .. onells ""''' ' .... e , ..... Ong 
_"""'Y """","Ion. 

4.3.3 IJ .. 01 001<10'1'0 Modifled Donnel l Equation I<r, 
A. I.1Iy Comp .... ed Clreulor Cy i ""rleol So./I . .. II" 
elampad.Ed90 Buckl "g Boundaty Corod~1on e3 

B.1<IoI1. Schil<lcroUI. ood 51'" 1'1·241 con.MM,,, , .... buckling d is
pIK. m ... , lwith -'.rmlnal . omplfudo. W.,) 

O\w = sin ": i: w .. [ cos (m -L 1)"" - coo (m 'L I)", ] .. , 
Mlle. oa,OoIios Iho _ottic _ndaoy condilic,,,, 

~ .. 
Sw, _ 0 

14 .'3-1) 

14. \ 35) 

14.\36) 

at,. O.rod •• L. T.~ '''' u .... Eq,..,oons 1'.771''''' (0.7&). "'0 
co" .n, .. , 'nat ''''1Or'~ cio!>l ... ",o", 0p""o,""'''" l"dO'O 

!-u . O 14 .137) 

~,, _ o 1··IlIl) 

, , • 



......... .. "" ..... ~...... "'" 
. , , _ 0 and , _ L Thu, . w. a ,o _ling will> domp.o.O<!go buc;klr>g 
__ ry condIIio<> C3. 

For IN. Io.d~ oo.doion. a._. """,. ;.0 Don_ Equ01ion . Eq",,' 
oon ('.80). b oco .... 

O"',~, e, ",-< c'(~) . N ; (6") .0 . . ~, . -. , ~. . . 
..t»eh ""'" ""..,.. by 0 ko 

•• 
l ' ro Vl • • -
" 

,,' , . . 
,'0 

(' .I 3~) 

14.140) 

1·_, 41) 

10 .102) 

Th .... , Ih. b",,-""';' ..... 1;0." E ... 1Ion (4.140 ), """ be •• "'._ a. 
0 1010) _ 0 10_143) 

in wNch 0 io Iho 01>0,""" <Iolino<1 a. 
Q ~V' , 'U' V-4 ~' 

l ' ax' 
1· .1 .... ) 

Tho ooIutioot 01 £quo' '''' (0 .143) p=- .io llle Go" '''"' 10' BW· 
oov-Goter1<in) mot/>Od 14-18) •• folio ..... Tho _0 ..... .. _g <1'0>
pIaum~, • . g., e ...... tion (0, 134) . • OUlI1.IltoiOd io Ih. bOCklO>g ....... Iion. 
EQuat"" (0 .to3). B.oo_ Iho aPl'",.I_ t. ~ ... Goo. f>OI .. t~ ' .. 
_~Iio~ equotion ( ....... ,.. ·d", .. ' tt. ••• ocl ~.). wo ' .... r ' .. 
bucldiog eq .... tion by m"JI;,.ty;n ~ by the fun<!io<> ........... od in 'ho d io_ 
""oo", ont _ .... Iion. i.o _. i 

1'_'05) 

in wh"" tho W .. noed 001 .. 1isly tile d l l .. o nli. l OQUO.lion govorning 
_g 001 m"'" ",,1"'1 Ih. _IY <:<>nd iioos on /Nt (and Ille W", aro 
tIt-o in<le!.,m"'lo "fT"4)Iiudo.) , T" n, wo sub .. "",o /Nt k"'" Eq u",ion 
(0, '45) in Iho buc k ...... <lttoro.,iol ....... ,"". Eq ... 'ioo (0.143). mulCply 
byW .. ,.nd ;"1"9"" 0 0'1"''''' '0\1""" 01 1"_. 

( "tW.,OIOw)d><I)' - O 10 ,1 45) 

E_I"" ( .... S) .. 0 .... or 1>0"' \10""""', ...... , .• ll/Obr.1o "'1uation> in 
_. Ille n"",bo, "I ""*"""n. ond "'1uatioM "'1L1aIo tho " '''' .. , '" 

, , .,. 



.,. .... ...... .. , .. __ ...... 
I<rm . takon in Equation (~ , '~5). Wi~ "oaH eqLlO""ns. w. ·m ..... "'" . fIo 
",okIual (i .• _. '~o ""n·z,"" ,omoindo<) ,ha, occurs " non .... _ . "'. 0 " 
"Ill",,<im,,' . djsplao . ... nt ",lui..." in thoo _g diIhK.nuo l oqu"tion. 

~ , flo ........ ,"" "?",,,tion. a " ... ~o""od. ,.. In.! Iha, 

lO,m _ ': 
lO'm _ 2: 
,<,,", . 3.',5. 

;0, 12M , r M,I - w,"',~ 0 
;0,11.1: > "',1 _ w,M. _ 0 14, 147) 
w~(M", • "'oo , , ) _ W .. _ , M .. _ Vi .. _ ;l-'~ _ •• 0 

A ""."";",,,1 """"en ox .... I ... "'. w, I ,h . ... , . , .. " . ... 01 th. "",,""';'nto 
oI1~. '" is ZMO, i.e .. 

" " 
" " 

-", " "',-"', " -M, " 
" -". " 1.4, _ 1.4. " -". 

"" 
" -". " M,_ "', " 

."' " " " -" " M."M.-

" " " " -". " 

10 _,491 

Noto in 'n" dol. "" ...... 01 Equ._ (~ _ 1 0~) """ "'. odd __ ",,,,, 
to"". 0:10 "'" .w'" in Iflo • .,n •• qu,,"'" .s !Iro • • • n·.....,..,."''''' 
.. rm • . Tno • . Equation 10 .14GI enn bo ....... n .. ;" Eq ... tion (~.150)_ 

, , • 



........... "" ..... ~ ...... '" 
m _1: 2M" ~> -M, • • • • 
m _ 3: -", 1.1, . 1.1, -", • • 
m _ 5: • _M, M, ' "' • • • 
", _ 7 : • • -", • • • 

•• m=2: • • • M, - ~. _M. • 
m • • : • • • - M. M. - Me -'" 
m=6: • • • • -". M, ' 104, . 

m _ 8: • • • • • -". 

(4,150) 
n . rot ...... _ • ." .... "'!hot .... o~ .. t. "" . ... ~h <><Id """"",~.1o """, 
" __ to a buo""g """'IgoJ"'_ t .. ,1t <yn"",,',"" .bout,", ..,1ddI. 
( .. "'I' ngth) '" t .. ""~, S ... ;tarly, th_ otl\o, . ubdot.n'I'I .... '" ""mo · 
opo<><t. III blJdt.ng do! ..... 1ion. ,hat a ,. anttoy.., ,,,,,,rIo abo .. 1ho .,id<H •. 
By ","",*" , II> m>ltt. . !gobl., ... ' o.n ""'" ""'t "". O"M "'no,_ 
"'. """'nt .,,<M v_nisi>, Tho buoklil>g bad land modo ohapo) oomo
opo<><t. III "hio....,.. oubdal" mina"t ,ani." .. 0' Itt. 10",. .. _ . 
_ . V. ', Iho b",1do ....... ompl . ud. ':0"'_ , W, . ,. indo'"""i"at • . 

Eq ... ''''' (4, 150) ~ ... " .. on infinite numbo, '" oquat"na, .., W • 
• t . .. tlJt. ~ inI ... .. "" "' ... ~. 1 .. 1. "umbo< olth. oqoo.bon. to "". 
to", . p<aOlical "","lion. TheM, .. _. """,bofo 0/ I......, • • r. token to 
oO!o" •• riou. III'I'roximabo" •. T .. first ~i"...tion " 00010'., : 

(Odd dete,m",,,"'): 2M, + M, _ 0 I • . \~I) 

(., .. do,......,if\,,,,,): ~""' • • O 10 ,15<) 

ond , .. _ "pp""';""iOO wosi5l. "'. 2,2 dot.""""'''1: 
(<><l<I d. t.,m"'nt): 2M,I"', . 1.1-, • ....,~ •• 0 10.lS:l) 

(ovon dolO<"' .... "'): (4.\5-\) 

, , 



iI. .... . ....... , .. __ ...... 

• 00 00 on. Fo ... g"'" Z. I~. 10 .... ' 01 I~. """ v.""'. 01 ~, obI.inod lrom 
Equal""" ,' .1511 000 (4.1521 Is ' " I I,., "P!'""lmal""" I" ~ 000"-"11 
"""". SImlIarti, I .. low .. 01 Ih ' ''''' .a""'" 01 k" I,om Eq .. ' '''''' 1' . '53) 
aOO 1' . '54) Is 11>0 _ a""",. ima,,,,,. HIgho, """', "ppm,"'_ ' 
a .. obtair>od by "'king ",or. '.""0. l~. _ appm''''.tion i, ""'""" 
in figu", 4..12 .Io"~ " .h ,h • ..,'utio" lor simpii' supporIod edr;Jro """~""g 
boundo" cond~;"'" 52, ro . ",. the ""l1Jo' boundary <ood bo ... _ 
"'" ,0 be ""..,...nlf", modo'.'.~ O>ng oh .... ; .•.. Z ~ lQ. boA oro <"", .. I 
10' .ho~ .o . b , 

,,' ,--------,--------,--------, 

," 
~~~~$. 

--" 

" I-----j,/ 

, 
f"0!I_ <-32 a...: .. rrg '" """'" C""""' .... Coo,"" , ~ S,.. 

,,;., v ....... EdoJo Cooooo"", I~'"' B'''''''I''-2J 

0.3.4 II .. 01 AMlh, .. Buckling Om_nllal Equ •• I0 .... '". 
A,'.!Iv Comp .... od Circular Cy l odrio., 5i00i1 • 
.. Ilh C .. mpod·Ed!JO B",,~lIng 8o""".,y C<rndl1l"n C, 

Cord """ Jonas [0-251 _or tho """klh\! displace"," "" wM'r .... 
del.,_'~ .ffiI'I~_' il" ' " w,; 

.su . L 'iU,'= '7-L ii,Sin ~,!. 
r i_ I 

. .. ... _ . ny ... _ . I", 
ov a L....,V, . ... r L...., ... l 

i i . , 

0 .. ' L w,W,. coo '7 i w,( =Ii - ') ~ - =II. ' ) ~' ] 
, i . , 

tJ\ol .. tidy Il>o !/*Om. ,,", _no1"1 «>neitioo o 

1'·155) 

, , • 



......... .. "" ..... ~...... ,,' 
14 .15&) 

a' • ~ 0 and • ~ l wIo;"h "" ... iIu1<l ,h. C, buckk>g booJndolry """"*lion. 
Th. _~ diII. _ iol eq •• lion., e"",,'ion. (4,74), 14.75), end 

i<. 7~). ~n .,. """on In dsplac.mo n, Iomo a nd _ .. 1uod lot n lo l o;om . 

P"''''''' .. , 
j - " o..".~'(~.,-+;w~l) + 2 (b<,", +~rr) ' O 

, i'" Ib<" + ~.,) . b<,., • 3w,l' - "~., • 0 14 .15&) 

1<·150) 

In Ih. _",ill,d B.bnov·U.J._ procodoJr. [4-le[ 'ho !QlIow<>ll eq"'" 
!Ion. m ..... bo ... ,_' 

'"' 1 Lu,a.I~.b<. I)w)""<Iy.o 14,) 150) 

f 1'v,a,(IIo, IN. ~,,) """l' - 0 14 . IS') 

('L' W;a,I~.b<.")d.<Iy_O 14.1&21 

10 "',"" a" a , . ond a, 0', 1ho Ioft ·Mnd oido. 01 Equa!lon. 10 .'57). 
10, I ~), ond (4, 15g), rol!*'1;'O/Y , "~h 1ho ..... . . pro ......... Equolion. 
14.155) . • ..., .. ['"'od lot ~, IN . • nd 6" .• k 'orms a .. .. ~O" In 0.01\ 0/ Iho 
so_ in Eq""ioM (4. 1551. 'hen Equo' ion. ( • . 160)-(4 .162) .... _ 01 
3k O)'m"'o~". knoo,. 00""'11""'"""' •• ~lc "'I.olion. in 3k u"t no ....... 
WOh _ <>qUO!iooo, "'0 "mr.imiz. ' 1ho 10_1 tho1 ,"",uro .. hon ' " 
OW,o, IM . .. dO\j>l&""",,,"' ooIuIil>n .. SlJb-<lit .. od 10 ,he diflo,onU, 1 eq .... 
Uons _ oming b",," ing. The,._ .. ,h. "",.,I n '" 01 NCh 01 ,he 
inI.g .. .. in E_""". (' .160)-(' . \ 62) _n tho 1lfII"<I'''ato ooIu""n " 
... ~~",od. 

E.om""ion 0) !h. '1II<~ '.lc OQuOliooo ' ...... ",", ,"" .. O<IOal;"" 
_ ii.11 <><1<1), ',(; 0. 0"). ond iii,(i ........ ) a ,. no! ooupIod w~h)_ It>o, 
Involvo u,Q ovon). ;;~I oddl, ond iii,(; odd). nuo,;utl .. In tho .... Me' 

lion. ,",0 ; Idepe1<1eot .. I. of oim ul. "oo. o eq ... tioM . . .. 1. """ 01 ..meh 
II odd ... iiJ """0<JI0f"(00 "'. oymmolric~ .. (Io4o,mOlion 000"' 'II< ",1<1-
"'" 01 tho . h.l "nd tho 01'- ~ ",eo In;;~"n ontio-;mmolric" <Iolor· 
m&lion aloo aboot ' M moH. 01 ,II< "".Il Both .... COJ\ bo ..,;n.n as 

14.\63) 

, , .,. 



... 

•• 

.. [ 
. ~ 

- ........... ---
'" '" "n ~, 

0" 

I..,.mm.~ic ._ 
... in diogot>OlJ 

,-, 
(II'm __ 

......... \10 ... , 

" " 

0, 

'. 

'" '. 
0. 

,-, ,-, 

' .. ,."",-,~.' 

"" "" 
'" '" 
'" 

'" 

" 
" 
'. 
" 

"" ". 

'" 1~ , I 64) '. 

'" " 

'''·'1 -, 
1~ · I6SJ ' .. ' .. 

10, ' lie) 

F ... 1M .,.mmeoio ouo. tho ........... 01 It>o "-0..,.. in ~q .. !lo", 
(0.1 60) . nd ( • . • .as) ... 

,. 



........... "" ..... ~...... ,,' 
" 'I · "[I2iI'[ ~ t· I;" [~n 
B . _~ ... ~~ ~2i - ll 

• 2 l' (21I' - (2j - II' 

C . - '""' (2D~ , , , 
,'A • 

~' -, (2i-2)l 
C, _ O 

0; . ... [ [ ~ f. ';' (2) -11'[ ~ n 
E; - ~(2i- l1[ , - , 

• (2; II' 12i 2)' 121 I )' 
F" • I ~." • ~.\, • 3." 

Fl . [ 12j - 2)' ~ 121)'1', • [(2) - 2/ H 2iI'}', • .2.', 
F1· _ [ (2)-2)' ." . (2]_ 21' ... ,. ".1 
p,,··r f I~' 
P, _ [12j_21"(2~'{ ~ TN, 
P,- - I2i - d r ~ ]'~. 
in "",",h 

A'-[-c10 .\,02[ -c1[-,;-fo 

II " fl 

(1- ) -' 1 

(1 - )+') 

( i _ i~ '1 

(i . j _ l ) 

( i _ I~I ) 

14.(61) 

(i _ j _ 1) 

I • . 1M) 

Fo< u,. am;,ymJrHl1rio <=0 , 1M .Iomo"" 01 tho ."""",uioe. in Equation. 
14.1 (4) and (~_1~5) a,. 

"'-1(2)- 1)'[ ~ ]' -T [ if- f] 
S __ , ,, .8,, 121 - IH 

; 2 l' (2I -I I' -I2JJ' 

c _ '· ... j2j _ I)" " , c,_ o 
c, __ v~ 12j . lj ~ 

o. _ ,,[[~ f · ';" (2)1'[ ~ n 
(i _ jl 

(I~I - II 

Ii _ i ' I I 

(i _ il 

(4. lsg. eootin""") 

, , 



£I. .... . ..... .. , .. __ ...... 

~ _ a i [ ' ' 1,0 
.... " (2;)' - (2j - 1)' - (~l' - (2j . IJ' 1 

F, _ [(2)- l J' + 12j+ 1)'].', + [(2j- I)" +(2j_ 1)'}' ,+ 2,'. (; _ 1_ I I 

F~ _ -[ 12j - 1)',\, _ (21 - 11' A, + A.J (; . J- I) 

P, - [ (2i - II'+(2j+' I':( ·C tN, (i _ ~ 
P;-- (2i - 11'[ ·C J'i<, (i· j- ' I 

1-10 .. , obb,,,,;.,. Eq",,'i>n (~ . ''''') o. 

14,110) 

in .... iOn 1110 ....,.,,,,,,.,. 1 ...,.,. .. ,h. """'~ ,,,,_. B __ '" , ... 
Itr .. on ,'', ~h'. h.nd _ '" E_tiOn (~ . 1101, ' ' ', ~ ~'-'C~irIg 
OQuaOOn can too ___ by m~"'. operations, 

[[Fl_[ef 
ETJ · r:. ~r ' [~ l}CJ - [Pl(CJ 14.1 71) 

in ,,""'" the """""'rio! _ 1 denoIo~ the mo!rio< in'I~"", Th. loft·hand 
...,. '" Eouooon (4.H ') ean too "'"" n 10 be oy.,m01"" upon _ ,. 
at"" 01 th. oymm 01ry P'''Port~ '" mau,," A.. B, e , ole 

1 ... bucIoJing load co. too oIllI._ I,,,,,, t ... I><.<:1dIng OGoalic>n, Eq ... · 
lion 10,Hl), in In. Io"' ..... g man_, When t ... n"_ 011. "". in th • 
.. r'" .. pon"'" 01 tho di..,l2oom •• '" .. " •• a . the n"",too, 01 bU<klo 
wave5, n, in tho '''''u m1 ... nliol di<octio ..... ..,odiod, th. 1<>0>_ . igon . 
• 01.1. coo be __ od Irom Equabon (4,171) by ot. ndord ' 90''''0Il10 
comp","HonoJ _ _ , Tho ""mh. , n " •• ,iod "".' """' . r"~ "~ 
an .bsolul. m"'mom oI<,jonv.1Jo ;'Iound. In th. p<KO<ing Slop ..... fl>I 
'.101 .... "' ........ 0". be ob\aOotd, Thus ,. w klo ' 00110 '" 0 muS! too in
v."'~'od bel",. an a_. mlroimum is .. a..,..oto.y a ..... od. roo. 
givon problem . th. I><.<:kling ""'" is tho 10",_ oI<,jon.aluo '" m. two ob-
001.<10 min"", ot>toO>odlo, tho "l'm .... ric: oro<! ""'osym molOo: modo • . 01 
co",""" the _ ..... "","pon. n' I>mp iludoo. u,' " " od w, .... _. 
t."" .... t • . 

Hum. """ •• Iu •• ""',. o billin.d b, u .. o! • comout., pro1Jfom. (;Qmo_""" '" 1"_ ",1<0\.".. wu ...... rod to on .<t>(rl<y _"'iICy by 
«>mparison 01 sollJtens .... n d ifl ... nt n<J<Ilbo<. '" I • ." .... 111 ... ,10. 
~.p.o""'" '" lh. b""k'ing dispIooom.nl • . r ... n" rnbo, '" .. mo • .-. 
.. ry 10' """' '1/0'"'' to on ' '''''''0)" '" ,,,," o9o~~.nl Iy..,,, •• rio<! 
I""" th ... to . Ighl as tl\o ..... Iongth "", .... sod 

, , • 



......... .. "" ..... ~...... ", 
Tho _kJio~ ,.",ft . lor !he C I buc:kk>g bouoOo'l' «",<lilion aro 

pk)!Itd;" Flgo.no 4-;):) u. "<0<1100'" Z .Iong .... ,e",ft, ,,_ I~. 00$j 

_,;on!or '.0 C3 ''''<k!o>g """"""OY """"'ion. Tho on.,. ""'.,"""" be· 
"".on C3 aod CI buc:kirog _Mooy co_", ... io!tl ~ 0 as oppooHd 
to 0. . O. 0.-.;1 tho ""or ~Ion ~. moro cir<uml"",ntio' ,. .... ~ 
'1I"n.! """'q Ino. _. N", ' Q, F""" "","P""'" ." Ih. ' . ....... .... 
U.o C3 and C, btrllng boui>dooy """",,;on., <O'<u""o,," ,10 1 ...... ... 
""""" n'.,. plaY' on imporlool "' .. in _ kling undo< • • 101 "","pr._ 
lor .. .". _ ....... tIo"ovor,' Z. 0,' ple'o, , ...... 10 no d(loronco 
bel" ••• Iho C3 and C, "ou .. _"U .. In-plon. 010<1$ do no' _orn 
welding ot" p"'o, For m<><1or.o' .... n~1h 0< Io.~ 110 ... (Z > 5O). _ in 
""_ <"'umf.",oo.l r ... ,..,t ploy. no oignifica .I ", .. , 

" 

"'~-~~~--, 

,,' 

{.....-. ,_ o_ co 
" -"'.,"""-""." ' 

,~-~-~L,--~_ , ,. ,.',.' , 
r ..... "'.'" Bu<>.>no '" hi..,. ~ ..... ~, C_oJ ' ''" .. 

_"" c:! .... c, Clon-pod·E<Yo ""'~ng s....-....y c ......... 
fAit.< c-J .... ,Jo,.o, 14·:lSj) 

4.3.5 Summory 10, Cl ...... <ol Buckling Raoulls 

A oignlticon' problem wIIh so .. , 01 Iho cIa_ol b<.d<Ing " sub 
1""" '''''; in , . .. 00<110" " ' ho I...,'lhat . . .. 1)' """"" . .. 0<1 <;.cub, <-"Y-
I ndriealllo ... _ klo Itt _ ..... 1 below 111 0 Eu", Iood ... ' no <Io...,al 
bucUng ",,,,,to 0'0 <ohd. Howovor. lot bllC"'"II undo< Io'c ro! p'.&ou, • . 
!tydro ... tio pre""" •. or><! '0,.;0 • • tho Eufor Iood. oro. , .... .."..bIo rop
,o .. n"""" ot 'ho m"ourfld bucldO"Ig , ........ wit.,.,. ' '''' p6on. T""". 
110 ... ot low Z 10' .. twon "" .. lal p,_r. PO " 01 nY<l_olic p...-..., 
dom""' ... 1>01'40 oirPlicanlly , "",,!COd 1>uc"''Y loads. n" ... tho < .. osa l 
_g ' ...... a .. goo""",I,! """61""" "y ,,,., 'ocn""",' <o,",,,n""fI'/ ." . 
<Opt to, "" ... in """'. 0>.1.0.1 «>mp""--' play. 8 do"' .... nt_. Mot. 

, , • 



.,. .... ........ , .. __ ...... 
<Io1"i~ • .-.e.." jon. 01 p. n .... , •• ponmootal ,.,uh II,,,n <b:uOHd .. 
lIril _ .... can bo IOIJI>(! "' S ..... ,. Artro< •• and W"" {4_ '3]. 

$0" ""P" otto" ' l\an eireula, 0'1'_' .. ,., 01 _1St . ... n 
addr .... d. f or .,,,,mpio, ~."'pn.,.1>(! C"'" " {' -~11,,",,'0<1 0)'_' 
.,. ... 01 . -.,.",,1 or "".1 CfOO&""",ion (n>eal ,ho, ·cymdrlc., m ..... 
"" naco .. iItr p.,.1Ioj QOO>"'"'"", .., tto. c..,.. ""'"n ,,"'P'''''''''''' 10 , .. 
gon ... 'n. con .. " II')' "'OJ"', evo" ~"",.').I>(! Ioul>(! ,ho,!fro cla....,., 1 
_ 0 .!rO., "I>(!or ..... , comp,ossion is .... tl1.an 1M' 0/" OK U"" 
o"'_lIon ..... by . laclO< ,.,.,0<1 1<> tho ""'.o!·'ou_ .... 01 tfro 0" 1. 
~,. ,h., ""' .. 0)""""" .... 11 _kIO.;t 01'0" ,onoep<><rd. 10 '10. _0""" 0/. arc .... , "", .. ·"""'ion __ witlo ,a<iu. ~U., \0 , .. 
""" I .. u", I~' 01 ,u",.w .. 01, .. ",.1 '/OM·o.od"" ..... 1I u . 10 _ 
_ I>(! 10 , .. "",u. , .u<f<J,"~ ."0", F", .,~""' ... I ,t>e ,olio 01 , ... 
mojDNu!is _.n""" 0' ,~ • • ..,.. ., ,n. mino,.ax io -......on is \.4. 
!!>err ,he b""ki ng ...... ca ... .. muctr as 50% , . .. ,1Ia. ,ha, 0' '". 
OKUIa, o", .... _Oion ...... , .... 'he H"o clrcuml_. Analogou$ I. 
""" ",,,. _ _ lOr I>l00 ..... 01 o-.,.dr' cyr_dr' Slrel . <I'l<ior 101.r~ 

prGSU" try Yoo .... Jonki.o I4_27]. 
W. " ....... ' .. a ...... _ .... , po. __ .... 10 "",. (') "'''0< 

_""'IMIir'Il!fro p~ .. 01 _klO-rg 01 cir;wlo, "'I_' 011 . 110 u ___ 
uiollo. d o.d (21 mo .. """-".,. ,o.., t • . Thou "PPIO'>Cfro' if"'*- .-.c. 
pb1ng ,h. """ 0/ , .. po&tbucIU" 9 1>o!r3,",, " S""'ion 4.~ . U'" . noel 01 
I""b .. dlrnv dolo,. .. ' ....... S . " .... 4.$, . nd !h. "sol .".,.,. <>t ;".il l 
geomotric irn ... rioelions", 8«:1"" 4.6, ONorv;"g Iho posttruckling '" Ira,"" ""'uld help u ... __ r>d or>d .v ........ 'M ptOpO' roh> of 'M 
EYIe, bl/C~~'n~ Io. d;" tho deoigo p«>O<IS5 to< ...... .. .... """. _n Ilia' 
it _. to< both "" .. and pIo'", W. sI10uld ~ ,ho' ,h. inck>sion 
01 prebLlC . ..... dei",ma'ions .... alo, ,h. ",_ bucloJ"SI load 10 """. 
<iogro, at eO"",", "'" "' ... ..,. oI lnN .. 1 go<>mo"" ~oel"'" *~ 
......... . noct I .. "'-"'ne . .... inlOrp .... lion 01 , Ira £ uIO , bucU"g --......... .. ,-, 
• . U . " 
'" .., . 
" . 
• ~ ' 0 

V~""", .. _"", ~ .. _· . * ._ ~ < .... _I'-"' I~ ,"' ..., 
roo '" _~ .. _..,. ...... "" lor """ ... _ . _ """ . . ....... -_ ....... _ .... 
""' ...... _ .. .. _"" ... .. ~""'" I···n 
._ ... . _ ...., k< " ....... '.,. 1"7) .. _ ........... _ .. 

- "",'''',.,,' 0-;., <_ 1'·'" _ <_ 1" "1 ,.,. ........ " ... ....... 
"->O . .... . ....... ..- .. Eqoo_ , • .",, 
"""" ... _ .... _ lor .. .. '"'''''' I ' . ""I-
.,-.. ............ Ior .. ~t .... _ , •. ' '''l "" ........... _.0-" _ ......... '.'''' 
"" ...... _ .. . . , ", •• "" <0 ~ <_""'" ,''' 
v"",,"'''' • ..-_ .. ' I ' ' ...... <_1'·"'1_ . -,< .. 
.'" too c . ......... ..........,..",.,... "" .... _ . ..... _ . ... . . ....... 
~ ... -....... --"""-.-... ... _bon ~ ~~_I""' '' [q..<ot", 1'.'''1 ~ ... ........ .......... _ ... ,._1··<01,10_ ... ___ .. 0( .. , • • 

_ ... < .... """ {>,I", ._ 0I00l ~ _ ' '''' b_ ' 'u '' _ ... 
, ~ • • , ........ _.., ..... _ .. . ....... 1·"'1-

, , • 
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·.. .... ........ , .. __ ...... 
.. lo>og/1 , .... """lmu", 1"'.1buckling SI, ... is ,fool """or _.-.I 00 ,~. b..,k· 
log ott ... 1_ ", IQI goo ..... ne Im P<l~""'''''' a .. ~J t.o.e.>u .. no 
OQ",_m SIa'. o,n .. ' '''n '''" "nM",,,,, .. 'to .. iot. bO""" 'n" mir\i. 
mum ""SlbucICl;,.g ...... . 

n. type 01 bo"" .... In F9J'" ~~ io "no""".",,"; n un..,.m .... rIc 
In '''0 Kohl .. n .. aa d."",,_ In S""'"n 1.3, On". 'no '"'"'II (un ... · 
t>IoJ ""moo 01 figu .. 1·221> "" pogo 20 io .!'PI"""' ....... the SIopo .. 
ve ry .... p, oo.fooI boh ... io, is tugh". unSlablo . nd , fooI .. lot. n ighly ..... 
ooptihlo to 'ho In'luo....,. 01 ""porloct""" Thus, Initiol goom .. ," impo,· 
t... ....... '" 'ho . h. l ... 110""''''' '0\10_ ul>o;,.g .. _noiolo lot 'h. 
""" "",,,,,, b<JcIo:Iing lifo ...... IIow~or. ,h. pootbucl<ling boha.'" mu" 
bo ... ",lno<! to . ..... tn . ,;keli>oodlho, i>iIiIr.I900"',",olc Imp.~.e'''''' 
0 .... »wO ' bveI<Iin9 SI, ...... _, TNt' it, the "'_ tt>O m .... "'" .oSI· 
_g ...... ,."""" 10 'ho Eu .... buckling "rHO. Ih. mot. i • • ". t!Io1 
Inft,. , _m.,," Importoct.ioM wlll_' .... actual boe<k>g "'Osses. 

n . PO",,",iIY 01 goning lO th • .o$lbucl<lod O<lullw",,, OI.te"h)m 
the prob",,' 1Od OQu_m '''' to 10< ..... 1ICl &h," io .. "Io<! '0 , ... ""'~ 
_g ...... "",.fooI '.lal .... . no 'g l .. 01 .... prot>ucl<lod • .-.Ipoo1buck· 
IOd _ ilbnoJ", .... to •. T"., I . . .... ""'" "' .. " _'"''''' ""l'Orloctiot>t, ,n • 
.., .. """" ""p tn"'og/1 I""" " 10 e In Figuro 4~ "' ""me .. kIo 01 ", .. I 
...... ", • • 11"'0 t fool EoIw oI,oos. n ... """P.,hfot.>yh bu<kllog " ' • •• ,.~ 
bo .. aU-to<! on the _ 0/ tho . nerlJll ., A .... " u. the _'11>' ot B. 
T";" , [, .~gJ prnpo_ """ the 01>011 buoldo. wlt on .... ' ''"''JY . , A .. 
OQ""I '0 l fool . n" IJII" B (Th. Tlion eq .. ~.nor!1Y bu<lCIng emo,ion), 

Th. g . ""ol '"" Koi"",on ahd To.ion _ct.. a. rn<df«>d ahd...,· t._ I", "." •• ",ural . .. ",,110 by AOnrQ\h [4·301. '" Jon •• (0·31[. ,.1 
!HI u .. d In , .... ...ct"" 10 "Oldy ,h. ''' '\1)1 dutng "'" buol<Jin~ ~ 
A highe' .tot. 0/ ~n"1JII than .~"",.I A or B "jibe """"" t ..... 1>0. 
,_ A .nd e Thu •. • " '. '0'0>" ~ump' moot .. "" 'moun"" ""t\rI!I 
b<IcI<ling. "" 'n , To;e" oquol-.ne' \1)I bu<lJing <"'Oticn co",..,1 1>0 valid 
(Tolon 0<"", 11y withdr. w .... <",orion in 1Il0l7 «':121. but m.roy . no ...... 
<til ..... "'- ",10"" dHI>I1 lfool 1.0' thOl T • ..," nimHW ","""',,,, ~) . 

Th. """" ,n"", . 01 ."~,"""n ~ po.tbuel<>ng " . ..... '" .. , fool ""'m .... 
• 00 eo""","""", Co! t fool . ... 'IIi • • In 'Oo .. rio •• __ um conIig.>rolion. 
lito, oro po><Siblo, W. I • .uic1 00' . n . ntion 10. "' •• 01 inl nit . .. ngtll. 
"" . ...... u ... ,Ito " .. dd •• I to po,;,die""",!h o . ,,01 Iongth. w. , .. d IHt 
"""',,,no<l only wi h . oinglo u ial ,. ... Iongth, L,. 0/ Ih. buckloo<l . hop. 
u .... ,.n In F9 '" 4 ·3S. Tho". oitou",for.nliol bu<ldo. OtO not ....... " 
. 1ricI". 10, co"' ..... "". ", ... hl"'" N.><> . .... II--o<¥t __ '1 <on<!i-

, 

'/ b,-----.-----(;~ 
~p '''' ''''nMly ""'" c ..... , C ..... __ """ 

E,_" ... Po __ '" "''''_ '\IdIl, 

, , • 



........... "" ..... ~...... .., 
"OM . , . "ole,an' b. <o.," 01 ' Oo .,"nit . .... Iongth. Do"".Hype mod-
ora .. ~ 1e'lJO'-dOllo<'''' ..,. In-dioplac.mont .... , .. ". in ~q .. 'Io" (4.5) "" 
pogo 467 a ' , . .. d 10 obtain ' Oo ,otal pol. ""., . _ 01 • _, .. gm.~ 
L. long "nd" ..... 1 C(Mn"' • ...,.. 

E' r'-. r"', , ~ . 2.\, J, r (~ .• "y) - 2(1 "·H~.~, - '",l] <b.dy 

B ' j"L~ ' • • t [ 1,.-... ,.,) _ 2(! _ ")(w"w" _ w,,I] <t<dy 
2« 1_ .1° 

-Et!·,~.), _'-. [t ", <b.] dy ", 17~) 
io .. f>ich .I ot, ......... nd <I"I'Qc<lmo"ts .t. dim_nloos. 

n . n. '" diof>Im,. m. nt of tho ....... co. '" _0" •• , 
"-1 ",m 

o 
,'.'7l) 

10, vrt>iOh w."';1 ObI . .. " . by • _,'" b.tw.to .... In • .., Il001 ., 10 
CO""","' "ith ,h. a""..,. .... '100 lor 11'10 .ad .. , <IOt1ac!1oo ... ......,., io 
E_t<>n 1'. '721 no-ed "'" ". 00"0"", .,...., tI'IO . nd of tI'IO . hol ooogm."'. 
In '.ct, 'h o .d.I .... """ can ". """w" 10 ". tho .... m 01 on " ' ''g. ,alu. 
" ond som. ,o,"lion '" tho ,r.,u""""'''OI dw« I<>n , 

Tho IOtaI pot.Mia I .... fIY can'" ' ... pr • ...., iII.....,o 01 , ho d io.
pIocomon .. u. y • • nd w, "'" th," <Iope_m .. noble. OO"""'~ Iho 
diopIo.,omont ,octo<. and tho loading po .. mo,., a . Thon. _ n appjica. 

lIr>fI of lho """"Ie of .... ,Io .. 'Y POlo "le i O"orw """ ,ocon .. o"'" to • 
...... . "..0<1 rormula"o". W<I ob!aio thr •• oqu iliOOum ~''''''" : 

1<··75) 

,.' 1211- v)' . " - B' 
1<, \16) 

Noto tt.a, ''''' ""'~ param . ..... " doe . no' oppoo, ... U, O "'1"_ 
""uo'iono but ;"stOlld .",.t. tho preblom th~n tho b<o.I,d"y oon<l· 
tior» 1'''' Ie 0 moderato", m go -dofloct"'" ""._!urn preblem, I .. .. 0 
__ ry ... 1110 problem) , Tho , .... "'" ""._Ium _""'S, Eq."Ioo. 
(4.' 741 a nd «. 1751. or. I>OC* .... ry .nd oufIic;o'" oonartlono lOr tho ." . 
islo"". of ........ !\lnclloo F dolinod by 

«.177) 

, , 



... .... ........ , .. __ ...... 
Beeo_ a ."eo. 'uoe1ion .... as inI~, a oompaliltlily equalion .. 
'OllU~od ond 0'" b. obtalnod Iro", EQoalion 14 .'77). on ....... _ .... In 
,. 10' ...... and II,. "",i .. <lisp""'om. n, !Obi ....... 

,"" [ ' W"j • W" _ W"W,,, _ , 14.!7e) 

n . ,I,., ... p'" ,h •• "M"," p"',,"6'," io , .. a""""' .... '". oj , ... 

",d'" doIlo<1ion w with • ""oIllo co ..... ..... 

", . :L :La,ooo. ~ 00. I'Y 
,_0 1_0 ' I.., 

.. "hieo , .. "um i • J .. olw"Y~ .... n. T ...... ,.." .. . '''''' . .. n .. tion oj 

tho dio""""'oIwu>od touc~ ... ""-"od ,,~"" ..... toucl<l • •• In Figuo-. 
4.", on pall< 5,9 aod Figu" ~·23 on _ 497 The ... touckloo a,. 
mueio """'"' to ,,,,,, . .. n' ",.'~e ... 'i:.a-V IM".re 0_'" lOinu_ 
don bud.leo. A, t,,", pomo, w. "'''''' .. eal 'hot .... a re o.=-g 'he 'ou" 
dooo,"""Io ..... ,. oj '1>0 "'01. no! just '0, dlsplacem"",.!Ioa' occu, "uring 
l>u<:l<ling. Whon 'n" <IoI_n .ppro,""'''', Equa_ (4.I1Q)," oW· 
<1iIuIod In tho "omp'ltM!y OQuatlon. Equation (4. '7&1 , ..... tr ... 'un<1io>n 
con b. dol. "";nod in 1o,"", 0' tho po,. m.lo .. in Equotion (4. I1Q). 

N . ... tho ...... 'unelion m,,", b. _ ... IM<! ... .... ,,, .. , po .... ' ial 
.... '!II' O:Xp' ....... , EQu.oon ('.17~). 110-..-. " Iho "'ogml 

14 . 'l!Q) 

co. b. "'""'" to bo idofItlcall)' U (o \or" t l>O 0fttJ0g0n01 f""co;o,," coo"n 
to, tho fadb! "",1o<11on 'PII"" .... tion (4 .331. Mo,,,,,,,,or. t~. "" "Il'" 

14.1 61) 

Oo •• loO be.".,,,,, to be idOntiOlo-V , 0", """". ,,, ... ' unction e ..... 
(4-331. nu,. Equation (4 .172) eon be sim pliroo<! considolObly . 

lII>on O>II>$1~LI\Ion 01 1ho str_ 'u"<1ion (In '0""" oj t .. ..."..,Iion 
"wr<>''''01loo pafOmOl ... ) in tho slmpII!Iod ""01 po'",,'ial .... rgy "'lOg", 1 
. "" W OlI'"'oon , ... IlOl on oO<j>ll:lt lunction , ~(l,. L,. .... a. e, "). T".n. 
~ tl>O _.~od COO<tIin.I" L" .... . "" tho "rj .'. ~'" .. "''''' by .. 
Itt. prInCipia ot sta"<.n,,,y "","o"".""rII oon bo *'p"' .. od .. 

av . O 14.182) 

" n.. '..,1 1t>a1 Ih. _ rg)' ;. m_ lllat",,,,,ry .... , .... ,. L, .. """""'e n! 
wiIh 'M "'l>uIolion tM' tM .".1 .. inr .... 1y IonO. TM' Is, l, .. a """. 
lin""'" . .... 010 10< on in,""'" _ . H._ .... __ use.' o;,cum'ertf>ljoi 
<01Otlnuly. 1.., """"'" bo ~rdod 0' . COOl""""'" ..... blo u"'pMd ... 
E_tbn (4. '82). T~.' •. n . ,.., ... m ..... bo 0" .... _r , .. 1t.1'lcn>ry 
•• 111 .. 01 V mu", bo ""ught k>r <M<n'~ .. 1uK 0/ 1..,. This app!oac!> .1· 
..... .. Lldy oj tho .... rw in tho •• ..,.,. Olluiobrium """,*,r-a'_ 'hat . 
"' .. ""'" . .. um • . 'n ~".. Ho/f, _n, . nd "'Y' " (.-34I""'""od 
tJ\a, II.., Is ~dod • •• <00';0""" . ... m.1o rail •• , thon MviIl9 <io<,.,. 

, , • 



......... .. "" ..... ~...... .. . 
•• lues d<pooodinll on to. •• Iue o! in' """, n , , .. Yo",,"u,. buc"-d 
eonll<.!u,. tlo n (O-3~J • "",.n.<! to.- _I> to. minim um pooIbucl<lr>g 
....... ' Gr<> , n, 110'''''''0<, Il'>o ""',.,._ ol L,. • _ Iod '0'. 
Ma_ and Ho<I rO-36] <I>OWod D\at " . m"'mum poslbl.::kIi<>g ....... 
,;,,~. , A' • ...,. "'t •. 00 ....... of Il'>o """ultan ...... _ .... a ' .Iyoobo-o" "'1"'" 
bo". NII'u.",od by Eq""' .... (. ,' 82) io occomplill>od by u • • o! to. 
N_.~"", t"'o ...... o. d.,,,,,mod by 1<.<>0-" ood Kom ,.-31'( 

80-0.u .. 01 "",<Ii<. l ""mputobonol imilalion&. """'lO lly only . f.,10 
numb .. <>I '.,m. co n "* , ... _ In ,h. _ I d.I1o<Uo" "1'1''''''1''''' ..... 
E_t .... (4,!P.l). JOne. (4-3 ! ( u_ 

14, 183) 
, .,. <>0. 2<\. "". 2jly • 'u 00. 3m< 00. 'lIlI' • aoo"'" 4"" 

.. _~ ~ ~ ",L,.nd ~ . "'L,.. n : ', n. _ .. Equotion (4. !83)"ro 

... n':: lOnt to " chi .... 11<'""'. "t wiII1 tho exponm . .... 1 ...... ol "'. m.,· 
""urn pooIbu<kIi<>g _ .. (. !O to ,2~ obt.;". d by T,,"-_n" 14 ·JS]. 
Aim,,,," (.-30J obtainod .!oe"co.. with "'0""". t.,ms ""'n;" Eq"oUon 
(0, ,e:J). Ko.nd """"" obtoO>o<l .' 12 ac, to.- Eq". ' .... (4. 'e:J1 ... (1;0 
_" and tIon ( ..... Figure 4 o! J4-:l6J) to.- ,,1 _ 187 and " _ 7, Thus. 
both "" pr-&CIl<air\' .od '" "'11' 01 Ill< pro __ lInN, "'l";!b .... 
' ''11'0'0 " 0 d • ..-.. IOd. 

So,..". <II 'ho ",odo,at"", Ia,~c.m_ "'lui _m ~' ion&. 
EquOtion (4. '82). Y ....... n ..... , .. ,... • • ,..,. a, ,' _ . n",g POO' " 01 
length cu"'o (OGui ibWm cu rvo) !of . 1 •• "'0. ol" tlf ., which n " to. 
"umb. , '" "",,umfo,".lial .... -.w .. In to. dof"""",, lbucklod) '- A 
coosisl. ", I.mily 01 ""ch poOlbuclding _ ibm c""' • • • obtai<1"" to.-
0 ""01 ",iIh • ......, .. '" ,/I ,"" on 0 ."""Y 01 in"'iI'" n . ....... ..,,,,1",,,. 
,,1ypic;.1 I. mily 01 oq,.;rbrioJ m cu"' .... to.-,~ _ 7a7 io dioployood (o'" ~ 7 
.. Figuro 4·36 aod Io! n < 7 .. rflllJ'& 4·31 .. W""~ "'" "".1 .. ,&,. .. 
"", ... Iiz"" by Ih. Eult.- bUC-Oding OI,oss, 

~ EI , 
cc · , _I 

"I J{' - "'1 
(whdl is ,6 Elif to< ,'. ,21) a OO , .. . , .. 1 ""'~. nW>g pel' ""I lon lllh .. 
"","",lizood by (h • • 00 ohorlonW>g . t the EoIo, ood<l"~ .h ... 

B..,. . .. tho po.~ion 0' 1ho "' . .. "' OG"ft>OOm <u"' • •• dolO!min otl 
,,"d1 "'" ""'am . .... "'n. any """"Ie cu",. """ "* int.'P""ed as ,,*ing 
'S$OO"t~ wl h •• _. _.<>1 n and Iif. For .,amp". ,~o <>we .. eqoi
(;lH\u m corvo has 8 Iowo, n to, thick _ rio 'M" 10' ,~ in ...... . Wo.,, · 
-'. 1nt"~~.Iy. ,,.., ,h'" $ho ...... bOCk .. ~ ~ OO<'llllwoUon ,d o f, ,,", 
circuml.r • • ,lol "","eo '''''" <10 ,,,in ........ F", _ 15 wiIh ,;,= 200. to. 
co",. "., n o . "'" jusl abo-.t. AlnUQlh'o 0. "'. In Flgur. 4<17. _ • • • 
,no ""' ..... to.- n . 5 Iio. ""t .... n to. cu", • • to.- n E 0 .od n . 10 " """ 
m _ 7S7. n o coho, n """'" Io! r,' _ 200 '!O ...... ,ry ..,fO.d "'" upward 
""'" "~ro\n'o """., Fo, Ihinn ....... , Ih. ""' ...... oro crovrdod 10· 
g&1ho,. nod ,h. 10-..- """. hu • high., n tMn to.- ,~ _ 187, 
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........... "" ..... ~...... ... 
T"- pr . ... n' Ill_a' posIOuc""g oqu_iom <"",u 10< Inf ..... 

~h ..... a~ """,n.1ong woh Tn~.maM" ' <j)OII'imo."" '~olo< 

"' •• -IO"Il,h _It [4-38[ ., Fillu", 4-38 1"- "II'''''.'' btl....." '''
, lMoorok:al aoo . ,p.,;mono" mi.imum _iW>"'m w_ " th o bucl<1o<I 
... , . .. . «"om, both ,a~ ore.1 1 0a.- T"- ,hoo,otical ~k'irIg 
n "" "'" 10". 01 oqu;';""" .. <""'. ;. »w., ,,,-. ,,,- .~.",. , " .. 
f1\~ be . '_"'" when """'IO.longth .0 . 1 ' . ' u" """ hnk .longti> oh. 1 
..... . a", """,po"" t>oeo"", """ ... ot, ... , . x .. fo, 1;' ~.·It.glh ..... 
1M. lor infonb·lo.glh -. "'Uj more .. ""rirrHI",.., re,,"to M& dis· 
pOojod """ ..... ''' .. d bj Sng., . M>ooz. &00 W"., 1',", 31-

r ....... . "" Po.""""""'!4MO ..... """"'. lOr 
.-_ . ... ...... "'--'JIh s ..... lAo.,., J<xoo. ('.:I'D 

T"- _ , po'om", ' .norfW ""," bo ... ",ined to ga;. " .~ .11" 1"-
00<:.1 ,10<1 onap-'hfOUlll> boc!ding pMnomonon. n o "".1 poton,",1 on· 
"'If, V, 10 ""'_ • • "'" ....... '" i . I>"rto U and U '" Fill.," 4 -39 In a 
",,"phal dol;,,;oo. , R • • " " 10' ,,'''Ot ~ ,170 oj Iho """'VI' "' "'" ,a_. 
co nfigu,., ion. cOO bot a constan'·""" Ion. ''''''e< • . 170) .. F;gu'" 4 .... 6 
.00 , -:J7 .ro __ '" Fig"" 4 .411. <och 01 ' h. "" .... oI>o~'n .." .... " . 
o ."'1iona1Y ' 0100 01 V_ Mot"""O'. & ... 9O_ oizod """,<initIO, 00 
ilV%_ O, Hen<o, V ~ hov. a """""n"" ~n,.,....,h "",,rei. 
nu",bo, 01 circu",I. ,ono;"bucI<Io WO'05 lor. _to ,~ . _.'.', 10< 
orh., ,~ '0100 • . ' ho ""01 .... or tho """"""", "'"90" """'''' c~_ 
Th .... , 'ho IOC ... 01 '.'u". 01 V "" oJ va"' .. oj r~ io ........ n, a._ On 
_ ... ,"" 01 h;gh~ mov io. or Ih . bur:ki .g p«>:e$O II')' Almroth. 
fl<>rnoo, . " 61U$1'11'·3G1. 1~" h1g/'oer II>e<> Io"er t'IOIII"" 01 c~cLJmI.'· 
... , .. , bocklt """'.,. """"or. T~u •• ". cOn ""nc'-'<l<l ItIa, ,hO _ 
""''''''' .. F;gur. 4-10 .. , .. '''o<! pltj,"","". Loc; 0/ Ill. UWO' bra""h 01 
V ....... 10.- ,."''' <f'<fer. . ' • ..., ....... Fy..-o 4-41 10.- " h'ch lho oM<V!' t>:o",.,. wh;';h " Ih. mognilWrt of 1IHt o",fl1I' hu "'l'. " ciolino<! in Fy..-o 
, . .0_ ThO on"'9'l' "",rio, .. . po",o",..!/" of 1"- _""idod on"'9'l' It 
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pioIIe<I lor various " ''''''- in f ig'''' 4 ."2. T,,"," , w. _ . ,hat ,~. po,. 
e. n .. "" ". erov barrio' doe,,,,_ quite ,.pi<I'y •• "'''cr.. II<>" to 0 .. 
_ , • . 01_, '''" • • ,rIt , v.nls" ... T,," _roy b . ... <:.On", ro. -
..,nabIy <01 .... 10<1 .. ~~ ,~. _ roy g( . ... n m.o"rbarocfl "wried 10 .~., 
Q' IK''''omo, " >ample. 01 omaII_.rbar>e<os a,. bIi>win<.I on ,,'" .~o' '" ..,_.irog ' "''''''I' by II.>M_ Tho>, .... _ _ ba".., al'l'",. <h io 
yoo ....o(~or """,,,10 .. plor\01"" ot U .. ,,"~r>C\' bet" .... 1tMo<y OM 
"PO"'OO1 to, bL>Cldin~ 0/ . . .. 1Iy k>.adod ,ircu~, cybr>driet., ..... :1._ 

ll!llli!il ..,.",.~ "'(ReY 
lZ!iZI NE<;AhyO ~"EAc" 
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For "'~ ... _~ condi!ioI1', ' "" po>lb<.<:klinQ oqui~rium <UN ... 

mLoCl>~' " .. , .... '" 'no < ... _ Eu .... buoldlf>g .. ' ... , ...... " • • il l 
OO"'P''''''n. Fa< a.o m"". a ..,._ 0<ErI0<'"" '0 lOt..,. 1N ) no • • 
1Oord ·"'."~' ...... , '" , .. , 'OV....,,0<1 .. F~" ,. .... 3. f/;;"a, , •• 
minimum _trucldrn g ...... is abo", 70% 0' ,no Eulo< .. ,~ .. , Sn .... 
' ubjr!d"" 10 10, ... 1 p_ hovo . ' ''/ ""a~ "" <kop I. "'" "'1 uolbium 
....... . ~., _~ing 1>010 .. 1ho Eu .... ,,_ .. .too,.. ... F9.><o . .... , 

, 

-_ ...... 
. ., 
'" 
' ,'.' 

< ......... ~ _ .. "'_., """., .... ... -~-"" ~ . .... -_.,..-" ... "" .. <_ ".'73) """'" ... ___ . <_'"' I' ' 70) or ........ " ..... _ ,_ _""_al _ _ 
..... ........ ........ " to • • hM """""" . .... _ .. ~,.. __ -. .... _ ... _--_ ..... --... .......... 
..... _ ... _" Oro """' ... "", .... , w~.,,_ w~ ._ A ... 
_ . ..... , "' ...... aI""", __ ..... _ ...... _ . 
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4." EFFECT OF PREBUClI:ll HO OEfORMATIONS 

ON BUCKl tlG UNOER AXIAL COMPRESSION 

_,J .r. I ... doMicoI 
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Equaloo (4 .I!I6) co n be doI'I.,."U.,ed a od '~en Eq"'oo (4.185) subsI. 
MOd to y~ a ~ "," ' flrlom "" .... 01 ... , ", .. I\on 

~ .. E' ,'" 0 u,",,,, " ''',, ' ,"- , - PI , 1'·1 87) 

, .... , •• ~zo ttr.1 (I) N, is con,"'" t>oca .... .,. E_,,,n (4.185) ond I"", ."'.V' ...... 1 to _ N. ,h • • • 1>1_ PO' "n~ ..."h '" ,n " dg<r."" (21 

I'. 1M) 

_h is obtoinoO Irtrm . oh,bon 0/ ,n. _ ·,train rolalions in Eq"otion 
< •. 65) orr PO I/O 485 """" .... ~no .. ",. 1 N, ._N Tiro .. m<dorot. 1y 
1o'l/O,<Ioflocbon "'"'d · .... in <"""""iIy IMd<lioploeomont) IOI>'ir>M ore 

N,=A[<", ·t...:)+· ~] 
N, _A[ { ..-I", +:\-..-;I ] 14.lap) 

N,, _ O 

TM _ . r .... ~ __ loJm ""'. , . nliol ' q""tlon. Eq .. ,"", (0. , e7). is 
• 'urrcloo"',,- only o rod II ... 1M l/Oo . .. l ooluloo 

.. _ :. ( "~ - PIP + A, .., , ,, ..... ',' + "", "'" ,, , coo. 'r) 14 . , go) 

in .. hiOh two '" 'ho """"'''''' 0/ In'_'oo ...... "-_ o. b( ... .,,,,,y 
"'_ "" .. m.(1)' abo<.< "'" 00 • • mid40 n\ltlr , ,h. eo o, "m tom ir. tho 
mo"""' " O pnrbuo~ doioo-m.tio" • • .0 

' , _ 2'L ~.{:ll ' N~' ., _ ~ ~.\Ii'l - N~' 1' ,1.') 

(Z i.llotOOrf. Z dot""'" in Eo .. tion (4.85) on p.1I" 4921 0.0 10< >imply 
... ppctt<od odgM .• 0 0 olld .... 0 0 at • 0 i ~r2 (orioin in mkklo 0/ _II 

• 

14. \92) 

","" ... I", elamp<HI 0<Jg0'. ,. . 0 and .... . 0 at ' 0 UJ2 . .., 

o, ~ . a.~ a ,L ' , L 
""eoo _~ - - 2 _ 0 , "' - 2 "00" 2 

A, 0_ 2 (", .'1130) 
. , >inh.2\. •• , .... a,l 

, , • 
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... .... ...... .. , .. __ ...... 
TM n. " "'"" In 1M prol>lom 10 10 .... 'M rigo<oo" ~ . q .... 

lito""'" ... lo.oIio<> In ,n_ """"io<> 01 .... _og _I ..... , Eq"':;O"S IH 'll. 
, • . GI). arod 14.52) __ . nto<l by ,no • .....,Ificat"' .. " , pr"""ki1Ig 
.. ioymmelJ"l 1n Eq ... ';ono 1 • . 65), 1 • . 66)""~ 14.61) o n POll" 484456. or 

t '.IN,)+;' ,m,,) ~ o 14. \ 99) 

! ,~N,,) , ~ (111<.,.) _ 0 14.2<Xl) 

i i iJ' 
~' 1&'1,) _ 2 ~.); (~M,.,) _ iJy' 1tM.,1- ~N ,w" 

+ N,1IwD - rt,.~,., - 1IN., ,g 0 

N, . A[IO. _ ~ ... !) ... v: ]. N 
N,~ A[ ~ H(O, ' ~ .. ;)] ~ - [ ~. w- 'N] 

ON, • "f(&<>, + ",~ ... . ). q.w, _ fM,,<)) 

IoN,. At(", + ~i') H (O"'. ' " .6" .)) 

ON" . ,;v ... (Ov,.~", . .. ,~,) 

6M, . _ 0 (&.0" +\·~,.,I 

0,,\ . _ 0 (&.0,., • "~" I 

01.1" . _ II _ ")o.\w.,. 

14.201) 

14.2(0) 

14.2(4) 

N«o a' 'hio po ... 'ho' N, ~od N.. . '. know" ' '''''' 'ho "'-og . q";
Ib"'m "",",loon .oa,. w .rod jLo J.""a~v •• _ Note."" 1M! N, 10 con .... '" 
ovOf Ih. _ " , b'" 1""( -.., .ntI......,. N,. va ri .. wjh pOU IDn. Tho,. 'M 
_0 do!l .... "'"'i 0QUa'_ Equotioi>s (4.'WI. (4.'100). a nd (4.20 '). 
oro _" po" "1 dihroo1ia1 oq ua' ''n. ,, '.~ ~nI <XXIIIic ....... 

~ ,~. vanob " . r. -"rotO<! • • 

&<> . u(. ) ... "/ 

11< · ;;"1.) 0"," "/ 

&.0 ' ;;;1.1'''' ",1 
(""t. tho, c""uml .. ontiol oontnrily IP'~I ;. .. tioliod by oIpuIol;.,g 
Ihol " bo on ",1' 9"' 1. ' 0' " Eq"" ..... (4. ' W). (.~) .• nd (4.201 1"" 
,od"""d !,,,m pan .. 1 h> ",dina..,. dlI. ,.,,,101 oqua'''O" (bul .,;1 ha •••• ,1· 
. 1>10 <:<>em" .... ). The ~OO" 01 !l>o "'1",,1_ wo. _ OrMod by S ,. 1n 
(4-401 <or lhe 53 p_",g Ond bacU ng l>O"n<!o .... 00nd~"" .f>CI l>Y 
"'"""tn 14·, o) '0< a ll . ;gh1I>ourOaJ"l condo\"", • . In both __ . lhe 
""""ion ", obt.OrMod l>Y .pvly ;" ~ . r .. ~ tIO'to .. """ ., ........ 10 Ill. <><di. 
M .... dlI.,ontiol ",,""'""'" ";0, know" "a,m.I. """Hie"," ," 
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........... "" ..... ~ ...... 
•. e EFFECT OF I'IITIAL GEOMETRIC IMPERFECTIONS 

n . ''''''I'i)' pu k"; 
Oh . .. _(loo.d· )· . . ...... ·.rd· 
dolk>clion corvo dopaod 
_ tho <10511"" ,u",. in 

Figufll ... 3 lor"n "' ''1Iy 
_ cir<;"", cy_1 
""of is gon. ",lIy not ,oal· 
"'''' """"uo. f can DOC ... 

Ofti)' 10f p.~o<Uy oil""",, 
011_, ",," .. I .. h ..... .. 

""". I"", Iflo scnoma'" 
"'p ..... m01"'" w.h " oolid 
~n. in FigufO . ""'801 . ..... ~ 
_ ... rl.oo goeome/tio int 

...,<1«:1 ..... , ' .g .. ,uri.,. 
,;ppIooo, o,l-<>I-<ourd n . .. 
c • .sod.y "' .... 11o~1o ""'n

" 

FOgu<o , ."" .......... ...... , ..... '-'-' 
'" Impori .. t eire"'t """""" .. 'ho" 

uI"el"ing otrots or """''''ns , Undo ," con"""" .... I 1Dad, ,,,- ohol "'~ 
""op thmugI> '",m A '0 B .... ho. " 0 ""d .-aci>o. 10-<. 1 A "hoto A is ,h. 
" .... ;,.,,"' poOnt on It>o " ,_.<IoIJ.«"'. cur,", ft,. '0'" '" " (O N ~I 
point A do.,...o. on !!HI Iype ard ma\IR~_ .. ""I dO k>ca'ion 01 Iflo 
_."'" "pe~..,-.-

n . quo .. kK!h . pori"", oil" 10 "'" ooc,lin9 IOo<>rlo. . nd .. ""
do_ til. """"ing pr"".'" led Tonn,,,,", 10 ,,,,in-<:401 neatly "",,eel 
",.lI <>I pholOelastic pl&st'" [-1"' 11_ ThMo ""'~ oIIots bucklod 
. 1 1'>_ 14'10 ~ • .,.,. I ...... ....,,1 ~ .. . 1Pg $1_. ~ ... . "" ""i)' . _ pet_ c.'" ....... ,,,- tIgo""",~,o!tu<iliny-"""""" c.III mped-odgo _ . b,",~ling 
... _ colo:'Ia'"" by Almtottl', _oooh [4_'0). Roc" 'hoi ,h. rIgtof. 
_ -ptot>uckling-OOIuIion cIO"'P<t<I-eG\l' ""'" ..... Ung ott . .. is .... 'M" 
t"- "",_.1 buclol'ng .. , . ... as".,,,,",, in Sect .... 4.5, Thu •. f ..... """. 
allio '0 o"""Iude .... ' tho oo.lo:uIa'od I>IJclding .. ,. . ... "" i>O~O<' "' ... 
a(O ~ co"-"" , a Iac1 .... t .. . "",,",a ging 10 '''''''. bo1 not ' ""I 
uo.!ul boo, . .. -.....,. ~ io impr»et,,-I tD "'~ po~"" 01>0110, Th.,., 
_ ....... .. ..,.1. _,ally impo~KI 0li010 u • pr.octicol _",ooh 

Tho im""rt, ,.,o of m .. 1 ~..,mo'"" mpo ~oc6on. fOl oholb *- dis· 
ousMd by Oont>o. ;., 1113-< ['"",2]. _"". oigoilioanl n,merica' to.u'" 
""'0 _ obtained ,n'i 1900 10' 0'"", "'._ .0 . .. by Don .. ' o"" Won 
[. · 12Io,-.j U"li '~$5 kK .... Iio ._, . ... mol ~,. by Don .. II[0-031. 
T"""" "'mo tioo l , •• u" ".,. __ ~'V<1y _", .. 01 thO "0'" 01 
''''' Kat""" a"" T>i6n i'4 ·~31 Who, os 0010<1 ", s.ct .... ' .5 Oft "".1OOcX. 
ling .. n., Iot . • ,.,. ,,,. Ih.1o <lorn",,"'." , .. , oqu;lolHi .. m ... ". 01"'" 
'''"" Ihe QI"""''''''' Olo'e . . ... 01 ''' •• se. _ .. thO E,Ie, .. ' .... Tr.e. 
"""" toq_ Ooond. modo,"oIy "'1VO-<1eUo",,1oo 'I>oor; [-1.42]. 

Th . ..... nc. 01 Ooo ... lr. " pptOOC' 10 tho .. LJ<Iy '" Lotitial _"",,110 
im...,~ .. '00' ". __ ,."" Ih. m~ 10 1>0 <>I """ .. m • 
• h.pe .. ,h. modo into wnich tho p<trioct oIHoIlb_, SUC" __ 
impo~_ ptosu""'b/)' "00<:1 _ '" 10 .. """ ..- d,om.aiJing lo.hO 

, , • 



... .... ........ , .. __ ...... 
"'d. ~. OonneII"s 'ppro!O<~ must l .. d", on ",. ",01 .... ,. 01 
Il>o ott""" oIln l lal gooom~'ric Imp.o"",,,,,. "" _g. TIoa, ... uoing ,"
mo" da .... \11110 .ind 01 _Ific knpeI!oction. m ..... I • • d '" on _ 
boond "" 11, .... H"",. Th ..... ~ "'" ,hoi .. 'n deI."m """ th. m<odo """1>0 
uwd by von K • ...,.. ond T ..... I-I ·28J. 

14,2(6) 

'",,0 ,h. ,..,rot..,. .. ",1;"1 ,.d"'lI"""'elric ......... ..,.00 , " ,, " 

.... rr; 2m.. 2.y 
"o ~ "o~"""' -, 00. , . bo.,.. , +0 00' , . d) 14 ,2(7) 

In 1I.io ""' ........ ' " comPO';";''''' oq""""", _h eon •• "", .. n "' ... 

14.201l) 

",..toi<h K = ' . 2 .. r/W , con be _0<1 boa ... K Is. C01l,"n'. ~ ......" . '*'"""" .haIWO .. 1 0.....,.' .. 1_""""". a,. "" .. oa .... ..,.,..... I 'hoy 
Ioanlho sam. ",- a. ~""""" into "h<:ll ,ho _, is .n.mp'.,o 10 
_ 10. How" " , " It.. ... m. timo. w. mud ... .". 11\0. • • ""h • d uol"n 
io "'" vory repro_o .. ,iv. '" . ctual goom. lIi< importO<\iono.. Mo'OOY". 
""' .... 111"0_'''' Im p. rt. cIio., w",,1<I _ , 10 be .. tr ..... 1y d Of""1 to 
Cha,octeriz&, much Ie .. 8"""''' 101 ., 0 1I'I "",~oo., _roII,h. 

Th • • !rOM lu""''''' ''' E_,,,n 14.2O~1 ca." boo do' .. mlnO<l by ..,.. 
"'ion 01 ,h. oomll.O~t>il il'y _ion. N.". ,h •• nO!w 01 ,h. "'e! OlIO be 
"'und '" ' ho ma",... 01 Soction 4.$ <In "".tbucldWog boloa • .,... Tho _ f· 
! icionl • • , b. c, o J>d d ",Iho <101_ 'W<o,lm.,,,,,, Equations 14,20&) 
a nd 14.207), at. ""'" dotolmined by awI<a'ion 0111 •• pt""'''''" 01 . Ia · 
...... ry poIornial "'""w, Oonool. nd W~n 1' · 12J ,.t _ _ ' hot th. 
dirn. nsionlo .. co.n icionl ... '" Il'1o intIol gooom. 1rio impdoclion, " 00 
""""1<1 loa .. "'" (0"" 

l! c.!\;" 
' 0 ' 

~' t' 
(4,200) 

.... hleh l! .. on """""""." •• p,,,o """"', l , .. ,h • • ,dol buo),1e hol·w . .. 
_~. aJ>d L." ,,,- ,,,,",,,,._ti,,, 1><0<1<10 ~. j-".,. ,"ngll'l, TOO '''!>O
M n," on "'" buc"," ho N· ... v. IongJl>s oro tome""'" ._ .. ry (ol""ugh 
I .... "'..,.,. _n.' oon_ """""'I. $'_ •• ' ..... "" .... '1..,6<>10 
roouft. a re . """'" roo- ...... ml valu • • 0/ tIIo """"~",,o .. po,,_., l! .. 
Fig.". ~~ • . W.~ ...... 11 _ma' ", Im~rl.ctio • ••• ohal ,""<1& '0 """"'" 
quia ._.nIy '<Om . _rp ".ok .uoh ... ..." '" FjgulO ~~g. Obri
""..,., tho 1Ngho, "'" dogno. 01 ~oomo"l< Imporloctioo . ,~. 10 .. """""p' 
tiblo. "' . . .. 10 bucklioO., 11'1& 010...,, 1 .. n .. , Inol., d. a" impeo1"" 
"' .. 01., • ., dolt!nn$ '"""" ""' .. .. ~ ,n,". po"",,, _ , from 'h. , ..... 
011 ... , l:oadin'lJ. t .... wilhlh. _""",ion '" lI'Ie """,Ieol. mount 0( lOad. 
How" ",, d ....... long . -.iuo '''' l! "" a n oct""''''''' Ir. '.ry lIitficull. 
nus,"'o p""" .... ,IA"'Y" '~ is , ,,,,,,,,,ch is _ ... ", ~itO<I, 

F", _10 000i00i''' '0 ."""., pt . .. u ... ,n" """"""'" 01 .. 1 .. 1 goo
"",. trio ""p. rtoc!ion • ...,.,.., .... pocI.d 10 b . om._ bOCAU" '0 . ..... 
"'u'" ""Slbuciding ....... is quit. do • • 10 ' ho <:1 ... 10>., Eulo, bLICIdWog 

, o • 



........... "" ..... ~...... ..., 
, .. ~------~ 

, • 
'' .. 

.. 
. ..... . .. , ~_ .. , .. , ., """"'""'" .. "._"""" on __ .. 

......., """"" ..... ""P''''' c ...... c,,_ ShOI. 
(A_~_W"I'·!2P 

...... .. '0 Fr,:,... 0-44 "" I"'!IO S23. Don ... oCI.i<ltd .0 ... ' . , •• "' •. 
,ub, <"11indri<:.,.~.111 ... ~ oimp>J "'-"PO'\od odgo. [0-43) . 0<1 ,"mpod 
~ [ • .•• [. He oxp, • ..- ,~. r.",its ..... 'm. of . p .... LII . """"' . .... 

"'4> , . __ 14,210) 

'~ 'E 
• vo"'mo-cfloogo ,,,,,. meto, 

V _ v .... m._' .... 
I't)" 

14,211) 

ofld ...... ,'-'<Y po",,,,.,,,-
C. C 

F-
14,212, 

I"" ",,"",-," ", Boldorl". '''N"Iaro , .. ""moto , Z .,fIo" v . O,. TIM kN-o. 
IJOI<lQ po, . ... t.'" ",,,, ,110 in~"d _met';'; imP't~"'t.,., """'m ..... 

u.- . .... " 
- ,- - L~~~'~- 1'.2'3) 

a •• 'ota'od 10 (>II' .""'"er in F"og. •• • ·50. T~ • •• , tho 0''''''''' i»/a mOier 
is "",nod • • '- ,1M .olum o-chaogo p.,.melor 10, lour v ...... 01 ,1M 
_motry "" .. m., ... nd 1"", •• 1"0' 011110 mial gooomotfic .. ".rtocfun p,,,.m ... ,, No', ,ha' ,1M ooom"'ry p.",,,,,,'., v . ...... 3 . ' . S.S, 0 .7 , .r><! 
P .3 """_ \0 Boi<brl """'.,"'" ...... . 01 g.2 . 28.Q. ' 0 ,8. ond 2\IO,S 
.mo" , _ ,3. Thus. ,flo ,.-. m Fjguf. 4-50.ro lor • • ry _"" ... 
Ihrougl"> • • ry Io"ll _10. n . ""SOOl'hbl ity 01 ..... , .. '" 0np0"0CI1o"" In· 

, , • 



... .... ...... .. , .. __ ...... 
c,c ... n. l or Z o.aoues. "'" """*I be " pOC1<ld, .h.n. wM1 clomped 
odIIO$ _ al 1\I0I>0, pr • ....,' • • '"an ""' ....... h oImply _00 .aoos (no ,_ . ,. ,,,,10M. "" oImpry oupportoo oo~ ..... . " In 
L ~ 11.3). "10'. 0 .. ' , "- MIt> oImp't ,upp<><\<Od Odyeo ' " mo"' ...... 
cop<iblo 10 .... ~""'s 01 geomOlr1c importKlions !han or • • ~. w • • 
d • ...,..,~. 

Mo<o ' oc<onI ""'" on .hl ;"Hi., ge<>m01r1c import""''''' P'o!>lom ;" . 
ckrill. KoiIo( o OIudy o.rho inlhronco of &lIisym .... 'ic i"""rtoct""" (4-t5( 
and precise mM ..... m.nt 01 act""" imperlocb, 1'I.I Il)' Art>ocz and Bab· 
co<~ wh do . ,. 0;10"",_ in Soc,,,,, <, 11.5.1 on ~_ <60- <55 14-06)_ 
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• 
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• • • • • • .. 
• 

• • 

•• 
'. " .--.-:-:-;! . -. . . . ,. 

• 

..... <aGe. 

..-ro ....... 

c .... 
• , • • • I • 

• 
• 

.. 
• • 

l_ IT.' . , . • · .. • 
F ...... 0.-.0 ,0 .. , "' ..... _ .., .......-_ on 6' '''_ '" 

E.1tmOly Pr ........... '''"POrIoet C; ....... C~ .... ~aI S ... .. 
/' "., """"" , .... p 

, , .. 



........... "" ..... ~...... on 

TM Iogic., ."._ '" W<l'" on '~o Infh>once '" 1nit .. 1 _ .... rIc: 
impo~_ on ",.1 b"" , 1ing m .... 1n<L<st Ioadng.. OIn", ''''n •• il l 
oom,,,_n. F., .".mpit. bol~ 1<11$10 .. , _0''''' iI'.ta! P""""''" 
_"0 ,,"v. posOb<>c • • ng <quJibrt"m """ •• 1M, .,. ",""~ doU, 1<1 In. 
E",", ",",kll ng 01, ... 10, a poKI<><1 sho. 'han"' ..... co",.!or .... 1 com· 
"",....", loading '" FIg<J'" 448 on ""II" 5.1S T"" .. '"" off.", •• ,. 
ohown '" Figo,"" 4"J ond . .... ,.opoct .... Iy. on ""9" 5:18 0"" 0,.,.· 
po.,. d n. ,. in Fill"'.' ~·51 and 4·52 _ long ".iIh ,~. 1Dad·<!olo""olion 
"u"ulo, imporlod shollo. ()by;Ouo/v. ini"" impoKl~""" ,.""1 In otl/j" 
.., mow"'l ""wo' ",",!dinO _ 11>0. 'h. Eu"" bu¢IdIog I<>od 10< ""-",,, I 
and 110, ... 1 "",0SUflI loading. """""dinlt"/, Ih. <Iosign buc ' ling load 10< 
",_ .. I b u.cklinO "'" .. bo , . dLlCod OMU' IhOtv po',," M Imttt 'ho u.b.. "'td Eol .. b",, !dlog load. In oont ..... lh . ... sign buO!d ing ~ lor .. 1 ... 1 
pr.,,su,01oading """ _lolly "" ,~ . (...-.rO<Iuced) Eulm' "'"'kIinIllM<I. 

, 
"Opo"" ., ..... ' o£ ........... c...- .. 

• 
" 

P, "oct.., .. , 0" '" S ho '~ ...... , To""", 

"."<l 

"-........ -62 S<t>omot~ E ..... ""'" C"_ "" 
_ ....... '_""'" SfroO. "",", ....... p,. ...... 

, , • 



... .... ...... .. , .. __ ...... 
4.7 EFFECT OF ECCENTRIC STIFFENERS 

4.7.1 I •• reductlo. 

Still .. _ • • ,. I • • , ..... 10 . h.l. land pIot" 1 1o !i<- 111. '"'1u,od 
dosq, to.rIding and _!ding ......... 00 at ~ .. w. ;gtoI ffIo • ."... oj 

unik>rm Ito""", ... i. • .• """"""'G"" _ S,;H ••• , •• 100 .... blo tho 
..,., '0 to. tobod to Ill. "'_ ...... 1 ... t",. 01 Ill. "",,o<og . .... ..,.,"'. nl. 
Fo< 9''''''['. ' in~. 0100 <3II«1I, .m •• , .,e _ in.""" oj i"" ,easing 
tho """I Inldu1 .... """" lho p'odom .... "' loading k$ . "., ... 1 P'_ ' 
"'" lhal ...- . . .. 1 .. ..,MSS k$ "'" i>'<"'_. S;",lI rty, uial .. iII __ 
,y .... ~ eallod .. ~ byl • .,,,,.,im .. oak<! konl/OfOn.' 8,. ysOd 10< 
p<odomlnan'iy a,ial comp ...... n i»dIn~ . • "" ""'" rin",."" '''1n<.I«> ar. "00<110< mUlng _ 00""._ p.,..;!)I. ,,".nor <fQIrO _ ';On. 0', 
~od in F~'. 4.~. TIro _ ""jed .... 01 ,toe v.'''''''' .. .., ..... "'.po. is to Il0l.' much """.,ial a . po .. 1bIo as ,,, • . ~ ao".,...". 
''''''' ..... h • • m-. sort.co ,' .• .. to in<:,o,o .. In. mom. n' oj .. on", oj 

Ito . .. "' . .. , ai;ro.ul .... "" •• _ 1 .. ;' ."" 10 in<:_ ... lho .... "'I}ol_." ;. 
lIHro,om "ill"" .. ""nlribLlbon ... IaI .... 10 'ho ." .. ' ...... " 00 .... rt.co), 

SIifI.oa-r_ coon boo JrrOUnIod o. 01>011, in ...,. ",1 dill ... ", _",.Iion_ 
,. 101 .... to I~. """I ... . . Strll<r n . ... !hot . r. """,nlod" tho .. ;'1 . "" 
o",,"m'.'~n"" ,,"oaiooo _wn in figtJ" 4-54 Ill. tho moot oommoo 
_"" ",II bo ,h. P';"'" oone .. " oIlhis _too. In F;gut. ' · 501, """lion> 
A_A."" D-D . ro " .. 0 to ""ron. tho ring .. ..,Ing., th. "';n".'_~ 
b. th. _.nco ,""" """ _ . m_ .u~.c. 10 I .. ring .,..,,_ .. Oho 
,Ing oce. ntricil'f) . and t"" ohIO,.,. ,""" """ _ . _ ,"~aeo 10 th. 
~, o.n~o" I , , ...... ring., ooo.nt~) in _Ikon 10 .... u .... , .hOl 
10"91" . .. <IiuO. ~od 'ki<oeM. Nol. ' '''' "'" oj OubSc<\JI' , .nd • "" dO
""'0 ring and """'1/4>1'. _tvoly. Spnlly oriontod 0< ~o",",1Iy oriorrtod 
oIirIo ..... "'"_ try Soono [ .... 7] a"" by V •• _ ot 01_ [4-<1BI 0'0 do>-
pOoIod in FOgu .. '_ I S. Such If>O"rrl .. i'I.".,.. ""n .. "" bo __ _ 
o 011 •• ., a gri<llorm collod • IattIC. to ,off)' v~ry ~;gI1 a . gl IoodO •• in 
• misUo intor ... !/" wlldy,o_ Tha, _od ",ho, """Iicat""" 0/ Iottic • 
• !ru<tu, ••• r. """,oyod try V .......... a . ryr.in,""" ~aoin [ ..... ]. 

JL jlLL 
.~ •• • 

, , • 



........... "" ..... ~...... .., 

~ 

• . , 
, 

, , • 



............ , .. __ ...... 
I .. ,u. """"I' ..-""" I 

u u -mo ....... .... u. 

u 
fy..-. •. ~ $ _ $"" s.g.n.nt c;.om. ... 

, 

In 11047, . on <let No .. 14 .SO) dioc<wotfod ° "'iking <iIIo .. ""o <II "p 
to • I.",,,, 01 ....... . _ .. n !he ,h..,,.,,,,,1 b..,klng _ 10' inl"",altj' 
. or .... . . .. ""'Ily o,,'I. nod _ Is "Mo' .... I comp ...... n. Ho_. 'M 
I.d did not bo<o",," wei IoMwn and . , riliod by • • "" ..... nt. "n'~ ,00 
... ,Iy , goo" TM n, impo""'" "-,, .. ie.1 work on OIilonod oh. b w .. 
""",",mod by Ba"",h . nd Singe' (4·51). Hodo;Iop01h and Hal (4 ·52]. 
Blo<k. C.rd, .nd MiI< .... (4-!;'l] • • nd McEIrnon, Mi""Io., .nd S,,"in (4·64]. 
TO. Ii ... <loliniW . .. ""rimanto "'0' 0 ""rIormod by Card 14·55] and .... 0 
cOmp<O,o<I wiII1 1""'0"'" prod ....... by Cord ond Jono. 14·25]. l ho 
011001 01 .... , geom .. ric "'-'oct ..... .... co"';';"od by IMchinoon 
. nd ...... <9> 1' ·~61. Blo<:I< [0 ·57]I_od d""' .... mg _~, pro· 
bucIo;liog <1010'_, nnd Io.d occonl,ioily. Fino'ly, pIoo'" ._g w .. 
~ by ,Iono. [o-sal ' '''' '' doscri;>od in S..,. .... '. 10 

~ do'''' ..... <II !he S/O ... mmg b""iOO!l MlOro.'i&1 _,",no ood 
..ruo ..... 'or • _, 01 ~ ~ ~ -.nda'Y oond ....... . nd • 
.. , 01 dompod.odgo -.nda'Y ~tiono ... bo _iod . Iong woh 
companoc.n to Iho -,",0'" • ..,........nl&. SO". "" no .. p",b .. "' .... I.-~ 
ch",,,,,,.,..,ic> .,. P"O"""'" in _n to tI>o 'new pny.io3I PM""""" 
,..,n 01 CO>~ b.' .... n bo nding ond .. ",,,,""," ~h" ph . """,.""n . 1 .. 
""".,, 10' .. ..,;n."" 01 diII ... n' mo'orials ....,h •• Iho common hoooe· 
nokj ,"",mo"" . nd fo, Io.mirIolOd fibo, ·, ointo .. od "rue,",ol o.",.nlO] 

4.7.2 Oeri .... fion of lIuc\li"li C,~.,ion 

Clo.ssk:ol ~"Ioo b""klo>g 'hOOlY. by which Is Implod • mornl>ro .. 
p", buc ' lod shapo. is ~ lor 1M oeeo.'rIco.,. ,ti~._ circular cyIin. 
"'""'-I _ I in F...,..,. ' -54. Wo l"' .... ,he ",oOS-.',o in ,.I,IIIo.t lo '"'" 
'no va",,' ''''' in .. ,osses !/N>, . ,1 .. W M\j_inV. Tho • . " o lnl<grato 
""' ... va,ia'_ in .. , . ..... !O ge' In •• ariatiOn. io loro .. and "","'nlS 
durng I>IIcki ng. Boln In ...... n1 .. ,~ ........... ' C"',oc~ Of Ill ... ifI __ 
• .., it>IIj, OCC""~ in p ... .." . nl .... ,1.0. !O ,00 oM. or""," WI ... • ' . 
aowuntod I<r< in I~. ""'MOl <>l BIOe" , canl •• "" Mlku". 14-53] . "" 
Mc~lma", " liMas, Ond S";" 14-50]. No". ,n. vario''''n. in lO<Oos."" 
_."" MO ou~sTl1r.r1Od in .... Oonnoll--fyPO _II ~""U"g 0<1",-,;0 ... to 
001 'ho .",,!:Iog .iff., •• , .. 1 OQ<-'>I..... Tn. brIC'ling di~_n'ial 0<1"'
lions. in '"''', ., ...... od . .. Olly '0 ~' o ""'!<ling ,,~...,... (0""""'.'5110 
0<1""'''''') 10< 52 """ply _0<1 _ ""'!<ling boutdo'l' co""'ions. 
A _ la, ....,,"'" lor C, ,",mpo<I-o<I;o _0 bo""""'Y o::>n<IiI""'. i< 
oIHainod in tho m. nnor 01 So<t"", ' .3.4 

, , • 



........... "" ..... ~ ...... 
4.7.2.1 Yorlo''''n 01 S'raM. """ Str.ln. du~n!l Bu<~'1n!I 

n . ! ...... p In tho do .... ..,n '" 'ho bucklO>g ori. rion .. to . ... bI ... 
tn ... , .... · .. ,.in ,010,.,.,., 

- ' " -,, , V, R , _ ,." " , 
0, _ __ ,«,,'''.) 14_~ 1 ') , -" , 
'.,. - ~{ 1" ) 7" 

Then. ""ring bucklil>g. ,h. 01,. """. 10 k. , a ,,,!""" , 
oo,~ , (5<, ' \'1<",) 

1 _ ,. 

ro" ~~(IIr, . ,, ... ,1 1~ .21S) , - , , 
6'., ~ ~1 • • ) 11"1" 

in ",hieh ""., 1Ir,. 000 bt., _ . ..... rorrHpO<K1ir>g .. ,,,,,.,,,, in , ho 
. ""lno . "" • ....,.u ... oj 'hO K","""H _lovo hypo!hO""[.-'lj . ... 

, 
1«, _ 1<", • >30., , 
it, ~ oc.; • ,:;.". , 
5-(., -3r" . UI<., 

10,21 6) 

in whictl, is "'" dioIa"". !rom 1ho olio! middle ... -., it: , ... ; , arKI 
Il"r;" at. Iho • • rio'''''' 0/ Ih o m kldlo" urio oo ot,alm 

, 
&:. - 00., , 
IIrf · ~"' ·~;' 
• Il"r" - "'.,. . .. ~ 

. IId h " k, .• "" ~~'f oro 'ho ....... ""'. 0/ Iho m drJo-st.tac. """. ,,,,,,. 
1i". . _ &"~, 

r..., " - ~... 10,~1 e) 
I><'J .- 2~" , 

TI\us. Ifto '.""tioo. 0/ 01'0_ con bo ",ritton • • 

00, _ E [Ir.:: • • o".) Hf/",' • • 1><,' ] 
1_ ,.' 

00, . E [Is.:; · zo<.,l " '(" ; " .... )] 1_ ..' 
s, .. _ 2(, E,,) 1",.: , • .s".,.1 

, , 



... .... ........ , .. __ ...... 
4.7.2.2 Yorlot"'n el Fe", ... nd Mem. nt. duri"ll Buck ling 

no variatioos '" tho> fore"" arod momo,'" ean bo ob"'iroO<!.,.,. into · 
!l'oting tho biaxiat 01' . ... v.,"',,,,,.. in EQ""too (. 2 1~) ""ough tho >h.1 
lIIickn ... and by " .g'.';"g ,h. uo",, '" OIro .... """".. 

&:I, . E,1><, (Io,, - E,Io<, 14 .220) 

"''' ,h ... Of ..... as lolows 

" w,o) &.,,,, . 1..1 &I,dA, 
. " b " ., 

ON, ' J "",dl • . ., ., 
&-1, ,= J ~",dl ." 

" IM.-J &I. ' d"~ J &I,.doI., 
.,~ ... 
" 01"-, _ J &I, ZdH ! J 5a, z dA, 
.,~ " 

'7 G J 3M,, __ ) &r",dl - _ '.l.. 6 •• , 
••• 2b 

" G,J M"-,. -J .""dl ~ -2A' •• '" -in which ..... ,Hon • • ollocts a ... v.rog .... , "smoa_ <0<.1." ., • • tho _ 
_ rive .. Of . ... ' op. o;"g (no <Ii.."." . .. Of .... ' . _. 3 " , ,.., ... ) , Tho 
indieS!"; 10" 9'0""" I .. d to 

o 0 
W, • ( ... . ~ .... / b)r.;, • """". • ('.~ ."JbJII., 

ON, _ < ....... : • ( ... ~ EIY'IM; ~ (Z,EN'JIIo<,. 1422:1) 

ON , ' - " DOr' " , " 
o , 

~M. = (,.£ . ... ,...,)11<, • (0 · z.E,"Jb • E.' . r b~ • • \,Do"" 
• 0 , w.,. -('~IY.)N~ • "D6<, • (D " , ElYa • EN' )So<, 

10M., _ - [ 1 ~. D ~ a ,Jpb ,"", 

~t.o.,.. - [ ' ; · O+G .... .a-f-c., 
in wh ;;to w. 00', "'_, bonding .• • ,. noion C"'"'pt;ng I""" ' ho """"",oic 
stiIt. n . .. •• ;au .,. . ....... '" , he .w" ,."". of ...... tion. 01 <u"'o ....... 

, , • 



......... .. "" ..... ~ ...... 
in I~. _ . lorms . OO ..... Iion. 01 ""'ins In I~. momonl l<trm. 
t!>o"",,1 ~""''''n. l .oo btrKlng .Hlln . ..... ,.~.ly .• ro , 

o . 121~~'.') 
•. 7.2.3 BUCkling DIIIO(O"lIol Equation. 

14.225) 

T~. 00000"1ypo _ I bu<l<Ing ~I't.'.nlio l _Of""", 10' """,biM· 
tioM 0/ ""ill! co_._ .. nd Io .... AI prO"'"'. I""" Eq"""""'" 14.71)_ 
(0.7J) "" .... 11" ' ~7 .. ~~ on .... ""liv. 10",,""""" ""' . .... ~ bot~ •• ,;. 
atoo. in " • ..,ing mome n ... OM" ond ~...,., . <:an be ",ift . n II. 

IIN,.,.IIN" ., . g 
IIN", , -I>N.,., . g 10.226) 

- Q/oO,." -11M".", - 1\1.1"." - 1>M,.,., _IIN/' • N,~ ... - Ni'''',, '' 0 
u.,.., ...-~_ oIlhe .. rioliono .. Iowe • • oo mom onl,., .... bucking 
diIIo ,"",iat eq ..... ,""" In 'oom. '" buc:1.1<><.I dioplaoem. n .. _0"," 

fA + E ..... 'b)Ou.,., - " /I.(bi ... . 6 .... ,'r) 

• ' ;' .o.(6u~, + <lv •• , ) _ (,.E.A.iI>)Sw.= ~ 0 

''''"'' .• ,. IA. ENo)lbi"fY' Iiw.,.'fj 
1 - , . _ 

~ - 2 .o.(6u." • <lv.,,) - ("E,"I.)~"."", • 0 

I>'A 'f$u .• - (2.E. A .. b).lu .... _ (1 'fj(A - E,"I0M6, ~ ~ ""0) 

• (.,EN"*' ..... ,ao')(:,ENo)6w,,, 

(0 ~7) 

• 10 • .;E ...... b • E.I"b):5w .• "" • 120 • G.J~b • G,J,'o)O" ,,,,, , 
+ (0_ ., ENa. E,(fo)llw.,.,.,.,; N,r..,,, + N,.....~, _ O 

•. 1 .2.4 Buokling Crlt. rion 

An . , "'" -. 10 'ho t>ucl<ling dotl.,_1 oquo'<>ns con be obtoinod 
'0' ..... S2 ""<king __ .,. "" .... ion .... Equa' ion (4Al) on pog.t 484. 
I.. " lIN, .. bi .. r.. .. 101.1, .. 0. 1»" "'" o! ..... boc .... 1l .-." ,.< . ... "'. 

•. . _ m"" "I' 
""~ u ... l <»S • 

oIY . ..... m~ .... ": 
r.. .. (; ojn m:o: OM roy , , 

14.ne) 

(0' """"aloOlly 1Iu, <lv. and bw coukj be co __ . .......",,_. and 
---.. Tu"",".'. r.spoocti¥ oly. ~ ' '''' _ ... 1 . ... rt 'olO' od WI .. 
_h Y. v, "r><I ii .. " "'" (_ rmin.t.) .mpIrlud .. 01 tho b,.;k"Ong 
~,.",."", H 'ho ,,"<klin g dJofo" •• ",,,,a"' . ... EquntOO (42:281 at. 

, , • 



... .... ...... .. , .. __ ...... 
subsl~LllOd" ,he bLJClo.Iin1I dir .. onli. , oqua'''''' • . Equ.,'" (4.227), 0 """ 
_ noou' .... 0' oqua'~. '" ;; .•. aM ;; " ,,"I.. In ordor , ..... a __ ""la' sofuI"", lor il, Y. and W .,ioI. Ito. do'~rmin.n' or . he <OOffi<ionI. or 
ii. 'i'. and;; mu", b . , o<o .• m , he lo"'~ ~ <firorion ,."","' 

-[ .'J' -["]' 2T"T" T" - T,,i',, - T .. r-;, N, L . N" . T,, + , I' · ~:/\l) 
T"T,.- f " 

f" _ IA , E,'Y'>){m~ 'l)' < 

H\" f,, _ 2 AI,"<-L){n.',) 

1 \. A(n" )' , 
flO ~ (\'A:r}("'~L) ~ l>:.E ...... bX"'"'L)' 

T .. _ (t'lXA _ ENolln") • Iz,ENo)!n" )' 14.230) 
1 _ . ' , 

T,, _ 2 "(mOIL) .( .... E.A,I~X~·n 

T» ~ (0 , E, ';I> ' z; £,A,-b)(,"<-L)' , @ + G,J;I> ' G,JIa)(," •. q'(MJ' 

, (0 • E,"I' • i~ENaxn '''' + (2-~,ENal(r",)' + (I ','X .... EN.) 
400 , .. ,h. momO'" 01 .... ~ .. or . .. illen. , obouI M o. n_' .... tho, 
is ~,,""o ItHo _ , aur\oeo. A ,.;rh a oubocr;pt is 'ho . ,"" or a ' ,11 .... '. 
aoo , alld 0 ..-cJ~. <10<>0" '*"II am ... ~. "_,,,1)0. In ,""Ion. 
J .. , he Ioroi:>r>ol COMton' '0. a _.n., ern ..... ""'_ 

Th, ,ppI;od in_,,"_, _ ... N, .... tt, . ean he ' ola' od 10. _", 
nUmb. , ~ .""'_V '0 

N, _ k, ~ N,. - y (4.231) 

1""n. ,n. IoM·hond _ 0' Equat"'" (" ~) con be ",inoo o. 

(4.2:12) 

TI>o O!H'<IOI _g en .. 0' .... , <0 __ . .. " ,,,,I p'HSU"' •• 1Id 
"Ydto<latlo pto""", a,. <>IlC>inOd witn . , _ - " k" _ (l; " _ 0, • _ _ 1; 
ofKI ~ , . _ 112. k,, ' _ , . ,0spod"0I)'. ~o .. 1/,,,,.,,.1 < .... of '); .. , ;. , 
-9 a .. """, .. Od tty ..,..,;!y;"g _ y,,,,,, 01 k, ood " ..,kdng 
c .... m ...-h"'" 0 .. of " Of k" .. pooitivo (lh. roIly O>ducinll ,. nsilo k"" .. 
1M' inI>N 1".ockW>g)_ 

For Ito. opo<io' "" .. of 0 shel, ',iI" "riogo~ on~, T, o< T ... ond f" 
.. Equo1ion 14.230) .,. 'unctions or !he properIlo. or IMI ..... ~ .... . 
( ... , _, .,, __ 0). FOf. po., .... " (0".,,.., ' '''nllO,"1 .. Eou"_ 
1 • . 230). f" Is "'110' in ItHo po"""," ... n5O lI",n k>f 0 I10I/0'''' z, ( .. ,. """ 
olti<'>ger$) . T~n. in Equation .(4.-2211). tn. 'orm 2T" f " f" io " ... oor olld 
tho <. ,m TnT" io lafglH' (bu' ~ ... lways "oga''''.)' n o do""",",.' or .. "'_'Ion (' .22\1) .. """".n' "'osp",,"'o 0< """"110' 1oeotion. fl>o ' Olm 
T,., ( .. ... T" . T " • • nd Tn) ""' . ... coo ........ ~. of .. ;,f . .... 
p/oGo"' o" (30 ""'9" ,h. ".'on .. occon<ricll .... to oquol ln obooluto 

, , • 



......... .. "" ..... ~...... .., 
•• Iue). E."" with ,he lo,O\IOinV rtllo'~e ,akJ . .............. , ,h ..... 1· 
''''''"0 !he bUc~ I<>ad Is no< 01>'< __ ..,m. ra''''' moooY'~ 
00<>'. '" numerico ' ,_.. Th, INI ,:/,".1 Is .... , '''' lorm 2T "T "T" 
IS '''''.yo g, ....... ""'n t ... Ie". T",T", 10 N, lOr 1IrtIO'" 10, .. ,"""" 
<1Iir>ger. lhan lor n. "'"" <Ifingoon;. 

Th. "'"""'" '" "'. b""ido>g 0<110 .... 10, '""r>ty " UPpo"",; "'lI" b""k· 
lOng boondory ""_ $2, Equo:;'" ('AO\I). ,. .. "'",;n O<l by BIoci<. 
Card. 01'1<1 MOwI ... (4-531. Tho 00""",10 minimum b""i<k>g load I", 0 
."odied .... nSl" 01 <be, ... volue. '" tho b"""'g modo "..'.m ..... '" 
. nd n" '""nd by "'" m;"im".,;,., ",,,,,0<1,,. duo 10 Joo.o. [0·5"1, s .. 
~ B lor. gen.ric do><4>1"'" o! ..... reo ~" 1<>, 110 .. to 
Imd the .No". ",nom"", buckl"'~ load lor "'''''' "fIO' o! in,. , "kI .. 
Of m.ne! n, 

Tho bucking al._1or clom~·odgo boundary "",,(*1>00 C, on 
an o<conua'" "'n.II4Id ..... I ,.as """0<1 by C.r<!.1'1<1 Joneo [4·251 in 
tho mo..,., 011 $t<:I"" 4.3.3 WIIh opPfl>l)tlot. OIin.n., It,,,,. _. Tha' 
iO, """me t>u<I\IIn<;I diOpIa""""'O, E""","", ("'55), .... d 10 b""Ung dolt. , ...... , 0QtJati0 .. simila, to Equations (4.157_4 .1511). T ..... me..,· 
",.rico, """""" P..,.,..,.... "'""'Q "" QO"ora'''''' ao--. _. 
('· l S{ , • • d. 10 "'" n...,orlo. , "'..,~. in , ... IoIlo .. inV _ ·""'inn. 

4 .7.3 N"",ork:. ' ond Exl*imomol R .. ub 

T ...... 1<>n\iIU<in. 1y .tiH. nO<l .... m. .. ~,.. m.do _ne! ""'dod '0 
_ling. fou, "'*'"'"''''' '" 0l>0uI 1<,55-in 124,2tH;m) 'Odiu" and.bO<II 
0279 ... (.07Ct9-cm) tOlelo1> ... omploy"" in'ogrlI' ,,("angulo, cross
-'inn Olin"" ... 0'_ ,0\17 ,. ('<4G C"'I 0'" h';;": ,3(l~ ", (.7ft7 0"') 
.".00<1., \00 in (2.54 oml, n . ma' .. "" iO 2024-1351 01.."",,,," ,,"n 
E . ' 0.5. ,0 pol 172.400 MP.) a'" • • . 32. EIIl "' ."..:m ... '" obO<ll 
15.02 ... (40.U -<:fII) fad ..... ne! aooLl! ,0309· .. I. 1013-<:m) th~ nad 
Z Oh>OS-_I.<>" 01111_ . ..... ' " ." ........ , ..... """h . lo. '_011110_ 
dimo""",", ... ~.in Fill. ' •• ·57. 1 ... mo_' io 7075·T6 .klm""" 
""'" E . '0.5 . 10 ,,0< (72.400 W'o).ne! vw .32 

I .. -•• 
, ""'-9'. Rootoogol" 

C.o",_ S,~ 

' iIl"","" S_ """. _. _ t);no",,_ • ., .. ,(70, 
{An ... C¥fJ _ Jono> {4·2$n 

, , 



... .... ............ ---. 
BoIh Iypo. 01 _ "".,. mado l1li'. w~ InIo • circ"1ar qliOOrlcal 

"",PO .• rod ' .... nod wftI tt.otod double< pia,.. AI _Im.n. ""oro 
doolgno(! win> ,,11'1 ...... 'oa' _ .. clo .. t,. ",,""ood 10 t~ ci'r:umlor. ntJa l <II
""'ion to pooc",," locO, _Ung ot th • • h .... T ... ..,. •• ndS "'". 
poItod 10 • _ Iow·tomporo ...... Ioy altd "'"" ground lla, to 0 ...... 0 
.. til""" -r.-.v 01 1tto ....... n<IO "" lI>o ""'d_I .. .,. pia,.... Furth« 
con"""""" dOlo'" . ' . gio. n by c..'<I . 1td -""- (0'·251 . 

It Iypjc. , bL>C1<IinII m_Io' ....... will> """""'iII' """""od Io'.g,. ' 
abII. n ... ;. ........ 1o Figllro ' ·SII_ NolO , ....... W-'od """. 01 Ioword· 
doIormng ... ....,..,-..,.ped b""kj .... 'h. lIot be.ring "" 'h. __ -
' .. m. plot"" , oltd , ... dov>to lor m""""i"tg oltd . oononi"tg "'""""load. 

""9-<0 .... 9u<, ... InIOgrOfj' S" .... CI,.".., C~ s_ 
fA"., C.,. .od,JoM. I"~V 

N"",orico' ,....,lIs 10, 1tto 52 .impt,. ""wonod.dge bocklinll b0und
a ry <Ondi!Iono or. shown along willt. r:Io"'l'od-odoo ""'"''''' _ltd ox-
po,Im'nla' ' ...... ,0< tn,,,,.'Y .... ..,..,.Itd Z-....... ...,..-- .. Fy.no 
4-S0.rod 4-~. n . "",ullon "' .... bL>C~""o <'I'I., •• IiO' OG u.,;o.no, Eq"" -
lion 1 • .227), tor CI clarrc>od-odoo _g I>ound:rory c<><Klrtiono w .. 
obIo"'od b)' C.", .Itd __ • 14-25) 10 1tto man"", 01 s..;."" '_3_4 _ . 
'" """'" . • ;n-, ....... _ . Not. Ih. , ' h. two bucI<IO>g _ry 
co_"" •• CI ond S2. bound 'h. " p. ri ...... 101 " ouls ' rom . Oov • • rod 
boolow. , • ..,. ,"". t,.- Thio oiI",,'ion ahould boo " poo'od 10, ' Xj>On-nontol 
co""""",, 01 oo/t.m. tol_pottod .dy • • • ha, .ro "'" ""mpIololy I~od ..,.
~.ro ,h. y .. mpty oupporIod. n,. up. rimonto, ,,",,1\0 ",_,rom 
70 10 . 00% 01 tho ,."",ot""" ....... lor , "'.nod .h . .. .. ill> otampod 
odgee. Fun"',,,,,,,,,. 'h. ,,'io oIltto buc~1ing Io.d 10, .,'o"",'1y . tiII.nod 
"" ... '0 tI>o., lor Io,.,,,,,,t,. >liII.nod "" ... is oboot two '0' • • ,""",h·to
'odluo ra'''' . xamlnod" Fq., • • _6 •• both by '''''''"lr;.o.t p<odlcllon . 1Id 
"porirn.nto'v,r'fice'lon. lOu •.• """ pit 'h""ry io , ... dily ••• IIabI. 10< _Ion 011 ... IrnpOnanl $li!loning .K.." ... 

, , IS Ta' 



•• r. 

........... "" ..... ~...... ... 
, .. ... 

.. 
• ~----"'----c.,.-----,'. , , 

! -""'" "" .. '" "'" ..... 
! "'"'"" ..,.. .. "-.,.." .... 

Fy... "-'I~ _ '" ......... '1\' S""''''''' 0.".., C_ She" 
...... , """' C_"'"" I~'" ""Jd .... .."... 14-2~n 

- ~. " . ... . , 
• .. .. -

-. , 

"0" ,,,,,,,,,TI,,., 
__ CI. ..... c.""". 
---- ....... """",, .. "" .. ,...",,.. ... . .. ... .,.. .. " .... "" ....... . . ... _ ......... ",-"'" 

................... 

• ~--,.---c.c---.:---,.c-cC, •• ." ......... " ...... 

• <1"'" 'oW flue'"",, <II t·_. CO«to, C,.""""'" s""'~ 
...... , ....... C<;vno ••• """ 1_ c.", ..... Jono. ('-UD 

010'. In" ,,,. • ..,...".,'"1 ...... "" 1<1'0""'" .... "' ...... """ •• ,' M""" 0"'" '" ,., O"'"~ ...u .... 1M, a ... ".,n • .,. ,.&11..,'" 
""rio .. Fy",. 4.j;1. n,;. ob .. ...... "'" "'9"" 1>0 . ,pIIo"",, wi1h 10. 1<>1. 
Io ... ;.g "" .... ,"" 100;;<; I ') to. ,.0Ii't._ protn,do • • ....,.. • • Iio' diot. "". 
hom , •• 1>001< _. (2) .......... "". ,...., '" _ ~",&rd. 1'1(1' ou ........ 

(3) thus. "".""''''' pla<od ,..,/I_r$""'" , . nd '0 , .. " . In ''''' ooelOOg 
""lo,m.,l<I. "y 1"". mI'IIacti" g .... baaing p .... n. 0' .... ""'. ''''"''' •• 
ill ,h ... ft · .. nd _ 01 Fy" .. 4 ·62. In con,""" . .... 1'fI.>Iy p""'''' z· .. iII· 

, , • 



............ , .. __ ...... 
• ,. ~ 

/' 0 0 
N •.• . , ...... , • 

••• 
• 
o , , • • c • 

f"q.. • . .. t E11O<1'" S ...... , ~"" ... "" "" at C"""' ..... "" fIo..c1ok~ c_ 
IA .. , c.", """ """"_{" 2M 

I , 

~ , 
fOgy .. . ..., 0;0 . ......... "..., .... " , ••• "'" 

IOt ..... ....uy """ E);!. ""'"Y '_ 'M'1s 

_" wo,ld p.,.Ido .. ....,... " .. ,.ire beUu .. ,~.;, 0"_ 0<Ig0 ...... 1o:I 
.. 0<1 ' 0 ill 0/1 t~o ~ pIa'ens. aO<l U".I ",. .... .... 1 ...... ..,., I'>'OUld 
rotato . way ' rom con",," all in tho r9'II-fIoO<l _ at F;guro ~_62, 1M 
-""", ao.£ "'" _ . 10 ..... tor ,he .. 'lI' . .... ' '''''0'. , ..... ,),,,"'p, 
__ , .. ",. .. Jrf ...... PfOtruoioo lrom tho b .. ", 11>01 .. 100 oman 10 "",i· 
.... tl1 . alO"M''''O:>ned odgo ",_" mocnonilm. 

~.7.4 The Stl!,no. Eeeo nt,icily EKect 

"oimi>li>l'" " pl,m,,'''''' 01 the p"",""'" ' .. oon. lor the """0" 00-
conlricily 0""'" inv".. •• p<>rtiGnl at ",.ff.nod _Is. As Ioa<ls .f. ""m
-..:I in .... _Is, 'n' .... '''''' 1>0"""0 ,n, .." . ~nd ,he ",".n". 110. 
two kindl 0' .n""" 00 b""l<IO>g; (t) .... ~...." , ""'" ond 121 th. Poio..,.. 
<011"",. W, .-ely look .t tho torcoo acting from It>o 11>0. on tho "''''0_ 
ooUMd by 'n, __ .... dot",,,,,,,,,,,,, ot tho IhoI froM tho nppIIod bood. 

, • • 



........... "" ..... ~...... .., 
In 'ho lII,od ~" .... 'ho .. ,r-. ... o lig!1od ... ~h !he p!inc:ipollDlld

;"g !I$ dfpC<td .. F;g.;.. 4-1\3, SO •• , .,..," . '. '"""-'<od !\lOng Iho ",,' -
'ac. _ ..... n '''* 0iI.1 . M .. II . ..... "'""" . .. '" 'ho " """""Y '" .... OiIol 
to "O!'lUact"!he a..aion '" tn o load. n _o .. ,," " _ os ... oppliod 
'rom ,1>0 _ to U,O botIom 01 tho Olinono,. (ho""o. _ . nOicaJly ,olot",o 
10 'ho OIi11.,.., "onwid) <o.u","", b&nding 0/ Ih. 0111& ... ", '''''Y !rom ,1>0 
.., .... a. _ •• """, • .,.;'n. ThO ...... '0<eM .,. _n on • 0 ...... "" 

I n ..... , Is PfOIootod do ... ".rd UOM 'h. bonom ot .... .,110_ '" Flguto 
4·63. f'" dol"""", jon comp.tobBy 0/ ,,,* """ " """"'01 ""'''''' ... . t l>o 
Oil .. musj t>or>d 'o .... 'd tI>o .. iffo .. ". Thos, I>ocaUH . ' _ 10 t<lr>d to 
bud"" ." •• HI ""'. ", 10 0 oh.1 .... , '"'0''''''''' Olrihgo ,_,,;Hof>O<l "" .... 
ho' o lMgho, b'o~ , . ..... "". und., A . .. I """"" • ...,.,!ha" """,oVy 
..mge,·>lillon"" ..,& ... Th .. """I "'0' ,.,~;..d bo,h 1hoo"""",~1y a nd 
"-'p"rimonlally n ,,,* ' '''"going _ . __ , S." iIo., 'O'5OI'ing "'_ to 
'1>0 """",,"oion Il'101. '0< 'ing-~".nod ol!ou,"'''''''''''''''''''''' """", lal-
.... 1 p' . ........ _ .. io1th "_, rlngo ...... hIt;;>or ",,<k,;,.g ...... nc. 
t!»n ....... 'rih ... "",1 mg.. 

In t l>o Poisson "noel. ,,,* stllone<s otO p"~"" 10 , he p rln<ipo l 
loading • • dopict<ld in F~ ' · 604. Sh . .. I"", • • a,o do, . 1:>p<Id .,Iong 
tlto .. iII._ I>ocau .. 0/ ...... po,...;"n ,,' '''* _ I po"",ndI<oIa, '" 'ho 
"!>f>hd romp".""". load (h. "" •. the nom. PoI...,n . h e') Th ••• 
ohed' lo,eo. 01. OJ>pIiod ,""" tho ..... 1 '" tno bonom 0/ tho_ ....... 
(he "" • • 0«""";,, .. .11'1 _,~. to IIHI .. ill .... , ccnltoidl o ... ing bending 
'" tn •• ,;,oon ... ", ... ", ,h. 01>.1 U _ u •• ,_n, "'.,,"* "" ... 
011001. tho .., .... ' 1o!(lO$ . ... IooM on • """' ... In .... ," .. ptojoocttd 
do ..... " .", lrom 1"* bono," 0/ 1"* ..,tton., '" Fig<!" 4_~. "Of <Iolo,m. _ 
lion oompal bilily 01 1h~ "'" """",u .. 1 ",mo,". lh. oh.1 mUlO bond 
. .... "" llom u,. olill. n . ... Th..,.. I'" 01' __ I muo! t>or>d ....... y ,""" 
tho ., .... no ... AG<" ...... 9~, " h. n 'h. Po __ 0110<1 W"v. _ ... , .... 1 
sbII. n ... P,"'';' mo<. buckling _nco 'M" . ' .. ' .... , .. 11 ...... At>-
po,on...,., !1ng· ..... onod _ . urder , .. " . 1 00"",,_ "'" . more 
bucl<liog , . MI. ".,. ",Ih .. ,. "",1 rlngo ,han voith . "' . .... 1 mg., Simi .. tly • 
.. ., .... , .. , ... ~ """',;, mo .. b"" ' !in9 "' ..... "". tMn .. ,., ..... ' o"",~ 
10, .~inge' ... ;H ... d _ .. . nda< 101.,.1 ", .... to 

, , 



.......... .. , .. __ ...... 

~/ 
r_ .-&< "_on Ef<ooI "" 50.,._ ...... 

WIo.'~ U .. direc1 ~0C1 o r .". Poicooo . tto<! dom ... ,.. d. ~.nds 
on .he ...... 900"' 01J)1 ~od typo 0' _g, Fo. ,he un"', .. ' .... 0011" 
.....,....... .. ,he "'~ ~.'.g "'phO, 'Ir • .""..,....,n. a •• """'. 
_ovo' . '0< biad. 1 1oa<Iir>g """" a . ..... _,): prO""'" orr 'ino
.,,11. _ o.heIIs, •• ~ <II gooom. try • • , .. !of w1rdr ' ''"mal . Ings p"",irIo 
....."." ",""i<IO>g no .......... 'r.lrn ",1....,_' M9t . "" 01~ <>I1r,r "'~ itt 
wI>I<;" ,he opposit. 1s II ..... itt F 9Jt. ~-«, n .. , •. tho ....... _.,'" """'1 
mg.-.. iII. nod ",.Is or. de!li:te<l """'m.ti<.>Jy witlr . "'0\10 ""or .. hieh 
1M II .. ): e.""l.JSjon abO.1 .. iII_. eIIOd ... o,-, Ohar>ges. f o r ~ 
.al>o. oj Z. 'he .. to.a l pro ...... _,,"nt .1 I>ydowtatJe p_. 
<IoIn ... , .. th . Ioadino as in FOr" ~.(;6. Tlr"', th. dO,O<! . lIoc' g<>'Iorns. 
a nd .. , .. "", ~ OfOVirio more I>uel<"'g ..... Ia".,. '"",, .,' ..... , ringt. 
_ "", I<>r 10 ... otu .. 01 Z. ,h. 8, .. 1 comp_" """""'" . ... '" 
hydro,,"b:: P" """" domino"'" II .. loo<Iing as in Figur. 4·156. Tlr .... ,he 
~ eflect g<>'Io"", a nd in'e mal ring> """,ide mo.o buck ..... reoi5I. 
, ,,.,. 1\'>0." "'0"",1 ,iog" r'OOO"""'h. for ...... 1;: . U r . nd I<rodO-og • 
• brmt fh'.",motric .. Lldj .. """" .... J)I to <Iet •• m'" th. ""'"' eIIO<!"'. 
OIiIIonor pIocom ..... .. .. .. 

' ,. , ,t' , .. 

"'11X)/If $j<Oll ~"'fVI. Z. !?./14 
F ...... ... " _ " .... "' ..... "'-'E ............. E ..... 'or 

Rrr>g.s_.O ..... c~"' .. S ..... ....... ~'c "'" ..... 
IAIto, $<vo" Bo"",h • • O<) ... ..,.,.·'6'~ 

, , • 



........... "" ..... ~ ...... 

, 
"'11"'" ' -6& 8U<Llr>g '" 0;." ... Cj<",,'eoI S ..... ...-

... "", l.".a>, ..... """"' ..... .... ' ..... I_' ~'_I.-2IJ 

Two "'''.f oi9n~i<a" "","to 10. _ khng '" .. __ 10 _. 
tI>o ,0 .ojo Ml .. iImM& cl"," _ . n. ", and " . do __ 01 ",,001 ond 
11" ...... 1 ..... .uy. Fir .. , C.'" . nd J ..... 14 .2'S) no'''' ' ''"-I tI>o b<.oclding 
Ioo<Jo in F;guf. ~·5~ ond 4-60,..,r. . 1><>01 , . " '0 t~'"1)1 porc. nllo ..... ~f I 
1tt . .. lIeno, ,_ I ......... G.J, .. l;Inotod_ nu>. 'ho 1<>t>ion.>l O1 i11. 
"" .. "'"'" ",.... 1>0 ..... '0<><1 ;" .. ;Ii.had .... 1 11>.."". . Tbo ",ho t onp,,,",,. 
'-;'::':i.:t i W;':~~;:':"~:-:: . nd do~ is "'" diali",,"" I>o!w .. n ~-; 

GEHf ...... .... ......,... 

";go .. ,-<1, r_ and Go ... ," "'Ia''''' "' . ~ S""""" 
01 ....... _s ........ Core .... cY' .... "'. , s,,", 

, , ",. 



... .... ...... .. , .. __ ...... 
ae .. "" ~.bioI ... <It1"'*<1 a. b""' i"9 10 which ""m, Of . 11 0/'" 

.,irton, .. ".n"""",. Ilo" lwi .. """0' <It11oe11 lIS 10 Fy.... ' -G7, Na-
'uraill', goo .... ,aj ..... bllily ",odO;!_ 1Oq ..... 'h' ""' of oliW ..... "'0_ 
,I>eoty, ~ I., r\ftg •• oo "'" <_ .".< .... 'h.n di"" ... ' ;,g ,noo..,._n 
... alocl<'s ('·571 m .... to. "sod "~M 01, • • .." .. ,oO-out ~ng OIrI1M$S
""_ 10 , • • 1or.!IOIno _a,."., 

T .. u .... , objecllv ... dHigning 0 ,;,g·OIirt. n'" _ I 10., mo • • , .. 
po ...... ..-y _ king "' ... appro . .... , .... oquai 'o .... goonor;al ln ... • 
bill, bockl;,g ""d. In , '-10 """""'. 8 ~·ea"" bolanc'" dosign is ob· 
....... wl h _",",Iy .,uimum oHlcisncy .. mo'_' """110. Ob>lous/t. 
such on obje<:\i>'o IIOigI>I be cj/Ilcull ., .<n ...... o, 

0.7.5 Summory 

, 

I"". doII .. o" "h.n 
II ...... <>r """ led ....... d of Coupw.g 
I>otwoo. be~ 00<1 axton",," I ploiM .. 
Soct"" 3 .6 and is 0100;00 lor 10", ... ,00 _II> 10 "'" n . .. _,Ion 

--""' ''' 
<" , ·-- ... ·-~- ..... -.~'_I·,'''' -'· ... ' -po<II'<"", ". ""'"" <,r. v ........... ___ ... _.~_ .. .. " ...... n"' ............ , ,- .. ,,,,,, ... -"",.. ... -<," v ........... .. .. _"'.!"" .... ~, __ ,<"""l_ ..... ......... ...... ..,. .--.... "'. --...,.... --_ .............. -

,.""" I ... _ ... ""' ......... _ ~ " ......... ,<.zttl 

, , • 



4.e HF ECT OF MULTIPLE FleER·REINFORCE D l AYERS 

4.e. 1 In.roductlon 

TM «>o.omp.>r1llY 10pic 0/ a1ruc1",. 0 modo with Iom"'led _,·,.in· 
foree<! «>mpooilo mat. ,ials 000001 . "'op. on. nlion. Thioliokl 1100 _n 
o. pIooiv.", .....,. 11160. Cro .. ·plylo",",otood 0;"'"10, ~IO-Idricol IItoIlo .. 
in FOyu", ~·68 . .. .. m""' • • _ in Iho • • ~ n;luo.,y • • ~"'"!jIo 
" ogIe.pIy oMIIo .,. I. , mot. ,"'.''' .... n. TM ."".n' 01 ."". ""od lobo,· 
•• inloree<! """ . rials suen os {ll"opnh .• p,,,, ,.;u, ........ nig/l w. ig/I1 
... ings boca.,.. 01 tn . .. nig/> _" . .. ·to· ..... iIl nt a OO olrOngtn·,o·w. ig/I1 
",lio. ". • .- in 0 oignfunl ", .... in ,h. uN 01 Iominoted .... 110. 
TM,oIo, •• go n . .. ' 'no~ 01 .h • • I>ohov;'" ..- 19>1 0" Iho be· 
No,.,. 01 "", ... """'plox " mino' • • ' ''''0 00 _ogIe.p"" oc<llom"'''. 01 
ml>.ed ..... ino. <>rio""'liono. s.. "PPo"'*" C lor a n in_ to '00 
fI'IOCM"'" 01 oo~ mo._ia aOO Jon •• [4· &C). 

An impo""nI otop in IMming IIow to P"'F>OfIy .. minot. _ .... to 
.-.0 .. """,. in ... " OO "'tom"',;o" oO)' mm. trio. oboYll11 . ..... mOjo 
... ou.!_. Th<>oo ooymmm .. " '" oou"* """'PIing be .... . , boc<lO-.y .c<I 
.... ......, ot 'ho lamintio. Thlo ~.""" is ...... ""od by I»ndMg 
01 a Iomin.'o '0.' is subjooIod '0 0"", in.pa"" " ' in~o lore .. Of 
"""'0""" 01 a Iomin. ,o thill is bont by tt>o .p~lion '" mom. nlo . 1000. 
AroIh. , .. amp .. .. -"y 01 . Iomin.,. tnot " • ...,jected to a U"~"" 
.. .."....'u .. 0.., ,,, .... ' ''a pnn<;pio by .. hio:" Iho common _hold 
'00""0'''' """ka, I .. .. . n o >dlna ')' """"'"" _ .... 11< .q, .. ,,"Ooh '0. 
1'<1<1 m ..... "'vo doII. ron' oo.fficio"'. 0/ tnormol ""ponsion . .., ' hoy bo OO 
.mo" _ted 0' """led in .. _ of m. r.'" ._oding 01 contracting. F« 
unO)'mmotricatt Iomina'ed plotoo. ,h. oo"","y I . ...... in oignilic.ntly -..,._ "..,"'~ '0'"'' (00. $ 0<1"," 3.6."" Jon" i'· IlO)I . e..d"g .., .... "K OVm", . ,"""' ''' Iomino'ed ".. ... ate """"""'"' 't'OfI'I .""n· 
sionol . ff"",.. .. """'r .... lor oymm,trIco.,. Iominoted nr ",on loot""", 
...... . _ ng oil .... al. always ~.o .".- .Hoots. Ho .... · 
" 0<, !!lot inh. r. nt ",,"piing is q"h ..,..1 ~ tM ..... is I." onouvn (n • • fIy 
• plo'.). F<>< "noy",,,,.tN:aI,,, "'",inaled _ ... " ..... ~ to 0111"""_ tn. 
,o$U~o" on """"' ........ ".. m"""O<, ''''''"'11 thiI' ...... .ot or "" ..... ing-o"."""" on uptirlg I. to low .. '110 """.ling 100<1$ from _ oj ...... 
_ oymm. 'rica.,.lominoted ""no,,"otiorl 

, , "' 



... .... ...... .. , .. __ ...... 
T"- objo<I of ,,,- "'_ sec! .... .. "' . " ..... pr .. _ ,hIrori .. "' 

_ 0 01 o~'" eyIIn<h:3' ",,-110 Idh "" ... ,, 10 O"IrOtfOpIc lay~ .. ' 0 In 
F""" • • ~~ An.nllen .... , . 10 """"0<1 10 or_ -p ..... mlna,K. L • .. Inm"" " ""h ... "' .... (110 .. _ .. "",ied pi .. ) '''''t h.,. t_ p ..... iprol 
"",' orial <irKlion. (000 boing ,n. _, <Iin><l .... ) align .. w. h ' '''' .. ." 
. no ol""ml",,,",,1 ~Iti.oto. 01 trIO .... U. Tn., .., m. ,-. In 0 .. 
10)'0' oro oligno<l in ,,,. ., .. 1 diro-ci;"n _, ••• • In ,h.!>OXI 'oyor. ,h. f i· 
bo", migh' bo a ligned in ,h. e~m!.ron'''' clro<"'n . Any _ "" ""'. 01 
O' (ax.ioll o r 00' (circom lo .. nliall ........ can bo C<I"_~ _ .... , 
. ng'o-piy ... ", ... 1 • • (""""I~ 10"' _ 1 """"'" .. ' ro.'" w~h thio 
theory. C......,. I tru<~ i"!l 'hoory. whiclr im PH ' a _."" ",oIlocklno 
dfJIo,,,,. d ah.po ... uud 10, , ,,- 5 2 .... "'" _ nod . d ll" buokw.g 
__ ,., ~...... 6N, . Cv _ &w . liM, _ O. T"- "''''nt IhtOf)' . "" 
bie. 'ho " L>dy 01 """"ling .. """en .. -.., _no .".MiDn duo '" ,h. 
"" .. "". 01 dill ... n' loy ... In ,,,- ""'I. A I>uo:I<IIn<.I or;,. , .... ..... bo do· 
, t.O<I a .,j.pp6td to. tIlod" "u_<COl ~,.mpIo. Tho". "'0 ,u ul. *~ 
bo 1IO'1_ •• od ,<>< .ntisynrmOlriolOly ",,,,Ina,od _ ........ ~-z I",""" 
,"", 10 .., .....rul lor d.ssical .lrd buc~ino 1Iroor .... f inoly. un..,.m",", 
,,:aly I.Imlna '"" .... 1 bona'"", w~ ... "'""_ 

Fun"-' d. «,;p' ;" " of U, . dill.",,",," "'_n til. va",,". <", . oi· 
!<co,;"oo of oro • • ·"", ", .. lnot •• 10 ow"",""''" bOc>."o. 01 til. oimil>riIy 
01 ,h. odjoc!i'll •• "_ '0 Ortoi~n.'" """'" claD. Fi ........ . ,.",,,,. ~og. 
u. n' " ""99O"'. d to d. oem. "' mlna' • • .,;u, . .. oq ... I_,l-oi"," . .. I.o mio • • 
as n 1110 lOp irati 01 Figu,. 4·6~. l,f09J"" or nonrogulrr' ",,,,ino_ hov. 
_ ",iNto of '--'Y. d jl. ,,,,,, ,_.--. H. , .. ft ... dl'Clpping .... ad· 
jeot .... ""9""' ( imp'" ' h., .... ",mino. Me 01 u"",",.1 tt>i<~e ... i .•. , ,''-
te rm 'ir<~( w. flO! bo o.pt;o;tly ...... bul" 1"- delaul odjo<t ..... ,,1>0 
_ In f igu,. 4·6~ . ... " ."'plt. 01 . ,m""Uie , "nlisymm.'rk:. a no 
"","ymmo'rk: .. """""- 5ymmo~ie .,m lna ... "" . 1>0'" goom.~io.no 
_ ' .... , _ny """,moo,., obou, I~. middlo .......,. 01 thO Io minot •. 
NO".,."''''''''>: "mI"", .. h. vo _""",io ..,.m""" ry . cd ... , . ,"', p",,,.~ 
" o';',,,,mOlry. \.ktsytYI"'olrk: .. m .... t • • ."...., havo _oIrio O)'''''''OIry • 
...., dO "'" !\avo mat .... , _~ . ,"'''' ...... <>< " ..... , mmo'ry. 

---,--

"_0-6. Coo~ .. '''_R.,....., _ _ , 
S..,....,"" Am" """",,",,, .... """",,,,.tr,. <:<0" -"'" '-"_ .... 

, , • 



........... "" ..... ~...... .., 
n. bona,;", 011.1",,,,, • • 'n" a ,. $'/m.,.I<Ic. am;.y"",,,,,,;c . 0 ' ..... 

Sjmm,","" obo'" " •• siron mkldl • • LH!oc . .... _ ;, IIr .. """,Ion. 
Sjmm.uicolty .. m .... ,"" _ .. CO" IHr ~o","" ... In co •• o._ol onll<>· 
tropic: _ _ t""o,y. AnI;.ym""'lricoly 10 ..... ''''' _ .. "'vo • 0impI0 

form 01 OOOpMrp lit"".'" IItndiog.rId ."" noiOrr 00<1 ,mo..lore '''0'. 
o "'("0 """,. Ii<.oIOd ....,,, 'h .. f'\' 'hOn "0' ''.''''''''' 1.1.".01"" ""' .... 
UfI$'j .. ."...,1co1y "mlno''''' _, .. Iro, • •• on mo,. """'plica''''' coupi ng 
lHr,woo. boO<liog.nd ,,"enoion "'" ••• "",mrn~lI' ......... '.d_ .... 
4.1.2 Oeri"' iorr or B~o\I,"Il Cr~.,ion 

hpro,""" ... r. obIainOd (0( IIro ,.riolions o( .Ir • ...,. during b<.<:k· 

~n~ ;, "'. or lay. , 0( • OIul •• V.'"" .... 1I ... '. '''' 0 0' , .... a ... ' .... 0( 
....... <kIring bucldiog. S_uon,'I. , ... ,.' .. 00 .. 01 ......... "' ... '<"\II"'"" tnroug11111o _, "'ic~n ... 10 obU ..... .... -...10< Il10 ,.,;, 
o'ions " _ • • and """" on" <luring buo' Iiop. Fino l!)' . 'lro var.,,;ono " 
10", .. ond __ on,. .r • ...-, ,,, ... .. Oo"""' · lyf'O bl>c,!inv ~.re", iOl 

."oJ2IJon$ .... "11 or. "'''' OOlvod 10 ,loki_ 0"""'·10"" b<.<:kIo1g or' . ,;'n 
in '."'1< 0( .... """",. "ic a nd m~'o'I.II_." Io. 01 ,n. m"Uay. ,"" cit"· 
oulor cyo""",,,,1 _ . 111. fo llowing do ..... 'ion ill quito simila, 10 , ... 
0........,.,_' .. , Iro ,g. Os ond 11150s by A"""'". u",yon [4·6'lond ' ur· 
,hor _ by ....... "nd 00"111'·52) ond R.lSSnor lind SIa ...... I'·sa) "" pia'" Ond by 000Q. Pislor. Ond loy"" (, ·eo) 101 <1> . ... 

'.1.2. t OrU>otmpie SIt_SH.'n R.'otlons 

n ... "' ......... ,."'Ion. 10' on onlrolropi<; """.,Iot in p rincipa l 
""" .... 1 dj,OCIiono a re dHcrn..d by Jon • • 1 • • 1(0) 0"" can bo wrtIon. " 

" , ", _ O" t, tO, >" .. , 
O,y O,>"'O»,, , , 
' " - 0 .. 7,, 

--~'c'.a~, _ .' . 
, -'"." , , " a;' __ ~,!'., _ 

1. ,·",·" 
, 

aa - v" E, , , 
1 - ' ,,1.2, 

IH3:!) 

(4.234) 

.nd Il1o _~, k <It.o,.,. 'no k" layO' 0(. "' min. '. Tiro q .... nto:y 
E: is YO<KI\I'O mo'M~ ... ,h. '-diroob>n. Ei ill "'" YO<KI\I'o mocUu. in 
Ilro 2·<IO"Kliorr. G:. is ,n. 5Irur modu~ b. 'wo. n , ... 1· and 2·.' 05 in 
tho 1.2 pb n • . • nd ,.:,(.:, ) io " . P"'-'n·. ",'io lor oon'",<'iorr in , ... 
211 )·d....,_ du" '0 to"'"'" in "'" 112j·d.octIorr. ","",. n", hv. I"l'1.0.' • . 
riat ooostan ... ,. roqu"" po, loY": _."". -. .... 0( "'" ,ooiprocal 
"''''tions 11·:,e: • • l,e;l. oc, ... 1y Only lour eonotanis a ," _ M. 

, , • 



... .... ...... .. , .. __ ...... 
T"- oohotropi:: 1a10fS can M l>IKod In t"- shol wIIh ",. if 1-<1«,,_ 

dh, in th. """" ('J '" circ.,." . ,.m~ (lJ diroocI""'. Thu,. lhe 2·d_ 
10 • • h .. In , ''- y. '" tho , ·<Ii<.." ion , .. ",0<1"' 1)1. Fo<. un<l'-<:'ion.1Iy 
",jnlc rnMI by ... 110 . ,_ io Ih . lob." dUo;t ..... nd .... 2-<1Hc6on 
10 kan ... ... Ie Ih. ! .... ~ In whol Ic low .. Ih. _I """odin. t •• (.< ,1) 0 .. 
....... a nd Ih. , . .... '" Iho ""..no, ........ rt ... E, . E,. , .... and G" 0,. 
inI .. ~ro'od In acoorda_ rio 'h9 a< .... , _,.tion '" oa<n lay", rolat"" 
'" tho '.y <:<><><dina' ... 01 "'0 .".,. 

4.8.2.2 V. ,Io, lon. oj Sire ..... and SIr. I ... <lu ring Buckling 

Du,1ng b""k~· n g. "'" .11 .... ...-. '"f)' ~O'" tI!.~ Pfo""ci<in~ '" " 0' 
(4 ·651 . Lol ,ho •• , .. , .... b. donotO<! by~: 'MI', Ifom Eq, .. '''''' (4.233) 

• • • ~, • 0" .... , + 0,1-', 
•• • ~, ' a,/"" + 0>,&, 14.2351 

• • 0. ... - 0 .. &1" 
In ",lIieh "" .. .... ,. arKI 61" _. "'" rorraponcling •• ,""ion. In ,,,
.... 01. durinQ b<>o:ldin~ . """" tha, tho . .. _ "",,_, pr<lI>8I1io. <10 _ 
"f'! <l/ring boclq (th . "",'orial pr<>jl. rtio ... iI_ """' .. or, "f)' wh on 
"'" """,icIe, plaslic b o<k~ In Sodio" 4.10) . BKeu ... '" ,"" Kir<:Ioootl· 
lOv. lIy",,_ ['-.4). Ihe ..... ,""" ,., OI'd'" durinllb<>o:l.!ir>v .,. _ " 

• "". _ &, • z~'" 
.... ,.«; .• ~ .. 

• &t"~&i" . zli",,, 

n . <~"''' .. m.o .... ,od 10o,," an a<to...,.,., ,01. '0...,. """""" . ' ~ 
.rom "'. _ '" tho .hoI • • In FIgur. 0·1"0. In Equ. tion (, .2361 . .... : . 
.... ; . • nd oIf,', or. tho •• rlatlon. '" ",. '.IOf."".· .... ~.OO ",,.In • 

...... ~NU .... " 

, 
"9>'" 4-10 P ..... C"'" S . ",",n" on N- l "Y"",d s .... 
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............ , .. __ ...... 

. -, 
• " .[" 1 8'- "2 ,,- 0, 10k - Ok ,) - ZM~ - ~ ,I .-. 

1~ ' " " , 0 1 - ~ L O;(IOk - 1\ . ,) - ll("> - o; . ,) . ll ll>, - b, . ,I] .-, 
Tto. oti~n . .... in Equation 14 ,2" 1'" _10 Ambo.""",,yan [4·61] . 0<1 
doc>erd "'" ..... 10<._ 01 th. ,of. ,.""" ,uri.co ...t>ich io Io<.,ed • dis-
10.""" ~ '" ...... 'Od loom 1M _ I in .... , ' uri,,",. n .... 1",_. ".ri.« 
e.n be OMr>goC t.v •• "ing ~ .. o,de, 10 addr . .. doH .... , _",~.0<1 
__ " tord~iOI" Tto. mo>j-<:<>mmon Iocat"'" ""!frO IOf ... "". "" ,. 
lac. io ,h. _ mkl<110 •• mac. 

4.8.2.4 Buckling 01,.. .. "".1 Eq uaUo". 

Th. D<InneII·1ypO _~"'g ~."' nt"' 1 oq""''''''' 10< eire ... , cy ' __ 
e.1 <1104,. outr;o<1od to combinat"'n. of .... I comprHoion . nd ."~"" 
"' . .. U .. " ' , f""" .n .~."""fI. 1<> Equ",""'. (4.7t H ', 73) "" pO!/" 'S7. 

ON", t ON",, _ O 

ON"". ON" ,_ O 1',2'~1 

_ OM , OM _ 11M _ 11M • &N., - -
',n ',," "", ' ",' r +N,o...." . N,""'.,, _O 

Ir>d 'M lo.co _"" _01", Douroa.ry _ ,>og ~"'n,.t, _ 0 ood 
l 01. 0_ 1_ tho """"'"'Ii ... 1 ... ~_'" 1,0)' ott '" IOU' .~ 
to""," ..... .. ttro following ~iro """ ... LIIOo a .. t 01 bou_" "o",*tio. O)= 

oN, ~ O • &. ~ D 

SN.,. _ O • ' _0 
14246) 

61.1 ..... ...." .. , _ fi,""" _ 0 • ~·o 

OM" • 0 '" r..r., _ II 
,.,... .... "" th. usuol b",,'~ __ 'I' """"""'" 004. 51 _Sol, 1;1 _C<. 
R , . , . «>h<,od .tt .. AI"uOlh {, .,Ol. 

, , • 



........... "" ..... ~...... .., 
Upon ._'ilUl~ 01 ,h. o,pr'-" !or ,h ••• ""'ions 01 fofce. 00<1 

"""".,.,. <!u~ buck~, Equohon. 14,242) a n<! {4.24J) •• 00 ..... " ,," ot""'.'" "' ... ...,0 .... ~""" .. , . ..... o od C"",~,", .. , E~ .. ,.,". (4.231) 0 00 
(o,23!!). ,1M """i<Jng dofto,. n'''' ___ '''''' b .. om. 

" , ,110,,, + ""Iiw,." row./'!" ..... (110.,.,.. r,.".,J 
- B, , . .... ," - (B,. + 2B".J3w"". ' 0 

",,110,'1 + .....,(6. '0" 3wyr) + ..... (00", . "".,.,' 

- (9" ' 29.J1i"'''''' _ ~, ,.,., ' 0 

{", ~,.*, .• - B" 1Io~,, - (B'2' :/'Sool(Iio" ". • "" ... ,) 

• (1:, )11,,("" ... . 3w'" . a"o. ...... - (28 ' 2")30<,,, 

• IZ-'r)B,.3w.". • O"~".",, • (40 .. + 20,,)06 .... ,'" 

• O,.~",,.,.,,. + N,."'" • fir.". _ 0 

14,241) 

Not. ,IIa, Iom"'_Ondueod b. ndO-og_ . . .. nolon <OOpIif1g ...... whof>. "' .. ,h. B, in E.quo_ (4.247) 410 fIOI\l Of<> 01 ""u_, oorn. b-onding • 
..,,,,,,ojon COUI't;ng a t...-.y ....... lor "'ob 

'.8.2.~ Buokllng C~t .. km 

W. dHi .. to rol1d tho ",",,"" 10 ,h. tlu< klO\g oflI ... ntial "'1. 0110". 
to, tho S2 ""p~ .. pportod od9" bLoC ' 1O>q ~ co"",,,,,-, 

14 ,248) 

Th<I following bucUng disj>lac<Imonts .. ,;.ty tho buc~ Oouo<l>,.,. con· 
_ • ." Equot"" (4,2( 8): 

Iio = ii coo "'"" COS ~ , , 
1w~ ..... !'t""' .... i 

3w - ... m"" nr .. -,-~-,- 14,24P) 

(01 oqu;.. lon'ty 00, !'N. aod "'" coukj b-o co .... _.in. , ..... ~ ..... , 0 0<1 
.......... linctiono. '~"o/y , ' '''. <XIOIdIn . ... . .. "".tod goo) [., 
"",",h il. :;, .0<1 iii a .. tho (_, • ."in.",) ampl!udM 01 ,h. b""king 
~c.""'n"'l am.", ..-.",0<1 in .h. buckling dofter.ntial oquo' ions. 
E_I~ (4.247). In ordo, '0 obtain Iho (' ''''') 00",_1 solut.", 10 Ilia 
".dOng OGo"'ions. Ih<I do"""",,,-"' 01 'ho co.~;';'n'" 0111, 'Y • • 00 iii 
moot b. """' .• ,., t ho 'o" Mng _~ 001.,,,,, .. ""to: 

, , 



50> ..... ....... , .. __ ...... 

T" • A,,(nwU' • A .. (n,,)' 

T .. . (A" ~ Aoo~mlO1.. lInI') , , 
T,. ' (A, ,,,r)(m~ L) . B, , (m .. L) • (B" ' 2B .. Xm",L)(<>" ) 

T 22 = A".(m"iL)' • A",(n ')' (4.25 1) 

T,. _ (0" ' 20",W .. .,q' (n',) + (l :r)(A,,)(n" ) ' O",(n ', )' . ,.' T", . O"(m,,,'L) + (20" . 40ooll m".U (n ', ) . 0 ,,(0'.) 

, (20"'r)("' '''L)' + (2.")6,.,(0" )' , (II,)' A" 

n. ""rI1ioo 1fII'I' . .. n+o<I by Eq .. tioo (4 .250) ,0<1"" .. to tho _. 
01 Batdor!, Seh;!dcroot. and Sto .. (4·N j lor olngIo·loyo,od iootropiro eir· 
<ulo, <y_rrc.1 ." .... Tho b<.r<kling Iood .ndo, ~."1 <omp_ .. 
""' . ..... I""" Equ.'''" (4,250) by "'I""bng N, 10 zor<>.nd ""","g lor 
N,. S .... r!y. 1Nr b<.r<klo,g ,Io.d und. , io .... 1 "' ..... '" I. obtaln od by 
"'IrJailng N, t .... '" ond __ "'11 100- N,(~ _ prj . , Fiool)', .... Ouckirng .,.d 
undo. I"r\I<>'Oot>h< pr.""" . II oil .. ", ... bit "'Iuatlng N, '" ty2 and_inII 
to, N,. In ._n. ~ N,(~),. fo:o<I, 111_ <"""" I .. kIo. of N,(N,) """ IHr 
"'""", n . vol • • of N, ~n IHr .. _ to oil<a .. .. ... """ion <u w. 1Hr· 
"" •• n .. k>I """,pro_ OM 101 ... 1 pt*0SUI'. 

Ooca".. 01 111_ 0""""""'" po .. _ I ... in EQLJa1ion (~ .2501 and to. 
<><Hrod to irtV_ 1I"1e a iorvo ,a.1/O 01 b<.r<lding modo. '" dorO. rm ine to. 
"",,. 01 bu<Ung load, f""" . pr~ct"," 1 sIo.-qx.in" d ioital CQmpUIOf .. "" 
... u , . d lor .,,,n_ wo"', In .... _ , ,,, poogtom "" in'_ nLNn · 
1>0", 01 a ,lal ~" ....... , m.'r>(I <ifcuml ... n!lol"'~"" n. in 'ho bu<kIo<O 
s hope, 111_ ~'O I>ud<Iinog load I< "'und s...~, B lor • 
gonerio descripl"", 01 .... rch pJOC«lur. lor how" lind I~. a bsolut. 
mlnflrum _in~ bod lor ""'.,. ' .ng. 01 '''09' ' •• 1.wJ 01 m and n, 

4./1,3 N"",eric.1 e .. ..,ple 

BKOU .. 01 111. "'''Y _ tricat ptOpMios in 11>0 Ihooory. mN ... 

ingiuli/Oneral ' .. uls.ro diffi<:u. , I,.." impossible ,,, pr . .. "' , n U", ' 
..,..,IOe "u_l a . ample 10 gI'Ian '0 11"0" 01. oppIical"", 01" .. I~.ory. n. "''"''~ •••• """' ... re<I .... ~ ' ...... 01 p",,,,,,,,o ..,., ___ , 

Fo' , .... , a mple. I"" bUCk';"; 01. ~.,;tt.""" 0"'"'" oy_OI 
.".1 ""symm.tra.,. iam""'lo<I .... 11h t"", Ioo'",pio 10..->$ undo, hydr<>
. .. ,\: pr . .. ureis <on_ ,od , TI>o p_lo. '" 11>0 loy . .. . r. 

E, • • 4 x 'o'ps! (300 GPa) E, . 2 ~ 10' ps; (,. GPO) 
_, . 0 _, ,, .4 
" _ ,0)< in (.10 em) .. " ,3 in i-1" em ) 

, , • 



........... "" ..... ~...... .... 
Th. lJy<lro."'iC bud' ''''Q o' ..... re 01 1M oubjed .~"'igu"'I"" II< 

."'''"n u lho .old IioO In Figu<e ' -71 ••• "."coo" 01 ""V SpIIOOg. 1M 
, . .... """'" are "" gOnollll in"'l>~ 1b<><I<I"'v" _~ ,flo "n,," por· ''';po'' •• In s.cI"'" •. 1.4). n . b..:Uing ", . .. urn "', pOflOilnOiabiloty 
(bLH:kling boO......" ""11") "'" mue!l h~ ond. " one.. do"", "" • • ,n ,flo 
bu"Ung 01 tho p' .... '" ""nfigu",,"". Oth . r lolu,. cm.rio . ' .g .. yiokling. 
o r. igfIorO<lIc< lho _ H . 01 tflio .klstra'oo 01 lho ",Hen' , ... trsis 
'",,"nlo uo Tho _ ........ "' Figur. ,·7, rep, . , n," 00 0<ttJ0t"'l'i< 
_""" OW"""''' 10 tho ~ {' .g" Block. Co ... . 0<1 IMall ... [, ·53D 
. 0<1 10 kom 3 to g p<>r«In' 10 ..... lho01ho ,Q..,tts lrom tho ",KOntlhoory. 
Tho-w low., ,"",its a ,. <:au""" by nogloc' 01 coupling bot ...... " I>Oo<lrrIg 
arid .,,_ 01 1ho Iov.rO<l _, arid ollh • ..",..,," obIIo".ra In tho 
""""'topj< "ill" ... _"". TM doohflc1 """'. d". si ng .. doI_ 1""""" a 0I1't. __ I .. H" • anglo oqulvalo"' PoI"" ,-, ,olio kx 
... .-~ ("D · .311 1 u'O<l", both loy"'" by Jano ... "" KIoi , (o-68J 0 0<1 10 
'''''''' 710 11 po"",nI ... ,_ V .. " 'ho .. ""~. '" " 0 I""",,"hoory. F ... Iy. 
' ho "" .... "" 00"" ,,~h two dola "'1" 0.,"'" 8 01"'",,,,, . 11 .. ~h . .... 11'. 
"'1""010,,' P<>ioson" ratio lor •• _ " (v" • . 1 Hi) u_ In ""'" Ioye", 
(0_60[ o nd io 'rom 14 '" IA pore. '" 10 ... , ''',n lho '"SU .. '" th o ~'" 
Ih"",),. Tho 10_ ....... , .. V;o " od '"e . .. ""_ by "oogIocl 01 couptO>g 
_ .. " ".-..lIn!! a rid "',. """" 0/ 11>0 lwo 0~.1 Io~.", and 0/ tho K

c. nme SIll ..... '" in 11>0 orthoIropic 01" " ," owrooch . Noto 11\0, aI "P' 
.,."..ch •• ",o.iouo 10 lh. ~ .. '" t-.y a lO eon ...... ". !or lhi> 
""ample. i.o .. "'.j j iold IowOI l>uekling "' .. ,",., tho" """ a ct""" be 
leatiled by ,no "Woned _ I. For o"'or probIem,,- tho p, •• .,.... 41" 
"","che, ClIO yield u""""",,..a';'-' ,.,uh 1' ·661- Th.,.. In. krnporto""o 
01 bordi!l9'o.,. "..", coupIo.v .t.o.rld "'" .. ovorlookod. 

-,...----------, .. 
- .. 

.. - .. 
• 

· !· •• ::~::1·::~::·;=::::;·;=::::;·;=::::~"· · ~ ,. .. .. " ... 
"IHG SPACING. _ 

" ~ . 

. ;guo-. 0-71 a ............... r..,.."",.,., P ro",," of . """loS"'_ 
T ... ~"" c; ....... Cy\r><ftol . ... , (Alto , JonH [U5D 

, , • 



... .... ...... .. , .. __ ...... 
4.11.4 CIono,ol k·Z Rcoull. lor Anlloymmelrlc C , ,, .. · P ly La ml""I •• 

Rolh. , I~.n """,",uo wilh "",,,,. ric. 1 , .. u .. lor ~l" _ ...... , 
"" .... . ~ -"I tHo mo,. bolplul to pr .... O! mo,. 11""" ,01 ,.><h .. a k·Z 
form.'. n., .... norrn.izod Ioa<linll poramol., v. , ..... a ~Ica'ion 
01 ,,,. llaldo<l_ CO",,""'. paramo' ., lor ... ' can too ado\>lod I., lam· 
ino"" ' hoi ,o .... h, n io I"""., I>a,otro _.",ag • • 11.' ...... \IOno .. ' 
abiliy fo , ;m."" ot.tion 01 .. "" ... lnan "" In. ' . ...... 10< ~ _iWol 
"""", Tbo _10 ""-""<I ... , ,.,.,._p ly .. "'imlod.o"' Fjyu,. 0·6\I • • nd 
.'" ~mm'h" abo " 'n o m<ldlo ., ~"". 01 In. ,",,01. n . objooct;.,. 
01 ' '''" _ b ,. pc ....... " " .. "'" """,.,leal ,,"uh lot buckling 01 
lamina'od '"" .10 •• deJ>ir:tod In Fv. ... . _611. 

Uor"",lizod " .. Iy'" """"."'" p,_od lor truckling 01 an~"ym· 
motricolly lamino'.d regulo, ,ro .. ·"", circula, cylindric. , _ .ft .. ,100 
I.mil'" Botdorl ' ·Z """"dlOtion ... ttoOrO<! [0·2]. F., anlloym"""ric 
oro....,., ........ _ A" BAn. 0,, '- 6.". B" B 0 .. _ 0, ond 0" . 0 " 
.... .. ~C. 

4 .11.4.1 A.la l Comp, ... lon 

F", .. ",I ,.""', • ....," , 1100 buc!ding <rOte,.",. Equa''''' «.250) "'" 
be _na nllOfS I .. 'f\I<O'" ........ t.-..;. lay ..... 

N L' ,. ' 
.-'0" 

.,[ ... [ ' . "'f][ "' r [ "' ]'] "t - 0 " - (hF) mo, • m<! + m"'A 

_ ~ [ I ' A" ["'_ r ,,[ 2Y"F • , ] [ ~L_ ]' 1<25:1) 
A"O" "-""" 1+F m", 

. :: r ~;, f . r ';:;, 1']~:' 
,.[,' 1["" ][ ',,' J [[:';. r .. ] 

0 " I_F .'11 

in ~f>i<n on" . nhorrow ""<>, F. ", dol_ •• 
F _ E, 

" ''''' ,. ,'" 01 ''''' _. 01 on o~.."ow;c layo' " 'ho t,. n, ..... ,,, ,no 
till.,. ~""" to "'" ",-.o.a ;" .... ,_ """'''''"1 . M 'ho mocIiI"'" 
EIou;orl . hol "'''.'0 .. pa ... "' . .. " 2. " 

, , • 



........... "" ..... ~ ...... 
Zu[;: ][1 _ ~\.:~ r 

_~ ~Io .... _ -k"""" Bo-1do~ _. ou .... 'u "' pO"",,,. I.r ,,~ .n 
F . I 000 "" . v 10, iooIlOJI'I wiIh phyoioal in'.rprotalioo in FiglJro .·72 . •• 

[ '" [ ,,:,,' 1 ",,' 1[ . J' [ ., ]' A~ I . ___ 1 _ _ - _ _ - . 1.255) 
A.. 11 + Fl' 11 - f) In., to" . 

Th ... pr_ for 1<, . Eq",,_ (4.252) M. loo, Ie "",: 11) "" ortho
""Pic pia'. bonding COfIlrI>u<" '1; (21 8 '"'"'" <""81" •• compon. "" (31' 
"" "'_ "' .. ",,,,,b .... t-II.,.". 11>e'-0-•• 1._ <OuI>1io>g); 000 (0) 
oOupMlg b.I".en lam_iOn ""eel. &00 o"",al",. "nocto. Te"". (1) 
_00 (2) a r. 10"00 in c .. ..a, _ , 11100",. T"",", (11_00 (3) 0 .. '0"00 
in olaoo;o.l Iamin"0<1 pial. lhooly Th ....... fo"~" I~"" ..... n.", 
ch._ .. Ihoj "... not _" "*"_ b_ •. 

n. ooefflclOn' on 'M "m"",'ioo . ttocu 10rm <:an bo . how" 10 bo 

-. (F_'I' 

[1NlI'l1 ' F)'] 
in _" Nlio .h ............. 01 lay. ,. in "' • .,mino ••. 1M , . .. 'no "U_ 
01...,. ... in 'h. """""to "",",~ ... , I ... ,"", ... Iioo . """'. 1 .... -. ..... 
"'pidly. n~ ,a pill d4>cf ..... o/!his '.rm " ,.oponsibl<> lor 1IHI ropid ap· 
".....,0'" .,,,, InaIOd plato booklll'l~"""," 'O , ... _tOPIc plato " 0"10 
dot. ""inod by 1'lhi1My.nd l . .... (4·57]. 

,_ '-n R.,_"'"'~. C ....... c_ ShoI. Corro~ 10 
.... _ V ..... 01 Z IZ"""" 1 !lQIIMo' '''_ I'-2~ 

, , 



... .... ........ , .. __ ...... 
Th. Iom"'IOo<o-<"",.,",. ~ .. ~""'. _ iOnl ,0\1"",, 10 

L'~' _ 6(F - 1) L' 
10.251) 

, 0" (Nlk" F) rt 
TI>is _Woclo .. " PI'""",," UfO only as 'ho ifN_ of Ill •• 0 __ 
'" Ih. ifN .... 01 (Nl)' "" ,h. lamln'lion offocts _ " ;clonl " EQ""'n 
(',~). No .. ,1>;0., 'ho 00,,-' l '" • ,.,. Bo1<lO<t r.neII """'at .... 
pa .. "' .... w • • ~tion .. I:. m.,., .. 1 ""'''''''0' • ,""""to 

..... " """",_n k, _ Z ,.'"~. "" .ot""mmotflo • .., .. "' .... 1IteI 
\I!.ph~'~><)' oh". 10' 2, o. o<><l on '''''n~o numbO< O! 10, .... ,. ot>own 
"' F~"" 4·13, Th ....... ~. "" an "'inII. "umbo' '" 00,.,. 0 .. 'ho ~o 
as .... ortl»<"'P'C ..,l<r1ion", """'h a" ~e".".ion CO<JpIi<ru Is ;g"",tel ('hn, 8". Ih. 0"1y boond;"g... I<1onoion """PIng ",. " cion! !of on 
.m""mm .. "" ""'''?i Iomin"" is z~ro) , e.rc. ..... 01 tho Iog·1og 1o ..... ' 
"' FilJU" 4·13, "'" Io'goo perc. ""'1I" ",".,.ne • • b . ...... n .... buclo:"Oflg 
'->0 10' .. "' .... , • • ...." d"''''''''' ""mboo .. 01 " )'9" a '. ob",,,,od , Tho 
"",IHnown "flIO ~g ~oct. I"" pia"'. a ro do,,,,,, .. by ob .. ,,",g 
tha,.1 """' . .... to , . pa n tor Z _ 1. For I ~20. '. _ Z rosu l. 10' v.,;' 
""" nu-. <II Ioye<s have tho .. m •• q,. 0<1 hav •• con ......... lion 
to one a"""-. How.ve,. "'" oNoct 01 _ og·. xt..,.;.,n o:oupIing .. 10 .. 
10' o long ' hoi (I > 20) I!v.n 10>, 0 ~t • . Tho Mhotroplc oppro • .".1ion 
(II" _ 0) io 100 h;gh a' I _ t OO by 67 % 10>, ,,,,,,·Ioy. "*'" ~lo ond by !I% 
10, _ · Ioy. ,od .... ... "'" h'IOI'O ""'" lou' loy''''. 'ho C<>uf'Wl!j oIloct .. 
n.gigblo. Th"". tho ..,"'" 01 bo"'n~ ... " . n"'" ~ '"p"", ";0. 
out •• It.o nu"b. , 01 loy . .. .." . . ... . 

,. 

,-P': 
\ .,."., .. ... , ..... , 
, ." •. >If ., ........... " 

I .... , ... . . ,.., .. ~ 

~ ." .... 
'-..-. ", .. " .. 

,~, -----,'.C"----,'.o----"d~ 
z • !o' 

" 
"'9"0 0·73 N""",, ~oO .. ~.I C""'l" . .... oo ~ Lo>oo, "', 

~t"" C"" •. P<j ~ . ... """"'''·f"",, S""" 
(~"', Jooo. "'" ""'-' /_ .uD 

, , • 



........... "" ..... ~...... .., 
For 0111 .. «><T1!'O"iIe m.,e rials, "hen ' M "' .. io<>gt~, ... d ..... . r>d 

"'''''0'' "0 ... ..:l. 'h" _"Q Io.d. ~ ..... "'io~ .., (h. 
_"'. ra,;;" E,'E2. V.kIH 01 G""E, and "" .r. """"'. n' In , »is <Iud)' 
boca ..... lheir 'nflue "'" M 1M """kln~ 1D.od .. ...... M "" ........ '0 U'Ia1 
0110 ,110, . TM buckling _ I . .. t .... 10 tM buckling 1D.od 01 an onM· 
trnp;o: 01>0" 110, wt.ieh B" . ~) ...... n Z _ :lIXl .r. pIoII.d • • • 'unelien 01 
10, E, 101 ,."""" """,bo .. 0/ layo .. In Fill"" . ·74. Tho OuNOS pIonO<! 
a ", oct"" .... ""._ \0 'ho ... gm_.d cu ...... with "u""O (00"- by 
_ ",(>do .hap< CM"\IOo) ..... , .. ill I", • opodIi: .". _ _ " 'Y. 
f"'_l. r, ."'" lor Z _ 300, '" • • u,," .ory to 0510 ~ _ tho 
.... .,., .. pIoIIod (0. "' FIII"'. 4·2' on P'tIO 4\1Sf Pol ' ny fato. ' M 
SJ>Kf'" "um. rio,1 •• kIo. a,. no' o. imponont o. tfHI go .... ' .. n •• "". 
'" Iho """'""'" ,a"". n . _IN. bud<1ing ""' ... _ ,oa .... ~h ..,"' • • . 
ing E, 'E,. for. boron·_,y _. (lor which E, 'E, . 10). "'" ott"", 01 
borDn!i"""'on. "" ~ Or. not ~ , i . ....... "9 •• Io' !ho ~ • . 
_1<1' (E " E,_ 40) """"" .~ <bcuo.&od. _.,,&I, !I>o .~ocl 01 
bon<irrll'"",'on""" "'''",!inv io .UI . "" . ... hiiol l", ie", numbo .. 01 " y ... 

, • • • 
• I ..._ .. 

• ,,, ... 
". I 
", • • 

:. (_'_·:~:,.:.::.;.~~: .. ;~3~,,;'.:;"~O~1 Iz- _ I 

• 
0, 

MODUWI R.lIO. i; 

"9''' O.r< "' ....... . .... ~._ ~ l"""'"" 
.................. emu 'PIy ....., .... s ... ,~ 
IMo", _ ..... "'0'9'" 10 -MIJ 

4.11.4.2 La1 .... , P ....... 

For 10,,,,,,, ""_, •• 'he buckfinlj «t. ""n. Equa"on (. ,250). con bo 
.m"on n 

, , • 



... .... ........ , .. __ ...... 
"rod ' .................. IO", com""""n" (0<11>0<001'0,0 pia,. """,,'no . .., .) 
.. 'ho ",,,,,,. I .. ~ .. lal """'''' • ....,.. I>u<O<lIng oo.d. For ~ _ ... 
nU.,"' ;0 muc" lI'oatt' ""'" on. so EQ .... '.", «2531 Oo ... "".,,"" yal ... 

", . cz.. 14.259) 

in wlli<h C is a IuncIioo oj ,"olaminotiS'. _ ... ir1<1udI.9 "'O lMJrrrbet 
01 layers. Fa< OOIrop<: .... 10 , C - 41V3. Fo, 2 "'Y.". Ih. valu" 01 C " 
Ia .. tOo. 10' 4 lay." """'h In ,urn ...... , .... 10' & loy .... orod "" on. 
n "". "' . ... - Z , . "' .. 10, ~ g'a~t.-<rpo'y _ in Figur •• -75 .,. 
~ .,.rol.,o"1 , .. he, d~'II".1 '0' largO .0""" of Z. Tflol it. "'. o/IO¢l 
01 ""'"-'PI'nv bollo ••• borrr1irr9 . nd . " .....", i"",eue. will> irrcrea~ Z. 
For .... ""''''. ' flo . ~trotr<rcHc . 00""' .... 1"" l<r ' !ro 1wo-lav",O<l ... . 
t>uel<fio,g " ad .. . too", t2O'lO Ir>o l>il/h .r Z ~ 100 and abo", .. tm ,.,. h9> 
a' Z. 10.000_ 0.. .... " .... ""w_. !j, . 0110<1 01 ew""" die. <rr.r\ ,.,,;.;tv _ nc.-o.~ """,bo, 01 lay.,,"'" 0_ .... 110-

n . .. ,.,01 "' •• OU,. bucking load> "",,,,ai>"" .. la,,,. '" """"''''''"' 
.., .. buckling _ a,. 0" " "" lor va,,,,"" "''''''' ... ,.,;,,0. ~ ,IEo , in F;g. 
w •• ·76. AQAin. ~ ,I~, .. uMd '" displaV , flo • ......,. 01 , • • b . ... '1or 
01 .... "... «><npou. ,,,., .. I0I0 "' •• , ... O ,,,E~ and Y" aro !Io<"" boo-
co".. , IMW . ~oc, .. "" 10 .. impoMn'_ .... ! ...... I COIIIp<OuiorI. only ,he 
""".Iopes 01 "'" oct ... 1 < ...... 0 •• ," pion"". n o .n«1 01 ~ing lor. 
"""·lay","" _ II mLleh 11' ..... , Inoo rOf "",.1 «Im"'-• . ~ .. " lor 
• _""",Xl' _'IIE,IE, _ IOI. t .. fH:i ... , buckling load .. on~ 8Cr% 
01 'h" predio:lOd ...... fo< ontrotro<>i<: _'" If .. " h"", coupIiog _ .. , 
. . ... 1. Tho 0<11>0<"",", Oppr"c.im4IiOf1 '" 1<10 . 91 to)' e7,. !Of bOrooI-''''''1 
.., ... . nd by ,27,. !Of v,ap!I~e_xy 011 .... r .... ovo_im., .. 01 
b<r<>;IirrV ,oSOOl.""o die 0" '.0",",.' ,he n"mbo, '" OO, • .s .." . ..... -

• 

" 

• • 

o .... ""vo" " .",. , ..... "." ... ) .---' ., ............. ~ .. " 
\. "" .. ,. CO" eo, ... 

Q" • • , .. . .......... ... , 

.,, ' .. 
• •• 

c' Z • ii 
.- .-

"_ . ·75 _ 1.0,."'" p,. ...... B"' ...... ' '-O .. 
_ C"",._P~ l _ G"', .... _Epo.,. S_ 
I'""".kxoo' .., __ (4Mb 

, , • 



• • 

........... "" ..... ~ ...... 

V" _,2!I 

.. .. .. .. 
'. IoIOO<JW. "~""' ., 

• 

........ """ .. p,",~ B..,.....,.lDodo"" Ani.,.,....."'" C",,,_,.,,. .....-,. s ... " 
f~'" Jono • .,., """"'" r<-68}} 

'-lI.4.~ S~"'"""Y 10. AnU.v ",m~!lc I;ro .. -Ply t..ml~ 

F", buci<JIoII 01 ."'iSym_l .. ol\' 1O"" .. ,td o<O~."...., ,~ • • 1· 
rKI 01 -.>WnII1><"'''" btJlQ<>g ~ocI .... osIo" a;". ""I ,~pO;ly" I .. 
!\UmbO' 01 lOy.", Iner ....... Fo' __ "'ora l p'~. rna _1>0<1 
01 OD<4lIino Is Ia'\jeI" I., Ior>g _ .. ""'" I., modo,a'. IongII> $hel" . f« 
.. 101 oomprnslan 01 ""'0 _ ... "'" ""0<1 01 ooupino .. """""'l\' 
co ...... ","do """sOng Z. ln. rnodjI iOd BIIldo~ <"rva,"" "'""'m ..... 

Fo< """"';,.g ......,lem • •• ..-iIc .... g In. "yo< IWoOking _ueoc.l""" 
«)'iW-! ",J to (iO-fI)" l ".J _ . "'" ""'''''' "'" ~ """ ... Fo<' 
""""'y" td ~1. ... roo dill .... ... m;gll' I>< "poc!od "ho n on """logy 
.. mod. wih , .. _.nor ocum,'dy "~0<1 " Sod"'" ~.7 wl>icl> Is "n· 
o<h.r to" .. 01 bon<liog ... " . ..... n """,,';,.g f4-25J. Both tho .. m .... ' .. " . 1· 
loc, .nd , ... 'i"M.' ..,.,.",,;Oily oH"", hove ",m' ",., (I) o""ngo ~ 
~r>g on ....... , .. "' .... ,"'" .. Qu .... or OIit'lon .. ploo_m (on ' .. 
""'_ '" 'n" ... _ 01 , .. .".IJ ' od i.) ooc"l'y ....... m. pooIt""' "' 
tt>o buc!<IW>g (jjI1.,.... ... equation • ..:1 iI> ooIut"", (4·651- Fo< on . . ... l\' 
oomp_ 0""10, qlnd",1 _ willi IongitLKIiM' .. 11_,. (.t,<>g· 
... ). tt>o ....... '""0 load [0< e.t''''"l\' ""'Ood "'ioyO .. <.n t>o t..-iOe 0.-.. '" ,h, •• 1 .... . 11> . _Iolno load to, ;"1. ,,,,,1 " ' ;"00', ( ... SOC!"", • . n 
F", ,,.,. ..... k>adng, t.ioll> " bucldlng loads . ,. 000._ 10, "'01. w~h 
1nt."",1 '"'11' Iho.n I., $hell> ""'" .",mol ring • . For «)',90', . .. ] .., ... 
•• , .... (90·'0', .. . ] ...... Is, ,h. ,. .. flO dl!( ...... in buc~ __ .u .. 
• "minato<l oheI .. ""1,,,,1:\' .,..1o-go". lo. __ "';Ih """.ft"""""" ring 
a od .!r;"ge, oliW • • O>g ( ... m. Slill.n .. .. , •• ~r><l""""g.) on 1"- ... m. 
00;I0o 01 '00 ,"-I. TM, .. . lomina .... "'". , .... '" ' I""_ . """ool..t· om,"' ..... ",..,. 0 ",I" ... " l> <10.>1;"0<1 ... "". ·d .... """""1 . Ia",. nI. 
Thus .• IominalO h .. en..,.. ,ho'.ro mr.<""l\' coonto".,:\1no 

, , • 



010 ............ , .. __ ...... 

4.11.5 Aoo"", for Un, ymme1 rk: Crou-I'ly Lamln"t •• 

B..,._ ., \ho ." .. 1. """,p lody ot 110 . clo .. ot m .. ymm .. , " ... ",1· 
""" ' . lIMO,al ,",ulo ., ... "."...,10 to ""'".. ...., .. d. conoid. , 1M 
00000. _ lion, 01 1M _'rivt<l . bu, ' *",_ "'oli . . ... ..,.",m.trio 10m"". 
0" "'1'10 n F;gu", " 77. Tn.<o. Ih. libo .. In 'h. _ Ioyo< I,.,., til. 
bonom a,. orl • • ,od al _ a rod 11>0 ' ibo" In • • "'h er lit yon . '" oriooto<l 
a' 0' '" ,n • • h._ , ...... ",,"," "'no "", i>onLo ly ,,<>m loll to ,;gt>1 n th. 
'~ur •. n ot • . ,.,. ........ 1. 1>0. pI"""""N loIy loy ... "i1to .... I ,ill.,... 
b<oI """ Ioo.yor ... '''''uMf. , . .. ''1 'ill.... n...... u tho "u ...... , 01 r.o.ye" 
inereo"". tor •• o ....... ·thiekn . .. Iomin.t • . the 00' lay., g.'" ,h_ 
. od """,eo '.word ' ho bottom oj the 10m"" ,. Tho .. ",in., •• ",uoj 1>0 
oj COI>$I.O..,lhlckn ... .., .. . <.On """'p.o." .. ", ... , •• of ,o. "m" w.~ 

;" ord., 10 co.",..,"a'. "" how 'he 10m""'" orionllO' ''''' in ,he IOmiMI • 
...... io1l" ..... "'. ~ _. I. • .. """!">OUt ... '""""'"'" .~oct •. ". 
mo"_ pl"wiou.~. ' M. o. a mpio is con'rivod (I .• .. probaIl~ not <III ... 

...,.,U" .. ,..;I In ong"'-<lrog prodic.). bod i • • ""pie, .. ",ightIo"".,,,d 

. .. mploo. oj ""*l'",mot"" lamino .. . l!\at 10 om.n&blo '" " ttl", ",,,,op,,, . 
no""",. th. o",b::al p.ro.m. 1ri< OIL>dy .... h 1M objo.lN. ot bon .. ...0. ,. 
",,,,,",g vn,y"",, _ IomiNl .o, 

I···} 
, um,. 

. "',." . " ......... ---
4.11.5.' A.101 Comp .... lon 

_tilod •• .,. wmp"''''''' . buclding _ lor "n UM\'mmo'rieo'lj" 
IOm"" o<I g, ..... ~ • ..",.. y ..,.' u . h • ...,..", ollh ....... .,... '" Ia, ...... 
sho·...." ;" Figure 4·78 . TO. ..,.1 .... • 1 O· loy. " o><opIlo, on . _ Ia~ .. 
• 00 • ronll">, _UO • • rod _ ... """" ,~.I Z ~ 1000, Ono .' 1M 
......... 00..."..""" "~Iu . . .. " .. buckling loa<! k>r a ... 11 "Ih . M 0-
lay . ... Th. ",h .. .:ompaTioon caso io on un:ymfMtriealy lamin.t..:! .h. 1 
10, wt.i<h """"ling hotw ... n ho ndO>g . rod o,'on"" .. !goo"'; (0; ~ g). 
R_ lor 111. ~"' ..... """"""molriea ly 1f. ....... !Od .h." lot w,,",h ooupw.g 
between bonding aod .. teooio" .. "",,_,ed. "'" li>bele<l e""," ooIuIion 
in Figure 0_7&. 

, , • 



........... "" ..... ~...... 51' 

" oy,., 
~ ... 
" 
~., 

" 
~" ,,, 

fQA, '--'0 N""","'" "' .. ~ __ B",," "" L.- 01 
'-"",.."., .... C"" • ...,. l.>on*>o .... (I._-E"" •• $ ... " 
I""" .IOM • • ,.. Mo/poo r'.uv 

Th. ><" ... , lam ... ,. ""., "'" "''l''I$k>o/I. ~ .. booklng . . ..... "". 
t""n a "mino,. " ' h III ~ 0 ""1" "'"'" ...... ",nato ..... . '''II'' ""_ 
01 "Y'''' 1m ... ,ho" abo'" thirty). _ .. Of, m . a ctua' lam ina,. a .... ,. 
Ju. """. _g .... IIIa"""' ,nO" • Ia",ino'. "fh . 1 O' lay" " 1 ... 
", .. on lor ,his """,,u, " ...,l is "' .... d 10 , ... '""" .. , ........ of tho 
oWl ....... i" tho x· ar><l y-cirKliono , r><I ... ullO tho &1>011 po.ramOlo ... 
Ao "at boo ... n .w-.,u.n'". , 0" ;. d.o, .... d """, . whot b)o 'h. p ..... 
• oc. ot a i/O' loyer, but 0 ,,;' mo« ..... ". ""omir>e<l'o' , ,." .. -lay.,'" 
..,.1 which is. 0/ oou,oe, .,mtn<!lIi< Thus. "'" ",,0<1 ..,Mlon 00"..' 

_10 t ... _""''' .., ... "" (B, "O)" o.g ..... 'M l>O<izO<>:.' ~ • .., 
""'''' at "" •• loy". in F;g.,. 4.7e .. her. t ... two <""' .. "",ncide. At 
, .. , J»nt. "" ""'"''''' .." an <>r1",,~""" plalO VI""" ....,klo. I, ,,, ,n. 
m ~ l . " dn>O<!Ois 

14 .260) 

..t>i<h .. ~ "",.ined ,.."" ~ou.tio" 1'.250). f",. 11' ........ -.1'0', 
"'m""'to, ,h. '.,m in Equation (4.2601 i"vot."g 0 " de<n."". Dj Ie ... 
than .... ""'n u,. 0<1"0' "'''' ... , . ;. C<I<\SOio,od os OWO.od to II,. a1· 
0'-<0, .... ", ... '0. _ •• 0,. ",. '''m ..",t.ng 0".;' 2 1/2 b ... s •• ~ 
Io, ,he .elUII' .. m ...... as f is IO, tIM .'-0'-10,.., .......... Tho not rOS<J N 
10 • 33.,. ~, ....,klIr\il Io.od lor tno 0<1 ... , .. m ..... t"'n lor !he aI-O·· "V., .. ", ... 10. 

Th. diltohOnC« MOW ......... .<Oct . r><I """"''''''''' p_"" lot 
II"'phb·"PO"Y ......... ,0$ In Fj~",. 4.18 '~hll" hotr> Ie% .... tnon , ... 
<>r1Ilot"""" OQ~ion (0 ; . 0) at 6 ")'1N1I1O 1:1% ..... ., ' 0 "1"1'" 10 2'10 
'"""' at 50 lajo", '" __ , th. """" " ..... "'~. 'tom abo"' 3 8% 

, , • 



<" .......... .. , .. __ ...... 

more ""'n ,h • • II-O·· .. m""" . , . ..... , 20 layon to _u' 30% mo,. 0 ' 
50 loy.". Such <tII.,_ oro .... ""'1Vn 'lie eono<lo, . 'ion 0' ooua ' 
_.mg rIOslgn pr' elioo. _" ... ..... <til ... "" •• " '01 tor m.nj 
...". ,"yom t"'n be-.g .. " . no\on """~ ..... ""'. ~"0I) b.~od to 
tHo im""n,,,. U., _ ..... _atrlislrod on 'no b.si< of ."~h"li 
an,"'y",., .. "" """ .pIy .. wb. 01>.0-""01) • • ""h "!fa_''''' . ""'0';';. 
~ on a;'; \0 r.rrrdo ..... ""~ ttro b""k~g be ... vio, .".",'od in Figur-. 

~ ·7B. "'. _ on.ion>!. <o"ping. ond bending .. _ •• ro pIollOd v.,· 
OIJO m • ....."b.' or layo,. in Fi9<>'* ~ ·7g for g""",~.-epol<Y. Thor .. ill· 
"" .... in tho . -<jroc, .... I,,~h .. hic~ ""'"' ".,. "' ... 019:r«'). A" •• .o 
0" . oro ""Iy __ 01 tiro numb., 0/ loy.,... 1-10 ... " .,. ttro 90· 
Ia)«l' e"u, .. 'M .. ;ff ...... in "'" y""-"""Ucn . ..." arro:l Oz>' '0 d •• ",. 
try up to an 0<d0f 01 ""'~_ from 'ho •• W 10< .. 0' Ioyom ''''''ic~ '" 
ttro ... m. as ,~. vo'u. lor on In~n' o numbe, 01 Ia)«l"')' Th • .., <b:rop. 
a rro:iH die ""' . ..... ""wi)' as t ile numbor 01 loy.", Itrcr...... Mo,..,vor. 
tt>o "",,,,ol .od 01 ...... fo' rror>dWrl!-"'ension COUIl\it10. "I'tl(h eon bo 
-.~ 

8" NI.-3[. "I 
0,/ · 2(Nl )' - E;" 

14.2111) 

(in..mict> Nl is "umbor .' lay ... ) orod which _ .... in Eq",,'ion 1~.250' 
orod ""'retry...-. _n ...... ..." arro:l 0" to influ. neo ' M _king 
""'d • • loD die. 0 " o.CrwiJ TM m .. "" u", ¢<>upIO>y OOCUl" ' 0' ,h. "" . 
• ymmOl"" 101'":'0" "". n NL · 6 . n . m.\IIIihrrIOO 01, !Of ... rnc>Io. 0 ., 
orod B"IO,,' • eonno' b-o ""mprl1. d quo."titl';". Iy . TMy do no' h.ve 1M 

• ~ ... , 
i! ' " -,, "" , 

'" - , a,;iI , ..... , 
- , ;. • 
n~ . ~ 

, ;"''i :::,'- Q"t 

, 
. -

;;" .... D" • • • ,. ,. ~ 

NIl ... ... 00- LAV. U 

' Iguoo <-;. N.-oI'-' ~ ...... _ '" 
E ... ,ro U"'l'"""<I"" C", .. -P!y O,,_-€""., t.onw>o .. 
IAIIo< Jono • .,.., """- ,_-Up 

, , • 



........... "" ..... ~...... "', 
.. _ bo .. for ""'m ...... t.," (8" ean_ bo "",m.Iud ,e loll;. to ~, 
.alu, 10, a! ()" Ioyo<o _au .. """" _ •• at., 10 W 'O). Th<J., M l$ .. oY 
to ........ y .... ,n""t o/a o"tlglo unoymm.,,"'1y pla<;od 1IO' loyo< on tn, 
t>uclo;inv ",.d d ... . ", "'''1)1 •• In" numbe, of Ioye <o i""' ...... 

FO! """YfI1motfk: «oos..,l)I lom"o, ... Who!9in oach loyO! .. 0/ tflo 
...... mat.rioJ b", 0/ ~""nt o,,"n'"tbn (~" .. ()" O! 110'. bu1l'1Ot.....,· 
... .,il)l d"o"1Mo91. 0,, " "" 0", <;o" .. oiIy bo _ to bo <0<0 . ... ""'. 

B" ond 0" a,. 001 01 oquot ",,10. but "!'POSit. oigo> •• f", ontioymmo"ic 
o!O~ Emirw.. . ""''''' ' '. k" lP"""rat "",ymmo"., " m",01 .. 01 
d,U._ "'.t ... I • ••• ~ .tilln"_" .,." """ ... , Th, p,. .. n' th.o<y 
.. owricablo '0 .... !/OM,.t Iomina"'n "" .. if tIHI prinoipo,t m01_1,j;· 
".<fuM oI • ..,h "Y" 0 .. o~ with .... "" •• <ootdin.oto __ •. 

4.8.5.2 Late ... ! p~u", 

""" ... lIzod Ia'wa l ""' ... ,. buclding loads /O,"n "fl<'Jmm.tfk:aly 
lamino,td g,.P"~'-<>pOXY ....... ,. shown in FIgu,. 4·80 ••• 'un<1iGn 
01 'ho num!)..- 01 .. Y..... Th, .0. 1 ho" .. O' Ioyo" .","pi to' """ 110' 
Ioyo< """ • length • .-.., and 'n,,_ ouoh ,"", Z . 1000. Tt><> • • "C!. 
onho!<Opio . and a n.O· ,loy .. . ouh" ... ..,. iMntl lod 00 WM do .. in tflo 
. . .. 1 OO""""~" ",oult,. n.. Ol'l, .. no,. bolwH n th " .. ",t . ... 
_tropi< p,edic1ion. in Figlxo 4.$J '"<>go r!O", 56% Ie ... tho" tM 
onho!<Opio oolulion a' 6 loy ... to 38"" I . .. "' 20 "yo" '0 17% 10 .. a ' 
00 loy .... 10 .<IdoI.,.,. tho "." ' 0" " '""I/O 1<Om 7~ _. ''''n 'ho 
. 1-0'-10, .. ""u1ion 81 10 10, ... 10 7S'> ""' .. 01 00 '"Y"S' r ho ...... ,ho 10,_ dlll ... nc.. ,",ibu,td "' bondog·..,toMlon coupling 01 un.ym· 
",.tt".11y ... ".,.,.,. ""'to. a!ld ..... . k"" .... '0 "" ... ""'. and t"~ 
[>O!Sbl 'Of. ""go"_ '" lay. "" 

-" .-;-;, 

--;-,----, 

~ •.• v,,· ... 
' . 

..".. .. 0" ..... 

r ...... ..., _ ... ...... '''' p,._~<-oa •• to.-
...... ,_.., c,.,. • .""....."... .... G" ._EpO' Y ShoO. 
(''', _ _ _ ,<-Mli 

, , • 



s" .......... .. , .. _ _ ...... 

UI.!.3 SY"'maI"f I •• U""~mm""1c.ly l.m 'ntt1ed Sh. lI. 

9 .... aing~".noion ~"g ha •• la,go ".t<' "" Itto bUc, I01g ",.a, 
01 ,h . . ... mplo """lm ...... tIc ctou.-ply laml .. ,ed eire" •• cyl_c.oloho •. 
Thio """Iuoion .... Iid ""'"" lhe Iom""lo M. mo"ly 0' loy'" wit~ • 
oir9t iIO' 10,,,,, H_. _ ... Ih.,.mlnol ..... _ iy W'"...,..,. w~h 
a singIo 0' "V ... Ihe e","" ,."'''' a ,. neatly id<-nIc..J to tho """"''''1'1< 
oolution lin wl>ich <OUpIingio igmrt!<l). Tn u •. tI,o,. io on in,"rodion be
.... . n 'h. """'Iion _""" • .-.;1 tIto ... ~ lha' .!l.ela "het"boo"""g ''''''.aO>n <OUpIing 10 impo"".' 1.1< .... ", .. , . W tho ~ 90' 
101"" (oul 01 mollY 0' .. yorsl i. """,ed wilMn 'ho Iomin.,", .. in If>o 
2(I . .. y. , 10...,.10 01 F;y...-. '-01, then 'f>o "moum 01 bor><l ..... · .. I.,...,., 
oo""Ong ...... "- T ...... 1m ... mplo. ,h . ... .." """"",Iiud 10, .. ,. 1 p_' 
_g _ to<. 2(I·"yo, Iominoled"'" "'''II'' in FigtI" 4 ·82 from 

-
, 

• 
, 
, .... , 

l;~--O<~J 
- -

'" , " 

....... ........ 

'.~~-:-:l I ~, ''''' I ~ I I 

."."""-'" f--!:,..f. ~ 
'w ~~:::" . I(--)J 

f---.." J ~ ,. --., 

,oo ~""'-"ToO" 

.ll rc "-cu'"'"';';""'::::::;::: '''-i 
",. .. ~, . 
I , .. ~ 

" !-,,~,,:-,,~~,-,,:--,:-~,,-,,~, , 
PO$I1IOH OF to ..... yE~ 

-

.;guo. . ... EOocr '" 00' la, .. P ....... .., ",,",", .......... """"'''II ,-,-" "" 
2O.la, . , UMl""""1ne C "" ''''1' lam.,.,." c.-, . _.E""" ..,." 
I~"" Jono. _ "'_nl'~p 

, , • 



........... "" ..... ~...... '" 
., .,. 10 .. 'na n ,o. ""M'"",,", O<>k.Iion who. 'ho iOO" loy., is tho '0" IoV" 
to ~ Ie ... . , tM _ 10,., PQ$Itio n 10 2&'" 10 .. ot II>t oIxin ,"y..
-"ion 10 , ol """' ... _Iv !he .. nt • • ~I". WnO" lho i(l' loy" Is "".1 
to lno "'~. 0I1ho 10,"",,,. 01 """, ... 'no W" loy .. """"'" be pia""; 
'""" _ • .,ld<Ile ""~ ... o _ ......... ~" U'>t .. ", ... 1. """"'" .... ~..,. .,. 
""" .. 'ho ."l'i'ii>0, oIla"fS 10 .... " . .t.ewrn;"go:y • .,0. ""00' 0"""'" 01 
be~ ... noion ""'-'1>1l'1li tn.n "M"'" In FIgu .. " . ·78 ~oo 4""", a ro po..... or.,.,.,..,. . .",d., ""tel. ol ,,~,."oion ~g """ 
as. ""iIII. o.s;gn ... m ..... , '""olor., includt "oo",,"'IO,oion coupl
Ing ... a l anolvso< to be aDIo 10 __ "'" lor 01 ,.~ poosIbllit .... 

UI.B Summ.,.,. 10' lII","'., ... Sn." 

~ n 'e •• or IOeooy lor _"'l'1li oj >Y"""~0c0"", _"'ioym",.,',iClIl)o, ond 
""',mmol""".,. "m"" ed o"""""<'IY cireu" , <y_1 ..... 11. io ", • 
.. "'0<1.00 ~_, Th. ~ &lo" bo _)oct"" '" .">iI,." """,bi-
.... ,_ 01 . . .. , _ ............. 10,. .. , ", ......... 10 "" ... ""'~. 

" ........ , .. "' ... ,"" 0It0I11MO<y ","",,""g "'" K;reMoII-1."". n,P<>11le6iS 
01 "" __ """".10 [~-41 is u&ed I", S2 1ypO sOmpIy _od 
0<100 ~uo'lino __ " oondit;o". ...... .,""'D' ..... '''..,..,0.l0<I......,.. 
Th .... , In. "' • ...", ..,.,110. eo" 1>0 ,~"""' ... . IOW..-"""na "" ,.""U 
10' ~'~<t"'" ."" .. ~ inltlol geom.tric .,,"'~""'_ . .... ~r..,uolJ"" do-
10""0"'.0.'. ignorOd, lrilio l _.IT'" ;",,,.rltel""" "suaa,. no, •• 
",,,,,,, .", . .. , OIIeel "" "",.,iOg II>t ~ _ 01 "'''' .... ted com· 
poojI. ono .. 1M. on ....,. , sltol •. Tho WlJ<InCO 01 P'ot>ocI<!In!I <j.lor· 
malIGn' Is ..,.nl_ 1a10< in t"is WMMaIY. ~"_' ... ...". •• lor 
oom""", g,.po~.~y 00"""'''' mot"""1S _"'"_ to d...,..y '0'"", 
01 '1>0 tn.o". Bc<h anlioy .. m<>tric Iomin.," ond lit_ """0 00".,..1 0 ... 01 
""oY .. mtlric "' ''''',," .ro .""' • ...,.In .......... ~ .... 11'10 ~rim;l" .. .. 
'..:Ior'" "",,,,,0<1 .. ~h to"' ...... ooYm ..... ," is b_"""'cI ... ".noion ~ 

A nLlmOric.' • .a .. ~ 10 Is o .... n 10 ..... , ... Iho 4Il1o<1 01 _100-
.,,_ OO"P"'O <_u<ed by ..... ~ .. oon<o 01 dOl.,... Ia, ... In lam;' 
.... ,ed..-. Tno pr_, II'IOory 10 "",,"po,.d d h _ Iou • ...",..0.0"" 
ouch o. """ 01 a.ngto 'lOG ......... P_'. ,atio in a. loyO," ol a I:rj . 
.. Od _I. ,"" buo1<Ilng prO<lcIic>n. 01 "'0 ".......,... opproacl>o • . In wn~n 
I>OndOlg .. ",_n.."., 00<JI)I1ng io nogIt<tod, .,. _ 10 .,. ..,atlo m 1l\oI 
tI>oy a,. _ •• ~o'",o and oom~l.-- u"""""",,owo to! ''''' 
a .. ",~. 01 an o.amp" <"t.nO<l ..... ,1 woh twolootKl9io Ia, .... 1",,", ''''' 
Import;>_ ol _n~."'.n"'" OO<lI'llng ." ... "'" .,. ""_ 

FO! . ",'"'tm .... ric.1)o 1a_.,0<1 oro,,",,'" <1«"10, cyina>cal-' 
_ 0 , ..... . oro ~,,,,,.'O<I in . !l"n&ral"",, S.Ido~ k·Z fo,m in """"h 
bondOlg .... ton. ion """'*'II ".."... bookt;ng »ado tnol art low., lIta. 
_KI9io p_liono by 85% lor long g,.~oio_ _ Qon. 
v .... ",. 'ho O<tMtmp;c ",adieUo,," oro too high by aDo", Iu<r.. So ..... 
..... , ..,...110, dOt ... "" .. """'" lor ""ron·""""y "" .... f'" bucklortg '" 
anlisymmotrically la",inalO<l """0,"" .., ... , ..... ohol 01 _"" . .. to"""'" co"l'i'ng dOrI. out rapi<!.,. " 'no n"_ 011ayOora ir>c ...... to 
..... poin' wn .... , I", ""'"Y ",oet~.I I0"''''' •• , In. otIO<t 10 """""""on' 

FO! """lImmot'ica.,. Iominat<>d "", .. -ply <i<cttlo , e,lindricol <"" h .• 
v. " oontriYO<I .. ompla " usod .. _ .. to ..... , con I\appon I bonding· 

.. to"""'" oour>klg Is ill""""'" ''''' ."..,", . ,a .. pIe i. n. " .... " boo 

, , 



·'" ............ , .. __ ...... 

a l6&big>l .. " .O'~I>ig"'sh. ~ ~l , ..... 10<1 she" "I~ 
L'&I>ig.losh .n _ 200. l1>o aco .... 1 tou<kWIg "'ado IwiOh Jigo<o1J. prollucklir>g 
_ ..... lio",,) ,"nl/O ""'" a I .... proK-Ofrt ~..,.., 1tran lh. cr._ ""'''' 
.1 S _ O· o.rKI ~ _ 110' 10 U mu<~ • • 15~ bw., 0 .. " 1100 cllO";';ol buckWIg 
"""" al 6_ 15'. Tho., ~"90'ioo oIlh. 1,,1"1 01 ~ bUCking 
__ ,., COOOiIio ... _,a "'''On_ 

Il_" booI<o ,,;Ih . <i<M"""1 """"'"""" • • h •• ,."" .. 01<I0..<I0 Iho' by 
VI""," .rv:I S: ... kov< ... i (' ·71lond by Voom.. (4.721 \Or.:. .... a«>-..... 
"" ... 01 ,0Y<rIut1oo ~ 1><"""'" . ..... h.. AI.., oon,ul 0, •• " on· 
..... compond" '" 01 """,_ie ""', .... It.nd .,n>01 ..... _ . ...-;Ow 
_s. co".,.nco I><O<'~ ,"STr.4 SlPo .• nd;o...ma1s try Do¢on
""Ieh OM S;o;ako..-.kl [4-731--......... 
<A I _"' __ ~_ " ' __ " "'_~_" " __ _ 

ot;_ "" ,....,.. .. , £_"'" ".><2) 
.~ > c_ ........... _ ,........",...c_,.,,,, .u "" ...... ...-... __ , •. ><0) 

, , • 



......... .. "" ..... ~ ...... 
4.9 EFF ECT OF REST RAINED THE RMAL E~PAN SION 

Ou, objodiYo In 11M ........ .. 10 dIIlormi .. II>oIntUo""" '~., ,1>0,. 
""" •• p"""'" '"u_ by _\lolly """0"" 1."""'.,u' ..... 0{10 ~u On 
"'" .. ,"" ... '" 01 0 drcuI. , cylndrical _ I ,'-al "", , . lablo , • ..,. .. 
"11""" ""'''',,'' .,,,.,,."" ond. ,"~h .', ...... 1 011001 thOl .. ' .... .... ' . h .. 
on .., .. bu<kllr>g, TI>o _ , IIHI""o l _ng ",ob lom io much more 
9""""" 11\0,, 'IHII , .... "" ... f><oblom , ond _ ,.;[I ,"" .o,b> so "", , ........ 
01 ,~. m.", gono<al p,oblom. TIHI , •• d., _ WI .. " bolh ".., l!\ernul 
_""'g in Soct"" 2,g ond p""'M<rno l bu<klng In s.clioo 3.1 ~"'. 
addtoooing "'" ",o.onl .",'me",.1 oil •• ""'IMI bLoCl:lln<J. E.en ~ YGI' 
<10 , ..... " __ " S, )">II " I I ono" fin<! your .. , gOing ".., . 10 ,"" .. 
1OpiI:. k>r .. sub ond ..... ~. 10 MIp )'0<1 undo"",nd ' IHI meenanlcs 
01 ..,._ ........ , b",kh'g, 

R_I oome 01 ,IHIILIn<Ia"",,,,. r origins oIlIIoo,mal st, ..... , nd 01 
_., """.,. thOt 0 .. a.c . ... d In Soo"'n 2.0,2 """ 10 '_'ng I"",. 
mol """"ng 01 bars T"" SIr ..... _ l'-a, _ earl ", . ,,,,.1 stfflMOO . , . 
ao ..... , ~ 'homully ~ .,.. ...... _ a . .. 0 ...... io just ....... ;,. 
"'I"'d'" 01 iI> origin (and .. "' ...... oro • Iigmont 01 our irnogiMlio" 
.. ... . !). I"'~ ..... "" fo, tho " " 01 oo ..... nlo ... ,,, In ," jo book ....... I. , to 
"'.'m .... indoc,"" "'''' __ ....... p~ "-"",I ""....... Roc. ' I~" .".. 
_._1 bo ', mu, l "".0 ., ." rut, . ... in _ 10 -..,.. lhorma l ""osse. undo, ",,11Orm ,hrough·IIHI·lhl<r.r.o .. '' ' ,mollOa<W>g. r .... ·dj. 

",on,.I,,, •• 1 ~"" _p "",,,,,,,, _ . . .... f~ ;no<l in Ih.~ P'""', 
'.g .. _n"'o oppo,l. __ rio. 01. ,octangoJo ' ""', • . How".'. "",.",,,, . ... ,,,,,,,, pl.," do <><>t ,oqu;r-. ."."",1., __ '1 _,.Int to _.Iop ",,,,,,,,,I ..... ... , SinW.rly. cKu l. , cyhnd,ica' <h . .. _.Iop 
"'."".1 ........ ~ ,oo"".....,. ""jolly or ... n ,"d"'~ ."hoir oondo, Tho' 
io, "'" odgoo ot oac~ . nd . ,. ,h. on~ plAce,.. con """' ... "'. d.lo,· 
mation ....... w. apply """' . kind 01 """.'" ...... int boIY>H n Ih • • """ 
S""'''' , ... pIo.t •• , <10 ""' 'oqu . . .. ' .... 1 . , boundary " .... int 10 <!o-
.0"", Iho, ... ' st,._ • . Varlou. """""'","IHI"\IO <I<Ol ,'b ... ",,' , a n 
lead 10 'n" maI or .. _ h~ . _ '" ca._ buo '~ 

S"" .. , just ""0 pial • • , OOh. undor corlain "', ....... "',.,.., _-irt_ 
thorm. 1 st"""",. I>V ""' ..... 1 .. IIoIQtII ... ,,,,,1 '''st'' ,."',aint. F<lf 
... m~, ~ • 1O<a 1~ """". n'''''0<1 " mp. 'ot", • .." • ••• (0 hOt "f'OIl jo 
impoMd •• • p~ or ...... . 1Mn 111 . o ..... nding oojdor ro-girons 01 .h. 
pIol. 0' ...... P""';.jo ... ..., ....... inI . \fOinoI ~"""'n 01"'" hoIIo, .. · 
{lion (ju0l ... "'" I>or with • """ .. " tampo ... ,u,o gract;o.' in S. ction 
2 .Y.2 _eIops thermol ",o~ . nd Ih. rmol 01' . ... ). Nolo thot 'ho 
lI1 .. m.I ......... mUS! be .... ·oq ullll".lin<l ~ "" . " orno' t • ..,.. ... i> p,o· 
.<led, Til< camp_o ,_'01,,,_ in Iho 1>:>\ ... 01 . ~,. Of 

sII .. cool<! !IO' high .... ""h 10 co .... ' '',m'' buckling T"" ton. 
_.I st ...... in ' ho cold~ ... dO "'" __ buckl;"g, b .... in loci. 
~. buo,l>ng I>V induoinll CO""" ....... Ih. ,mo' ... _ _ 'h. oojd .. g"" _ •• ' 10 . 'pond •• "'.." •• Ih. "'" rogion .... nt.· j 10. S""h 
problem. 3 ' . "'" . implo _0 ... I~ . f><oWololing "'1._'" .., .... "",. 

, , • 



01. .... . ..... .. , .. __ ...... 

is hQI>/I' nonuni!o<m (. signi!eanl '~' .. lict, proIl_ toy K5dj, 0"" 
"'" ooeloJioog dotto,".,'" oq""';'" '"tfol_", "",_,., • ." _Hieio.1$. 
SO "' ... t>o _"" "til num. ,ic.1 '''''''iq ...... W . ... __ . oo orrIy , .. 
""'plor _ndory "."UaiM" , .. , """.. 110' ''''01 ooe1dW>g undo, u"~"",, 
.... ,inI/ ... ,n io _;,n . "" _ ,,,- Int . .... , "''''",;n'-.''' .. K"qu;(l. 
Noting SI, ... lioklo 10 lurth. , .. """_ 

Ju ot .. ..... "' . ... ~ . nd "'-P"'" oou .... ry ,._;,,' .... ".'00 k.y 
1",,101>;" do'ormining .no prelrucklinl/ oquilC>rium .. ,. .... 10, uniIormlj
loN'od bo .. . "" ... , ••• ,._ ... Ij . i"-O<OI1",,. ~ ,o.".",!> 0" I .. 
~ey ''''''0' 10, do,. rminin!lIM prebuclJinI/_, lor un.ormlt """,ed 
sho" . Th • ..-;roc ""tur. oj Iho probucldlrrg In-<o~_ ,.." . ... 10 I, •• 
110""'01.,,,,,.,,,,,," must t>o c .... ty 100",_, Out ... I-""rt.c. , ... "'." toy 
~ .. I_ no! cou" In·OIJrtoc . .. ,. ..... 'ha' .... d ,,, """",,g_ I ,~. 

;" no .... , ..... 'hon. _t""" u.~"'m "",u .. ;" , . ....... ,ur. mo,. 1j-
_ '0 I," ""',m.1 ox~"oio" wlh no accomp;;rny"g .. , ...... ., a" 
l$otropio _ • • 1, o<rd no 'h. ""., """","g oa. 0''''', Ho.,"" ' . ... ih n-
... rtaco , •• ,,..,,, th ."",,1 10fC0. tho, ca" couso bucYir1g do dovelop. 
Thuo. ... wi! _ ... . ....,"'" ' uppo"ed sh .1 .L-nao! ;" th. '.......r .. ,,_ 
... c. pllo< "'"..".._ I""u' on ,h. ""Iur. oj , .. " ·,uri.c. ,~_. 

F", I>oro, plot.",nd "" ..... ,"101.",.1 , . "'''';" .. . , .... ""'" 0, 0<l(>N 
<10 not .Hed tire pr.bucl<linll _.S. buI <10 ",onglj inll.leoc. II,. ba,_ 
pia". or ..... n buc kling bodo. Roeal lrom Sedi>n 2.~ 'h., lor • ba,. oxill 
.... '.Int at"'" bO, _ dOtorminO. _no, "0"".1_ eM t>o do'''~ 
oped (and withou' .... I ......... , " . r.;" no "-ma' load). bu' ",Ia,.",.1 
r ..... 1nt (or .. , k 'hO'oo/) a,'ho bol .<rd do'.,,,,;, .. r.o... ~. 'ho ",.,,,,a' 
1o<rd can got u"1iI1>uc1dirr9 """',", Fo< exampl •. ,~o ' """,,01 Io<rd "' 
E<oTA tor both p;"ned-p;."od b.",.M '"ed_I .. "" ..... '"'" "vo both 
. _ p. rt. ctIj "' __ all'''"'' ox;'" mo .. ",." t HQw ....... "'0' ' Mnna l 
bod go-o_ Only to tho .. I • • ""~I'-l' lor p;,,"""l~ bot,. bolo ro b""o' 
ling _ •• 0 tho lhoronal bad oon 0'0'0' 10 4. Ell \0, I".d-I~«d bO", 
with ','rT Jour , ........ ~~e, tho" ,ho , lor pinnrrd·pMe<l bOro. For . plio' •• 
tire io-plo"e _ r.inl .,1110 pie'. ~ del.""...,. ",trell...-t~. u,,""'" 
'''',mol load can bo _.Ioped In tho <if""';'" porpondiculo r to ,~ • .,. 
pie .... _ '01 (0"" ... Ihool ,~., ' Oslno." 1_ is no (I>Ofma' 1:>0<1). t>A 
tho .... tio". 1 , • • " .... (f)( loci< .... '001).' •• ch p"'. odiIo doli,,,,,., •• 
00 .. 1\Wj ~ !ho Ihorma. ""'" "". go, unit _ lJng "",,'ro . ., 0_ '0 
tho ~ _n"" oIHrII,.., odd< .... w. coold " • ., a ,lamped·odge 
ohol. buI "Ih a •• rIo!y oj .,.." ~oo. _,,;., ooodd.",._ Fo, tho oam. 
in·or.rrl""o ' 00' ''',"" tho oI.o~·odiIo"'''' ~ • •• I>rgh' tho rmo' b"""· 
~n~ bod 1Ir • • 'h. "'p lj ..,,,,,,,,,ed ..... :1 brRoou .. 01 'h. hi!jho' "",<>1· 
... rtac. <Io_hon _ ioIo n,. 01 tho c"mpod-odgo ...... 

Sne" ero ,,,,,,,,,,..-,,.1 ., ehoroc .... (v.', '"""''''ely olimi ... ,. , .. 
_."""'" _rrd<;uI/r, 10 tho _ . ... ~_ 0, "';' 0 , .. Ki«~IrOII-L ... o 
",potho. fI ·4]). 50 ,ho ".,-'" ol comOl"ed ""'"""' 0'" moctl."ic8 l 
_'0 .. 1ots K<ror tho """"_ Ioodlng co. <IOCU, <Iopon<>s 011 'Oo 
.. ", .. Int co""lions po_a 10< ooeh wuc"',. ' ... ~. Sa .. con b. 
, ..... _ odj ., ,~ •• , .. 1 dl,,"''''' '0 or •• " r:><>ndiIion. , .. , ,...; '0 
l>ucl<ling. "" ~.d t~ .""," , or-.> ",""""nio., _g <;O.n """u' ""II' in 
tho .,,101 do"",,,,, uode< oondl,,"o ot .« ..... .",. Ioodln!l •• d. """b-ed 

, , • 



In s.c.oo 2 .Q.4 n . pia,. pfOblom .. mo,. eomplicored rI"," r!>o be, 
prnb ..... ~u .. 01 r!>o ___ ~n.""'" " ''''' 01 0 pia.. PIo' • • r;.on 
"""0 .,~ .... ,.,/rolo' 10 oN"",", bo'" or ,oo ' .... ""'P'''''_'.w.o
flo ... ",Or,"" It> 1"0 (,o<ta"gu",,) plio' . ""'on (wI" • __ oompli
<alion. __ " .. 01 tOO P<>isoon QffOCl), lhu". in·plano _rv co ndi· 
"'" ",. ""ittt_oo"",",obIkt,- ~n" ._ . , til. pia'. ""''''''", .. 
~ in S""''''" 3.7.3 (""" ....,""""..,... ''' ' ''''0' ~od m",,""n;';'1 
looding con 1>0 appliod in • oingIo dir.ction ~ 'ho mocMrMca' k>n<Iing .. 
_ Iod 'n & 0Cf< .... .... "" I0o><I tram.). 1. """"''' ..... 10 eon be "''''''inod 
only in Ill . .... , _ (un .... QYI-oi-"url .. o " " ro;o".", .pp",,). 
"" no .~nt·od!/O .. "',aint«>mpo~b~ <:OndiboM . , "" lor oire"lo, 
oji"""""'oo ... . y",-,.", __ ,,, _ .. " '00 <10><""00 01 p,", .. ,,;rh 
biO,'" rM<M,.;o.,......,. in S""'''' 3.~.J be'o," _ouing problem. 01 
.".'" wito e<>mbiMd m«hon""" a "" lhe<mal 1r>3d, For >I1eb , bo!h 
th.erma' bucking a"" bucUng c.u_ by _nicol 100<10 """ <>Ca.O" 

onOor """,,10 clrt~m ... ..,.., For • • amplo , •• Ia'.ooo _ .. In, '" '*>,.,; 
"" ... ""u_ .... , n",,,,,a' ",_, ""' ....... nlca' .... 1 _g ""n 
0100 occur <1m"""...,.,.,.,. w. h .,.. ... 1ypO loadinV .. do\>iC1od in Figur. 
3 _1S on ""lit 368. Moo. ftoa'"'"l " ",, "",., ' oot",'n' . nd .. , ... , p_o 
loading , .. "" It> . co""';oO<l '"0"",,1 • .-.1 moe"n"",1 bucking p""'loo'. 

l"., .... ' bucklinV '" _ P"" "'" _ oj plot .. -.UH I:>ou. in · 
vONo ",h. ,.nlly '~"'on"""" p,obocklng . " ...... , • • tW"O throe· 
dim . n ...... , <Jotom..J ... ... , • • on o, bocklingl, Ho_",. 'ho .ompio , .. , 
p<obucklin-g dol""",,_ "" 0 01 plrtt . ..... no ono lo!/\' in tho mort 
oomple. O'obuckIinV dolo 'motion ... ,. '" circular <yIlomcI>1 ",01'" For 
." ... , ",. muol toke 00<10 .. _rtioos '" . ~",.i""'tiono '0 11" "' """". 
~ions wit" varyin\l degr • • , 01 acc",IOC\'. IloIrro.ry <0""100' .• ' in 
AI bu<klO>g O'Db .... , (b<.O: .",ec"'" ", .. oW bueklinV 0'01> .... ,). play. 
o;gn~Ica.' ond crucla' _ . For 010,",,01 b'''''~g ''''' 'Ysio 01 0 0l>oi. "'0 
;m.g'" tho p<OI>uckOing do""""'t"",. '" • <irwIo, cylin<lrieal ..,. 1 u-. 
axiolload l<> 1>0 """.Iy . n .. ;at """oroction and. U"' Olm ,adial"pan· 
,;on ,..1 "",,"i"'o •• _"""ono. I. ... a"""'", .,...".,,, 0)"10"<1"<0' .u~.<o 
'" "", ..... , """,. 'uro in lho circuml. ,. nlio' d iro«Oon .olh ,"<go< .. <j;"" 
,... In ,,,. """,",ormad I"nlo._) .. ., • .• , On Fjyu,. ~ .8.1 . Thu,. , ''' 
.., .. odQo boundary «>ndition. perm l both . d . 1 arod _I mo, . mont in 
tho p<obuckIng "luilob,iuO' ""'. """'ho, waj '" ".ting r!>o . ... tin" io 
tI>&, prio, 10 _g t""" a ro "" boundorv «>rodl ion., W. mv" on. """ 
10 achio"o 'M' morr>br;o,," P'_1dO"og doIo""otin. ",,'0 '''' . u"~ .. mly 

1.O~""n .... LC 

, , • 



... .... ........ , .. __ ...... 
_,od shell in order '" CO<ISIruc1 • <,,,,sic.' .., .. ,~.""'" bucl<!mg . na~ 
Volo in .n.1>qy '" cIosslcal bookfng ",,".r moehonlea' Iood;ng 

In ""'oa"",, ,no 011.1, _ ..... r.In.d.' "en.n<! pI;'r., bueI<Ik>g by 
• ""v-Iiko 0impI0 _~ ..... , canno' """'0 in .... ~, .. , _ m"" 
dolorm a, ,~. c\.ov. ",beIod 'ri1IororJ ' prot>uctli.g dol"""",,,,,. m Figur • 
• _&1 •• '" __ 4_S. T .. , 10, .... """,m' ... "". o1l~. 1II>o~ mutl .. 
.... "-1 '" th. ~ (by ... ""inlog .ho r.d1ol 00"'"" , 11on • • ,~. 
odgoj, 00 .... oquill>ril> m ,odiml dok>,m.oo. undor Iood .... qUIt" 0 pro· 
"",,,,,,od , .. ",oon n •• , Ill. odgo. bu' <irI. "'" q"~. ropdy '0 ,ho mom · 
b..no pI.br.rckl;ng dolo","",;,., .. in Fy.,10 '-80, Tho r;ompIr:r, 11y 01 
fOlIr;"irrg .... ""'U.' oqoHlbriI>m doIorm.oo" in Fio,jr.o 0·54 .. " ... ,od by 
Almrr>ltr [0 · ,01 k>' ""''''I''' .~ ... _ Ho.;ovo' . ... ..,"',;,., oo,,",it .... 0 
MOo""-",,,"", II>O<>ry 01 _king ,ha' io 001 0PP"'P'iO'o f« 'ho~""
(e""'Ico~ '~.rmo' b<.ckling '_ry,,,,,,,.d in , .... _lion, Ar:oordinljly . 
.... probuekk>g dolormo,k>rr Is <0"-""''''' oimplliod 10 .. ' ..... "' ,h. 
p/ljo1cal ,,,,'iIY of oomo Irlnd 01 Imm¢\l.ablo _ ..... m, PI;', '0 
b<rcI<ling, , ... IIIroIO io .... <IOr""", bot . ....... b.M . ... "" no <u ..... ,.'" in 
tlro ""ial <HrocIiorr and" oIigNly dKr .. _ (but oorrotan' "",or "'" ...... • ,m.o," "'''''''10 in Ino cin:uml""",~ "',..".,.. _ ...... (It "".'.01'" 
during 11>0 oppl".,;'n (It • o""ng. in ' ompe"".IO. 'n 'his .. oOOn , .... In' o. am'" tn . lu_ ... nko' ,~ ... """, ... tic,.· 
Iotiorrs in Soct"", '.8 .2. Thon, ,ho in·.u~"". Ioodrng oM ""II" .. .., ..... 
oo,-,.li OO • ...- '" ""'0 """"h ... 1 m ",hon;" proI>Iom. '" ' holm. 1 
_801 ....... ro dnorlbod in Socliorr •. g,a, N . ... tho Equ ..... _ 
Moe .... """' (.cod Cot-.oepIlha' ,,,.a in~odueod I,,, pia''''' in S oerion 3_7_~ 
.. a<1dr .. _ k>r _Io in S""""" ',9,' . SWwq""Iy. t"""""'10 111., 
ma' b""""g problem. lor "'0" "'" """'od. FHI , on • • to" ""l8ino<l 
..,.1 ."d." uniform _ ' ;ng i. ".>,ed in Soc!lon ".9_5 Thon. "nl,"m 
_I~ • • d .... 'al ptOllSU<o.to """ ,bnoou"", '~ to a n .... Ity '''' 
""'ir>od Shon in Socliorr 4 .9.8 , Fino", ... "'m""II"o our ao",",,~ 
mo,," .nd ,h.n .. pic .. Ih . notur_ '" ..,.",. mor_ ..,,,,,,b'od .... 
thormol buel<llng pro/)Iom" in Soctlon ' .8 .7. 

.,.-.-. ....,. 

, , • 



........... "" ..... ~...... .., 
4.9.2 Fundomon' ol Thermoolas,lc Relollono 

F<>t an _"., . .... " on.' &tJb)od. d 10. b~iol 010'. 01 (p .... ) 
....... 0"".., ... "'"" 01 lomp"'._..,",,_ di.~ "". , 11>0 on. ' .0""'0. Ill. _"on"'''''' ""',,,,,,,,botic _in· ..... ... 101"" •• ,. 

'. . c., ~ E - (o"""T 

, 
c., ~ - E- O" 

'. 1 .. ~ "0 

14262) 

in _~ (I) <,.c.,. ond"l,.y . ,. ' ,, 'olal oI,.in .. 12) ,,~E. <>viE. and t,y'G 
... mocMn""' ....... 000 (3) " "T ;" .. I .... ,h.,m. , .... in '''''''''''II 
I""" til<> to~",'u .. cl>anlfO ot any point in 'M plat •• om. o •• '.rocl"" '" n".. ""m.1y " T ~ TI"' .... tl - T ... . __ T"" I, ,1"10 " b~"""" 
. 1Id <o,,.on_ <810"""" 'ompe"""'. at "hieh flO ",.in is _Nod in 
o b ... i n. conIigura'''''' 01 ·, . ro .. rain' 0' ZOIO ",",ma' .. , .... w . ... a 
no! ."" ..... ,h. tim. __ 1>0 • ." ,h. to"",.ra,.,. <fto"110 In 'r>io 
..won • • c.p! '" So<_ 4 Q.7 . _ . 'hot an _ropic body only oxp._ 
(co,,,rocto) upon hO<\' ir>g (<<,o lng) alld _. "'" .. hibl ony oh • • n"ll 
dolo,,,,o,lon <. g .. d 0010/)' tty ,ho,mal Io>odir>g In eon'ra". _'ir>g 011" 

<""""' g <>l ~n O"""trop;o body _ . m",," ..... ,;.,g d%nnaI.,... 
n . «n. opording ___ nol tho,m<>IIIutic ...... · .. rain , • . 

.. linN ..... by in,._" 01 Equ.o.''''" , ' .262). 

", _ E «, - ,,",l)' "E « _""1) 1_"' , _,,> , 
". ~ ,E 1<. - 0.Il). E .... , _ ,,",1) (4,263) 

1-..' I-v 

'" -
0

1" in ""'leh ', , ~ , . 1Id 1" .,. ,h . ",,"I "', . .... M l is ' '''' , ,.. '''''."., .... ... 
olld ',- ""' T . 1Id ,, - 0.1 T .ro ."" ,,,"ntiy , ... """""" ...... "',. 0>& 

In. Iy""",' .. "'< ..... , m..,""n"" problom, w. imposo """"".,n. (') 
OIl''''' ,_, "rain 10""" as, ._g .. "~O 01'1 a h •• torl ba , bot ...... _ 
On"."... b .. " . .. eo in Figu" 4-55', "h~ OO n l>O ,.~_ ••• 
~O" ... "!-Iypo """_'1 COI'I<MOO,. ",g ., "~ O .t 'ho _nds '" thO ba, 
Of (2) on "' . ...... (_ h 0" o,g" " . ~ 0 on t"" k .. ond '" a .... 'od 
<.nd ..... ' bor • • ", F;gor. . _85b). i. .... ...... _Iyp. bou"",,,':1 """"''''''_ 
s_ &tJPf>O~ """",.,"" wjl b . _"'_ in ..... '" ~.\o; , in $"",.", 4 ,Q, 3 
"""re _ .... ... <olldl ion . ... lo\PUo '" "'ON '0' bar> in Figure 4·85. 

J J 
• Bro, .. _ W ... 
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... .... ........ , .. __ ...... 
Conside, the ""'e U .. , is ,"',a-"'; 'rom ;,,-pIo'" """"e ma nt in ,he 

, -dlr0Cb0>n 00' "'" ' .... raIn.d In 11>0 .-dO"","" in Fillur. a-'!fl. II ~ 
'"",m.lloo~ is 'P!>I<d •• in F9''' a~, 'hen tna toLl l ....... oro 
<, - O.cd <, _ 0 [S" ')'0<0 con _'ha' ',~ (I -v)<UT] ,,~ . .. ao ,~ • 
• ,,""" a,. a, ' _ E<uT acd a, ' O. Obviouol)/. a, is . thermal "', ... 
(' ...... of __ ""I ''''IJO'II .nd t"",. io .... ",..,han". I .. """ II both 
'~.rmo' 000 mocllor-.cal_g oro a ppli. d •• in FOgu", . ·8Sb , 11>0" !~. 
totol smbn. oro " • 0 boca" .. 0/ the po~oct ","rain' and" ~ 0 b. ,,"u, . 
mod\a"icaI _ "" is ."ph d •• "' .... AT. The ",_n9 .. , ..... a, • 
.. mew"! in'of.-od. F .... <I .... 0 .. oornpono"1 "''''_ by '."'0001 ot 
llMr,m.1 e."....;o. and _""ttler """,po .. n! ca_ by ,estraint <II ,he 
~ . 'pansMln. Tho". <I, is both. on.,m.!.od 0 ",.chon"'" ........ 
"'so, "r Or . m""he"""I .. '~M. _e.o" bot~ .. ' ..... trov. !~. -"' m. 
'jmbol. <>. '.e .. e,. _ingIJ .... blo lrom .. c~ OI~.'" ,~ ... , ... ~in 
101>''''''''. Eq .. 'lon (4.2831 Thos, ........ " 8 .... , .... essu ""nnol """. 
~,tt ~ "*"Pt J,ob_ • • ,. ... 1>00 .... 1 Of 1n.."",I."_SH' we," ... 
,_ -""' idonff/"t ~_ Otr I .. WppOIIa<>d Io.odinp cooOllOl<rs, 

Bj ,he Ki""'OoII-l"" ...... rloIormation ~_t_. ( .... 1. INs orl· 
(llr'laJ1j """"al 10 ,n. """,",o ,mod fI' • ..",.. ... ~OC. rom.in """".1 aHOt 
dolormotion . cd do "'" ct""9" Io<>gth • • in FOg",. 0· 6 Oft page &6' , 1,0 .. 

1,, ~ y,, ~ O ', ~ o (o·:!641 

_h i. D ... ,. of "10,,. " ,wn , W. f>a .. impIiood a ..... 0/ "10,,. ol .... 
a od _ "lanoo" . I1 ...... oj pion . "roin."" ",,"<c. pablo 1"IIditm. n!81 
<.n!>add"'n 01 • .,.,00", Iheol)' Ho"&V.'. o<dina,,! o.hoII "'.0"1 .. no' 
..,ojlcilj thoo<y bul .. 0 mod."n" ot "",tor"l. "W"' .... in ""'lch •• ollj 
.... pi lying pr.......,ption. 8" nwM booed on a_,onl phy.<:al roa""", 
,. la'ed '0 'he M'u" 01 tho bona"" ( • . \1- , .... oar pIa" • ..."Oo<u ,.""' .. 
plio"" 10, wam. i>feIruse wo ""n .... ~Om ..... dol,," on I~. _ Of • 
bOam 1>0_ lrOr>dinv ""'I _ lin .. ,""'a in .. nrig~1 in F;gu,. 2 ... 4 on 
pall" ,e7 _"or dolorma,lon '" IN ,eo<>/U1ion ~o/ <II "'" nakA"hy., aod 
." "''''PIj PU of r". _ ..... 0Ij ' ''''',><''''''I •• oa ""~~oct ~"" 
""~InV p""' ..... 01 COu .... ",.h " • • Iin~., cooi"~ , I ....... (h" kn . .. 
c~.r>g .. (he..,.. ",,",. a """IIj" 0 nancy. "", ..... in. <,.1. but w. <10 not 
addr-... ,nat "",-<II.pIa." .. h .. ." In , .... boo. 

0, 
I I i I I 

'L 
• 

t I It t 
• Vnd.,," _ ..... '-, " '-""""" Tho""" _ ",""....",oJ l""" 

Fy......... PInr ,...,,_ ... _ . -!!net"" 

, , • 



........... "" ..... ~...... .... 
~I'I. ,h. ""'" ., .. in • • , . ob .. ",od 10 ,ary in an "I'PfO' . 

mal..,. An ... , "'ann .. 'h' .... Vh ,hO on,' 'h"~n ... ; 

' .=< . .... 
" . ", + . .... (4.265) 

~,. - y" •• ' ,. 
in "n;"n tho t."". '" i,. ''''' T", or. """"".a, "'''''''ateiy " '90-<101_ 
'"'" m<l<h·surtaoe ." . ... in !he "",one, 01 """ I(ii' .... n [4 -3). 

in " hie h u. aoo '0 .,. in· .. rtooe ~ . ........ 01 t!>< on • • m_ "",. 
lac., "'. " thO t ......... ' .. dollo<l ..... 01 thO ..... m_ .... "-.... , ... 
th""'lll>-I".~hic""" .. _nat. ffom thO "' i<Ht _OIl .. M <,. "r ' .nd 
<,,'''' t"" midd .. ·."rt..,. <" "",,",", 

• • •• a 'ito ~ W. ~' ''. 
" . - .. ' .... . -~, ~., . -2<1r«1'! 

_'V" , _ pr •• ..". ', . O. "" Wo CO ""'" b<> diol~ !rom w at 
""y p<>int thrnu!1> , .. Ih""'-. Thu, ,'" w~ us. w in In. lOllowing 
do,;".,,, ....... u d 01 " 0 &> w . .... oimpIy " aJ'Id ' •• nd 10, . ~ I ..,.,h 
"l'mbob w" mao" .,id<Io.""'""" vau.... 

n, !(;'ohf><>l!·l",. h""",h .. " ".""",,"blo onl'l 10 "".m "om ....... 
boO<irtg . l • .. !he ontj "'"d"", is mom' n" M,.nd ..... . s in Fogo .. 4-4 

Oft "" I/O 465. To a=« nI "" ,hO "" ,h.,rn.1 •• """""'" "' .... .." "'. _""'1 """ Ih. h •• ., .. "",,1 .,,,,,h,1oo 10 thO ",,,,,,,"0,, .. , .h . ... ., got 
tho lOla. " ,oin. a nd invon tho to ... ~ 10 ~ , ho .,' ... ·.Uain _lion, 

" . 
• 

• 

E ,·r ,«. _zw,, _,,"T)' • <ty - zw". - o"n 
1 _ 0 1 _ . 

E • (!', _ '<y) _ '("'" H W,.,) _ (' HI'> .\1] ,. , 

, 
1 - v' 

',., - Gr" 

, , "'. 



... .... ........ , .. __ ...... 
in " Ioleh ""', a nd 1" CO<OtI;" in E_'ion (4.2M) ""nino""erm5 1!oo, 
... _ ... ,bU(k,ng ...... lyolo. buI ,.. w~ k""" _ nonfin .. , " ,m, 
--. '''' mldd"O<J~'O' ",am. f " ~,,' "" 1" . "" • I ..... ..,.. 

Tio. In ·."~.co 1 .. 00. (~, uo/l """" by """",oolion ,...,.;j Itr~ 
110 .. book) on a"""" .Iomo", a,. 

J 'J "' ''' J N, ' o, dz . __ ,_ «o,"" ,)dz - • o .'>Tdz 
1 _ . 1 _ . 

• 
, 

Jlf . .. ~))dZ - E, JI"'" . , .... ,.,) ZdZ - E In.Hdz 
1 _ v' , -, ,- , 
, 

1<. "'i., ) J dz _ , J E In''Tdz , ( ..... H' .. ,.,) zdz _ , - , , , -, H 

, - \' N .. . G. 'r" __ ,_ AT" (4,2/;9) 

in .. hi<lr tho . " ........ 1 _nO .. ;. A . E' (1 _ .') u def;nod on pail" 
24. 0"" .... define Iho 'hennal lo«. (pe, ..... _I "" 

14.2701 

M, ~ Jo, L dL ~ E, J(', ' "',)z dz _ Ell. ;) J""T Zdl 
1 - , 1 - ,· 

• 1 E .. [J«o, ,v',) zdz _ J(W" . "W,.,) Z'dz] _ 1:. In''TZdz 

- 1 : .. [!l.+ 1'l,)J ,+1<-I ... " +,·,,,.,IJ ldz]- , ~\' J~"T Z+1< 

· - E t' ( .. ,,'w )_ , J"" T Z dz · -0 1"'", ' "",.,) - M' 
12(1- 0' ) " ,., H 

, 
Ja " T Z dz . -0(",,., + .... ,) - M' ". - EJ (w H ... ) _ , 

12(1 - 0') '" " H 

" , M.,. . - G S "'-,, ' - , . " " ,2 "'" . - (1 - ')1)"" 

, , • 



......... .. "" ..... ~...... ... 
in which ' flO b.ndlng ._ ... io o. Et' r 1211 _ , ., )] •• <Io!iood 00 p''''' 
2.2, and "'" dol ... tho ",. m,. , "",m"''(po. coM _ I •• 

1·.272) 

_h depend. on iIo", ,he mom" n' 01,,,,, '.mpenoture <hoo\1O. ,n, . "" 
".,..,O:ltn, 04 'h.,mal.' p"nsion. n .•• t)' In "",gh Iho "".llhlcl<n .... 

,"" l<,..utIo,o !O~ IPO' un" ....ru.) ,, ~h . ,pIO; ! _iota, lormsa'. 

", ' , ' :. [[ ~ 'H:: TH ':":'; l :; i'll-" 
"' ~ ,~:' [[ a;;. ~- '1 [-: J'l"{ ~ •. ~ [t; n]-N' 
N _ •• ,, [ .... .... iN .... ] 

" , ·.~;,.J' W 

N" _11 - ' )"1" • • " • w"",1 
no modo,alely ja,,,,,-<IoII9<1,,,, "'lu i",,;"'m d""onlial "'lua_ • • "" • ...,.,"'O<! boo"".'!' """"iOOf, . ... w. o o. tho bud"iny diIt. ,.nt" l 

"'I""'io",, and a_tod _I)' ooroitiono can bo <Io rivod in ' '''' 
","n" .. oj tho I""damon'ol on" 'II, -"'"," """" ... Sftc\"" 0.2 . SlfnI>Iv 
"'lIdo I"" tho,mol . ff",\t." tho otto .. 0'-9)' <Ionoity .,1" • ...,. I ...... 
• _g, 1"" "n, ""'umol by o<>I>l,. 'tin\l ' ho Ito. tMrmaJ ........ " om th. 
lot. 1 lira;". 10 \lOti"" _nic.o l ol' . ... lhol <ou .. o"""vy 10 bo _ : 

Uo ' E , [1< , - ""Tl" I,. - ,,"TI' 
211 _ . ) 

. ' 
211 _ I ") 

• 2>,,1'-, - 2>'<," ilT - 2>"£," ~T • Zv ln ~TI' • 

[\f!.': .. 21 .......... '~'·1:,1 

- 2(1 • 1'1", • ' ,I .. AT • 21' +>"~n" Tn 

I-I' ' J , '" 

10.275) 

, , ... 



... .... ...... .. , .. __ ...... 
(",hieh ,0<100" to ltoo OI,,"n oo.'W Ooooily fo!. bo,. Eq",,1"" (2 . ~53) 
Oft p.o- ' 58 . ~ "y ~ o. Y., ~ 0. a OO v ~ 0 arod 10 ;do,'~1 10 ",. ........ on-
.,.gy don$lty 0/. pIa"l ... ..... h 'no "um "'",. "" ..... 1\0 '. 'm .... 'h" 
..... tn. """,,,,~"''''' "'" me<" . .... , "''''"' """'II)' Oonsily, 'M""m'" 'n" 
' n •• , ,."" .... tho ........ arod ... ,n "",,<liMo. tho <oupmg bolW""" 'no 
"'","",nloa! orod .... "". 1 . H"" .. p""",n 01 ............ ""'W donU)' , 0"" 
ttro q"",,"" " I. ,m ... ~T .. ,n. """. , nt '''''""ot 101m ' "'" .. "' . .... ft ... 
tit • .oos.qu' nI ,arioOOn. 1 proc ... ",". n tho principlo 01 .... tion. '" po. 
1001,,1 on.'~ 10 opphod [I>"""u .. S(ooO .... ',) . 01. Thus,!h. only ~Io · 
•• n, _ ' 10"" ... "'" "' ..... e ... 'VY don ___ y . ,,,,ow.,..,..,..,oo ' ". 
_nlolll .~oct. is 

14.276) 

... wnich ~T con "". '"!>CIion '" '. y • • rod . (~oo tim.l . T"" , .. "b 0/ 
tho ..... tio .. 1 P"""''' load ' 0 ' no ""nm .... , oq uirbrUn diII._ .. 1 
oqualloM ."d ..... , """i<11r9 di'l"",nllol .,."" .. """ . rod ' hoir . .. o.ok .. , .. 
too....tory e<>n<IiIion. iJoI 0$'" s.c..,., •. 2. KOI . . .... _ .. only th ... · 
. ulo.rod Io. v. V<lfilicahoo'" ... ""' ........ P,.,.,1om Sol • . ~. 

n . _ ",,"Iy 1a'9"-dolloc!ion """""'"'" eire .... ' <y"",,Oeol .~.I 
oq..ulr<io.rm oquolion. w_" I~I oil""' . . .. 

.! H~,' ; w; "", - ~ - ; "~1 - N'J. ';" ,,! (>0 • • u., ' ",",1 _0 

';' ~ ! I'. -.... . ,".w,> ' :, H.,. ~ . ~ "': " 1". - ~ ":1]-N'J -O 

[{IV" 7' ! ":I' ''~'' ! ":1] N'Y' 
- ;, [ ... [A[O, .! w:_"v,' 7'! w:lj_N' j_ ';' Aw~V, + "" _"'.W,I] -* [ .. ,r AI-. -7 • f .. :· "u. • f ":11- N']' '; , Aw"v, • ..,. ... ,w,l] 
. o[ _J', , .. ~ " '''"l , <{1 - 'I :~ ~,,-r- i , (~" - ' ..... 1]. ~'",' _ -p 

'" "" ,.~nl 
.00 ltoo """"",0<1 tooUOldo'l' ~'OOo on~ • • ~O.L . .. 

" . 001 I [ " . "] ,] ,., "'. ~ 0,' 2 IO._'IV, _, -0- 2 _,I -N • 2 ~~" v. _ ""''''W,) 

[ ' " ] -- O -~I"~ " ~"l'''' .o _ .. (~' _ VIW .... ). '" 
1<2-'01 

, , • 



W. now 'u,. "." ono.'ion 110m 'ho 1lHI""""1a,,,", oqu_1urn prob-
..." '" , ... ,h .. .--l>o6< bucking prnI>lorn Of a <ltcula, ""_, "'0'1. 
W. m ......... rmno 'h. v.n.Iio." ... '01< ... nd """".no. '1'1.0' """'''' 
duro.;o boo, I' g i. ''''''''' 01 ,h. y.rnl"... ... "'_ Then , .... use 'ho 
voriali<>na' p«><." to lind Ih. <IiII.", nlio' <q.o""'" _.ming buckling. 

Tho va"bono ... '0",.' .nd "",.".,11. ruring boolOing 0'0 
"", · f&>,,,", ~N" fM,,,", "",, · f~l.,d' 14,2.g) 

liM, ' f &t, z d2 OM., ' fr.:., z dz 10M", ' Iii", z d2 IO .2l!1l) 

... which 'h o v."'..,"" in ..,.....,. do.>rit>Q b",,";ng . '" 

&:t • • E , (J<,+\'N~) , - , 
&:t, ' E,I .. , ........ ) , - , , 
~1,'·211.")6-( ... 

14,281) 

Not. 11'1.0, .... n A r ,.,"'. "' ,no , ... .,..,.,. .. " .. , .... t< .... 'OIa''''''o. Eq .. · 
Il0<l14 ,263). d<> OOIl'I.Ov • • va';',,,,,, i.o" bo"'" and ... T alO consta'" 
dullng b",," ng. just a. 50 , ''' _""0' load """" IlHI dio!>Ia""""''' 
.'" "",;.d, Thuo .• 1 ....... ,"' ... 01 .... , ... " .. , •• ~nd ' h.,mo' "",,,,on,. 
or- ' . 10 boc, . .. ' ..... thorm"~. lil<o tho moo" • • """ ... dingo • 
• ,. conston' in 'ho v~rio'ional proc<I .... 

Th. " .. lion. in ",,,,In. 4 ... 
1i<, _ ~,.z6~, 

oc,. . k, • Z ~'" 

6-( ... . "' ... . z3~ ... 

T""'. ano, ""''''''''n 01 ll1 0 ~ .. ro 1o, Iho _ o.rtoco. , ... 
vo"",,"' in ",id,no·,url.", ........ ,. 

"', _11<1,+ "',/wIo, 
"', <IN, ' &; . ... ,&.1, 14.283) 

~ ... ' !lv, . On,. ' "',600, ' "','''' 
_" 'or an _ill' m.",br;",,, ·.I'1.0~ _ . MIl w, . ... , . 0_. 

IO'",=&', 

r.., . 1N,' ';' 14.2(4) 

~'" ~ lIN, ~ !!u,) 

A~ , .... """'",,.In middlo· ... rlooo ,"",al., •• a ,. 
14.285) 

, , 



... .... ...... .. , .. __ ...... 
nus. ,h. ,,,",,,ions in in· ... ~0C4 lor<:.-. on. _ ._.n' .r. 

• 

• 

E, J("", ~ <"",I<k -
1 _ , . 

E. (1.",,\.r.:,IJdz, , 
E , J(Iow". "6w,,)Z dz , - , 
E > (ow" • '·."'nII z dz 

1 _ \. 

-4 (I.". 'l"OC) _ A(I.",'I"I.",I _ A[OO,H"(o.,. 7 IJ 
1 _ ,. 

IiN,x 4 (oc,' \·"".I ~AISv, . 7 +>"Ou,) 
1 _ ,. 

iIN G .... I _ v .... 1 _ v ". '.,,, . ~ _·r.,· 2 Alw,' IN, ) 

and 'M ,a,"!.ior» in m"",.n" .r. 

SM. - flia, z dZ _~ f l&. ' "&,Iz<l< 
I - ,. 

-~ [II/>(, •• ~ ,) z <k - II ...... "i>w,,1 z' dl] , - , 
• ',[I.Ir:, .vS<,JIz dz- 11ow .. - ,.Iow,.,.IIz'dz] , -, 
. - ,,' 

12(1 _"') 

,,' 
12(1 _ , ·') 

14 .286) 

" E" "... __ G . " ,, __ .w., .- (' - .)P"'~ 14 .287) "--." e , +" 12 ., 

TO. .... rl""" """'. Ior- • ..,.. "",, 10 ....."b,a .. _~ ""0'" bUCk
~"~ 1«> w, ~ 0 .nd ", ~ 0 ) 1>Komo 

N, EA[U,."f',. 7 )) _ NT 

N, • • f', + _} H •• I _ N' 

H 
N.,. - Gllu,. ~ '. I · 2 AI ... . ".1 

14 .286) 

, , • 



......... .. "" ..... ~...... ... 
The comprns;.o in_<laoo Ioree • • , bL>c:king alo N, _ N, . ond N., ' 

N, _ _ N, _ _ A[ ". "_(V, . ~ lJ . NT 

N, . _ N, . _ "!'I, ' ~ " ".1 ' NT (4.28SI 
- 1_. N", __ N,, __ 2 .0.1"-, ' v,) 

N<>to tho, 'no mom o,,1$ do "'" _PI'""I in 'ho bllCldO>Q 0<[",,'''''' . only ,ho •• rio,.,.,. in """"0." d.ri-.g """"""9 "hdo h • • o b. o. ohow. '0 bo 

OM, _ - O{IiW"HIiw".) 

OM, _ - O{~l'YHIi .. ,,) 

~"" · _ Il _ \·~,, 

(4 .200) 

Thoo .orio' ..... in in·surioco Io<oos Wring O<IcIding !rom • mombra .. 
Pf"b ud lod . ta' o .... """" in Eq .... ' '''' (4.70) on _ 467 to bo 

ON, • .0.( Iio, • "10.,' -0/-)] 
ON, - .o.(o., . &; ,.Oo.] (4 .291) 

, -, m" • _ ,_ .0.("", • Iio, ) 

in ""Illen _ not. ,Ila, ONT = 0 by h_"" 01 '"o .'~n I", NT in 
~_''''' (4.270) ".. •• " " and ~T .t. "", .... n' duMjj ~u<k'"g 

Tho procoss 01 making"'" «<:Ofld •• rio' '''' in stlain o.-w ... . 
,10,..."1 """ " ....... '0 "'" ,,,. "",.Ing d"'. ,onUo' O<["-",",no ond """,,,,
or)' cor6Ilon' .. ..,.. dooo in SocI"" ' .2. S_, ;c"I1)' . .... ouppIom .... 
tl>o _ ..... ,..., in . . .. !/)' in"'9<' .... Eq "''"'o, (3 .'64), (:l_I~S) •• nd 
(3. ' W) QO POll" 263 . .... . 

14.m) 

",f!i<h OOn '0"" bo oho"", 10 """'. !<om v~r)'''g ' h . inlo9'1'1 01 ' h ..... in 
.... ,"gy Oo...ty 0/ Ute coupI<>d mo<ho.~ ond ,1la,maI '.rm>, Equ.,",. 
(4.27e). "" ... ,~ . ~_ 01 'bo_' 

Tho "ho' bu<~ OQUOl<>ns (,,~~ body !o«o.) "'0 iden,Ie.' to 
1M ...... ,_"" mOCh,.ioa' ~dO>g ''''''' Sect". 4 .2.2 . to .. EQua' '''''' 
(4 .71)--(4.13) on pogo 4 e7; 

ON,., .&-I., .• ~O 
&-I,,~ • &-1,., . 0 

OM, ... . 28M.,.-,\, • ~ rt - N,6w" - 2fi"~ ... ,, - N,o..,. - ml ' · f •. zgs) 

• 

, , 



... .... ...... .. , .. __ ...... 
in which we .... k ' he .. lues"' ,h. 0 PP "e<1 oompr_. in_l<J rt,<o mo-
01000",,1.0<1 ,h. " •• IIo~., buo".ling, N" N,. ' O<I N" ""', yloI:I • ..". 
"'''''' 10 E_ ( • . 2113), ( • .2'001), . nd (4.2Q5) or (4.nG). Tio. """H. 
(d __ , 01 lhoH 10te<O • • oblo.~ I""", ",. p,obucW<rg "'l " iIIlrium 

:'::..: :~r::: =·a~O:~M~: :;:'~;:,7!: ~ .t!" ~~~-: 
indudod in N, a nd'o' ~ acoo"'" 10< "'" ,_, "" dong, NoI~ tha, " ,. 
tho,m.1 mom ... , M T. "'" '1'1'''' in tho bocIo.i<rg "'l oot"" beea",. 
ouc:n a mom . nl would 00"" ,ho.,,01 to b. nd ;mmodjo,oiv LlPOO impo. 
01",, ",110 • • Ilghto .. ~T ,.II\e, tNr" bucldo.t 0 • • ~.t"" .n. Thot is. 
_ .... dltrgo 11 ... , 0'6010 " ,." _, "",,,*,, do "'" """"" _g 

Th •• &$OCla'''' buolding 1>OUn<Ja.r)" _"". 10< "'" trucUog ptOb. 
""'" ... Iogouo '" ,ho .. '''' '.0 oqLoHrrioJm "...,t>Io", In "''''' ,oth". ''0 .. ' .... 
(4.101 '°' _10 """ 
&mpIy S"Pporr<>d EdgM: 

" 6 .. ~o 1)1,1, ~ Q 6\r = Q k ~ O 

" ~ - . OM, ~ O ON, ~ Q --. 14-2g1) 

" ~ .. 1)1,1, _ 0 -.. SN.., _ 0 
s., o\Yr ~ 0 1)1,1, "0 ON, " 0 ON", ~ 0 

C~_~' 

Cl : ~" . O &00-" . 0 0.. . 0 ,.. . 0 
cz: ~,,£ o &oo- ,'~o ON,~O r;.~Q 

C3: ~" . O SW,, _ O 0.. _ 0 ON .., _ O 
C4: ~,, _ O o\Yr,, _ O 1rN, _ O ON", ' 0 

(4,298) 

in wlo"h OM, . nd lIN, do "'" 1",,1udo '-I' or NT •• 01.0,.,.,. b<!I<A"", 'h. V 
ar. ""0. NoI. ",", n, ... houndory """"lions oro on ,h. ' OrlofJoM in 
"""" ond .arla, ,,,,. ;" """" .... , no' 00 'h. lore .. . .... mom ...... , 00 ' .. 
pootruc' ling __ ry condrI""'. h.v. _010 do ,,',10 ,o. buoklrlg 

Iroun<I>.ry <xx'I<IitIono. Qbu"' . .... ll'"plOc dopO;!;'h of tIro";"'pIy """. 
port.,.; """" _g t><>,,,";"ry «>r<1~;'." ;" F9rr'. 4_14 "0 ""II" ' ~5 
.. wol •• 10, eoa __ • io f""" .- ,~ on ""II" .~. (qua'"". 
(O,29:l). (4 .294), 00<1 (4.295) (0' 4.~) . '" ~ ~''''n!~ 
oq .. u..-.. -MIl> "",""", o""U" ....... dary """"""0" in ~"""u..-.. 14 ,:;:117) 
'"', .,.,.,.Jr..Iy. ('.2Q8), nu. , t), oy .,.,....~"' •• n . lgeo . ..... ~rotr"rn 
a nd 0'. _"" ~oy,.._T~!. .;g."" ...... 11>. v~I". of N, (N,-I, t ... 
!toe t>u<;'Iiflg~, '"' mfrrrr N, IN,) tI>O .. 1u<", ~f , tho Ihorm.1 buok~ 
load. Tho oOgo •• odo!" tho "".po of tI>O b<IC,,,. d sIl ••. 

Th. W •• b<JC1d;"g ott ... nlio' 0<1""1,,,,", Equal"n. (4.:;:IIl). 14 ,:;:11' ). 
a O<l 14,:;:115) Of (4.2Q6) ""n b. '*<mulat"" inlO . _ Don n .... "'l uooon 
'"' B<>"*","-,-,;,,, Don .... "'l""'" •• in s.ction 4 ,2 . W. w~1 UH 
the .. (undamonlai tho,,,,,,,,IoSlic rola.tioM In prOOl. "" ... oIv ing b<ICkling 
aft .. _ 100 .. l""hOf .,pIo<od , ho _ 0( .".1 _n condl"". o. 
r.la,.,,", ;" ·.., rto,, ",.<ling • .-.I _,aint in 5« tion 4 ,Q.l. 

, , • 



......... .. "" ..... ~...... .., 
4.9.3 In·5u"""" LODdI"II o lld Ro"",lrrI Condll _ !g, 5M1ls 

0nIt t~o eM",!,, " ,ompo>r.t'"'" 'rom oorno ",10'0""0 "0'" oft« .. 
!ho b ... ;JJ~ _ . • _t.;..r\fl ob<oolut. tom!"" ............ .,. .... !ho P"'P" 
.mo. 01 tho rn.t. riol ;"""""",, ........ !hol 0",,"9" in 'ompe,.'o ... ~ on~".,., 
!hroug/"<l<rl!ho .<>kJmo. mo" .. ko pIo.<e ,,~ iIo 000\& form 0/ appropriato 
, • ." .... . . ks!> on bo,. plo' • . 0< """I "",",om""'. Tho, 10. "'" uniIormry 
_,IIl,I"" .. .".,.'~Iu,. ~ 10<' .... flOm • lOw "'",po .. ,,,,. !o, """'. 
' Ime ~~iIo ,,,- bar. plll'o. 0 ... "" 10 "'" ' . "'0"" in on, m.MO'. 00 ontv 
It .. tt>t<mol • • ps n$lon""'" ,.~. plo< • . n.n. ~ """'" ~ 01 .,-pls ... 
'oSlr' ''' "0'. ""r<><luco<I, ..... . "",o n, ot 'ompe""'" __ 10 co.u,. 
t>ucIo;liog would bo ""u\tll. He-.;""",, '1Il<1'om pe'.' ..... <"" __ , "'" 
indLHlo tho ,.mpora,u,~.t 0"'1' ''''0 ~" o opplica' oo 0/ tho ,0,1rOn. 
oolldloo , but on'Y !ho o ..... nl/O .. , . .. p . ... , ",. ''0", ,h •..... n' ,h. "'. 
_1m wa, im~_, In _n, 'ho ' "",p.,OMO < .. "~o .... "" "'" t>o 
oon ... nt ov. ,!h. voIum. 01 tho atruotural . Iomont Thus,'" 0'. con· 
co rn"" W " how • s!rud",ol olomon! "v. lop. ,h. ,mal to.c •• ,""" 
• • ,ioully _ ,it>utod '~.rrnal _1I' unde, va_. d._tion ,",InIn. 
cond~ion ... Wo will aloo de",,_ how !hom>ol _king ean oceu, without 
, ..... '" but .. Ih "l"1i", """,",;/0<0'1 ch4t>goo in 'ompe'o'u" 

Som. oombiMliooO 01 in ''''~o<. odIJO .. ",,,,inl ond dislr't>u,"on. 0/ 
,~ __ '"'" <~._ produce """I buckling ~Mn a """'in 10,.1 01 'om· 
pe,., .... e""nOt 10 'aadIod. Fo< .,."",10.' tho 'ompe,.'u,. <h. ng." 
ooostan' , ~~ "'. '~d<oOSIr 01 • _ . b uo~.ng <>«u," (rom ''''' 
"",mIn . o ... to a' . opocjIli: 'ompo,a'",o e""o"" (iono afto, ,,,- I .... in· 
er. ment o( t."-",",. _""" io appiiod). HoW.'.', "''''', comb ... · 
tio .. 01 ;,,-_aco od[;/O "' ...... tt and temper.' ... 0"" "1f'I ..... ""u'ion. 
prod""o 001)' borKlOtg, 00";"9. or .,uriing I""" 'M In''' ~ 'hot lho ..... 
-.mon' 0/ 'omporo'",o .,hango io " ppi od. M ..... 'om~,."". chool/O dDt""""'" , .010. ""'"!jI> '''- thli:"""" ol a .t..1 in • ''''''',>0, tha, io "'" 
ojmm.tri< """"' ..... ",.1 mioXIIo .. riO., •• "' . n tho oh.1 wi' not , . ... ;" 
in • m.mb<o.n" .l1ll • • • ' ho '""'~,.'"'" ohanl/O io in<' .... d in amp!;· 
'''''", to .. "",..,.,.,.;t( bond. bow. 0' 000 a' 'ho ...... n' .. "" " ,ho ("" 
inca .. "", 0/ ' . mpo,alu,. <"- nl/O io ~. i.o .. no boo>Jlng """""" """'50 in' o • dj(J.f8!It modo . , a ~"'" ~T. T"- oimpleot c ... o",,",maI 
loading lO< ta '0 _ . , is a ..,.'isltv unllorm '.",,*s ' uro o""ngo dio-
1 __ , .nd "" .. ~ <oneent'.,~ on thai ' u . in ,h;s boO. , _.vO!. 
o.. ..... a*t _ .. 10m. oon"oro,m '.m~' .. u,. <"",,ng. dI,trb.Oions. 

' .9.1' Wt.! I,..Surlo". Bo~ndo'Y Cond"iono Con R •• !Il' (n 
r ho ,molondlo, ",""""o,,s! Buckling "' . SheU? 

1"" principal "'·...-tac. ,_ .. In, _ . ....... In 0 ,<10 , (0' ' ,,",mo l 
buCl<iog 10 0000' unde' • _1101>,-- ""~,m or "",,"010"" 'em_.'",. 
c/"'ru- dist, IIlutlon io on ,h. in .",>lac. <kpla...-n . n' """""I 10 ,~o """" 
on "'" ~ .c1(IOs (ot ,,,- ondo) 0/ • <ireu'" ~I ...... , Tho, 
nor"",1 ,, ·.,ma,. '*!>Io<OO'l"'" m"", bo ,."'aiM<! '" oorna ma nn., ' 0 "' .... 1_ "0""" •• po"""" 011"- ...... ;" "",. , 10 _ ;" .• u~.<. 
00!T1p"' ..... "'r<eo thot cau ... ,h.rm.1 _klmg '" occur Wl1~n a "off,· 
d . mry hlgh to"'pe'.''''' """"90 io ,u oh"" . .tJoo .... I!zoo that (ul .. "' .... 

, , • 



... .... ........ , .. __ ...... 
01 tho in_rloco <Ii"""'<om • • t """",,1'0 tho .~ • • odg. on ..... '""po .... 
od!IO$ ~'m~. no m.,ch,,,""a l lor<o>$ to bo oppllood in ,~. in_ .. rlac. <Ii-,0<110. po""""",u",, to 100 .. ,,",0 _ .... _. bocou .. L-o_SUrl""o 
"""' • ....., uodor ~ <" n""t occur; ...... , b""~1009 undo, "' ''''~ • • ''''' 
_ng can"'" ta~o ptoc. (o.copt a. in tho no" """"",,,ion), n. in· 
""""". d...,a." •• ".nt 1>"9""'ilJ to • oil • • odg. """ al.., b ..... "'...., 
to ""t.1ow 1<0. tho"".1 .. ~",;o.. ' '><>!IIt .. odg • • rod. h."" •. th . .. · 
.... "" WOIII:I <o u"" _, "' ..... lhat in '",. cooId cou .. ' '-mal 
-9 W tho .., ..... a, . hill" o-notJ9'>_ Tho oIIom."" 10 tn",kJ;ng;, 
!oo"';' y. ",,""y, " b.n<!~ 1I,~t bc?n. ot tho 10-. . ......... thot ,.~,-

ot"" chong . .. _lied, i.o., no (..-.oj buckling ... '" <><cu". ~ 
arod ... """" ~"" in ' . 00"'0 I>bonotorio •• rod L-o o~oo ,;,.g 
""C~ ore 0001,.",.,. in lho to..,,. ..... 10 .<ldo-. ....... i, '"' ...... on _g "_, bolh Ihe"",,1 .rod rnod>onicolloadW>g • 

• _9.3.2 Loed Vet ... Dropl"" ..... nl Appllo:ellon In tho LaboHotooy 

H • di<j>t.o . ... nI, in Con""" to 
olo.d . .. mochMieoly opplied, ,h.n 
. .. """, ... t OIemont ....... "t Of L-o_ 
pot ... __ OY ,_",inl in _ion 

10. moc!oatlieat load in tho ditoct"n 
'" IIwd~co".nI. O;...locome rot. 
can be oppIlod wlh • scrow·typ. 
......,;ng ma.c ...... """ '" ..,..,. ... 
ow"<! by _d·...,.;ghl IOadVog '" 
hy<li. u!ic Ioadinll fMChinM Tilt." 
inII til< o<re .. o"". le<tw-ryp. ",,<I
inII machino o. load I ...... . . in 

rr'""" ~""'-'''' --fl .0., ... ....... _ 

,."." .... -".,_ .. 
._. -.-

'._ ... , I 
FiQo .. ~·B7 """'.0 t .. hoad to . "~ , ... , 8< r • • __ '--" ,,_ 
..... position .rod tho OO:fOW1I kH!> 
tho Mad in ,ha' po&IOn l""'ich;, ~h~ th .. ""m oIloo.diI>g;' <:<>I1ed_ 
pja<om . .. IoadVog '" _ .m con'roI). Tho hood compr . .... ,~. 

oIIjod, .... ining~. th .. oby"~~,.rod th".I"'~ mocll""c.1 
_ . When th • • ';rOl" ""'" tum~. tho oppIio<I 0;"1'0";0"" .' .. hold 
",10,;,.". eon .... '" toy ,ho pod .... '" Ihe ~ hood on "' • ..,..wo. 
Mo", ~ h .... "",,. "'ty in 1obo",lori ... ' . hyd",,,,,,,,1y _,.t. d ,,~h 
"OY """'otieo.t"; I"01t'""'_ bAd-.""ic.tion ",,"'<010. ~ """
"".. a,. e>pab/<t . , app/)'ing load, diopl&cefl'lon' , .r ",rain A • ...,,,,,,, 
diopla""""''' co ... . pploo<l , m'n~ """"rot k>a<Ing maclli ••• • r~ "'" 
_ ot>G\Igh to .. m. in ~rlOC1ly in pooitJo. who •• tho .... 1 _ is applied 
in .<Utio" to th o _"",. t ""'d t~t is ...... hooId (th. M """,hin .. 
!>avo. 10'00 load < ..... oil)<_ but ,. !oliv. ". .md .. iII.,,,,. Tlwot ;" h .. ~ng 
lho """",mon <X>J1d move I~ • • _d". '~e<l' />eod, ,,_ I",m. 
wi'" tou ' ""'." . (two "" M<h _ '" tho platO)" t,~;::Olty still .. tM" 
.,.,. ""~ onty two ........ , not.".,.~ st" ..... is """""Onl 10< Plot. 
a .. ""eI ' """"'" budding e<p.>MI""ta. Mac"in .. with 10 .... "'~n." 1\>.,.. ,"odo""y lot tho ~ .. do to mati. "hen . tho"""t load io . pplied 

, , • 



......... .. "" ..... ~...... ... 
For a _, edge di>p-.. n1 can be opphd Yrilh 0 k>adl ng mo· 

011 .... IhOl .... al ...... "'. U'l<ta'*' $0"" ..... n. nO ... F~o 4.s7. 
Jl,pp/yinu a "-tn.:ol Ioa<*ng 10 an ob,o<1 •• blIl in lito"""., a nd a. " 1JII 
au _c .. n'" q, i . <MI.,.,.. " onl( ' bafl, boloQ _, 'h ..... "*'1 
small h • • ling bo> e.n b. plaeod .rowoo 1M b .. .., III. no.' is ",II opplio<I 
10 , .. 100<1 kome. Th. """'0 ""X "<ICbM, ' ne """,,mo. • • nd h .. 
l>e>1n{j '''h ,,, .ppl( """, I<> !he ..,...,. ..... n and, " .. ,,,Id;tb~. 0 10<> ap. 
plio . ... , 10 tno Iood Ir.mo ,,, so"", .. ten!. Howevo,. III. h ... ,;"g "". 
10, . oil • • mu .. ... """,11 IO'Il'I' Iha n lOr. boo,. _nd ,ho In.viablt 1O'1l'If 
".., Iot.$ 10 ,lit '-:I I",,,,,, mus< be ,"""""nted 1<><. HU'In; Iho io-&d 
lro", . u ..... ,~ ,. ",n, in _"'ished mochani,,"' k>Jtding _ ...... tilt ro.d 
lram . ,0<><10 1<1 • • pond . n<! "' .... toN "' ...... &OmO oj , lit mochoniea l 
I0o<I b!' """om.m 01 tho lo>tding_. 

AlIa, • d .... c. m_ .... boen "f'pI*l . nd h. ld. d ' . mporal",. 
ehMgO eon be .~Md a nd ~ ~ ~od Iho 1M<! oo".oponding to "'" .ppk d 
_' .... n' a re h91 erlO\J<$>. 'h . oil .. will buoloJo , Tho, i • • II>e b""ktng 
100<1 can b. oornpoMd 01 . _nleo, co""""",mao " . . .... , .... ""'1 
compon<nl '" • widlt .... 1)1 01 poostIlt P")I"'~"'" 01 , .. ,w<> compo-
non, •. II ' " """, ... ,," ' ... d 10 .." • •• ,... t ... ,,,,.11oo<I , " • .-.g buo~ 
is "''I/O _nd vie. V' BO. The """'plo, ... _ o' ........mg 'hot .. _. 
typo. 01 ~ _rtod.,. c""'p"," ... go . .... on"""" • .,. """"" Iod "" 
011 ... in , ... iobora'o'Y io loll 1<1 t ... <Io~. 01 o.<perim . n .. 1 work in 
Sin !/O,. "rIx>cz, . nd Wollo, (4.13J. 

4.$.),3 loftdIng and R .. "~nl Condi~o n. ln Engl_l"g P,ac"o. 

Wh. thor tho Ioo<ling 000 .. sua .. condition. ovoilobio in ,h •• ng;· 
"""'iny """'~lo'Y . r. op",i~ .""Iie.b .. in ongh1 .. , iny ",. , r;.;. io 
quo .. io"""", ond ..... 11.' 01 ofIgiM.tiny iud9O""."" T"" ""potU"' .... 
su" " I<> ' ocognin! "'" 'y~. 0' ,eolrolnO '1Ia, . ," po."l>Io . 001"" • • (. 
1001. ono ,....., 10 ". _ 10 """iy "" ,""U'" root'o"" GOt<I~;o.1 11\0, 
e , " in '"O~ prOClIc • . For • •• m .... , "".- 1110 ... 01 I,.,,,,,s. 
_"'. ""'vo"', """ OIl. Q( o#(~ro'" .. 11("...... in dll. 'on' dtf9cOOrlo on 
a "'"'" ".. .. , 10' on . irc",H wing or .... <lift.nod ....... ;. po",, 1 in Figtl" 
. ·u . Tho ... , irt~ ."f(. n'" pia" .. , .... ...; '" uOOG u . . .. ilIn ... 
OIiff. n . .. in ' '''' two ~.",. III I ... p .... odogo. . 0 ..... , '" 0lIl0 .... ,. 
is . " od 'hoavy' and I"" Qlhllr 'liIlhr in Fi<o"" .·ae. The heavy 0lifI ..... " 
do"", ,._"" QoMc ...... in Ih. y-&OO\;o. 10 'om, .. " .," .. eI>o ..... ' Thu.. 
tho heavy SllIo..-. ' ...... ""1 pr""on'Iho ...... , upo Mion oj !he ...... in 
, ... y ·d .... clioo. , ... "Il hl .. iII. n. " "" •• "" 10\110 .. "' ..... , .... , ,ho PO'" 
., ... r><Io 10_1 " • • ". In me """"00\I0n, Moon"n""100" ,an bo "". 
<op<o<I in I .. . _ b«:a .... """"omen! con "'~o pl.co in lho , . 
dO"",,,,,. In In .. ca ... ,,, . ... ,,,.. in "" . dir""'''''. , .. y.OirOc60. , .,. 
00 "" '" '" be appro.im"." b!' rig" , • • " . inl bul in ,Il. ""rpondic u'" 
",I.oclion, , ... ,0.,,,,10, .. 00 """'~ ... '" bo ~ S",," appro, ;. 
_60 .... ,. .~.Y' ..." ..... .,. in ""(lI n •• ,;"O ?'""'''' unIo ... na~ ... 
10, """'" p,ecioe "" . ... ,""" a ,. available aod II>e ." .. 1 .llIn . .... a,. 
~"., ..... 10 $0<00 de9r" 01 ",oolsO>rl or 0«"'_ 

, , 



............ , .. __ ...... 
I • 

" "_..::._ (~-_ .. ,,---r.' +1-

._..... "odwieoIOy"" r,,""""'I' l_ P_ .... s_ £.""",,.. 
{""p<"_ "" P."'H I""/! 

homp ... o! ,M. tvP<o 01 1o.<Iinq a nd ,."",in' includ. ai«rah wing 
po ..... o nd f ..... loiJO po ..... ... .. f;gu", 4·"" . W;"g pon.1> , •• " wing 
bon<irrg """".nb by y-'*_"" f • ..,.. ( ... """ .... "" .. I .. IoJr "" ..... 
ood _ in "'" tronorn pro ..... or ,ice , a rM). Fu ..... \10 pon . .. 'Mel 
bodv bondOrg momon" by ,"hob ... <IN.ctiorr fo,o •• _ S"'"'.noou"". 
I~o _..,. Opar$ in wing. ond I~. trNvy nam •• (olSO .... 0<I .u) in f ..... · 
Iogoo 5lru<tu , .. p,.""nl 'M"""I •• pon ..... in ' M y-droC1iorr_ Ttre ,her1nal 
_no oom .. I,om ~."ino dUlino ."P ..... I<: oir<ron tigl"l'. ' "",'I' ''' 
."o<..,'a~ InlO 'no "",,,",,noro. or m ... omon,'" ""ac..,.-.n In and .... 
01 ,~ ....... ~ I<"O"""" Ioodino it. 0'''_ by ",lng .nd 'u ..... goo toorrding 
aod lWioIing in _ion to tuoQIagoo p,os",,,,,"'",,,. Holt 14·751 ............ 
""""., ..... 10, tto.atO>g , .. "".1 """kling_ 

4.9.3.4 Elaotlc In·Surt.eo Edg. R,,'nlnt 

n . 'w, .... , 01 "",m.l· 
.>-t~.~ d"""'<OII\8" 
C<XJIdb. <Omp~ •. i .• .. fi>.od 
to too , oro, 0< "" .... 1. ' .g" 
0 .... 1<; '001 .. ;'11 in ,.t>ir:~ Ih. 
,.otroirring Ioroo is pr<rpo'_ 
1 .. ".1 in oem" ~ 10 Ih. _""" diOp_.n, 01 tn. 
..;go. Far . x."",". ~ """,. 
~" •• , ' ... no"'t_ 'P''''\I> 
.co . Deed no rm. 1 to .h. 
ed!/< o! tho .trem rr. lis " ",. 
lac. 10 "' ...... In" odgro .. 
In Fig", • • .• ~. tn on 1M ro· 

, , • 



......... .. "" ..... ~...... ... 
ouo"''''g Ion:4 is k1 eo,~ p!OpO!l",n.' 1O ,n. no"",,' cbpllK:em. " 0/ , ,,. 
od!Io. Mo,. o:>mpjo. k>M-dtIo,ma'"", o",.",_ioo 0/ 'h. "'_. urt.o. 
OIl,ng,. (oIoSlio ' ..... 'n .. ' '_" ... . non ..... ' ,.. .. ,\::>fIoII;p "'_ ,." 
"' .... ...,91""'."nd , ... od!Io ..,..".,., d'spIoe.." o", Th. ,h.,,,,,,, buOk, • 
• ng Iood .. hV- lor ' rIgid" "'..,r<ac<I &p<ingo. nd _ .. 0 ... ao ""' .... 
""""". , """""'_10_ .... -.0.;,0 .",;"g. _ . .... otl, ...... U"tJi, .. ,h. 10m. 
0/ ""fO ,otill, .... ;,,· ....... 0. -"III, no ",ot'a .,1 ...... 0<><1 "'u. I~. ' 
_ 0 con"'" occu" Ao"'iona'·~·'.stra'" ."ring • • ,. a bo po";. 
bIe (;" _ '" . ... nt ... 'n·pl,n . K1otJ .... 01 oomo 'Ypo '" _."", 
th. ,m. I_ .. ) ••• hown ;" 'h • ....,...,.;.;. .,.;.., 0/. b. , ", .'11"'" J-.' 
on PO lIO J59. TO. "inf",~. ~ olin' '"'1 10< "'" rot., ional 'I'ri<"'IIo load. ' 0 
tho u .... , domped'o<!!1* ~Ion " In a high ~T S""ceao<. o~ do· 
e' • • ""g ,,,. .. ill, .... 01 Ih. """ ," , " , ."rlng .... <10 '" Ih. ",,, ... oim!>II" 
sup<>DrI«! odgoo ...... . . luo 01 ~T 1m ",,,,._,.,, "".''''''''"Pfings. 
T .... in-ou"ace "''''''0'1''" , ""ng,. .~OCI ,h • .. ,,,, •• MI magnlnxlo 0/ 
,,,. 1>'.1"IO~ing I._al ioad, " .... 'NO .... """,_,.",ingsllo"o no . ,-
''''' "" 'n o p!ob<IO"""" ,ho,,,,,,' .... d , b ", dO .woe' "'" ...... 0/ 'ho 1 .... _ 
_ gload, 

' _Q.15 1 .... ,.,., Buckl 'ng wHhou, I<>-Su"..,. Edso R" ',,,'n, 

Tho,""" lKIcWing can ocou , I<>< 0 _"'I\' ""."ntorm IOmpM.'UM 
<:Mnge . ,on ... ,ho aboeneo 0/ ","".i., 0/ ,,,. in·"".,. o_eom.", 
"",ma'lo, " nllO"'''''1 '" 'h. 0<10.>0- Tho, ... no """" .... , ..... " ha, .. ", 
. , • .-d'or Iho,m_' b"""ing '" """"'. ,t-.. """"",.Iure "'""itou_ 
is nonunikKm t>eea"M tI>on ... ~·.qu._~ng ,_ ... <><1 c:omproMHO 
.11 __ wit .... _ lnskI. "" _ . .... ... n """"'" ooundar:t ,. 
"''''OIl. Thus, ~ "onI .. 1 _ spof in • ." .. .. uk! o~u .. b<J<:Ioiing in th. 
Iono...lng m .. nO!. TM hoi opel _ to . '1"'<><1. ""' is ," trainod by 
do!orm.ooo eo"""it>i~ willi '"0 "",,,,"<><ling <Oklo, ,.gion ,ha' ,._ 
to " p."" .... " ' ding to • comp"" • • , _oquiit>rating . t .... 110 .. '" 
oornp ......... _ "' "' 0 Ilol -' 0"" 'onn. 11'0 .... ;" ,h. co_ 
,.g.,.... M H •• ' omp"w"," e"""I1"" <niI"""","""IJh th. thiekn .... '""n 
., """0 .,,,,,1 of '."I"" "u,. ,ha"go ••• th. ho, opel 9"'" ho""" 'h. 
cornp,""". II' ..... in "" hot opot eou ... ,h. region <II 1M hot -' ' 0 
_ _ H 'M ' om""",'uto <:M,go" not uniloml 'h"'"'\l" ,h. lhi<kne>o. 
thon '''0 hal -' MII_rnpI)- ""igo 0, "" .. ''''''' ,h. 'O'Y II,., "otan' 'M' 
'he 'empe .. 'u,. ellango is oWIi«l, """"1)1 un""'," "",,PO 'O'UI" ella .... o .. til_ moot """'''''''' MU' O!.,... in ""o'"-irlo ~"'~ •. YH. _li.'to"",.,.,u,. go-.d;en .. dO •• isl 
in ""n, Qrar::lica' probiO_ t>eeauso 0/ ~ . .. <»ndoCI.,... tI>o, """U" .. 
d;lf. ,OIIt ,,'es IOf djl",OIIt ",.'_Is. AIoo, ip/I,iII' ' '''''~,"IU'' "",diOn .. 
• , lsI I<>< oorooyflamlc "'_. """" • • a irflow '''''I' 0 WIng .... ding '0 
pa_ " w., ",," ""Worm in~n. , .... p . ... , ,,. """".mono, 01 ""u ..... 
.".,i., lom ... ,aM. diotrC>utioos .,. '" " ""'"' OO!!II"',,"od • .o in,,,, .. ting 
'" " . ", bu' ' hoy .,.. <>III of "' . ""CPO '" U\io _~ (a""opt lor ,ho 
"'r<II9>.'h.-th~_ '. mp'''.'''-' . oriot'm lor . b .. in S oo, .... 2.0.51. 
!-m • • o' , "'" "" u," of "'" ... _''' ' 'ompo",'"'. <isI<Wlon problo",. 
io . ddres. od 10, Ih ...... . ""'<mo' bueking O<Imma.r:t in S«oon o,g_1 

, , • 



... .... ........ , .. __ ...... 
4.9.4 ~ qulya"nl Mechanical LaO<! Ca"""!'l 

In."". th."".I ., ...... pooblom ••• .,""ha"""'I.,." ....... oqu" . 
• " nl in ..,j;on "".oed 10 I~. p<o.'''_ Ih. "".IIo •• <;.On t>o Joo.,rod. i .•.. 
CO COMO th9 ...... PfOb""~~ "",uOlitoriom .. .-. 1 ... ..,"iv~Io"',.,.· 
cMnallo.d """,,-...c.n t>o .oed 10 .houghtfuIly .. ",rod tt>o .pplicability 
01 oorn. probl . ... ot _kIinIl undo, m..: loo.njeol loading 10 _kIinIl "". 
do, 111""",,1 Ioodino. Fo< ... rry oirr4>l. _I Iooding prolllo ... . 'M 
proc ... 11M long bHn.-d imotic. II'. I. • .. "'._"'. M.m •• 0<1 wilhr>ul 
• gen.,.1 do""~<>n Vllo .pplieeb~", .rod ""II' on a "" ... -try-eo ... 1>0 ... 
10, 0 yory r.w co ... _ In "'is .ub_lion_ w. ,,;I deOC<t>o 00<1 _.Iop 
lM eqv;..1MI m..a..ni<:allo.od <XJ"".p11or IIMrrrnal bLJcl,J;ng problom. 

W. im!>Iieilly rMdo """ 01 "'" O<l ..... lonl mod1. njeol"",. """""'" in 
or "'. ,mol 1 b. rs In Soetlon 2 .g k'rr ..... , , 

, , • 



......... .. "" ..... ~...... ." 
"'.~ .. ' 1ino;J .... ...,. jn t"" "''''' .. '''. ~, • ..,.ot;o.,. t_ tho buCl<)ng 
_ .,. d,,,,b,.1 __ u .. tho O1igin '" ,ho ",ob""' ,",g .~., .. s In • 
lKIcI<"'g pr<>bl. m to Imma, .. "l BI ' .. ,.» .. ' .. m •• '" ,ho . n~'. "'. _ 
lKIcI<,",g SI, ... _,butoo ..- ,h. pia,. Of _ • • <Id 00 Is _odvy. 

A .. ,ho p,obockling <Iolo,ma'Io .. ,ho .. m. fOl ,ho Ihorma'loadi<>g 
problom as "" tho oqoiYo""" moc"' '"'''''loodin<.l prob"""? No. Ron ' ,ho' doIomt~_ ,.",~;,,, .. ..... "' .. '10 _ . k>\> "'..",011<>«:. __ .. 
o.lo~'''''' .. _ ", .. I 10 _oIoJ> Of .cc. p' mo<,,"o<:&1 bad. F<>< 
tIIo"". ' bL>Ckling of b. rs. .. ial f ..... ;,,' Iofeed tho a , lal <10_0 '0 be 
' . '0 10 _Glop 30 axia' ,h."". I'orco whofoas. .. <0111 ..... a,ia' do· 
",",,",0 mo" . d . , 10 _oIop a ..:l ac<op< mo<hanie>.'load_ FOI , ,,,,,,,,. 1 
_ng of pIo ... Of ..... , .. , f"'lOW'" In''Pia .. 0' O»o~><. , ........ , <" ... 
a'IO ... on. In-pla .. ""n.ct;on '0 be >on> '0 """ok>\> an In-j>la" ' '''''mal 
"'''''' .......... "'-f>ia o. do,loctoo must be ""n_'o", In """ 01,"",,,," ,<> 
.... , . .. .,.c'. " ,.,. ' .... .tog. How"" ... ,ho .. """. ction • • ", qu •• ""' • • 
In """,,,..",,,,,, 10 '". m.ojo' """"",01 .Io ",. n' "",,-n""no. """",ty ,,,. 
bo, 10"9'" Of tho pia •• ,"O!l'h .<Id "I"dth 0 ' tho .., .. ,,",moto, . <Id Iongth. 

To!ir>d tn . probucl<ling .. , ..... Ifom tho th. ' ..... ",,"ding, ... musj 
tQt~, tho dol",mnUon _ '""',. , f ""Y, on th. pial. or ..... edge. 
_'" .. ...... .... "'int • • ' . ... " i ... ~.,. . """"ted ,,;u, t". 0"."'" 
mon' 01 tho ..... 1 .. '._ 00 tho pOot_ or ..,.. __ !Y, _ 0' . '. 
11>0""., .. , . .... am _lop " holy within tho ptat. or .... 1 willlout onj 
.... .... oxlsling on 1110 bounda'Y: .. """ cl ... of ", ... "",1 b""k)r>g 
problem •. "" O<Iu ...... nt moellon",,' load • • i ... , TIlaI ... w.lIo<Jt a. fo,· 
"",lion ,.otrninl> on "'_ bounda'Y. """_ is no .t",bltoo 01 ",01>""""'g 
"" .... s on Il>o __ ry. a<ld "" \.now 01 no ~ buckl ing ptoI>lom 
to, ......,hof'>ic.o.t looding";li'>ocO probodd"'g bouhd.>'Y .. , ... .. , I. ... load 
<>II 11>0 bout><!o'Y_ 

1" fro '0. oqoiY. lonl m.chon"""""""" to, " nl .. ,,,,,,,,,.t .Iomo .... 
.... '""'" .im"l&hOO U'~ ""n .... ' 'ho ltv .. ""..:I . ..... of 

..,. .. _.".in-cho0il"_I"_,. mp.""u" (~-<_~T) _lion • 
• "'lu l l><..." in ..... p,.bocidod .... t • 
• boo_'Y supporI oorMIiIlo", 

n . boLmdo!y _~ ",,_100". oopociott (t) a"' og 11>0 oxis 01 . bar 
at ,n • • <Id '" (2) "'",0 pion_ 01 a ,"""nll"1oof plat . .. tho <>dgo. '" (3) 
in ,h. ""~.co 01 a cir<:olof qlirdieo' 01101 along '''a ed!jO' . , _h _. 
are <ruei • .! '0 ' no (prop"'1 dOl""""'''''n of 11>0 p"'o""klnsI "'_rma' to", • • 
a..:l ".ne. kI "'" d."" IOO of "'e oqoiYalonO moc Mnicof Ioaa. ana f inatv 
to '''a prop« ""lotion of ..... ""'" boc~~ ",oblom. n . "'lu ... aI. n, ,"oc llon",,1 ",.d ,on, . p' ,,;II b. _ _ 1of*J Iot_ 
"""i9t<Ho",. td ,h. ""at bucklio>g of """ply """"",,0<1 _ , .. problem. In 
til. prne . .. 01 ""'ing ...,.. p",blem. in tho .. " two "'b·"""' ...... , Both 
"",blom ... '0 .... un'/ o,", '..., .. ,a'u,. "IIo"iI" ~"" ..... , , ..... "" """..:l-
o ry _rt 00",,"""'" but 10' . .. ] pre.".,. a loo .,iot. In tho .ooo<ld 
problem. i .. .. """'_ "n llO,m t'''''p.fatu," oMno< . <Id moc hOnico l 
Io<1ding io .ddr,""'" ;" wNch ao axlo' in-s urtaoe """,""o",.t 10"", dev."'" booouoe 0' tllo Poisoo" e/loct .rod tho _ -' );,""n_ ' ",-ourlaeo 
delo,mob,o ' ' 'M inI. 

, , • 



... .... ........ , .. __ ...... 
4.9.5 Buckling ol.n A.I.lIy R.oI" ,lnod CirculAr Cylln<lrl<:.1 S~I 

>Jnde< Unlio'm Tompe""'u" Chang. 

Su __ h..,t. cir< .... , ",,,,,,,>ie,' ",. 1 ""'~, ""iIomr t • ..".,· 
",uro <h."9". "T. '~",uQhout ito vo_ • .., \Nt ~ bot~ , 0<1 
incf ...... .. cir<:uml.,onc. 01, buI , 

, ........... 

---.i; . ........... 

F<oxo <·00 .,_ .. , .. ..,.".......,., E.,_ 0;,. 
P""""ng'" S, £ __ """"'"'Y CondO_ 

A"",h., ""Y 01 """"i(I;ng ' '''' . noctlv ......... , .. ,~. ha ..... ", impIom." frypotI1eli<o1 oupport dopiclod .. F9><9 4·Q1. 1"" 10 ..... th>1 
po,m" r.rdio l """,,,,,,onl muot be 'Of"{ ohort;' oro. , 10 ."", yo "'" ",,1.,1)'. 
Aloo.' poin1 on ''''' ""90 mu .. b. t~od '" ~ • ., ~.bocIy "" nota,,,,, . 
....... , d.""",.t"" of tI>o _~ .. pnov. ntod by th • • "''''''''''''''"."''W'''1. 
Th. "., '''''"~ .. tI>o momb ,,,,,,, do!onndlion io FigoJre 4·g1. How. , ... 
tho """" . .. ·t, .. od9o ,fr.o, """" I ... .,. ',.~'o .. ttro ,odiol d ... c6on 
Moms unIiI<oIy 10 be p~.;;:.1Iy 1'0"- ( •• copt ;' "'"" imaginationl. 

, , • 



........... "" ..... ~ ...... 

" _ • • ., E. ...... to ... "",.,,,..<<< _,"" '<4'00ft 
P"","""" .... , EQ<6b __ C"""''''' 

•. 9.~.1 P,,""""kl ~g EqulllMum Sol",,,,,, 

n o p~'-'"'Il oq";,ob""'" "",",On I., ..,.,.. .. _ <.""" .... t.,; 
tl>an 10' plot • • boe . . .. 0/ ,~ "".p~ ...... ct"'. bet","" ... , .. m._ • 
.. ..-.:1""'., tn ......... u~ao: •. n '-'O , " . m . .. do .... thO PI..,.., . .... g 
oqui "","", . .. to I,om tho oquObrllJ m "'lao,,,,,,, WIIh. "nj",", tom, 
po,.''''o <0._ on"", .'.'1{ ,o..,. O>ed shoU " 0."'" Fi9"'o • . go Of 
. ·91. wo ,",peel "'" PlflbuckOng do,,,,,,,,,,,, ... to bfI . ,koymmOlrlo: . r><! 
"",*"iII' m..-ot>ra .. ~ n.t ..... ThulO. th' d OllIac.."on .. dtpor><! ""I{ on 
th . .... I 000<dina", ' . I. ... "'" 00 on o oK.mf.,on, .. 1 """","",to , y. 
MOl""""'. Iloe ci<cumtel9.".' di<!>la<emon'. ~. muot 1>0 zero, H4Hlc4>. wo 
...... tllO p,oh""kliIg <bp1.eomo .. ..,Iu\.ion .. tI'to "',m 

u _O ~ _ o w_ w,, ) 1·,200) 

or><! "-' ono' .. ,,) . OOMIonl .. ,0. ..".,Iion (. _u;"'mo'" k>r c .... 
..... , oil .. . u<kll ng It>t<>fyl , nut, I ... , ..... ""0<1 ",.bueI<""v ~·.url.e. 
tore .. (PI' u". ""'n," ".ua~ hom E<lual"" ,0.3<J on pog.e <74. "d" 
tho.m.' .. mo. added, 1. 0 .• Eq .. ilon (0-2831 on"."" 513, ,""""* '" 

~ _ ~ t [,"] _ ,' , " 1 _ " 

N," ~._ ';' __ t/ , - " 
iboo., .. . . 0 "'pIio. " , . 0 or><! , . 0 ;mp .. . , _o).,_n 

" Nf _~J IT,,-, . ~ ,, ' IT 1_,· _'" , _, 14.3(1) 

Th, ..... Itt'" ",o.u<k~ oq ......... m dill.,,,nll., equat"'" 0', '"' "'quat_ (0-34)-(' .311) on pogoo .74.r (' .V7) on ""goo SSIII 

ON 'IN, --' .~_ O 10,30;>1 •• 

, , "'. 



... .... ........ , .. __ ...... 
14,300) 

" , - - p 

;" _~ tfoe 10<&4. <10 "'" "'1' ... ~~ <O-C.",i.,eol" l coordi .. ,o, y. From 
ttr.o r .... ~ oquirl)riurn d"' ..... ' ''1 0'1""""". ~_'""" (4.302). 
__ uM 1M ;"-oo.o"ae. "' .. , iO<CO , Nr" "",$I W _.,._ '" Y loOd 
;" lact , oro), " ....... ha, 

"'. --;;0 ' 0 1·..J(5) 

Ho""". N, .. """",. nt ," ",u;""u, ,foe 011 •• _ n . _ pt, """"''''; 
oqui l>ri<rm ,.;r1e .. o'''1 OQUOI""'. ~Q"'Iio" 14 ,3(3) ... " ulomotico..,. 0<11 .. -
lied bee.UO<! '" 111. O>.ioym",.tric ~. Ior>d. "',''''' .. and doo"'""otion 
..... (N", _ O.Od N, io lndopeOOent 0( y). F ... .,.. 1M 1I1ird ptobocklir>g 
0'1,.;("';'''' d. I ... nt;. I ...... '""", EQUa';"" (4.3(>1). _. \0 

, ", 
D d " . , . 0 14.300) 

.,' 
_h "i" ,h. ";";"",1., ....... , """. N" Equ.I;"" (4.300), "0<0 ... " 

D d• .. . '[ EI W_E~I"Tl _ O (4.307) 
d, ' , 1-'." 1- ,' 

How, v" , ",,', Iio " .1 thio "'" . .. "' .. , 0'1"""" .. ada ,. wl_) , .... , it not , ... 
"'<"""""" pt<r!ru<kling dol""".IOO ;" Figure 4·84. but jo .... _ .foe 
'9<><0U" ".-.b<rckIo; dol""""'oo_ Th ... , '0 .,old ai!l" ' OoanI COIt>piu.tion 
..... ~"g i,om ,.rlabIoo ,.d ... cIoIloc1oo I"""""Y , """""" ....... """Hie","" 
;" It,. boctoJi"g dll ... ", ,,,, ..... _. as ""led by AJrwoth [4 - IOn . ... 
oo_, ""11 a co .... n' ,1Hia1 _, W, ""''''~ to. mo",· 
"',., PI'""",ldIng doOOt"'"' ..... fihol "0 ""YO ... ,0IUI't """ ..... 0<1 on .dgo 
Ouppor! coOdloo 10 ..,""',. ;" oil .... F~ ' -110 Of 4·911 , Th ... J" II 
""" .... nI con.&ioIon' wlh dauica' """king theory. 'hon !rom thor th ird 
p<obIIc' lin.g.,..-m dtlo,o"'Ia' "'Iua'""". Eq_ (4.306). N., ' 0 sOd 
" .. , "" .... 00 MI ...... _ 01 Equo'_I'.aoo) "'pIOo' 

N _ (I w _ E«I"T _ O 14.300) 
' l _l" - v 

""",.upon "'" ~g mom"",n. deIIoctoo .. 

Th .... , In. mom"" n' 1"'-0(0) •• "" _. Is II",." EQua' ...... 14,aoQ) 
or><! (4._11 

N ~ Et [ , (I'\.)''' ~T ] _ ( 01 6T ~ - E ' n"'T 
'1 _.' ' I _ v 

14.3'0) 

;" .. hleh ~, .. ,1>0 ' ... ' • ....,0 ;,,· ... ri ... fon:. """, _ )0,110 .""""". 
eo"'" buc""'o 

, , • 



......... .. "" ..... ~...... "'" 
4.9.5.2 Buck N"SI Solution 

n . o...v..l1 "",,,, bockting <W1 .. ..." .. 1 ... , .. ' ion ... !"'m ~q ".OOn 

(4.711) .. Ih ,,,. . d.1 p<.bL>C~1injl !", .... N,.!""" Eq"ollon (4_3'0), 
. • E t , 

DV-~. , ~"' "" ,.Etn ,\T~ ~'''~O , 
...t.i<h Clln boo d .. _ b"! 0 10 ~, 

_a. J2i', T.'" ,. 0'" - ".,,,,' t; - > 'I' "_" . 0 " , 
in ftf1i<h . a. ",uat. til. 0._ <"NaM" p • ."m.,., io 

Z. L' _I; _.' 
"V 

.0<1 w . ... ..".,.". 'no •• i;t ' 1t>e<,.. ' lO;>dt ng "",~m .... 
1 t2 'l' t; ~ _.-( 1 - ,. ) _ ,_ 0 .\T , , 

...t.i<h i. ~ained b"! '<t«jgrliling ,!>O, tho ",obuckling 10",. io 
N, ~E t"-"T 

14.312) 

14.3131 

14.314) 

14.31 5) 

in 'ho • • pro_ IOf "HI •• 10' IoadO>g "",amO'er. 10:,. . 0/ tho a . lal com 
pro_ n b"" ,1In9 probIom in S.c';on 4.3.2.1: 

it,L' 
' , '-,- IO'~) 

" 
::,~o4~.~~": ':t .. ~:: .. ~~o;::::m::~~:.,"~ :'" S; 
ornotric ond ma,.rlal p«>p<in .... allhoogh irOopoO<lon' 01 E_ Tho Ba1<lo~ 
c"!V~t"r. pomm01o, is prima~ • lI"<""otrUol t.""" but h • • a mild Me-

::'~::C~~::~:~'::::,:m:~, ~~)':~- :::~::: 
,. .... Ie pa ...... , .... .., willi"" "","""n. eon..q""n'~ .••• oro v.ry it>-
'er .... od in 11>0 physical signf icance 0/ Z_ T"" ;"finitely ,.nod types 01 

.., ... ,,,"' Cll" "" ,..,.o .. n,'" "'". I~O<I , oklo 01 Z .'. <lop",,,,, io 
Flgur. 4_11 on ""~ 4g2 an<! <1","0&0<1 in Soction 4.3.2. t. 

T~ • • a';"ion _in·~omonl buci<1In9 _ _ ry «>ndO ..... !Q, ,"" 

"""'ling ~iII.,. ",i;t' "'l"ollon .'. 
1\w(O) . bw(lj o O 14.311) 

(lluo ,_, diopIa'."""" .,11>0 od!l<" . ". pno, 10 """king <toM 11"''' ",h 
.n. but "'" bL>CU"g radio.l dispbeemon'. "". muot b. '",0.' ' '''' ... 1 
aO<lI". '.''''':>n-io-mome<t1 buOkling __ ry <:<>rd1io<\a ,odLJ<. 10 

Ow .,,(O) ~" ... ,,(l)~ O 14.3'9) 

n. buo ' ing <Mf>"",om . n' (wrt1> _ .. ""ina,. amplr""" ;OJ 

. " ~, 

, , 



... .... ...... .. , .. __ ...... 
is cIolmod m 50<!OO 4.3 .1'" """.>pOnd '0 1too 52 l>ud<Iing bouroory 
""_"., (~w _o. W , _ O. ~ _ O. 60< _ 0) ( ... P<O!>lOm ' .3 . '"n.,.~ 

5 1 e). SIOpI W. " . ,. """_""g 51 oq<>illll" um boun<SRry 00"",,""'"-. 
.. wt.y ,,,. Oh,"\I" In>m 5, '" 52? R •• Ii2. ,n" ,,,. buc ........ boundary 
~ noed no< bo idonti<:~1 '" " .. oquilC>rlum bound.ory <O_ 
F ... . . s """". , .., .,...-.liIlon u _ 0 In 1ho "G __ bUm 00.",10..,. _n. 

is ,u""n.bI. lot 1he _"""",on, ,,1 '.0 ""iel ",otra;"ing Iorco i'I ,,,. 
p«bu"" ;"V ",uillb<jum .Ia'.. 110_. I"", 101" -. no< <honll< 
d"'ing bLIC . ... O. "" , •• bocl. ..... boorodoly corodb,,, 52 iIwoIYing M" _ 0 
iO both I ... ~.rod ,uSOMblO. T""1 iO, .. '"_ "'" _ (ha, 100 _ 0 
o. In tho 5' bockIing .o", ..... ..,.~. Moo_. bv u... Equlvo""" 
"' ..... n" .. Lood Conce<'I .. So<lion '.i/.'. "0 _ on/)' ","nlly • 
",.b"" . 1ong .. _ ..... 'rom ,,,. AT ond • ",,, • .,,.,nding ","""" "ie. 1 
_9 p<O!> .. m ",i1IO ,,,. .. m. p!QbucklOng __ "."0, pk», 01 «>u .... . 
0" ... ," .... ". ""', tho buckling bcund>..,. """"iIJcno ;" bot. "mb ......... .. 
_"''''''" • . I" , • • &pi,it 01 tho Equi ..... nt Moc~!W;aIl""d eo""."" ,,,. ""w ....... i>IioI>e<I .... 1 o~l<I"v _ d<>o • ..,. """"II" ~ b""~Ong 
IH><:4u ... " T i. CO" ....... i .. .. bN , _ O Illoog with b. _ O. MII. _ O. arod 
~ ~ 0 "", .. iM • • ,,,. S2 bueIo;"g boo_ .... """""'00. Thut , .... ~ .. 
_ ." . OP""' .... ,. ",""ion k" ,,,. buclding ",ob" m ''''. _1.<. 
tho, , .. wold",V diOptacO""" " Eq""'ion ('.3'11) .. ,... ",,1ICI __ 1ion 
oI,h, (appro, ,,,,,,) bLJ<1ding d~ ... n'i.1 ",,,,,'ion. EQu",,,," (0.312), lor 
52 . ""kMg 1>0"""" .... cond 'iono~. n In SO<!OO ' .3.2.1. 

'" ---> > 1\ ' (m ',~) ~ 12£ m (4.320) 

m ~·("" . ~'I' 

~~ ~~- 14.3.2') 

T~ . ..... 01'; io dill . ..... ' '0' ._'" 0' "'-'<Id"v n-<><Io"",- .. .., ... 
m and n . T,," buclding ,"_",UfO O<cu," "~.n .; _ .. ito IN" 

va"" "" . "''''''ion 0I 1o'.~, ".Iu.' 01 '" arod" ( ... """, . by "'_'00 
'" ,nolo,", 01 Eq""ion ('.320) .tO """", . , orod n _ 1). w. __ 
tn .. prcOlom lor _nk:. II>o<ling In 5oclion 4 .3.2. ', j .... '" "' .. _ 01 
.; in Eq,,",""" (4.320) I'" ,;g ot· lo.nd _ 01 EQuo'ion (4.320) .. idonl>:al 
to ,loa' 01 Equation (4.e1)'" S. o""" 4.3.2.1). R"""II "'"I ..... ",,"id """ 
..... . 11' 'm .. mi,o· " bv uo. '" ~.'.n!ial UIC"In, but Nod ,,, """""'" 10< 
tho integer "" .... 01 m.rod n. 

In "" .. 110 1 k> th. _ olopmont in Soction 4.3.2.1, w • • • ...,. ... tloot 

10, mode,.Ia-"n¢> "' .... i .... 10< Z ~ ~.S5 .. ' '''wn .. SOCOO" '.3.2.1. 
'"" IC,. ... vai"" 01 k.; IS 

1\ .. 4-./,3 Z~ .102Z 10,322) 

• 
..t-.i<h , ~ ," .21 , io ,to. to.,""'" . nd ..-i<IoIy U$Od, ",,10' """~Iioll oj, ... 

", • . 6 E W ) • .3231 .--

, , • 



......... .. "" ..... ~...... "'" 

"~T • . ef 14.325) 

_~ ~ _~ <>f ' M ..... younV • ..-.. .... 00<1 ~ 01$0 I~ 
<loon' '" 'h ..... 'llongIh , L I~ 10 .... , . .. ""' .... Z ~ 2.aS). Fe< _rl., 
..,""' , , •.• 10' Z ~ 2.8S, 'he ...... 01 ..; i • • o,,,.~hot higtl ... , 

"; w •• 12t 14,321;) 

• 
Ver'/ long . h.1:o bucl<Jo "" EuI<, bar. ~ ,~ 10,.", •• eoouvh. In conU .... 
4l =Q , .... "'o_becom.,. pial''''' "~1cI> l.: =, in . ",,10111" 10 IM_n 
""OI 110M"'" lor .... I """'.,._ in Sect"'" 4 ,a,2.1, 1,0 .• , ... "" M ot-
!KtiJoly 1m"'" InlO • long plol. woh """,~.osion "", ...... to 1M 10"11 
odIIOO "" "'hlel> k, . ' as _ .. ,a IO<l in 5«'"" 4 .3.2. '-

4 .9.5.3 TI .... m.1 Budding R. oIlU .. 

Th. 1 ... "". 1 _king , • ..,n. ''''' Z · I to Z· 10' oIlloinod ,rom 
Equal""" (4 ,3Zl!).0<1 (4 =) .ro """"" in Figur ••• III! __ ... h • • • "".1" , 01abolOod 1'"'11"'0 4 -20 on ~~ 494 ",Nh ' ho _,." . p"fOmolor 
fo , k, .IKI "",0<1 tho 'PP"'pM'" "ho. __ ' ry eolKl.iono. TM",' 
.. , ""OIeh ;' mo",,' '0 '''Il!P'lst "'" bouro1ory <ond~ions in _ Figuro 
4 -90 or 4 -9' . Wo _ expect """ Ih~ "'erm.1 bLlOkJng , ,,,,,1. lor 
• • ;'I~ , .. UoO>od .... 110 .ro jus( .. o"oclO<l (dogorodod) tI, initlo l 110' 
omonlc imporlO<1""" os 1_ 10< III>oIIs "nde, a,;'1 mooc!>a,,;c. 11oading 
boca .... tho tI",,!dIn g mocl\;;lniom io 11>0 " OHI. 

~ =!ft c:;." T " .. 

('. / " _. " 

Ir- / ':""j ' 
• ---1-':1 / .: " ,~ ,:: ,l2' 

" 
, ,,. ,. , 

.;g.... , .(12 T"""",, Bo.>:Ung 01 ... "'''''1 ..... t~_ Cir<uIo,c.y<"j",,,, Sholl 
.,',." u_ To_,..". cnango 

, , ,. 



- ............ , .. __ ...... 
/u • ,.m. rlco r . ... mpla, consIdof 7075,16 okorninum "' ... "I~ 

Z >2.05 "" tloa t lrom Eq .. ",," (. ,~51 , , 
~T - .6 "T 14.3271 

in wlodo ~ _ 13, bl 0··rF 123.6, , 0"rC). Numor;o.1 rault. 01. d io· 
,,",y«l to ttrreo-oignh:anl-ligolo oe<ura<:y in lhe 1010" ",,, ...... n "'''"\jIr 
I .. """",.0, '" ,too "",", dolO do:> noI ... ,," ,1 .u<~ "",10 ~ .."."""". 
The oor-_, g 111_ 1 ~I"g '" "'"",al"" Chonge ;\T io pIottOd 
ag>"''' I,' in Figo" .-~!Or''' l >2_85. A, O'!- 'O, ~T _ 4.530'F 
(25.tO"q. AI m ~ 100, ~r 8 . .... F (2I>1' C), AI "h 300, .1T & ' ' ''' F 
(B5' CI. AI '' '' ' 000, .1T • • e "F 12!i"CI. T_ , .... b .'" "",,,,,,"10 lor 
10,11'1 ,~. II ' "" "'. 1 .... '0 10 in, """ •• , .. . 10 I.nd L. "" """ .,..ieulot. 
an ' PP«l" ""''' L by ignotI' g v ;" ~_,;on (4 _86) on pogo 41/:!, I .... 

- " ~-...", n 14,32"1 
aft . , " . "Po<~ l (whMoh mu" . xc-l 2_8S I", Eq uolM>n 10.3221 to bo 
• • ldl_ Fo, Z . 1000. tfto" a t ", . ,00. L k 30 ;", oro:! lil ~ 3_ AI 
0" 1000. L. 10 ;". oro:! 111" 1_ Fot l . 100. , toM 01 r,I . 100, L. 10 irr_ 
. nd l1r ~ 1. A, n= 1000. L. 3 ;,,_.nd lJ.a 113 _ SucI1 eoleumlio .. 0'" 
us . 1 .. l l<>r ,he oiz. and '''''po 01 the _ " •• ddr ... . In 'hio "'"go 
'" inlO<"', the .... .. or. f. ir1y oIrorl, i" .. rov. 'fHKlium 10 ..... I LIf. 

110100>''', '''' """,. "", . ro 1>o1I100000m • • F •• t, 110 . ..... ","ol,ioId 
by when E"'T read , o. ely , i,e .. f<x' room -""' per. ",. mote,;,,1 proponie. 

,\1 .!!L. S5.<10· poI . 400' F(22Z"C) 14 ,329) 
, E" ( 10.5.1O' poi~13_ h10""F) 

--" '. --
•• 

• • 

, , 
1(;" , 

~ , , , , -'" , 
_ VI .. "",,, 

1-.. .. ","_ I 

--- " < , • 
, • 
• • 
• - - - - .-

........ '''","''''' ..... . ",,,,, f 
F;g..- H3 T ... _ _ .... o! on ...... , ,,", ,_ c """""c,.tr.d",", ShoOt 

..... r ll ........ To..,. ..... Chongrr tor .. 2 , ' .M 

, , • 



........... "" ..... ~...... "'" 
so.' r, I ~ 100. Iflo 01101 W<luld y_ bol<><o I lHIeil ... T ...... . plo"'lI: 
01101 ~ ... ~ '$In SO<Iion • . 10 is I OQU'od. no bo""'" COI"o"O 
in F>ilu" 4~ is _ ..-. M ~.oocrf 1222 'CJ I<> irdIc . .. '~.' ., ...... ,.~g h .. I ..... pia"'" , .., Il'Ia ,.<ub """"'" .. aoc:ur . ... T ... 
M<ond _.,""" • .....,. .. tho' a IO.."."nu,. c,,""1/0 oj mo .. "'.n 
400' F (:In-C) """'i:t muol havo oh. ngod tho olum;,m m _ ,";"1 """, . 
..ti .. irdo.>dO>g <I. E, ...-.:I "" as ....... oiyni!~"111 incnr ... d tflo 
....... ·.t .. .. 0"'" ,.",. .... r'(y. n..... dT, "",uld bo .~",,1O<J • • """,10 
.I.n IOf'~ below .1>0,,, ,;,w 115.00 .",,'" highe r. In 1i>cI. Mol".""", 
.00 B""'~. ", •• ",rOd ""nlir1ear ." ... · .. ra" cu"'" 1<), 101$-n olo.>mi
num I,om ,oom tom".,.,u" 10 8OO"F 13 Ie'C) {o4 ·n] • • dloployod in 

1""",," 3· 1"" on ""~'O$ . AO '"",1'0"'"" ~ •••• o. E."" "" <>t
cr ...... and Itlo """I ... "~ 10<,. . .... . .". siQnh :a"'l:I. Jonoo conoid· 
... <1 ,n. O.OC'. ot ' • ...,.ra'u'"-do""OO'''' ", ... rial p,opertln on 1'1.0""" 
11>0".. 1 _y 01 a un l o,,"1y "..,0<1 b.:I, (~ ·1B] ond of a unirorml)" 
h .. ,od pL>.' . r~ ·1tIl . ...-.:I "",,;a., ........ """Id be obIoinod '01 ploOlio 
1Il ..... 1 t>ucl<ing ot .hot., Oon"aII,!, ' fIo "" "'vlor cu"" in FOgu" .·g3 
""",0;1 "" """r _"")'101<1 .1 • h"""', ,.T _n all .. ...,.,., • .-..._ 
.nd Mnlir1,,, "" .... oj, . .. C"",. ""0<:1. oro conode<. d. 

TM ,_ ot • , .... ..,.. ";In " . 1000 ".."g ..... ,".1Iy •• ",fOd 
by ... 101 im".rIodiooo is qu~o high Thus , , flo Of_ '''''' ~T oj -<e°f 
(25' C) 10 po--oI>al>ly "'" DOing '0 "" , .. ,nOd wi\tlO<Jl bU<ldiog a' a I,,,,., 
,. mp ..... "",. o~'''1/0 . In conI .... , . I_~h " ,.1. 11" 1)" '~icl< .h" ".~ 
' ,1 _ 10 "'9N- "'" be • • " igNy .Hoe''''' by ""iel ""I"~""'",n., the p ro · 
diet. d.n 0/ •. 568'F 12,>4(),C) '" • _uoly ~Igh 'e mpor" "" <~'"~ 
.,. .. w";,h '0 , ..-;! h ... IOrio' p roporrt;,. no' 10 be ~Iy . ' 9"'dod 
( .. lae!."'< alumi"u", "ouO;l meII " . 11 b,"'" 1M" • ...,.'.,"'. <~!J. 
n ... ,.. "nn! """,'ull:I "'lnlno • • oh oo)o",,'orI '",,1J;ng , . .... to ,.01 
1<>, flo", In "'" 1lM1)" ... pr<>«'" . 00 n II,. .... ,.,;"1 P'<>pmtj. ' usod 
""",n _"0<1 ,r-. c __ 'y ot Iflo On._ ~'d. 

Our . ",a,on ... of Ih . bl>Ckling mode "'.". .. .".. <.1cuIa'''''O .. 
*"W"'~ oy 'h . 0>$0 '" ' ... ~.Z p."""."'" ",,*h "'d '0 • """, r· 
boof"id ",volopo of ,...., ... ".,'" ",1>icI> " "'" rosulo fa , opec;r" "' ... 
..;,., va"",," """'" """"" nu",bo" a ... FOgu" ' ·21 on "'9" .~. 
T"","1On caIc."',od ~T!rom .quat"," ( • . 320) 1<>< . OI>Kf ic . h.1 wil~ 
~, . 100 ~f"id va ," ,.,. """.Ion?'l ("801. f;o toof"id "' ''''' .hopo nO .. · """""'M a' a ..,oc.i;' bt>Ckw.g IMd, i.e" .ovo,al t>ucldiog modo. fo r , flo 
.. me oIIell ~ to 'M .. me buo , lir1g t" .. pero'u .. <fIongO • • Iuo "'n""' l 
'" (0"' oIgnIlea .. t9J"o. _or, "".wc~ DuclJ;ng m"", .... "" In· 
<IisI""'n ... w" Iou"" Iro Ih. Of""" '" .... ~';o". N...-",I>e-IKO. mosI 
ot ,n. solution .. "'Is s"DHCI;on is duo '0 Thorntoo ( .. ,OJ>! "" "'" ~·z 
"'''''0' &q Lta'ion and , ...... ) 

• . g.s .• Cotr.Ia,1on .. kh "' ... u,od nI>Ckling Toml"row ro Chango 

W. now "'''1'11'' Our II .. ,,,,,,, _ kliog prod<:lions \Y1:h ., .. "",0<1 
_o .. mp~ra'"ro 0""1/00. T .. ",.ny complle.lion ....... '.nt to oh" 
""",,ling u""or _ 'iog with ",ds'" """"",,,ry <ondli<>.-.. ~" ~;", •• sod 
by Ao ... HoK, o tld HoltOn ",.811"'''' ",oro dotailo ;" h i' ,.".,... (. ·&21. 

, , • 



- .......... .. , .. __ ...... 
The •• h. l. «>misO 01 ' '''' ..... 0 .. 01 AIS I Type _ "'._so .... I.od 
t!>o ",hor 01 AISI Typ.o l OO1i 001<1-.,11." ..... ,. 1loI~ Wloa .. f &_O In. '0"11 
41~' ." om.1 a .. 01 .-.. ~. 187 In. (1] ,17 =). T ....... 1n1o .... 0-01"'," 
... mss n. (,OJg3 em ,) tbicl< _ .... , .. <01<1-_ .t ....... I10 ... 
,017~1n. t,045S em,) "'i<I<. rho DO<OIticioon1. o! ~rrnal o,pon,e "" .. 
m •. '. mpe""". 'O"~ oj In, ..... a .. j_6" 0· I'F (5 .3,,10 I'C) "" 
.................. 1.S,,'0"'I'F ('.35,,0 I'C) !orcoloj·r<>_ .... I, n . 
""oJ _. a,. resuolnod bo", oxiaJly (by a c.""'" """h tI>a, .. unavoid· 
ably n..1,d ond " p.onds by '"" to ~%J a" _..,. (by ,ircuml,,.m .. 1 
bo.""'!hot """lu .. u.. ._J. $"" •• .., .. , ... .. ;-.J.,~ I""" . t ..... 
II"ge .......... m.'I. 00 lh. c ... ".1 "".n. rwol<o IlX,,'1y 0' .... 00 '''''010, 
inI",od quo<u Ioh"lpo'" ...... 11y "".<od o!OOfld "" . in"., ",,,,,,,,1.,.,,,,. 
'" t~ . ..... 10 1><0>"0:00 .""O<m ~""'jog t>o,~ a' .. ..,. ..... 'u ..... ..,I .. ..,.. 
The ........ oIl>uclJjog .,. <1._od with • mic"",hooo (. '"",1<:." 
_on." '" lh. ""MT" .... rd oo.irog ."ap·"""""" boc ' !ir>g) 

n. elamp"" odQO wIln I>OIt> . . .. , ."'" 'adlal resl'a"" "00_"'" 
10 .. ___ m!>ron. p''''1IC~00g ~" ......... dolO<mal'Ono. T", .... . 
00 .... _ do not ,.,..In""ig/>1 d .... og pr-.::ldir>g ,,"1ormation, 00 t ... 
P!Obucl<lonQ a,lal .. _. a ,. not (I>.)T. but .," """'. _, a""""" 
_.u .. 01 t .. geoe"'to'" b .. <1 jog. 01 1100 OO"""'to<s ,o .. oined ""'ill". 
1I>0n "' . ..... 1 .......... _uid.,. h9""< 10< • ..,001000 -'T. r ... ,ad ... 1 
, ..... "" ohouId lead Ill . Iowo, buckling lOad and no",,", 10" .. bock'Ong 
to_tu .. "4~ than 00, 4 ohoi ...... no rndial ... h ... . A , Iomp""" 
edge, pe' H . ""ouk! t>ov. _,",, ' ot buclding IGO<I, h. "". lOghot b",,1OOg 
t. ___ '"ttI 0""011". In .... _ <imply '"won""" 0<190- Ho""o'. tho ..,.· 
pe'",. ,,,, oh." .... o,",e 10"11 , .., 01>0 eIIO<1 '" ed!I" ,"mp"", ""or 
sim ply >uopO<1od edge' ohOuk! ~ oma • • 

r ... clornpod ed!Io hao ..... 1 rMU.", '" 1110 o<o<licl<>n> 01 tM 
..... ...,,100 oJ>ouId .,. .... ,ed '" "",,0 ",anneo- 10 Ro ... , IjI)/I. aM _ .. 
• • pe""'.nl3l ,"""I • . I! _ use EqualOOn (4.3.27) III .... 4lu.Ito .... bucU" Q .. ...,.,.t",. cha_ 10< e_1 "'"""., t>ori.i og t lleo<y m1> .. 101 , .. 
"'oil'l1.od. m.",b",,,,, o<.bue . 1td _ . ". gel ~T _ 131'F (1 04' CJ 
00, Main . ....... I . ""' .n • _ oF ("l"C) 10< cold-""Iod .... 1, r ... 
co,,~ "po,imom.l valu • • (as av .... l/Os oj oi> ... in .... sl .. 1 
....... nd ''''0 oold_ro_ atHl . h" '1 a,. 121°F (67'C) ond l1~ 'F 
(g7' C). ~oIy (f·a l] 

p,odictOOn. wih ~q""ion (4.3271 OI. not atnctly valid lor tho '''WO" 
oood,"". oj tho .. ".""'.n,"" .... 110. Ho,",,,,, ... t ... p,.buckIing dolor· 
mal"oo ... ~'own 10 ,"""". u.. buc"'jog 100" I""" 00' . ' '''''''nc. in 
Sect"" 4 .6 . 1 ..... , __ "",. ,~io.,. 01 15·2O"iO t>o<a.oo 01 Ino or.. 
_u dolormat""'. __ or. tho clornpod ed!I"o -">ouId "",,,.5O 
tho ~ to_.tUttl on.""" , .ft~ ..,. ..y.;Iieo ,,1Iy be<.ou5O 01 
.... \I'Ot le "gth 01 1110 OIHI~. ( .. <gO U,I on<! .... ,Uu" In 5oe1ion 4.5. 
T ... not rHIIl is tIuIt t1>o _ Olio.l p,odietioM o.ho<rid bo IOghot tlul" , ... 
", •• "",ed ~ '"'"I*"1L'" OhO.O" • • "'" I.OV oro, H.,.. ...... "'. 
e. n ......... tu.,. '- "'uon hig!lor I ...... 0I00"1d'" bOOou .... I. " a,~
mon" a ,. 0IIicIIy quotil>''' •. rhl. 'co~""'tio,' o! Ih.."". ood . ' 1'0"0'0" 
is by "" """"'" oornpro_ ••• ",,",at • . 0< ""<fling, btl! 10 a display 
",...". 01 tho oitli<:u.~ ..... ' .nl .......... """"I'." ."""."",. 

, , • 



........... "" ..... ~...... "'" 
4.9.8 Buckling 01 on A.lolly Rooln,l nod CirculAr Cylln<lrl<:ol S~ I 

>Jnde< Unlio'm Tompe,,",UfO Chang. and ~of.1 Pruou .. 

W. "'''. "",,~o o tho o;';ulo, Gy~;o.I .1 10 bo ho.'ed Of """'""" 

wiII1. ""~o, .. t.mper.t, ,- oha _ . ~T. through<> .. ~ • • olum. "" tt>ot 
bo,h b Iongth . M circuml .. o""o <Mn\l<. 01 <XIU, .... tho ''''''kn o .. 01>0 
<"""'11"'. W: "'. t""'kn ... chango 10 ..".1 ... <OII"Ip&rt.on 10 ,"" Iongth 
and o;';uml.reneo __ (&111Ir>u?"r ~~ dlJn.t ... iOnIIl Oha ng" orO 01 I"" 
.. m. "",,,' 0"''''1. ond Is the,."". 0 " . gIoclO<l hl;/l>o< _ .~O<! . I" ._b<> ..... afll'ly. 1010".1 pr ....... 10 tho . " .. n.oI Of nt .... 1 "uri"". 
'" "' . ""1, n.. ,"".nt "'01,.. owly .... ,"" .... ' __ only. 1,0 ,. 
"" "'''' r"~ I, aw_ '" lhe ,od'" Of _uml ... otiOl _iorIs. T-. 
"'- th ...... 10 "".,0<1, . n axial ",."".1 romp''''''''o to<c ... do •• ~ 
"""" I .. , •• """'lI"'u, to 0" .... 1 . ".cMn"" lo~ oan ,",u" 
_ I;ling f largo onough, • me .".,. .. e<><>Iod. I"" ....... ,_0<1 
. 9" ..... tlu<~ with on .... 1 tonsiorI unl ... tho tIlol "lill. 011" 1M .... 1 
, . .... .... to" U" _ u,. ""lol , ...... in, io '''Il''~ only ;" cO"'l',o""",. 
01 COUl .... tho Iohlfal prO""" con . 100 ClIU ... I>ud<lir>g 'I ;, .""Iiod 
<I>,. mall\' 10 tho _ . but ,oirlf"",., lha .no' 011"_ bucklW>g ' .oplied 
""""'011\' to tho ' hoi by Clo'~"9 citeo"".,,,,,,"'I ,""""", Wo oro 1.10,· 
.... 0<1 irl lh. rom_ etrod .. _ ling Of 0<><>Iing o rld irll""',1 or ""1.",,,1 
10'0",1 ~'O on b<.do.Iing 

S_ tho.".,. .. olmp,," '"oPO""".t eac" ond wil" 'he radio", 
o.pa'-g, 0'''',," "rigd" ,,~, oj;o.Io. mounl"'" OIl on "lrnmov.bIO· &uppo" 
os in Figuro H IO on _ SWI. Tho ·.'I",,,.ding dis!! Is "'''''0<10<)' lor 
11>0 lh.,mal·loading-oniy pfOOl. m to maintain . membr. n. preb""idog 
........ but tho Io",od"", ... 01 "'0,"-1 p~. OO uN . t .. "'01 to "ovo 
••• riot>lo W('I .""""",,,, """' tho oupponod odgo. Thu • • ,~. "'WO n 
mKitan"", i. Figo<o HIO doo. not olio .. 0 truo m. mb,. ... probook'inll 
""'to 01 doIo,mG!lan . !;owov"' ...... h,po_ ... 1 """""" or, t. m ;" Figur. 
4·QI on POll" 5gg doe • • ","". simpl. mdiol "'P".'''''' Of" oonnction 
with lahlfal pr."u" • • 10. ' ao .. '.h cl>o."9" in I.mpe'o'w . , Thus, ' 
m ........ ". protbo<kMg dek>trno,,,,, ., ....... in F9Jr' 4 ·84 O. pa!/" sao. 
ond .... <0. ",_I tho oimp4ooI lir.1t-<>rde, -...", to tho bu<l<ing pr0b-
lem. liow ....... " . m"", I~O ,ha, ..... """"""y-"om irl F,,u,04·91 
.. unIi4~ '" bo " plemo nlo<! ;" . practical ...... ticn. liaving '''y'''''''' 
on tho odgO 01 a 'M'I _ 'I .. v ...... 1I\' i~lo. Most ........ tc.o<l6d 
"' .... hav. '''''if odgO. "ponO<f ... a """ m ... 1 so !hat ,"" "' .. ends ean 
bo ma.ot>lnO<l to no nat, pa! . .... '0 .. oh "'"or, a M PO<p<ndIou:o., to ' .. 
.... a, I.. s",," pon"" """,0 . .. 01S<> ..... keIt 10 10 move ;" tho .. <lial 
diroctie<> I>oc .. H oIlrictionol ,_no. Novo "IHIIo ... _ \1M _lly. 
poIh.lical odoo ouppon ... F", re 4_0 t a. an app"" imalo 1><>Ur>da')' 
oondi "" '0 oI,to..,. 01 ......... 1 bucking, '1>00')' to"""" '" 'h o proOIo m. 

4.9.6.\ Pr.buc:kl ing Equilibri"", Solotion 

Tho p,.oooiding ""uilklrlum ~"" Ie, oIHII& .. """" oo"'l'licolO<1 
..... Ie, plOt .. boo"" ," 01 Iho "",,plod .... .. d ... b<>t .~_ "",",,..t"'" 
;" and _ '" tho.".,. 00 ""00 , Thuo. ... muot actuall\' do"". In. pre· 
buci<in9 "", u!l;b,ium ou, • • nd make 00 .... app«> . ... lion., 

, , • 



- .......... .. , .. __ ...... 
W~h unilo<m l.m~"U." cn.....,. and 101.",' p<0SS<>r' . W • • ' peeI 

H,. p<obucloir>g "",,,,,,, ........ 10 be .x..., oymmo1rlc bKa._ 01 ", • 
... """" 00"'''''''" F~u .. 4·" on ""goo SW. Thu£. , ... diopIa., ."",n'. 
d&p..-.:I ""'"I ..., , . . ..... , """odMl.,., '. i.O., "'" on l ho d , oum' . .. "'''' 
<"",runa,.. y Mo'"""or . .... <"'.ml . .. nlio' disj>"". m. n', '. mu" be 
"'0. Hene ...... lI&ek .... p ,cbuckling d;op"" ..... n' oolul.ioo n til. knm 

. ,, 0 , . 0 "' . W(. ) (4.330) 

voilh ,Ir. "J>KIO'M (. requ!,..".", for cloosi:a! sir •• _~ ,~) 

\Ira, .. ... CO<rSl."" a'" "'0 ••• ~ .... , oOO\$laot Th ••• , ... "''''',ed 
",.b""'~ rn."'b ...... ,."' .. (po. unit ......... "'""~!t(I'" Eq u"'''" 
(4 .32). WIll> 'h.""., ,."". _ " Equaliorr (4.288). ",ducor 10 

~ . Et['·l _ "' , " 1 _ " 

~ .~~_N1 , ,-,," 
14 .3:11) 

14.=) 

Th . ...... rilOd ",..,,,,,. ling -'lLliObrium dtlB'."" " aqua'''''' a .. (H. 
E"""' ...... ,4.34j-(. ,361) 

14 .334) 

.... fric~ .... _.0 do not .. ry..,;o, ""'.0', ....... , coordin,lO , y. From 

.... Int "' .. "" .... g oqui."."" diffo,_ .' -'I.o".n. Equot"" (4.333). 
__ u"' .... in_rtace shoa, 10'<0 , N" , "",01 to. ......... _ 01 y I.'" .. ,.01 ,.<0), w,,,, ,"", 

~, " <, 
H. """. N, .. """"0"1 'hlOugOO'" , flo ..... The _ p<oIl",,1(jng 
-'I"~_m dill..,. ...... ' """,,'ion. EquatiOn (4.334)." •• _, .... "Y .. ,. 
'1Od """'uH 01'.0 ~' ;O'ymrn.~" _ , ..... 10;>(1, st,_ , .r><! _"" . , .. " 
... ,. IH..,. . O.r><! H, It ~ oj y). F ... .,.. 'oo thltd ",.bockir>g 
-'luil_m dthifll n"" oqu.' <>n, E""o11O n (4.:135) • ..wc.o lO 

o .I ... • N., . _ ~ .' , 
14.3:17) 

.. .....", ..... """~ ,,"MItt"'. ' OO e"""",l.,o",I>'lo",* H, ''''''' Eq "","'" 
(4 .331) to!l" 

, , • 



........... "" ..... ~...... "'" 
D d'" [ ~' W _ En'tlT] * _ P 10,3Jl3) 

d,' f , _ .' r ' _I' 
_ OV", ooMIOo'" Ir>iI dIIIo_ "" ~""t"" .. _ 10 .. (x) I"", io nco ,~. 
",.mbra n. p,ot>ucl<lln{l"'1Oo'mo""" """lion'" FIgooo '-11<> "" F"'g. SIlO, 
bLd in .. o~ "'" rigon>u. PfObtIClW>g ""ulam ..,1oJt.,., "",0<1 ,1I. f • . 
Thus, \0 ovoid IiIlnlicon< com~i::o!ion , .. u ling 'rom •• a noblo ,.dia l 
derloction l""meIy, ~"' """"i<IonI. in Ihe buckling dinorentio l 
equa' '''''' •• ~, . .,.., by AJnvotl> [4- '011 , .... ,.",_, ""I\' • oon ...... 
<adlo' ~~"'". W. T-. W ., ill COI\$I.On' , ","n 'fom "'" ,II"" prot>ucl<ir>g 
oquOibrilJm Otf .... nti.'_"''''", E""alion (4.337). 

N,= _p, 14 .33P) 

N M ...!.L~ _ E", tlT _ _ p , 
, . _ ,' f ' _I' 14 .340) 

_'.opOo "'" eo~ • ...,.-.;Iing membro" . p,obycl;li"g de...." "", io 

... ~ _ '~ ~. p '> +(I.,·) , aAT 14,341) 

CO , "'" "om 0/ ,II . "'""", (ct.O.""'h:I) <1010,..,0'''''' <a uM. by Ihe "'0 ,,,,,1 
(in" fnal) lot.,. , PfO,","!. and tho o" ... nrd r .... "'") do'o,,,,ot"'" , . u>lt<! 
by lI~a~"" (cooingi. TiI.s. U,& in<IU~"'. """I 'Of< . .. ('rom Eou,'''''', 
,4 ,331) and (4.341») 

N, M 1 ~~, [ ,. [ - 1 E/ pl '1 ' H) ", tiT J]-~ ~'-~ tiT 

• _ .pf _ El ""T 

in ""'"'~ N, ill ",. eornt>_ f ' '''''rin!llo",o , .. " .. ~.n .. ,~ __ . 
<o.s .. t>u<1<IIn{I. 111110, _ ~T ond p CO" ""UM bu<kliog •• _ """"kl 
•• poe\. 10.10' 00'.'. '-"'U .. 0/ tho .... I .... '~inl ond tho oo,~ 
~ olfecl "'nt, _ I'P' , Ihe "". ,., pte ....... a" ... 'f,' """" . ... ,II. to· 
.... "'log ", ... 1 f<>te. Ih" co." co.so _"'"'g. T .... .. rIO...,h ...... '" 
t!>o O!<Iinll"l IiIl ... 1 "' • ...". bud<IIng p<obIem 01 SK,""" ' .3,2,2, Wo 
_ • ...,"" , duotlO" in , .. ",",,,,,,l . nd mo<~.nico' ",.<1O"lg 0/ . ploto 
'" $ecI"'" 3 .],1. 

'.¥.&.2 euoki"ll s.,lution 

Tno I>onnoII _, bUckling drt! ....... iaI ""u""n io. 110m EQ"alion 
(4 ,N) 00 p. ~o 488 I'oi!h III. o. ioI fo« o, N" idontiliod os in EQ".lion 
(0 ,3421. 

D\'o&". E: &",,,,,' [.pr. E f ~tlT] v· ... ~,. p,v· ... .,.,. . o 
, 14 ,343) 

, , • 



.,. .... ........ , .. __ ...... 
,2r T ..... ~·. • 1Iw ..... . <I<; ' ">' ,Vow ... . ., , , 

In .....,~ • • • • • u.l • • h. D.tdoo! o"",o 'u .. p ... m ... , " 

,,~ , 
Zo. - . - . 

" aod w. "",oWe<! ,he ",ia l thermo l boding po,am."" , 
~ ~ '~(I - /)\~6T . , 

_h ~ tho .. mo ""r .. Mion .. In Sklion 4.~.5 ood .. otolaino<l by ... 
coonizing ,ho. 

14.341) 

In , ...... pr • ...,. """ he . . .. , ~ PO"""""' .' Ih* .... """"p, • ...,. 
_9 PfObjom ... Soctioo • . 3 .2 . t: 

floe quam"" ': is an ad ... Io<odhy po",molOl <au .. cI by II,. "" . .. , 
PfO&SY'. ,""'..". tho _ n . Hoc'.od 'oo . , ,,1 f.WOint· 

N'L' \."rI.' I{. ' . " 1.·3010) 
i o io 

.od ho . ... h ... ' o,., .nd goom o.ric proponias. n o q""oM\' ~ is ,he 
!IW>.' io, .",1 "'.in!! p.o.,."",'.' w.' bGlh ~.tric .nd ma' ..... prop
omo ... ""Ood ;' SOO1"" 4 .3.2.2; 

"" , . . ..,~ ~,L 

" " ,'0 " "0 14.350) 

00 .. 0 he .. ' '''''' _og "",om. '. ro, p .nd.n Qt. "".'n.,;y.~. ". COIJId 

<hoolle'; and "" pIu. i<l' (.t hough "'" Lmo, II" •• or. not indol>ondenl 
__ UN !<y.nd'~ bOI~ ~od Or> pl. Tho Baldo<1 C"",.",. po",m"" 
• p""'.ri~ , _mol,lco'iaclor b<II luis 0 or.iI<I oil.." 01 • ..,._, p"'p. 

orl"f. ",,",.~ PcO...,n'. rot;', S",,".,. Iho .",. "u"0 ~uc ',;"g diH . .. ntio l 
oq ... ,oo 1Ia. ~; (or k,) . !<y . ~. ond Z os """",Iorio!", "",om",,,, 00 
wi. I ... oolJlioo. COll,",,".n!~. wo " ,o "ry iolo,.oted in "'" phy .... 1 
oigroi!i<o_ of Z. Th. """"'ott va'" ty". •• 1 .... ~. lhe' <00 be ,,.. ",.,,"O<! .. ~, a ,~"" •• k.oo 01 Z 0" <IOPO«"" '" FlgoJ,' 4-'6 go P' \IO 
4~2 ond <Ii«"_ In Soctloo 4.3,2.1 

T~o ' . ,;. 1ioo · ... -dioI!>Iaoc.m .... buclding IIOO"""ry condO_ ko< ,he 
bucang diH ... ntio' 0<1"0000 OJe 

Iiw(nl _ &..(l) _ n (4 .35'1 

aod ilia • • ,Io!lotl·in·"""". '" be",dlng _ndaf)' «o<>Q\iono ,0<1"". I<> 

, , • 



........... "" ..... ~...... .,, 
Sw .,,~) ~ ~.'"(l) ~ O 14 . 3~2) 

The buek~g displa<:omon' IwiOIo _o ... ina,o a ml'll_. ;;1 

& ... . .. . ..... n..'!'t"" .... ": 14.353) 

io ,~ . ... 01 ", ... ion 01 ,~. (~m.t.) b",,!<Iing d i'l. ,on,ial _ion. 
,,_,ion (4.344). I", S2 bouoda.ry <XI<Odition" (8, ;" Socfun 4 .Q.S. ap
I""p';'Iqlo< "'- ou"""rt 00<!<Ifun ".~. R.tt.., 1'-' p"", . e<! ;" t~ • 
......... 1 mo n_ ..... ""n 10k. _""\10 01 t ... """ thot """", . ,;"1.",, 
euumf.'.n ... ,lore .... Eq""_ (4.79) ""n bo wrilton;" u,. lorm , 

,,"._ ~ E' J '" '- '-~ . ' N,V",,, . N,I' .. ,.,~O " ",' 

(4.354) 

to .. IMI wo "" • • 0 II"n.",' ~Io," 01 eombln.e! .,.,. 0"" <I,euml. ,· 
o nlla l lO',,". 0lvO:lo EQ""' ion 14 .3s..o l'" 0 10 Ott . ' . \' w" ' 'Y~, V .. ,., 0 0 

""""" ... ooIuI"" 
k,-m' . k,-~' . 1m' , ~'I" ",' 

• 
" 

(<.356) 

14.357) 

E_,,,,, (4.366) ... <ornpIO' '0101"" boI~-eeo In , ... ad.bIo • •• .""... 
" .. t.e! .. i~ tho two ..... bIo. ;" ooch 01 til ...... 1 comprusioo •• "."" 
PI"""". Ond~;O p ....... ,. _0 p"",",m • . In ..,m" ' 00I00" 
01 ... . . """ k,-, m muol b . on~. b\ll i •. 00h. ,.-.gK>"" '" is "~"" ."" th. 
oim pMio::."".o 1o, iawra! and hya'o"''''' PI.'""" do not apply n \lOll' 
.,01. Aloc>. til. "'Pto""" """"'" boo 'm;n""ilod' • • w" Ill" I<, ... . 
"'.""' . .. ,""." of l . ay!h. oq u",.lonl "''''''On'''' Iood """'opt, "'" 
con ,e1"mulow tho <ombine<! fl , ocd N,- p<OOI • ., in t.".",,, ... Pl."" 
problom 01 thelma! Io.o<l<>g and 10, .,.1 p tOSOUto loading on lUI ., IOI1y re· 
.......... wi, i.o .. 

k,-'~ ' ~ (4.358) 

and Eq .. ' .... (4.3561 bKom • • 

"'T • • • )m' • • ~. _ (m'. ~').,. 12i m' 14.3~91 
" '"'" 'y' " " • Im .~ ) 

TtI<I ,ola,1on b. "" • •• t<! . ~ . .... OM Z coukI boo piottO<! •• .,; ' 0"'"' '" to, . opoel!io Z. o.g .. ' ''' plot, '" ;ow. m ... om. ~nd hig/I Z-
~"'".tlvo ly . ... cO" "." . rt \0 1M '~'" o.", ... "'typ. w i """~ doll.""" .. , ." •• ".,n. for comm.,,,,,,. 01 .... I compro_n .M "t~"" 

".. .. u,." 

, , 



... .... ...... .. , .. __ ...... 
&1"_&1,,.,.0 
r,,\y~ , m,., -O 

_ MI,,, • !.M",., _ !.M"" , _ 11M"" • m.,;' • N,&.o ... _ N,~"'" ~ 0 

Upon subs:~"'''' 0111>0 """"I vo,,,,, k><>s in Ior<:es ood mom •• '" in Equo· 
1i00i (4.70) and (.,5111 00 _ 4S7 and 485 , _ ... 'Y. ,1>0 bl.'CUng 
0;1",.".",;'1 ..,....t;"" in t."". 01 b",,~ling diop_ . .... _0 ... 

Ar&., ... ,,IN •• , ' 0.. .." 11 ' ' ;" AI&'.". , IN •• , ) _ 0 

, ; , • .0.1&' ,.,' IN.,,) , . (IN",, ' o...,i') ' "&',.,1 - 0 14.361) 

0 \,'(.1*1 , A[(.w~ • OW'I) • ,'.10.,] , . N,"" '," ' ,.,.1" .". _ 0 

A" ~'.C1 ooIution 10 tho b<.<:!ding d1fror .. nh. 1 oq .. tion. can be 01>
tim.o;l lor , 1>0 S2 bucI<Iing boundar)' eondl k><>s in Eq .. 1io. (4.6JI, ' 0 .. 
m, _ &i _ .... _ 11M, _ 0 , by """ 01 tho b<.<:kIiog diopl>eo"""". 

&. " il cos m1:)( ""'" "f , , 
oW _ "in "'~ .in ": 

.... _.m!!"\. ", . • " ... . l <OS _,_ 
(0' oqur,-olonll\' .10, lN, a nd .... ",uld bo ,o.n..""'. , .... "'o.n., aod 
.......... lun<1"'n,. ,O>peel" OI\'. ~ 11>0 o"''''tlin''' ... re ,ollltOd 00') in 
_~ u. :;, ood ,;; .'0 ItIe (0-0"""'10) o ",pl<t"" .. 01 the bUOUnll 
""","00....,,10 , "<1>0 ~""kl;ng dl$(>lo<."oot. in E_' ... (4-3l12) .', 
oob<iit"''''' in tho bUclding dll ... "tia l oqu.aUo"., Equal",n (~.3<!1) . a M
_ "",,"0 "*' oj oqual".' in ii, V. and ;; ,*""1.. In <>t<Io< IhBt a non· 
"", .. I ooklt ... 10, U . .-, and w . ..... tlt. dolO 'mWtM 01 Iho «>orr"io'" 01 
u . .-, and w must bo ,~ro, and t l>o 10 ........ bocloJinQ eriter'" ,","10' 

" ]' 2T"T"T" - T,, r,. - T,,;r~. , _T",, _ , 
T" r" _T,, 

T,, _ Alml< q '. ' ;' A(n'<)' 

T _ ,., AlmI<'L"o '<) 
" 2 n 

T" _ (.A'I)I..wl) 

T,. _ (I!,)"I'''') 

T,, " ';' AI "'~'l)·. A(n'I)' 

T "" _ o[ (m~ l)' , 2(mx.q '(n '<)' • In")') • A'" 

14,_) 

14,36-11 

, , • 



........... "" ..... ~...... .,' 
A,goin. we ,.Iormula,. '~o problom by u .. 01 , ho oqui< ... no moe~ •• lcal 
10M _, '0 "~.S$ N,'od N, in 'Ofm$ 01 'h. '.mpo<a'uro eh. n"" 
.M 'ho Iot.,ol P'_O _n tho.., .. ifo,'.", roW.in .... !. • .. 

N,KE~l t ,~AA' 

N. ~ p.." 
(U65) 

in .mIeh P.., .. ' ho ""'01 p, •••• ". Ou<.klO'>g "",d _" "IO ohtiI .. .. Idy 
" ..... ...., (0 k"' " l.t. ",1 pro ... " l>uco.l"~ voluo tho ... '-' "'" _ .. 
_ ax .. ", f.n • ...., •• in Soction •. 3.2.2). 

nu,. lh. b",,0.1"9 ookol"", "" "'" .... _ , """,b...., th" mal . od 
mocl>onioatly "",<led cocula, cylindrical _, io 

(4.3e6) 

in .. -hie" 'AHS· " "'" '0""' "" 'h. ,.;ght·h>nd 00;10 01 ~q""'",, 10.363 1. 

4,g.6.3 Tho",,&! Buc~~.g R.ou, . 

ThO ..,." ... , no, .... 01 'ho OO<Iolinlj ,.",ul, I,.,." Eq""''''' 1<._) " 
shown .'_'ho Iypieol InlO,OCI"", corvo bolwoo" buc' lin<.! ' ""p. ,,t"'o 
eh,,,,,,,. " T. ond 1a1O"" pr" 'u" . P. in Fl<lu" o·H . Th .... tho buckling 
__ .... Ie tho ,,~"'inljlin • .,. ..... n Ino region in ""'och t;Ju<OII.ng aooo 
_ oecu, a nd tho ,og"" In ,,"ictI hoc.ling doe. 0CCUf. "Is<>, b""t(Oog 
modo "'- eho"""" "'k. pLIo<> at oolid circIo. oro tho b<.<:klnsI _JId
''Y. Tho buc' ,;"g ........ """", In t~. 1"*1 Ih_ qu.d",n .. Of F9.<" 4-04. 
t>uo huc ' lin<.! do .. "'" oce .... In Iho tourth ...-.", _'UM neiI~ 
eoot "g no, inlom.1 pr . ... " . c ...... ~ ,,",e .. tho' .0" ""UM 
_901 tho ..... In t~ • ...,.,nd qoo&>",. tho ..... 1 into,acI""' '''· 

.u.,." • 

.... -,,, .......... · ...... "t,·",··" -""'" --••. , 
, ... ;T . , "" __ 

f y..... ' .9' w-.om..., v..-.. '" r ho""oJ a"" ,, _ _ ~ '" 
on ....... R .. ,,"'_ 0"",", CyI_oJ ShoO 
~ """""" T_,_ Choroo on<! lot",1 P,.,,,,,. 

, , • 



·,. .......... .. , .. __ ...... 
""oon hH ling "nd .. '.,nol "' ... "'. occurs. In ,h. lit .. qood","'. ,ho 
Pf9$SU'. oj "'",nol ~ r",""", pomrl. tn . 6T '0 • • "",, tho •• ,.. I .. __ 
"' . ... ,,, •• I .• .• h(' ,"OI ",,"ur • • _ • h~' _"'"'9 '""po'a''''' 
eh."II". Sim:larly. in ,h. thi"d Qu.dtan,. 111. pr--..:_ oj cooIm~ p-omrih 
11>0 p '" • • CH<! tn . ""Iu. "" "" """",'0'.'. ohango. Tho ",ognit"_ 
oj tho .. ~0C1. dep. nd on tho opo<:i6o: 01001 ,,"omet,.,., 

Nu",o""ol 11>0,"'01 or>d """'''''"",01 bucld;ng r .... '" .,. oIlto;n.d in 
11>0 1Qt;,,,,ing .... . .... . F ..... Itro .. 1""",1 101. , .1 "'. -.... b",,~ling pro._ 
,,,,,. with .... in l ,ewaint, p,". in co.k:uIo.'od".,. OOMng lot P when ~T _ 0 . 
Noto 'hill P'"" lor """ til" " P in Sod ..... 4..1 .2.2 wh •• ,h. 0.1&1 , .. "ainl lor 
",moved. Ther>, t1'>e !hetm.l bucking tempe,al",. """"11", " T, io ""tcU'
tolod to., >OMng 10' 6 T whOft "" ,.,. ,., pr_ro b _ 11ord. l . _, wnon 
p _ O jiM ..... resul .. in SOrotio" 4.\l .~ ,".so, o' """ .. , ~o obIOin6d) , 
T""n. in tM li<oI __ Q""dt . ... in Fig<>ro 4 · 9-1 , .. ", ... 1 PI . .... _ 
P. aro _~Iod "nd 'OO "",,"SPOMing ~ lor c.o._1od '<Qm 

14.367) 

SoIut;c,n, '0 EQ." ';"" (o_M7) .r. obtoWwrd lor • ,"n\lO 01 opecflod ",.raI 
PI_' o. p, ""til 11>0 Q"" ..... , .. or. M. I..,,' complol. b",,~ """.". 
. ,.,. io obIainod ", '1rO ("'" a r>d se<on<I qu&dt1InI., In aI ' '''' .. bucUng 
c"lculation • . 1110 IowOOl bocklin<; load (0' loml>""'UIO chonoo) io oougI>I 
10, o n h(000' o"rnl,., ot .. ,., b"" , .. hOf_Io"",O, m. "net O;-O"",,, .. n1ial 
_ loa .... n , by ",. o( Sub""" ... MINIMA in AppoMi:< 8 lor • 
_~*' "'"II" 0' ._. 01 '" and n In ' ho miod q ... dr. ", <rI Flguro 
4 ·~. p . p"" I"",'",,"Y . tho . ",. "",1 PfO-.n is ~9:Mr' in .~",I<.< . .. 1uo 
IMn p",,) • • "" lo,!ix-'; , a""'. oj p til. bockIing ",_a,u" e""n~. io 
c.lculo'od ,,"'" EG""toon (&_3671 lot- 0 '0"11" <rI opoci!i.d " ..... , P""U! • . 
P • •• 1" .. ootj tho bockting _,.,. .. delined, Howe'll". in oon'l .. 1 to 
0.""",;"". in tho f;-. , .nd _ " u~d,a"lo .• '1 pooJ:;,o ...... 01 ~T 
10, .o,"'" m ond n .,. __ in in II>e third Q""dr." b"",,"se 'hoy 
load 10 ""lui.",. OUIokio ' ho ""e~ bou,....,.,. TN.I io. .,T m.$1 be 
<'I00I1;'0 (cooing) ~ p < p.~. O! I~. 6T I~OI ... ""OOT"o. ""ty ,hO lo'grtOj 
dol .... tho -V bour"do,.,. (tIrO ",,,,,," . " oLllSido tI1 . buc~ing 
"",,_,.,.). Thus. 6T is In"nod ond 'hon S""",","' MINIMA i< usod ' 0 
lind ,1rO .... k ol oj .... in" ows oj ' ho " T . nd n. "" . 10 identity tho 
Ior_ "T_ 1-1010 ilia, in tn . _ q"","n' 0( Fig"," 4 ·~. "'" bocklnll boo_,.,. to "",." ... tow.", tIrO origin ..... in .h. In! a nd l"rn """0"'"" 
"'" bu<I<Iir>g t>oundo,.,. alwny. D p.o_ ""'" on "opO" ond". Of 00" .... . -0" no' 1"'.- ... "'" Iounn Qu.d""" boo,," .. "" comp ....... . 
10"",. oro de •• lwod undo . oor;;tition. 01 in., ,,,,,1 p,,-.... ond~. 
Tho popuIat;c,n " nd eno.""IO. 01 'ho '"u' ' '' ' q .... o, ...... "",id 011,,"!1" ....... ,"'""" (Of'_ litr.,-«rin'or«« compoolle ma' ..... "iIIr ""11"';" 
C<>OI!",.,1s oj "",,,,,,,I "poo,,"," -.. ... __ s/row-'; 'llat ,1re<moI 
bOO<ing """"'" "ndt, <»r>Nng, "'" h."ting.IO''''rno uNdo.etion"( "mi
nal .. ar>d """. 0<000-<>'1' 10_., .. (4-83] (so. S ooUo" J,101. 

n . buddin" ;",.racOOn C" ..... boI ___ ' ompOfa,"" .r>d 
101 ... 1 p, ........ .... wn roo- . opec;Iio 1075·T6 _..""m um 0",,""" cylin
drical _ with ""jol , ... ",·, t in Fig"'. 4.\15, Tho _ 0"' motorial 
PfOp. n ... . .. a . '3_1. 1O· I'F(Zl_S. IO· I'C ), E . IO_5 . '0' ~ 

, , • 



........... "" ..... ~...... ." , 

.. _ <·'S T_ ..-.;j 1010"",,,,,01 B""~ 0' 

• on<! ..... ,. 
I , ... ,.in! os 

L . ......... (" ... ..,,1 

z . ... 

t · -
~., .'" 

"" ""...,. ~. "'~_ CJ.,., c,......,'" S_ 
....... "'"""'" t • ....,.. • .". ~ ..., L.,.,., p,.. ..... 

, , • 
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; 1/1I'i' ~ <'l .; •. ~ .. ';\ ... OJ EJil! 1 ~~_"li 
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........... "" ..... ~...... a,' 
~~" or th .. booI< , '.""eII' 10 inlrod"". ,~. _ «>n<:~ 800 !W .. , 
t!>o ,oadoU nt ... ., '" pu,- MOl' _a""'" ""'kos. Compo""", 01 
, .... 'hoor~"",1 ' ....... .... h . ,poor ... " .. 1 , ....... would no! "- 1"1)' {e. 

al otic bo<a" .. or .... .... ren' .... ..- "-"".on tho ,h..".,k:aI a od 
"" ..... 1 ~"".'l' ~ •. 

W. rna .. 9"*'" olio" '0 cont, .... ""PPM coRd i""''''''' p. ,mf 0",," 
• m~-""Q o~",,"'g ..,..."",;"m delormation .,.,. '0 . ' ..... 0 .,... 
~~. 01 oi"'!>lidCy. _ ...... , .... r,e' ,o"",in. 1M, ""h .. l. p",<lieal 
-" ~ _ ,ally do P<>t 010" . me.,,,,,"" 0,,,,,,,,,1010'>\1 <10-
!o"".1ion ",.le '0 .,d. Mo, .."., .• m<_ ol1& ~ebuekled olaf. """"'" 
0' ''' lor. _I ... h a" bioi O!' <",,""". ,ontlal ,on,tion ill ,ampo,. ,,,,, 
_JI>!I!k>n. Thus. the o<o~",,~~ 5I'es. analysis ., .... be """" com· 
plea'''' in _ '0 propooty aeooont 10< , .... ",I ar.dlor <"""ml. """lal 
di$lJI>ut,," " 01 d ...... OO_.nd "" ._, """"'''''''',. moro rig<M'''''' 
" ... ' mom 0/ p,obueklinll boor>dary condo .. ,,,. aod <lelormaoon in , .. 
"",,,,,", 01 l.lomo'" (4 . ' 0)", _ "'lal, Otnor p'''''I"al """ .... "".,.,. 
m"sI be locognizod: _ting • • ,,"" arid oimulaoeously ..w.i"ing ito 
a . .. ';"1"""",,,,, .... ~.m. 1I' d tlocult bKa_ 0 .. , "loot hum tho ••• 1 
10 Iho ox ",1 ""PJ>Oot _h ""o m would ....... aIj' """'0 _ __ 10 
"""'0 ...... n .. _. flo~ . • nd Hono..'. 0""",,,,0"" "'~ I). T""ro , Ih. 
oont.rol.".n was u~~!y .'po_", tho I>ea' ir>g 000 •• pan<lod ~Y 
"1'10 4% My moe","n"'" ,,,,", ,.,,,aln, "' ... , """"om_ 01 on .<!go 
.... ,""'II' .. _ '0 • """-m.."b,,,,,. probuek!ing d.kll",.Uon bK.io,," 
tho fest ot ,h. _ I.way lrom ,,,," ~ tond" o "paoo wi h "T in ,,,," 
, od'" eli""''''' 10100 ob" "od in Rou, HOII. a nd Ho<1<>"' •• '1"1_01. 
W. OO", the m. mbr. n. problJOkiod .h~p •. .". blJOki"g doII.rem .. 1 
...... ,"" ha. """""".tan' ""oil ... ",. aoo '" 'Oe",I"," """" ditlio,,~ '0 
"',.". 1"'0 10, """""' "' _ "ioOonts ~O<. " ... ""m oJic., • .,M;on ...,~ . 
......... "'" ,OqUnrl 

Many oIn. , shell 11 .. "".1 and .,..,"" n""l buektinv prob lema • • i .. , 
arid "'" 1 ... 1 01 their oomple>cily is not e,.n hin,ed a' .. 'ho pr1tYiou, 
_nO. 5en"I _I~ .. ere descrit>ed!Of pIolO Iho..,.1 bUOki ..... 
in S oetlon 3.7.9 arid . ,e oqooJIy o ptlileobio 10' _ . 00.....:1 "'" be 
'"P"'oW t>er • . n .,.. IOpiOs ""'tode •• ,10". 0dg0 ..."pO~ <orldj On$, 
"""""iIo<m h.aling. ' imo-dopendon' ' .mpo"""'o di_ Iim •• oo" 
01 tne ..,..., elao,", ma'or"l ~, ' emp<,"M_-do\>O<"'" ma'orial prop."", no"lino" OI, __ ",;' bon...ior. arid tho ~na~ b."' .. n 
to_ ,"", . nd !I'IOia! ...... ellod •. 

Ono ot Iho . , dioc" .. oW in _"" 3.7.~,2 (,, ' pl., •• <10 .. ", .. 
• _ ...... 1 "to"''''' to, ..... 1 ... """"'II' ,h. 'YP" 01 " m""" ' o-.eh,n!/,, 
dioIril "lion " . .. tho .o/um. 01 1 .. ohol , W. t, .. loW the .. Iraordirwtrily ""p". Y'"' common, co .. 01 "n t o!m ",,,,,,,,,.tur.·mon!/" di>lJillulion 
""eo" ,h. :lItH ,oklmo in IhiS _liOn, """'he< ,h.,mOl bOdir>g pOsd>iIity 
is a 'hrougl>-'he·'M::lme.,. " mpeflI," re..,,,,"_ "rio''''' ",", wooId in· 
~ t ... m.al mom,nl$ priof 10 I>o<IdO>g , !\at _ . •• in "'" ba, 
th.,mal '-'<lOng p_m" S..:oon 2.g,4, CO",," immodiotQ be""",," 01 
th, _ I .... and"", 0 d'''''''1 <"'" br><klnII ,..,.,.,.,... Ho" ...... , •• 
tho '"".,.~II" 1""'1"1'.' ..... chor.go ;" tho 01> 01 In<,ouo., Iho 01> .. _. 
lor opp,o.oelHt. 'ho buoklftsl k>od ,hal 0""'''' ~ "" """"lI""". ·ti1iokn ... 

, , 



·,. .... ...... .. , .. __ ...... 
• n .. rIolion .,IsIS, I''''''. "". 10< tho 1>0, Ihofmal bon<fing problom .. 
Sac!ion ~.~ .O. Ot .. , oon·unilom> 'hormo l lo>adirlg oMoa'"n> ean load '0 
an 0 0101, .... I. or .,lurnoll1<: ,IT disI'bOion. (lO,Io>ooIy , mafl'y i>/IYolcOi 
oil ... "." I .. d t. " v.~ '" 1t ",p".1u,o-d>onll" dioIrl>utions. Hotl tnd 
lois 0_0. 'roatad •• riou. typo. '" , ...... 1 loading '" ..-- including 
...... 1" '-.'Ving o",,,,,,,I_rrtlal .. to .... 14-84], """"",10 .. ",10:" '0'Y;"g 
thormol !l"'d;.rn. [' ·85~ h. oting .'eng " n .... I . b ;P [. ·86~ as _ .. 
,,",orm , . .... g 14·811, 

Som a "'0"" . 1 bucldio9 ;n" ' ';911-'"'' !>avo cl>l",od tho, , • vO'Y .. ,"" 
buo .... g .. m ..... tu'" .. .. _10<1 ... y u.,,,,,,ndo '" <1011"'." 1"-' 'h. 
"" .. wi t "'" bocklo, Howevo ,. thol ",tho, C<.Oio<Is.iow • in<ompIoto .nd "'''_g. otr<"u.", tho '"0di1\' '" tho lin .. , 010 .. " ",0<101 11.0. b.o" 
lor o«_&d, e"n moto _....,"" . ",*",.1;" ",.t ..... II><_;', 00<1 0.0. 
m.ling """u, "el below 1M p,""""«il<rT1pOroIU" S. Thu>, tho,o is no 
bo ... 1or ",0;, """"""",,. Ih., "'0 "" .. doe. not buoloJo. Som.'"1-rp m ..... 
"- 10 .......... 1 01. I ....... "'IU,. mOOh """0' ,h •• I ... ineorroettv 
p<odittod OU"'\IOOIISI)/NO./h 1"", ... , 01<1<9, J .... _"U .. I ..... oddod 
eIo .. " .\T .. Iofllll 00.. "'" mo.n ""' ..... , won' buc:k_ .... " " nd 
to __ 'U,"-<I.Pt_nl """,rial """,ort •• Oto . . .... moro "'"'PO" "" 
Tho • • " ..:10 wi. 10" .. tho ca"'ulstod buc ki ng load g .. al",. ontoough "'" 
"..,....ri/r to . .. "lizo.blt ~f. Tho .. mo<o eornplicatod oo""'lotio na 
must bo modo '" do,.,,,, ..... "«h" , tlto _ 11",1 buoklo 'ho ,mdy 

Som a 01 'ho ",0", oornp,.ho"""" co". lati,,,,,, o! 'ho,..o' buckling 
p<o<Ii::tions rih experim_ol " "",Ito woro oode.o. on '"' 6 __ 1~·871. 
(o.8EI).!-I .BG). and [4. 00) ... 1t ourn ... 'Y dI",," .. ion in !-I.g , ). H. doo""",· 
.~.Iod 'ho imo>orI.nco 01 _ .... I_ie.1 0 •• """.1io"" ",ond lhooo 
<>sod .. th;. book n.onll.1 "'!jOin 'ho """.1>,100. Thooo co .. _.lion. 
_. boundo'Y corwD..i<>M incIoding 301",,1 Pf~g doi .. molion • 
• nd "".!Ioo. a ...... _. ncn · ..... ""'" 1>0<>1"'11 O\ho, e.po'''' ..... I_no 
,hoo'Y· ..... , .. ""! """ ... Iion .~ort.o . ro doo<_ b, S ingo< . ... .-z. 
"nd Woller (4· 131 00<1 ohouid !HI g;.on g'u , " nontion 

Mort _ In"""OI bool<Iing .MI 1 .... 'm.1 ~ "'..,_ • • ro 
... ",,,,. ,"'od '"' 1"",."", ... vo'v compoo " , n."" , . ..... papo' (4·\121 
" nd in hi. 'h" maI Slruct", • • book (4·801, H. rwiowo work on ptal .... 
oUNod pa ..... , circula, ey1irrl"icaI oheIb, and circu", oonicol . h . ... ... "" 
01 oi~n~""'nt inl . ... 50 "'- ,h. rmol b...,...,~ '" .... , • • • nd ...... boc k 
by Ogibo"'" ond G,ibano. (.·Q31. -_ ...... 
U 1 "'-> ..... , ... __ ... ..... _" . _ . 

" ..; _ . •• j ". , . -" .., ........ -.,_--., .... _ .... _ ....... _ .......... 
~""'"----.. ..... . .... ~ ... ---.. ... -... -..... ---....... _ .. ..,.,.- ......... '- "" """"'""" -, ........... .... -- ...... ,,-,,""...,-.~.-.... --, .. -.u u .. .............. _ ............................... _""""" .... 
.......... """"'""" ~ "' . .... , ...., _ ....... Bo ..".., ,' .... ,"0<"',- ... _. __ ... .. _ 

, , • 



........... "" ..... ~...... ." 
4.10 EFFECT OF PLASTIC CEFORMATION 

4.10.1 I"',odudon 

PlO>I;, 

, 

IOO.d • ... .... ~.v. 

• 

' . • . , 

, , • 



... .... ...... .. , .. __ ...... 
n. ""' .. " ..,."'" •• b, Jo ... IOf boIh .1lII._ ""'1IIt·loy.,"'; 

"" ... [. ·58) n s.c.ion 4 .10.2 and 10' ",iII._ mL>hiloyorod >ho" (4-59) 
n S""lioo 4.10.5 .'" an ,,,d on, ion of p\o'''' """" by SIo,," (4-!17] .od 
ilyu>h'" !4.98J0nd p\o,u . nd ""d o """~ bj G.,.,d f4 -!MIJ IIoho dO:! "'" 
If .... , ' '''' ouenlio", .-, .. 1 <l>ar",,~.od occontrd:y 01 "'" "illo"" .. ). 
Sto_l. lil<o S!oonl.y [4-1(0), pr.""med U .. I U"""'~ <k>n 001 000"'" 
duro.;, buc'Iin~, 10 ""olr." '0 'h. """,_nt _0"$ ,. tlo !<. liZ! om· 
pIoyod by SlOW •• ond ,,.,..",, ,, , • V4'_ PoiMon"$ m' io ho,. orovOo. a 
omooIh ,",oMion lrom ,h •• 1 .. Iie compr_1o ""e '0 ,h. ~ Orcom · 
"",oalrlo ",0'. ",;u, Inc," ,.;,.,y _ ..... Th. ""'_ '" _oh'_moduItJ. 
"'oory!or • bio.<io.l conflll ,,_n_ ' 0 .. ' plot. 0' .ho" ,oducu 10 10'9""'· 
_"'. "*>ry ... h. n t"" ...... 1 I. ,ms or. r. ducod to .n ..... 1 to,ms n • 
co n ..... n' m. h.",. O<rhnol-lyJ>o -9 dII" . hliol *'1.''''00 '''' "_ 
to _ •• Ira"",. ";" n'" b .. ""lng , .. orion ..... om. 01 thO 1I"""' "'ry . od 
""".rial PfOIK"Ii •• or buc*Iing, Th4 loch" ..... 1o, _Ing ,h. IypO of 
truc+;1in9 <",. rion io d i", u .. od , ""~ "" ... ,"'" ox~mplo. oro g ... o to _. 
tratoappliea'''''' olt ... "->ry 

4.10.2 DoII.""n 01 Si"!llo-Uy ... d Shell. II""klin~ Crlte ,lon 

By "-- of """pM J , d.lormal"'" th. ory 01 pIo..ticily. oxp'-' .,. 
01>10 ..... lor th. , .rio..,.. 01 I ... b ...... 1 .Ir ..... du'lng b",,~ In ,. ,.". 
01 tho .-riotion. 01 '~4'" 3I'Id "",'orioJ ~. d.""g bucki ng of. 
oIin. nod oir" .... cylin<h:.lll 011 ••. Th • •• riations n biu.1 Itro .... or • 
.... ~,.todo .. , ,h . ...... " ""'kh • ••• nd ,hO • • rio' ..... 1n "o ... ,i. I ........ . 
.... irI'"9''''od Ov" , .... ti"on . .. 10 obt.irI ... pnouk>no 100- , h • • • ,Iotlona 
irllo"", •• nd mom ""'. oomg ",",,'<Ing. FirIa .... tho "",,tion. '" 10"'00 
."" mom.." • • ,. ... ""'~"'od irI O<rnno l .typo .... 1 b""klng diII. ",,,,io l 
*'1""''''''' '0 obt>.;" • ',a noo. ";"o"'l bu<idng < ... rio" ... ' erma 0' ''''' 
1J"'OI""'ry ond oont ..... , m"-I propoN ... 0/ ,h ... ill.""" .... 11 . , 
trucU'. g. T,," or'orioo io . ppficoblo 10, _"' ("'ry comtrin.,ion. 0/ .,001 
'0'00 oM 10, ... 1 pr''''''''' , ond""""od In. -...n' . "" .. "ion. 

' .10.2.1 Funci.1lm.",.1 A.I.t.,ns In J. o.'o,", .. lon 11100,., 

Th. '""""",,on"" dolinllons In ... J, 00/0,"",''''' ' 1>o<><Y 01 p".,ici'V 
10, _tOPic m.,. , .... ,_ 1oIa,,"1 ( • . ~.)."" Jo n .. ('-~)) oro ,too 01, ... 
;",O" My. or. (0;.3 '.'V2 io ... h;;" t , io 'ho oct. hodr. l.ho .... ", ... ): 

14.37' 1 

trI. o"airll",_t)' ••• (r, _ 3r,I[lN2 (1 + » ) irI -..tUth 1, io ,n . oct," n. dral 
ohoa ' "'''''''I: 

',a I .,f,I - \"+O')Ir!+':I -II -" '+ ;l<.<, . ! 11 -41., 
, - , . 14,372) 

(Th. s'"" irltorroi<\' .,~ • _r.'''~ duo 10 lu""hl:;k (4-101( 
. "" Is. 00rrI-.. '"""ion 01 v. 00 \. "'OK!rO"' ,h . ... 0Ii0 'a"," 10 ttl. 
pIa_;: v.'" of 112 "" hor ''''n bofn ~ _rlc,od 10 112., • • s .. _ Iov." 
a ... ,,," • • p,._ by tty"_ (.-98/-.. , , _ 1,2 irI Equa'''''' 1_.372)). 

, , • 



........... "" ..... ~...... .., 
. 00 !!HI .Ir ..... "' .. ,oIa'ion • . wfth 1/0.".' n<><lli<>N, mat., .. , prop.~1es. 

" .. , aOO _. 

'-0,_ ,(1",' ''',) , - , 
'-0,. 2 v.,. •• ~.,l , -, 
'-r" - 1 (, • • ,1" 

tMl ", I.,. 'h o ....... inl<H>olity '0 ,h • .. ",in ;",-,... L • . , ... ~ E -,;. ,. 
'_"". CO""" mo,.rial proport;" 0'" dolined .. 'OfmI' o! tho ...... 000 
_'" int. nd ... on " "" .... inlomrty _O<SIJ ... ,.i.·;",.rtOiIy C"" •. 
How.'.', 1M .,.-obIo ..... """"""oIy ..""W"'" b)' '"" following "' ..... 
F", ,, " ...... .. 1 ....... 0101. (0, p"" <, ~oo" . - v.. ), Ih ... ' .... intonoOy 
i> """10/ " , . .... aOO lhe ",,,,,n "''''-'' "". be _ to be ' , . ' , ( ... . 
Pr<>bltm ~.e.' on pOI/O ~~' l nuo, ,''' sw .. ·;",. M.iy ......... >1, ... _ 
inI.~ Ourv. ill. ""'PlY Ih. un .. , '" $fro" -",." cu'"" 10, on isoI"'J>iC 
m.'~rld l, Thit pO""~uI ;,w,ntiy ... ~ ... US to ddCIIy "50 ,Ile ...... , 
u.juial.uoss·.".in cu ..... as ,lie " ,_'onsilj v. """, ...... ·nt. nSly 
O"rY • . 00 no .,,0010' .. "...nl.nsItv v ....... ,U~lo·nl.nsItv """'. "_ 
IH< m • • ...-.d. TI!u>,,.. <loT ... Ih,... •• n.blo .. oterial ~. Of! I ... 
"""""",",, u"_lst,,,"-$I,,,;" CUIV~ in Figu'o 4_07, F .... , tho «<ani 

"""jul"s. E_. " 'h • • .",. 0'. lin. 'rom 'h. 0.,.. '" ,h. "" ... _w.in 
Col .... to , ... oc!;. ... ", .. """'" ("' . _h ... ...... ,I>ong '00'_,; 

E ~ ".!.. 0 ( •. 37.) " ... " ' 
s.<>c>nd, '"" lanl/O"' """"' .... , E_ .. , ... ",_·<I,an 0""' • 
• .",. ., tho sCl;'o .. ,~ .. po.'" 

00, 00 
E,,, _ ~. <i'" (4 .375) 

Third. P<>i>oon', ,olio. " .. 

(U76) 

I." on opollod "n .... 1001 a, and 
is _od by G. ",,,, ond Wdd_ 
horn [4· 102[ to bo 

, 
,. 17 

• 

, 
v _ ' -1 1 _, f ~- (4.J77f F9'<o "" """' .... , "' .. .. ·s" • ., c, "'" 

2 ~ , E 
;" wh"h ", is tho . .. oIio Po....",'. ,.1" 000 E .. Ih •• loot;' y"".v. 
""""'''' • . lhu ••• omootfl ,,"".wn .. providod ~"", •• n """ . 1 .. 1" 
eomp.-....... ood tho p .... " OIcornpno .. l>Io .... t. '" tho m. '.rio, 
.. WPO"",, to $1o_ • • nd fir."""" __ mo(ion tile,. ;, . .... y. , ... 
pIo .. ioOlIj" ...."., P'''"'"~ .. "",. Poisoon·. rII'i<> Iv - ', _ ". _ 1.-2). 

, , • 



on ............ , .. __ ...... 

'.10.2.~ V.,IaU"n. " , 5",,'n. dott'ng Buckling 

D..mg budding. II, . .... In. , aoy ''''111 'h.~ p~ ,.r.- l'" 
th. VI"""""" o. "",od by~ . Th .. , 

50:, _&:' 11i~, 
5<,. - &; ' ,Ii.,. 

• (,-I", ~ ~,, · ~, 

14.378) 

.. ",hlch Z .. 'ho ~."". 'rom"'" "" ...... ''''''''' ..,rl."" In figo,ono • • \16; "'-! . ...-;, ."" ['1" .,. 'h. ,.ria""n" or rh O . ... "'r>e ............ ti t';"., 

r.·: _bu" 
r..; -.. ~ + 7 1079) 

• t,y" _ ItI,o.,,ow~ 

"" •. Ii", •• r><! Ii, ,,, ... 1M , .. """"'" 01 "'" ,.r."''''' .. ·.oo.o. ClJrv", .. ", .. 
"", __ 6.<,,, 

3<,~ - b<tIYr 14.380) 

""" ~ - 2i\W,. , 
a"" lou. OW . an<:l 6.< a •• , .... , .. ''on. In .... '.'_r>e.· ...... e. <Vs;tkao. 
_"'" """ <>oX'" d'''"'11 """"'"'11 

14 ,381) 

1',3i!:/) 

14.36J) 

14.3!5) 

, , • 



........... "" ..... ~...... .. . 
.., """.11 v ........... o" h ..... ,., .. , po'".,et ..... ,. • • p,osood '" " '"'' 
'" «; wtlicn . ... ' ""', can I>t O~"""d "om t , IEq .. 1iot> (&.372)) <OS 

<'< ," ' . [ [ 12 - "1<>', - 11- 2>'1<>',]<'< . 
2Ho.<i - . ) 

_ [ (2 - vI<>', - II - 2v)<!, ]1<, - :1(1 - ')',,&1,.,] 14..3805) 

H ~I - 21" --~') [ 1 ::] 

.[2v + ,, [ -(I.2vHa;.a;)+ 2(2 ""',a,-6l' +V)';,]j 
'-, 

(U87) 
F", ..... PI ...... ~ng <0""'''''' '" onll' """'D .... '''''' 01 .... , coon-
PI • ..., •• "" Ia'ora' ",oW" , . '., ~ (). 00 ,n • ." ..... <la,,,., oimIlltIt 
'rom Jones' "''''0 gon ... ' IrN,.,on' [4'~I; 

'-11<1, _ , (K,,&' • • ,'K, ,&,I , - , , 
r.a,. - -, i,-K ,/,<,+K,,1.<,) (4.38ll) 

1 _ , 

'-~,.,g • K,.&r., , -, 

.. ",,"," 
• • ' [, _

E
,.., ] 

1>0;' EM< 
IUOO) 

F", 'h ...... " au, E ... . E and K _ O. "" Ut . K" teduut '0 unitv (0."..,' 
lot K,,). and lit , ,,,",,,,,, ... 01 01''-0. Equ.tiOn (&.38S), a t. idom:cru '0 .... ,."'ions" .Ia.,,: .. , ..... . 

Th. ,o,;"tion. of , h. oIjI. , o, ........ d",i"~ bu<l<lO-tg ' '''''' • m o." 
b,o • • p,ob""iJod aMp" .... obla"od by '.<)'"'9 Ut , "n iax.iol "",.,01 
. Ira .... , 

a, " E_f, a, " E_<-. • ., ' , r. 
and , ... 10 ... , Equ""'" (4.3r3) to got 

, , 



Of. .... . ..... .. , .. __ ...... 

~" . ~ G-, ~'" 3,." ~ G-. &t." 
Nol. Iha' ... ... , " , ...... 0/ ot,oa, "', ... " '" "'" oIoWnad ''''''' """,. Ia, 
1.1a,,,,, . .. ". .... , to EQol.'icH> ('.3~') bocaol" weh .... ,""" a> noI 
owlY whon no .., .. , .,,,,in . . .... p,io< '0 bucld;ng. 

4.10.2.4 V. ,'aU"n. 0 ' F"", • • • rod Mom. n'. dol"ng 8""ldlllg 

n • •• ria,lon . oI_ .. .. d moment. during bIIe , ling or. obtainad 
Dy "'0'1"''''' 01,,,. • • ,",,_ '" ",o-. lh"""Y" ,he _ . 11Iic""" .. olld 
"" .. Iho .. ;no"'" lot tho • .,"" Ion. 01 10« ••. • . g .. 

SN. k r'2"", d ... I j "" .. d.... IU OO, J.t> b _ • 

.. wM;h Ih . .... , .. ill. ".,. _ io , • • ,.ge<! "".r" """o<.g, b, "" 

M-l. _ 1.0." • E ..... AJb}1i< • • A, ,or, ' (z,E,.".A,Ib)li~, 

M-l, _ .0. ,,10< • • 1.0." • E,.~""')&., • (z,E .... A,'o)li., 10;]9-1) 

M-l.., _ A.,&t" 

Tho mom_. 0/ , ... .. n.tion. 0/ ","ue •• ro simi"'"" inlogr • • ad to got 
1100 v.rio,;"" 01 momonta; , 
;\u,. ' (l,e"" ,A,lbl&", ~ (0" • ' ,e" , ,''.''' + E ..... ' .. b)30:. ~ O,A 
6L\" (j',E .. ~ ""')&, + O,,l\<, • (0". i;e .... ,..". , e .... ' ... JIk,-
1>10<". • - (0.., ~ G_ ,J,Il?b)li<" 

~. (O" -o-G_.J"2o~,, 
.. ..t.Ioh 

14 .395) 

. 1Id , ... .. ilion .. quo "'~iH . ' . ""t...., in Sf<11on 4 , 1. NOI. Iho' '" .1Id 
O;;.ro pia.,,, ""d, ng e ... n....w.nd bof>c!;ng .. " ............ ",. c.-I.. . I,o. 
Tne . .... " .... siono "I,.,. . ... n.;,na' . nd bonding .. ;tin . .... , A, . 1Id 
~~. Ill. obtok>od I""" EQUlltDn ( • . 396) Dy uoino . !MIIC • • _ 0/ K, 
, " " - K1." - K, . _ , ond K" - (I - ,') 2]. _ moduli , and "'" . ",01;0 
f'<oisoon . ,.,;' .. ecru .. " .. (0.39U ..... ('.3'<5), Tho otaof<, "''''no 
01 th • • '''''''''kJOv ",,""oionol. ,..t be.....,~ ~ ...... , ",. ,..t 0; . • ' . 
oI>UIk>od Dy • .r.g tho . " " IC YO'.OO 01 K\ . . p .... "...".'" 1._1lla;. 1Id 
pIaOIlc PO<SOO<\'. ra 'io ., Eq ualion> 14;]91 and ( •. 3911). 

4.10.2.5 8UC~'1nII C~I.rIon 

l ... 0.,...,.".1ypo _~~ di'I ... ",,,, , "'I.,Iion . .... <""olio , cyloo-;' 
c.1 __ u .... , oombo.od .... , romp""';'n .,..t 10,. ,. , p'-"" . ... 
' '''''' Equation" ('.7 ' H~ .13) "n pagoo . 81, 

, , • 



........... "" ..... ~ ...... 
!IN .... I>N . ,,' ~O 

ON .... , • • ON" . O 14,391) 
6N, _ _ 

- 1lM .... . OM." " - 6M,." , - MI",,,* , . N. 1Iw ... , Ni .. ..". _ O 
n . bL>Ckling d""o,c. ", . ",. ro.., ~ , aM ~ ",,"Id .,. ..... ,,"'11' .. 

co ..... · ...... """·coo;"', and _._ hmctio". , ""''''''''' 1)') 
Il0.0 - m"" "I ~ "oos - , - ~ -,-

_.m<>. _ "1 
Iw ..... - C- ... - ,- 14,JIl'l) 

- . '""" M' 1Iw . w .... _ , _ _ _ ,_ 

,,'i>!y tIoo """,I $2 .... ply ,up",~od 001/0 b""kJ~ """""''l'~' 
ON, • i7'I • 6 .. . OM. . 0 OM .t. _"""",",00 ", tn . va,;"6o",, "' lo~ OM 
momonta, EQ""b,,,. (4g.25) aM 14g.(6), ,,~"" . ... ...os.qu.n!!y oW· 
otiMoO n t~. o""kIing ditl . .... tiol oq,oot;"", In ",do, "', . ,.,"', ..... 1 
""1lI .... to . . ... 100 , ... , .. .,l lng "''''''9''noo.,o .,. ... ticn . .. ii, ;;, . M 
;0, t • • I~!:"""" !l bo.dling .• mplitude • . ,h. delOrm"o.' ot ,h. "".1. 
he ... to ot u, ', ond w m ... va,. •• wltdl _'0 ,h. ooci<l"'ll om.",," 

[ "']' [" l' 2T"l"l" - l"T'"- l,,,r,, ", _,_ . o N, ., ~ T» .. 14.3119) 

. T"T" r" 
in ~NCh , , 

T" _ (An t E .. "A. ,b)(mJ<ll.) + A.,(n " 

T" .. (A" • A»)(m~II'\If) 

T" ~ (A , t,)(mo L) • ('.c .... ~.'b)(m"'1.)' 

T" = A»lm"L)' .. lAo" 0 E-, At'O)("")' 

T" • ('If)I"'", .. E .... "".)(n ") • Iz,E .... ""oX. r)' 14.4001 

, -', ' T» _ (D" • ----,IJ b +l. "'" "'. lbl(m"L) 

.. (4D., . 20" . G_,JJ b • G_ ,J/ ' I(m"'L)'(r>")' 

• (0,.' E-, V • • (E,.., A,loll"")' 

• 12'1I.,E ..... ",o lln'r)' • (1 1f)'(.." ' E .... "'0) 

Eq""' .... (4 .3\19) ... ".""'. _ .... 1 .''''.""'n lo t tn . b""klir>g 
"'''' ••. N, of"<! N" in I. ,mo 01 ,flo m01 .... 1 prop. rtin at N, af"<! Ny, tflo 
_ olry , and 1IMo buckling roodo """,too ... m ond~, ThOo b""~1iolv ",j. 
,,"oon~ .... '" l.,nd,.,~ , • ..,1uI;"" [<_101[ lao .,noI;,r.".,d p" m,.,;,
<ulo, cytnd,.,ol .".10: Bloc k. Cord. otId M_.' 001",,," (4·53) \or 
olin. n..:! . 1oshc <ireUla, cyO_ic.:ol .,,_: of"<! 10 til. clu.ooicaI 'EIM' 001· 
"' ..... I •• ""otiII....,.; . .... ., 0",,""" "7~1 011 . ... 1"'" .""~to.g ro_ 
to",," ,.-ao obt.inod boy JcnOO {4 .5.l], of"<! t flo ooklt .... p~ .. {4 .100{ .. <10><,_ in Ih9 to~ ... b·_n. 

, , 



- ............ , .. __ ...... 
'_10.3 Solution 0/ Slng ... t..ov . .... Shollo eu<loJlnU C,I\@,1on 

dokK~UO"11i~1l~i1~~jj~;ij;~]i~~~:~1~~,i:!i!! ;0 ""'e>I90lod lo, On >01-
utkKIlO • spedlod .ecuracv I»' I 

1.0"",,). l 

~,. _ 

..... nc _ ......... 
,-.. 
'. 

"", . ..- ,,,-, ',, _.-..n_ 
' ... . .........,.. 

To oil",", l~o loed-d.kK'"otlon ''''''0. 'M""'" and '""0,,.' malorl-
010 (!hey .. 0<1 nol bo lho .. mo "",IOrion .'0 '.F>f ..... nlod w;n, the_ 
........ 01 .... CU"'. (0- 1041 : 

10 ,'1lI) 

, , • 



........... "" ..... ~...... .., 

CA\.O......,.. "" ... 1.000 ..... .. 
NIW. "1"NAfU> """"" ', ....... e' "e,,,,,,,,,, _ ..... , , .. 
"" • • T ....... ~ _ .......... _ 

'" .......... 1.(>00. '. , 
I ............. " ................ >0._ ........ '" ~ --I , 
1_ "",,,"-!III _ ew:OUJm """"""" ,<WI. " 1 

......... .. __ ............................... >0. 
wm< .mu= ' '''' .. > .• 

....... .... " ... ........ -"" .. "" ,". 
TO .... "' ..... J<:CUIUoC"t. 

"""""" ""' ..... . '. " .. ) .•• '.,A> .• 

, , • 



... .... ........ , .. __ ...... 
4.10 .4 Numerlc. 1 A .. u " . kl' 5 Ing1.·L.y.red 51>011. 

TI>o .. me""", ~m.u"'" &nd 01 ..... 1 1' . ... 01. ,. "' ... ,n. prooo .. 
"""901"" oo,OKO< too ~..,.;o".1izod ... . ", ... ,;-.gIu' '"",""n . i .•.. 
go''''''' "' ...... cororQ too po". ,ulod. Accordi,gll'. 'WO """,.ric., ••• ",. 
pIeo ... gr..n in ordo< to iI.,tro'. oppIiea.t;o.n 0111>0 p, . .. nllMoty. 11>0 
",", . ' ompt. is • oihg ..... y .. 0<1 .., .. oo.i>jeclod ., "","0. 10,,, P"~'."" . 
no.. oew"" ... mplo goe. beyo.-.:I '0" cone .... 01. >imp",..,eI 10 l!oo1 
01 •• lrlIo.od _ . o. d.,.~'" Sod"" 0 .7. TI>o _ . .. ",1'10 is 
• '.· • • • mlna' '''' 01 . r~aod " ,;"go,·otitfoood "'01 'M' is ' .... _ n· 
10' ;'-0 01 """.'" ""g._m" .. m;.........,.'>lage """".,.s. B<rOU"Il 
01 tn. 10_ ..... urde, .. 101 «>rnp<O.>iorr •• '/IS"_ by Jo ... [4·58 
&. 0·591 .nd io .,.",nod ln oroo' 10 _ ,.,. Iho """,,obll , 01 tl>o pr . ..... 

'_ry to 'rea' ' .... ';,. ""'dtnv 00_"". ' .g" i".mo' ".."""ZOIi, ... 
01 .", • .,. o:rmp ,_ "'''' or ., .. ,,._ on • • h.1 oOOjKIod 10 Ia,· 
... 1 p,o"""", 

4 .10A 1 Slngl.L.vertd C'"",,'., CVHndrl<.al Sh .. 
under HytI, •• talk: P,. ...... 

c..n.ode, _ .. 0I.00d0 01 7075·T6 o."" inUfl'l lor ",t»ch 11>0 .. , ..... 
....... C"rv. io"""'n in Fir]ur. 0·100. rn. , c""'. 10 .. the fo llowng 
"O",.cto,"''''' ,,!ron ,.., ,_nU,<I wl h. ,.,_, ", • .,· .. ,. in "urvo modol 
In Equa''''' ,0.401 I on pogo 62t\ 10·1041: 

0 , _ 5H>i (380 MPo) E _ 10.5 , 10' "'" (n.4(lPo) 
0.,. _ 72ks1 (5OO MP.) . _2.'6 

10, """' '' \lit "' ..... "0<1 "'oss-"'a" 0."'0 po;"a"_ '0 ""Otmln. n 
aro (0, ~ 63 .5 "'" (43S Mf>a) , <, ~ 0064g) aocl 10, • 72 ~'; (500 MPo). 
', • . 00883) 
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4.10.01.2 stili • ....! Lorg .. Dbll ... '., Mio.U .. hrt_ag. S holl 
........ r 81 .. 1.' LOOdi"9 

~.....,. and ot""lI",->liIfonfld 011. 1 'hOI is ,,,,,, ... n"""'e 01 a ,"rgoo. 
diomol., mi_-in1. moll' strucM, ""'" •• 'he So,,,," V 'moon "",k. ,· 
is oubjeclod 10 axial oomprt=ion.oo ,flo" 10 b40, io.I _ g '''''_''II 
u,,1 to"'"'" • .-.;1 me",,1 "'."""", 1"".., .. "" • • radiy, 01 135 In IJ<OJ 
em) . .. Iongo.h 0/135 t" (3<3<"'1. ond . t~ .. 01 10 ;" ,.25 "mi. Tho 
"-Ii . 0<1 1II""vo< ""' .. ~_ .. " _" .. F""" ~-1(I'l. Tfoo wng.r 
-""'II .. 2 In (5.1 = 110. &I "" ..... Tho """ .. iol .. 707S·T8 d .. 'I'l""'" 
Io,...t.ioh • .., ........ .. CO". 10 ohown In FI..,u'* 4 · 1!l(). Paramo, ... ,. 
'Opt ... ", "'i •• 1utrI ...... ;dh a "_, . k ... · .. 'ail1 c"", . . .. ,;p;o...n in 
s..ct"" •. 10 .• . '-
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Ge ..... 1 inotabitily buckling "'_. le., bocking .. wild> bot. 
mg. ... d .'mg. .. pa~'. '" dooIo-l in F;g..... '_67 "" 1"'\10 5\-3, 
are dioplayod n Figure ' ·104 lor 0 Jafl\IO 01 ring op&<: in\l&. n o incrooM 
.. bo<ldng $I", .. obIo"""" by ~ "~'" e".mol ~ .... opp<>sod '0 
"'""",i1y" """" 10 be eo....,. rob~ I .... nod I .. .,. • • ring """"'ng. in 
11\;" e,.mpie ",non pIo.oti<: ",,,,,Is .re eomparod to ollloli<: r •• " .... 
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~ ..... A w .. ~, ....... . """""Y' .""' ... 
..... , s"'"" '-'""'""'1 ( .... , """-'. · •• 11 

•. '0..5 Derlv .. k>n o! Uunlloy"" Sh.n. Budil ing C"'.~on 

• . '0..5.1 inUod...:Uon 

For pl .. ti< bucid;,..g, ~ wo 0,,""" our .n,"_ from oin\llO·lay.,od 
to muUayorod pial" . rod __ tho~ w. muSl . do:I o.evoral lev . .. oj 

'''"IyI",,' . rod nu_' compo. iIy '0 . do:I .... ,h. multiplo by' '''' ''' 
now 'hey i"' . ... C! wi h ono a"",h.r. This ...,.MC1ion .. . morgo r 01 ' M 
.... 'm. 01 ,h • • "",. ... 01 muU"'I,ted p ..... aM .hob .,I h Ih' "' .... 1Iing 
<ompl. d '" 01 ,h • ..,.,., .. , .".~ to, pie • .., dolor ... ' ....... "' .. .. 
tho in!tic4o<i .. '" "itr"" ... to< oheIIo. 

, 
, 

" r r 
, .... ;" """"'blo "" . ....... "1 oom,,","t>on. 0' .... I 
a od ;. 5oIY~ in • >Ubaeque n' ""b •• d io •. 
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1""1 , ..... Ih . .. ' ... 101-,. 10 'M ..... ,0 '"'er>SJ"" . .. O<I<Iill,," . ,*",In 
",",_I _in .r. dooroned ~'.rm. 0/ U .. . " . ... rod "rain "'.n,," 
lIos: FnI, ,h. __ '" .-..t .. , E_. I. , • • .q,o o/.}o Iir>o Irom ,h. origoo 
0/ ' M "'''_01",10 O"N. !,,' , •• """ ., .. , 10 u-.. I<"' "V" '" 11>0 .ot~ • 
• " . .. "" ..... .. Fy..,. ' ·' 01. R..., .. 1I>ot u .. _'''''oooCy ""' ..... 
• g.in· .. ......." 0""'" 0." '" shown to '" id4mio.1 '" ttr . ..... , .. 1".
_ c ..... . for "" '""''''1'iO m".riot. 
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n i«l. PoiUotl·. '01.,. I',. ~ delned •• 
• " 

". ~ - . 
" 

IQ, On oppl«l u" ... iOl <>,. F", oOo$l"·plO$I.Ic """"""" ma' o"' ''' pQJo. 
oon"$ ,>to io hm,., -.. by GoraKi ~nd Wildhom l'I·'02I to .. 

• 1 1 • E_ "0-"2 - 1"2 - "" 7 14,-, 
;" whicn.: io lI>o.otic _ , "$ ratio.M E' ~ ,n • • 1000iI: VO<Jndo 
m<>duluo ;" 11>0 k" "YO' . By .,.. ol E~ ... h"" ('.'()81 •• ...""",h I,.",;,;"" 
io providod _oon " .. ..... 1iI: <,,~,oO>iM. ""0 and tIIo plastil: """"'p .... ibIo .... '. ol tho ... , . .. 1, Nolo tho, E> E_ > E ... 10< . _ 
Ioyors 

'.10.5.3 V. ,IollOn. or 51181"" during lIuckll"ll 

"" with oee,,'riaI.,. .. illenod oIIoIb ;" Section 4.7. tho KirdlhoIf· 
\.<No hypOtho,,;. [4-41100.<10 to 11>0 • .not.,... .. ........ 

• ~, . &, t I~'. 

~, _ ~: . Z~.., 14 .~1 

Sr .... · Sr~ . zIi .. , 
The ,--coord,. .. ~ mOaolJ rod lrom on a rW""l' relo",rIC<I ....r"" •• t ~ 
from tho iMido or ,110 "'eI (hero 1110 middto ..,rt""Oj as;" Figur. "·1011. 
In Equ"''>n 14.4091, (".: ' &;. aoo &t., .'0 tllo ._1"", of thO ,eler' 
M\Ce·, urloeo .. ralrls 

,s." w _ Ow ... 
,s." _ _ ;w, .,., 

,s.,,, _ _ 2~,,y 
(4.411) 
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4.10.5.4 Va,Ia!!"na " , SIl1rSsN durl"ll Buckl ing 

Du,;,g bu<k' og. "'" .. "' ..... aM tM """'_ matorlal p<op . rt .... 
10 ... "od •. in ~Q"'oo., (4.4041 •• ry 1_ to.;. p...!>u<1rling .. '-. • • g. , 

, , 
,(_ , •• ,0(_ 

00,' _ _ • (0., " ',&,1' «, t ,"",1 - -, 
' -",. ' - \', 
":E~."J 1, l":E~{ "' , 1 1 .-., ' -', 

~, "'" toil>wng ..... ,.". •• r. 'OQ" irod' 

. (E:./ [ '~ l' ~_ . _ _ ,_ , _ _ , k , 

~, E_ 

>', • (1 -,:,' • 

IMIS) 

14_4 1 ~) 

(4 ,415) 
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. , 
<1< , . " , 

2H a;(I-\'. ) 

......... .. "" ..... ~...... ..., 
[((2 - ' 0)<>: - I I - 2,',)<>;]&: 

• L (2 - "J<>'; - (1 - 2>'J<>':Jr.:: • 3(1 - " . )t~~, ] 
14.4111 

fo< "'- 1>1'_""" maoQ <"od."", '" ""'" <X>I'1binoh" .... ~ .. "" 
1"'1";'" .od "t ... 1 " ' ' '' "' . 'ry • Q, I~ . ol, ... . . , .. 1""'_ . '" 

• ,E_ ,. _-" 
oo. ~ 0 (11,, <1<,-" ,1<,.,&,) 

1 _ ", 
• '''_' 'J< .. , ~, ' --. (\",K, ,r.: •• "n"',) 

1 _ " . 

• 
.' " - _K'<-.' f" . , ..... ,,' , -". 

· . ' [(2 _ v.)<>, _ (I _ 2'1,)<>,] 

~' , 1 .... l " j • t-!("y - E~ 

IU1P) 

1""21) 

, , "'. 



... .... ...... .. , .. __ ...... 
f '" ,he . .... 1< "" ... E :"~ e ' .. <1 K' . O. so H,. K: fed"". 10 U" .... or>d 
,... •• ,iot_ of . "-..... EQ",,'lM {U ' g) •• r. ""'n'Iea". "'" ... ,10,100. 
irr .... b" ... -. 

n . , .rioliorr. of , .. ~""Ol "'0""" ""rin~ I>IreI<lirrg ''''''' • mO"" 
!>ron. plobuckr.d shape . .. ot>Ia_ try "'I'1nr.! In . ""Io<Ia' """"" I ......... 

00" . E .. "rIf" 
Sr.,.. _ (l_ ,5-t." 

14 .4:n) 

14,423' 

Not . ..... t 'h. v. ,ia, .... 01 oho., ........ . '" oot oO"un.,J ' '''''' ""Io. ia l 
",1.>, ..... irr ""al., to Equoli<Ht (4.42:2) b. e.t.u • • """h _,.",. <to no! 

OWl\' ,,""" ... "'eaf "'fa" .. ~ or"" to buckling. 

4 .10.5. 5 V. IIa"on. or FOle ... nd Mom.n'. dUI'ng BL>Ckl lng 

n. v.llatio", 01 lOro •• • "" "'OII'tO"" du,,",; i>u<' 1irrg .f' o~"lnod 
try lnIogr~'"", 01 tho ,aria1iono of otf ...... ""., aI tho loy ... through to. 
"" .. '"" ...... . r>d .vor tiro .. "'_'" for , .. " ,;"tiDno '" fore •• , ' ,g .. 

" ON,¥ L roo:r;I;r; ' ~Joo"dA. 14 ... 24) 
h''\' .. 

irr wI>"h Ine ~ffOC1 01 ,h. ""lal ~1itI~ "., Ia O •• ,Ogre<! """' to opacing . b 

ON, _ ( ... " • E,.., ..... b)&, . "',,5<, ' (8,,' z.e ......... b)S .. . H, .... 
ON, ~ "',,5<, • ( ...... E .... ""o)&::., • H,,~<, • (B" • z,E ... ,"Yo).l>:, 

ON" ~ ..."&',,, • B,.,~'" 14 .4251 

Tho "",nil''''' 01 to. , o rl.6oo, 01 ........ 'ro .... 1""11 ... ogr-"O<I to got 
th. vatia'io>no of mom."'. 

3M, • (8" + f,e"",AJb)fl<, + B,,&", 

• (D" ' >!E .... ,AJI>' E".,,','b)(rr<. ' D,,~, 
oM,. ~ 8,,!Ii, • 18" • z,E .. " ",.)0.>, 

~ 
• D ,~~" (D",, ' z,E...,"'.' E .. ,,"o ).l ... 

OM. , - - HaoSr.,- - (On' G_,J/ 2b)(rr<" 
IIM,. . 8"&t,,. 10" t G ... ,J( 20).l<", 

1· ... 205) 

, , • 



........... "" ..... ~...... .... 
" " ~ - L< -, (~._5._,) 

, . , I _ v, 

" " S; _ ! LK; . .." [ 1r{-~ • • )-2-'I~-~ . ,) ) 14 .427) ,., 1_,. 
I~ ,E:" [., ,.." 1 D. ~ Y L. Ki --, I/o; - /0; _ ,J - 3.11/0; - '\ _ , ) ' 3.1 (~ - \ _ ,) 

, . , t · , • 
.. ,,~io~ ~ io tho ""mb. , ot Ioyer. , S. io t~. dioto"". from It, . ..... 
... ~..,. 01 tho l.oy.,otI "" .. to tho "",", ... 11000 ollho k"' loy.,." do tho 
diot. noo 11"", th. ion" .... rt<>eo ot t~. loy. ,otI .,,01 10 tho ,01.,.",," ... ,. 
I"". ( .... Iy Ih. mOdI. OU1!ace), .<KIlh. o1f1ene, ~ • • "'~ i •• oro doliood 
io ~ ' .7 on .,fI.oed "'0'" T~ ... fin ..... in Equation 14.427) 
oro _ to A"""'rtoumvon 14-1"1 ar>d.,..,.nd on lhO 1ot,lkon "' ,... ,., . 
01. "". """I>C<t. ~ol. tI\o, Al 0nd D, o,. pIo,bc ~ . " _nolond 
bo .... g .. iII_. "spacW.l\>. MIt .... 1M Bj a rt 1M pl.ootil: 
booclng-..I.nolon coupling otillnuu. IIIUC1;oc io 'h • • • ", .. io "J$O>n io 
Sodlon 4,8 on ........ 10<1 ...... , ThO ..... io .. _n, "' ...... ,......",. '. 
bo .... g·O)(tonolon couplinQ, .nd bo""-"l/ OIillnnsos. i\r B" a nd D" 0" 
"""'_ ,,,,,. Equa',," (4 .• 27) I>v ........... 0Ii0 val . .. <>I K, 
(K". K"" . K" . lond K" . 'l - ,'Y21 .... ..,~, IU>d . 1.o00io 
_ "",'. ,,1100 io Equo_o (4.022) """ 14.427). T!>o plo.,io ' ' '''' no 
ot 'ho ",ob",,;Sng . " o""' n. ', bo .... g ... ton..,n """-'""'11. and bo"'*'l1 
oIiIfn . .... , "'r Br ond D" . , . Dbtoiood by "';n~ ,h •• Ioo1io , oluoo ot 
K.. p .... ic _ant ",o,Mi. ond pIu60 _n'o ,.000 ., Eq •• tion. 
(0'.022) and ("'27). 

4.10.5.6 B""kl ing Cnl. rion 

T .. """'-'Yl>o _ >1inQ "",o" n''' ' ...... , ..... k;.- <I..ula , <;y1ft<Oi
c. 1 ~ ._, """'_ . . .. 1 comp_n and ""0",1 prKCUlO alO. 
'""" EQu.aliono (4.7. Ho.73) on pogo 487. 

ON,. , . ON,>., ~ O 

N<,p.N<,., . O 10.4~e l 

" . • !oM •• " • f>M,,~, _bM,...., -MI.,.»,' - .- ' N,INt." • Ni " .... E 0 

T~. buc;Sng dioplo"".",. (" ,. __ . rmio.l. ~mp itwo., ii , ' . 
a nd wi 

"''''' _ "j , , 
14,429) 

, , • 



... .... ........ , .. __ ...... 

.. ,isly t!oo S 2 """' ~ ~od odo- buckli<>g bo<H>da"l ooncto .... . 
bOI, ~ IN ~ /ow ~ &.I, ~ O 000 .,. _"~,"od", ,~. wn._. jn f~.oo 

""""""" , Eq .. loo". (~ .'25) ~oo ( .. ~) . .. to",, " ol tI,. v . ... , ,,,,. .. 
"'t. ,. "'. · ... ~oc ......... nd oka_ .. """'atu",. Eq ... ' ..... 14 .41Oj 
. nd (4." 11, _h .... """","U" ,,1ly ~.",.,.. .. t ... buclo.l;"g olt.,.o-
tio' oquo,en.. Equa'"'' ( ... Z"). '" ood., 1o, . """h;,ia' ""lui""., ..... 
fO, ,,,. , ... lLng non"QOt_U" ~_ .. u. Y, ar>d;;. 'M <I04'''''Nr>I 
01 '., _"10;0"," '" Y. ;;, • .., .. ",uOl v.nlsi> ".o<h oonaa .... _. '0 'M 
buoldiog cOl""" 

, [ . , . , , , 
] . N, [~ ] . l .. . 2T"T"T,,- T"r" - l .. r., , 

T"T" _ T,, 

T" _ (A" • E ..... II,: bK",!:II.I' + A.,("·'j' 

T" _ (A" • Y(mx lKn <J 

T" _ (A, i'~ ""tll i + IB" • i.E ...... A ... I>j(m,,'ll' ; IB" • 2B.,l{m .. "l.H<>" j' 

T '" _ A.,(m"' L)' • (..." . E .... ,A,lO)(n',)' 

T •• _ (8,. ' 2BuI(m,," l)'(nl~ • "")("", • E .. "'Y. )(n ·,, 

• 18 ",,' 'A.., A,O)("" I' , , . 
T .. _ (0 " + E .... '.,,,. ',E..."A..">H",x'l) 

• (40 ... 20" • G_ .J,">" G-, J/oj(m",q'(nlfj' 

+ (0". E .... t,I •• i.E,"",A,la~""I· 

• I2"HB" +"." .... ....,011"" )' • I1frl'(-":" • E ...... A, . ) 

Eq uo,"" (4 .430) ;, 0 ,,,,,,,,,.nd.n'" "~'.""n lor ,~. bockli<>g 
10""'5. N, a'" N" .. I .. "", '" the m.,.riIIl p«>I>"rtio • • , "'e. b,.;kin<l 
fore .. N, '''' N, ond rn lOr"", '" ,h . I/OOmOlfy ' oo , • • l>uekl<>;[ modo 
numb . .. m 000 n Tn. buc""II ont. ,,,,,, .. "" obIa"'-l by -""- ['.sIl1 
ond ,,_ eo 10 _ . ..,..,;.,., 10, P""'" buol<ling 01 .. 0'1._ " n9"" "'yo,"" ,",,"", oylir>*ioo' "" . .. 1" ·5ij] (.ts.o _ ...... $ ",,1»0 4 ,10.2); 
J.",.. •. ""'0';"" ",' . 1 ... ", b",,~ ljng 01 . ,iII.nod muffit", • • .,.. ,i.""tor "1'-
lOtdrioo ...... [ • . "5~ moo •. Can:!. and ... i'" .... ..,."'". (.-53] !O< ..... '" 
bucl<iog 01 .. .,._ UogIo-1loyerod 01 ...... ' cyU"drioal 0/1.1s; and ' "" 
,assi<ol 'E ulo, -.1»0''''' ""'1It!. nod . .. .,'" ,re.a, cylindrlcal """io-
m • .., .. leo p"",-.,."" ,h. "".",.nd.nlal buckling ,riI._. Equ""'" 
« .<30). 10, ",. ...... ., 0 1 ",. ""'rry buckling Iood> is o:t;""",,.d .. U, O n .. ' 
sub·...." ..... 

, , • 



........... "" ..... ~...... .., 
•. 10 .8 Solulion 01 Mulll l3yerMl Shells U"" kMng Criterion 

•. 10.6.1 In trod""l1"" 

The buo .... ~ Iood c01o"',ed I«>m 0 b ... . "'9 orito""" ouch .. 
~_'ion (4 .4W) lor "" '" dopefKIo "" I~o ~....,. . buolding modo 
pa'am.' . .... m . O<I n. and ,he non lO1 .. , ,,",IOrio! p"",.nlo •. _ .VO,. 
to, p,,>tio tH.;' IO><;J. \he ... t ...... ..,.,.,....; .. .... . 1""",""n 01 \he b""~fong 
Ioed. Th o, . '~e bllClding criterion io a tr.,,,,,,,nde""" o' p,eMion a nd 
bec.o.u ... 01 11>10 lact ond 'ho M """O"' IIOO"'OItO: atld """.,iol p'0p . rtiH. 
a <om"", .. _om 14- ' 05] is .... mio l to 'h. p'"""eal <a1001a'br> 01 
buoU"g _ , ""'''''If, , rw. 1M,.,. pOII jon 01 th/I 0I"I0r1 In .""If"'" 01 
plaSCIo buoklW>g 01 pIa'n .tId shells is In ,h. """"jon 01 '00 ,"' ... 
eol'l(lon'01 ""<*log " "._ """.,.t, in". f any, <tro<u.,.;on 01 t~. """,,,,, fI'OO_" ,,~, ~"" ol l~o ___ ~ ... 
...,..,;'11f i_", lor muftlay. ,"" sh. " _ au .. 01 'oqu#ed ",1\, 
'« h"iq"'s, 

Th. '-"" 1''''''''';'''. io d '*f>loyo<l "",,"m""oty In F;gu ro • . ' 1)11 
and .. 0_ in lIHI lolowinQ O«tions. l rw. objo<Iivo 01 "'~ <OIuIion 
""",0<10" is 10 log"""," .stima'. a 011«0 .. "" oIloodo to ...".,h lor , .. 
Iood . 1 ...... h ,"" otiItoned m ..... .;loy. ,"" ..,. 1 b ... ldo •• ""o';;"g 10 tho 
lllltIOc<I_ma l ""'~iIiIy crileoo. , The r"- ... ," is to ",,"'"101. Ihe yield 
I>M. 1.... to dol. ,mino Iho bouodory bel" ........ " otld pio>llc ~o "",,,,," 
Q.,. .. ,ho he ... 10;,. _" . t _ 10'. , ",p )'. Tho __ "d $I"" .. '0 
del.,,. ... , .. lay., _tid "ill""", "'~" ., ........ . tId, oe..,.. m"_ ' 
prnponM ., an 0 .. , ..... , 0<1 k>od by •••• ,:eo,"""", 01 ""m orlcalloel\niqu .. 
,,,,_h the • • O.P_ '''''' 01 ,rw. HtOl ... ",&100 1000. 1.,. !he ma ler\al P<'OP
_ • • , .... .,10 00 \he .. ,..us.tId "'. "'s """ to. dolo ... _ d"""'lf) 

C.lC ..... ,. rI01.D ' '''''. > . •• s 
..... " "'_ " . """"" •.• , .. "'~C" ,"C" "OUI .............. " , .. , - 1""" ... u . ............... ou.' ':''',"-'_ IA'''' , .. _ .,. ...... fID""""" ". , 

ic.w:<JU.TI .uco,,""" '<>LIl, .... """ w. .... <IT ~ "'" "I 
.... _<tTl. _ c .. c........, OUCO<U>IO '''"''' , ' . 

""""""'- ,0toUr'" --- c.o=.uru> _ ..... ......" ""'1 
wm< UTIM.ru> '''''II. ),. 

" '., ' .. " >,' ". . ',-'., "" .. .", .. 10 . , 'UCfIOKt> """'"""", , .•. , ....... '" ..... -...... ""-"""" o.a, ..... 

, , • 



... .... ...... .. , .. __ ...... 
The "'Od SI.p 10 10 "I<uIaIe Ih. ~ _ fo, oacIr .0'" '" m 000 
n . ' Ih. m.'~"" p~~Io. """..sponding 10 ............ ,td ""0 a"" 10 
.. Ioct I ... o.boo ..... minim"", """.'"' td 1>.rO"'~ _ '''''' ''''''''g ....... 
fo, . p,. ocribeO .. ngo 0/ m."" n. Tloo IourIh _,i .. , .. op i. 10 com· 
pa" , .... ..,"". m\nm um .,. ...... 'od booldng""'" won ,n •• 00000lod 
""""i"9 Iood '" <101."" ... "ho"" Ih. """' .... hO$ _ n 010 • ...". FQf 
tIr. fir., . .... 0100 b",,1<Ir'g load. 1.,.. it", _ ule m\nmum calculolod 
bud<alg load .. , ... tiw.n !h . yior4dlctrd. buc1<lr ng " 010"".00 the""" 
lOt"" fro. be.n obtoined, If C 10 11'00'" 'h . . ..... yloiOj Iood ..... ",hing 
'""oniG'" 10 _oIopod h._ fo< elooo""'li" ooeeo_ 01 o l/imolod 
_ 000 , ...... ,~ .. _ Io..., 'h ,""IIfr I.,..., un," tho . ..... .,ed p .... ., 
bucloJing Ictrd 10 , 100 .. me as 1100 e O"""'. minmum C4lculotod p .. stic 
bucl<iflg load 10' P'HOf_ aw.roq, TO. """,n~ ,,,,,h.;quo 10 dio
playtd .. flg"'o 4· '011' 00 dtsC_ .. ,hlo_. 

n • • MI. no<! mullUyorod ...... io 'op' ..... ' od IrI' ... goom ...... . oo 
by .. n ~·n .. , ""0..-""''' 'u ...... \of 0"'" loy.' ."" ......... The Nadal 
.... .. ·.t .. .. e ...... ' .. a .2% _ , y;'1<1 ...... [0 ·10-<) .. ..- fo, tho 
pu'!>"'" 0/ ilu. tra,,,,,: 

.. "hK:h 0, io .... "'OM ""' oiIy. t. 10 .... "" . " .. ,......,., "Y ...... ylold 

.~ ... , " ", .. ' ho 011 ... ylold obe .. (.' .n. .... ." .• "" n .. ~ m., .... 1 
pe"mOl" "'at dolOrmin •• Iho ohapo 01 .... "' . ... "',. ," eu..... AIry 
"'nor """ .... , "'''''01,." , ......... OO n be uood ~ <Io"'od, Tho 
""".n. '" or>:! """" Io'/er co n hov. <liIIo ,.'" .. lues of E, " , 0,. 0"" .• 00 
n " the ,",""f. eompUier progrem [.·105) 

4.10.11.2 DOIorm lnallan or ,ho Yield Load 

~, N, a"" Nr bo ,~"'od '" • posiI .... numO .. ), ",., '01"_"'" the ... ~I 
'" ""'ding .. ~. 10_"9 mannor, 

N. _ k,)' N, _ Y. 1'.'301) 

in ""'ictr t , orrd.'o< .. """ bo """",t"'" dhough I is "' ... _O<I!Ira1 
booi<in9 """ut" only ""0 • • itIro. k, '" ko is po_ •. The .,."..,. .... of.niI 

, , • 



........... "" ..... ~...... .... 
SKI"," .. '" lind", . ..... 01), n"" wil <:.II""" yiekl<>g in . , ...... 0 .. 
loy", 01 Il10 ...... 0' in 'no " " _ro. To 'nis ond. 10' 

'.' M _ ... ,,' b BS _ ... " 

CC ~~+ E~A, 
14.435) 

E_' ...... 14.4J3-• . 4J5) ca" ". _ 0" " 
~,l =AA' • • B8 f. y.=8S t , . CC I , 

SoIvo Eq".tion (4.'36) """ 

t R . ~ ... J. - [ BB ... . CCk, 1 -
• BB' _ AACC 

14.437) 

(4 .431!) 

.. 'he ."",0,"., ..... 1" .... k"""" in to"", '" ,ho , ,,,,Oed ioado. Upo. 
-.it.oon '" ~ momO,,"" ot",., . .. "'" .. pro_ lor 'h. ot"," ito· 
to"oiIy ., ,h. k lay" 

• [ ,-, =" ' --]" ". _ • (i - ",.'·,)!.o. +B 1- (1 - 4',_'·,).IIB J. (4AJ9) 
1 _ v, 

an<' """, . t$ion '0 "'" "', ... io'."~ in,"" "'" .. ,., by U" '" Eo""'oo" 
(4.0\05). ,ho md ""osing,~;" "'" 1;0, .. "" 'no . .. 'no om . .... '" '. J.,.. . E' e 

• 
in ....... n C, .. 'no ..,.,..,,~ o' J. ;n E"",ticn IU30). 
load U1al cooso. yielding is 

'" l.,- . ~ E,A 

Fa< .... mg.. 'ho 

14 ."2) 

TlHt ,_ ",. d lot 'no . 11'. __ n io "'" """" "'" of ",. J. in Eo."ion. 
(4.440-4 .4421. Tho yiekf Io&d. of coo~, _"" • • ,1>0 .">li<: b<n" ,,,,, 
'" '" . ..... 'm", ,II . """a;.,u, Mn,,,,,,,. n ... , ..... an<' .......... &I 'no 
,_ .,.., .to __ by "oO .. H",,,,, '" 'M om."" J. ;" Eo"aliono 
(4.437). (4.4331. and (4.404) -''''''''''''01y 

, , ... 



... .... ...... .. , .. __ ...... 
' _10_8.3 DeI" ml""'''''' o . 1..0,., 8nd sm ..... S1t_. S''''no. 

one! Mal .. ,., proponl .. al o.n ESllmalod Buc kling l """ 

In 0",,"' to d . ......... u.. Ioy. , . nd otitIn ... ol' ........ "' ...... nd 
"""Ofiol PI'~. 01 an •• timatod bu<Ung k>o.d. tho bad·_mo.'''''' 
bella • ." 01 ,h ....... nod mLdtilo.,. ,od plato "' ..... m"st Iii" b. Io<>nd. 
f .. "'nylo-Io,. '-<J . Io, ••• nd ..... 1 .. .. . mo"""" • • P'~ """ii;>
.... m 01.· •. 'ho lo. d-deb-moOOro 1Hoho.,,", io _.Iy a "".I' g OO" .... ~ 
tim<. ll>o .. ,."" .... ,ojn beho""". How.'"'. m"IIo,.,od pial •• a nd 
51101 •. <til"" in a momb,on" p,o!><>:kling oQu,t>OOm SI,,'" .• "oib~ much 
mol. <;<>mplo, b ...... ""' 1Hooa_ "" oucn "".ling "" .... n' •• isIs. A~ """'gh mo .d., ....... " .. In. 10'0"" '" ""uml"o'iloi. " .. In Os lho 
.. _ in . _ laY." u.. ol",in inlensII, . Equal"" (4.40.1) ... "'" th. sarno 
IHooaUM ,hO POMon·. ,at .. .. dir ... nI .. oach IOYO!. 

A ......... a' ,010 ".00 In lhO ....... "". only a port .. n 01 t~. load· 
dofo,mal"n b •• av"" 10 , .. u~od. nam.". lhO dot., ..... ,.", <lI mo <>0--
10"" ...... " n", .>timo'''' b<M;ldIng Iood AI .acto . uch 'Oqui.-"" dot.,,,, ... ,,,,,, .. Ih . . .. ",h 1o. Ih. 10",, 1;''"9 "'d. lho -. ... ..,. ",po 
a ," _wn in F;.g ur~ 4· , ,0 and <10..,_ •• IoIIowo.. Th~ aoooc:,.Iod 
!\IImO!",o'IOcMiquH " " • •• loined in!TOON d. tal in thO loIo,,;ng po"' . 
\I'.pho. f u ,. rho bad_d. r",,,,.,",. OU "' ••• , 'mpoIal.d ''''''' . known 
"""" '0 ,h. ""'" •• ' ..... 1 ... ... d . ..... 0' w~h ' h. _ .... " " ",,"' uW'" 
u~ U1 , mat" "1 p'oponios 01 ,h. known point. ThO _ .. ." is to 
c.le""'", 'ho loy .. om "'fl . ..... . U ..... ond "",t.Iio' P"'P"n"" aI thO 
.... ir» ""leulo,,,,, "' Ih. I" .... ""_ Tho _.rep .. 10 <aleulo'. tho .c' .... 1 
..,... "om ' hO loy .. ond otilf._ ." ..... "' tho """',,",led .. , . .... nd 
00,,-" ~ 10 tho do"",,, Oood. ~ lho <oleulo'od Io.d i. "'" ""~, '" tho 
doMed Iood. a ""'" (."",'Ior) Iood incremenl " deI.ron"'" 1"1 the dlle,' 
"""" b." .... " ,~. OO"'"""ed a nd <IesI,ed Iotod> TlIe "'.p. "'" '''I'Uied 

...-0 'OAD.", .... ""." •• """ _ '0'""' . 
_ 01.. "''''.'.oo '.'., .... 0 tuC<,_ "''''.' •. .. .... ""' .. -"'-- "'''' ..... '.,. ." . 
~ 

................ "' . ot ..... "' ...... 
<"",,",-,to ....... . ...... 

, ...... , • .-.... " "'" , .... >. 

""' •• - . , .... '" ..--.oo ~ I ... , .... ............. _..ro 
""",-,,,,-,,n • ., ..... 

.. "' .... ".1.0 ... , . .. ,"'-,"",. .......... 

y " ~'''' "".'. '" 
'4· " 

. .... _ ,. 1oCC<J • .o,. _.,.,. .n_. 
F9Ko . -. ,0 """*"- "" Do ......... """ of ' '-'" _ S . .... , So .... .. "u ..... .... r.t . ...... "'_ ... . ., .... E . ........ ~ l oad 

lMo, Jono. {<-son 

, , • 



........... "" ..... ~...... ... 
unli Iho caIcU,"IO<I ""'a ko tno .. me ... 1"- ..... 0<1 _ ",. ",."",Ib"; 
'''''"'"C'J', 1'" ... I>t'Oad._ o. ~OI~'" t>Otod '" F;g., •• ' ·'0Il 
s od , ·,,0 : ' ) Ic>ad " """ .. , 2) ",aln ... lmal." a od 31 "v", a od 
otirt.n" .. ' . ........ ,eo. T"- ...... .,... oI to'al""', .ublo'~I;on •• aod 
SlJbstJb~o,a'"" ,bol m ... .,. "_,gone ;'; hlohly "'po_., on ' M <lo-
or .. 01 nonI ..... ,..,. oj 1"- ........ 'al. <""'0. a"" on"" 000",",), 0/ tb. 
<<>olloI>rs';". 1M oumM ' 01 ~.r.ttlono, 0 1<:" !o< a ponbJla, <.II ... ,. 

~., tt> • • umofical .x.omp~ ., Stet"" • • 0 .7 
Tbo . .... poIo""n p"",edu, •. '" .. _ ",odic"" locb.iquo. <.a. 

bo .. bo .. plaint« by ,el" •• <o "' Fig. ,. , ·111 in "'. !_""Oo d ... 
<u"""" I. f iguro 4., 11, l ;,; lhe II>IId ood " Ia • "I1<"lICI ..... ic "'lOr· 
mal", •. Tho ta ....... l." ... 1oMI .. ill ............ or. u_ t • • "",poIoto 
!rom lho Old Io-od. 1." .• , tho p<O'_ ~"""'" ... !&mal"'" (","",no won 1M 
1~ "''''',"",00 aod lOod", '''0 bto ... no 01 Iho oMu-. PfOOodura , • 
..,.... Iho """kI;"g .,io"". , to 1M d .. irod """'.)." ., .. fNOh ,he 0.10'-
"""ion ;0 I • .,. dol .. mint«. "on ;no,.m..,. ... ~ ;0 Io<mtd In "0 mon_ 
01 Eq"" oo (0 ,4341. '1M ",""'-'<kI;"g 100-.0-$1, ... ,.,."'n, 

[" '-".J " N,~ A .. t b ', • .0"", 

" [" ' .• ' 1 N, _A,,<, . An' a' <f 
.0. bo writton .. ;noromenlollo<m 

,\N, _ r A" + E",;; "']-'" ~ ~ ,,M, 

~N,~A , t""[A", . E,:,A,}-, 

"_ '_1" "noonl p~", To< ......... too <lI>ta>"IO'Ig 
loo.·o.!<""oion c..... I~""' JoM'I<-5'~ 

(0.-443) 

, , • 



- ............ , .. __ ...... 
T,," inc, .... n" In II",;" dolO",,_ 101 Equa'''' (4 ...... ) "~.,, 

_ 10 ".,. old ..... 1". """,,"u" on a pp'""",,,,''''' '0"'" ." " In. (01 
doIO!m. o;"n. ~,I.' "'" doai_ ",. f ,," q ......... ,.ma'" to do' . ,m'" 
lit. <><1..,1 !., II,,,, ,o~ to " " A proced", ... do""ibed .. ,~ • 
.......... p,.,.",,,,,,," Io! d.'....,lnng '~o Ia", """ .<btl, • ., 11_.00 
.... ''O' I~ •• " ,," otno ... o.""".!9d ''''''' E~"",.,n 14"'44) CO<fe' 

~ 10 ~ ,. M o,1ho lOCIu, 1 !., is _""iMd, .roollt. , mal •• kIo. 
~,of on" "" a r.. n' ,h. do .. od J.. • obI._ ,,0<1 1ho """,.duo. io ... · 

_'ed untl '< o",.n 1',,, J.. \0 " p'",,_ """"ocr. '" F..,.... "" " . ""I,i "'" opp ,o. ""_' ~,. shown _auso ~ a pp,a. i",."",," ~ro 
.. ,~ to ,~. d .. lrod ..,1uIIco • • '" be ndioIingu_ .. ,n. "",10 
offig"ro 4·1 11 . 

A u' cot ",airI. la, '''" lay .. od 01>011 .. <Itt' ''''iMd In on. p,OC«ing 
pa,,~~, a .. o.so of ' ........... n. po'Obu¢I<lod ..p'~""m "" ', "'0 
air.",. aro "lual ln oil layers 00 1,," . 1lHIS in _ n lay .. .,. """wn • 
prioti. _ .. e" I~. mo'erial p'ope";"".0<1 M",. 'M sUe ..... , .,. nol 
~nown in .o<~ "yo,. The 111,-.. ••• dol_ "". ","oh Ioyer t>y 

"'''''ing .~: 

" "~ - ' [11-", .. ':IY'!+':J-I'- ." . ... ;lfi] I ... ·S) 
(' - '{I ' 

11>0 st,,,;,, ;"' .osiIy dol. ,mlnod t>y tho p,eocfbod "'"ins and m. ' O!ioI _ ."Ios a1 • gIv." . UOSS .... "Uy, and MOrclWnO by on "" .... a l· 
Ioo""" ~ ''''' .... u • • ''' " " ,"' .. inlonoily wiIIt . ",,~"g 51 .. 1n n. 
!' ''''iI)' • • • ,U .. , " ""' .. ... ~ . ... , I. m ",Hem od do~ ... Q! ..., .... c,. A 
",h. """k: indleol .... e ( ,he ~Ie'om."'_ procod.,e", given Ie, a .In· 
g!<> "yo, In F~o 4· 11 2. 1"" .. , "0'. 'h., ~ , >', .., ''''' .. , .... ;" . 
.. noily _ ine _ _ b, ~O, 10 ,,~ , AI 0.,. '!po, ~ ... 00 '" io _ , .. _ by 

""; 12 t<o ~~ _ . .... , > " ;" thon , ~, 10 ""' , ...... t>y "";14 10 <>.. 11\ 
""""h poinI ' ... ., . Th. lnto",. 1 "''''ing is fOp ... od 10 con!In ... ~ 
bound lit. co~' oo!w:", <00'_ 110m . """ •• nd bolow "",I . ... _ .. '0 
11>0 _"" accuracy. TIIo Io., OIep .. 10 ,,""u " l. ,110 5\, ..... , from 
EQUa' .... 14.4(4) whon mO ,,"'otltl ,,"opM'" .,0 ""'oO>e<l Itaot IhO 
Nadal .. ro ....... _ c""'. f'" ,~ . ..... tmln. d ...... in,"n<dy 

Tho ." ...... It!<> . !Mo n.os" "'und t>y LJO<! of ' ho ""'9<"' p.-
'",hnlq .. lor do'.""""",, "" ..... , ."', .. . , 0 p'_ "" .. , .. I stra in 
U ~ .. ' . ,'" OOhomoti<OIy In Figu," 4_11], 1"" "'9 .!,. ... "', .. a mpS. 
ill g;, ... on nctom.,," 

In w~k:h ~" is 1n1 .. 1y ..... dil ... """ ... "'" n ..... ",010'_ "ra;" ond 
..,mo """" .... n! ;n;!", l voluo 01 .. ","" "Y''''' voklo al ' ho p ........ u. load 
(., """'It ~, .. , ~ ,,,,,, .... ~Iod). Tho now "'. '" ',.. oorro_-..;o to 
lit . ...... " tOSS . '""""" ,"" I>Y .... 01 ,h. Na.,.' otrow-","'" .... 11"" lor 

, , • 



........... "" ..... ~...... .., 

, , 
STRESS I"'-EMSITY, " , 'I, 

, 

." 
..... -. :/ .... , - ...... 

.... ./ 
~ 

/ 
• \ ..... , ... 

STRu~ mUMGITY . .. 

"V- • . " , 0. ... ",.,.,,,,, '" .", .. ..... n' ........ S, •• , ' ........ 1 lOr a_ "' .... ., /A .. , Jcr>o.I.· •• ~ 

tI>o .. rI..... B.ea.SII 11>0 n . .... train -. "'" ali''''' ... illl the ", • .."i_ 
.. _. _ d't1o,,,,",,,, I$ .SIId In Equol"" (~ _"&I 10 <>IlIain 0 n .... otr . .. 
• rod '''''in. 1"'~. IS , _ _ loci un" I ... n,,, ol<.in 411'' '' ".~ 
til, p,_,1led ."ai, ., I~. <11_ oc<"'acy '''',oby dol.rmining ,''' 
""..,. ~"" m~IOri.l 1 p,apo " '" '" IlHI ",".n~, ~I tno p,o..,riIlo<l .... in. 
T'" " tal"', ty .... ple """,,0<1",. 10 U'OtJ •• ble '", '''' (I01.,rn"'lIon '" 
...... fro • loy. ,<><1 "' .. ~u .. '"' PI • ..,riIl«! oII. ins do 001 <loIOlm'" 
a LIII;quo ... a il! in .. nsrty /rom ",""h., c.Ic,""" ",omo " .I""in. A/:.. 
co,dingIy . ;' ",-" "" .. ,h • ... ",h k.-. oaIuIion would t.. .....,....h.' i • • 
a <II' o~>ing to .. l.rod neve, cotc~ ng~. 

L .. , ....... , .. ~ 

.TII"',_ 
Fy... '_111 h"9"'" P"""",,,, Tod ...... ' ''' ". .. .m""v """""'" SO .... 

ot 0 ..... " .... .-.col S,_ {Allor """. (' .. 9j) 

, , • 



... .... ...... .. , .. __ ...... 
4.10.0.4 Cole"I. H" n 01 tho Abo.olul. MI"m"m B""kllng L""d 

.t On [sllm.ted l ,,"d 

s .. AppoOOi>; B lor on • • p""''' ';'''' 01111;' procedufe. 

4.10.6.5 Com parison,,1 Eatlmat.d Buckling Load ond 
AblooM . MinImum C.i<ulolood Buckling Lood 

n . budl<>g bad lOaI" <a"utolod hom EqO;ll;", (4.4:lO1 must «>
-. .. itt> "'" ."'imaled I0o<I 10< ...nich lit. "",10, 101 prope"ies in 
E_I;", (4.430) .pp~ in <><do, 1o, Iho p"'-"''' buel.r.g soIulion to h.v. 
boon Iouoo ~ "'" o .. lmaled bad.J." ... I"" low , I~ cai< uloled bad. 
l.." 10 "'" I'IOiII> ~ ... "'" """ .. 101 pr"""'" ... too h;g". eonv .... I1. 
~ J .. 10 l<>O ";g,,.)~" 100 "'''. ThUS ..... -,>1 ,.I.I'ioo of J." 10 ~ it 
on .,.." oritO<ion 10< ... in. nu", ..... IIe<M_ 10 <I<\O<",'n. _'. 
l.., ~I'J." 10. pr_~ """,,r~o1 , 

v • ..,.s I<>aCI MflonolH, "", . '. m. <IO in f;guro 4·11' "" 1" . __ 
dolor"",llOn ....... '00 COml~ 00"""" ",inOnum "81,,,"'ltd 
bucl<ling _ or. _ by proc..u •• d_ pm""""', 1ho 
f l~ load _ """ O,!.,. ... Iho provOouoly <I01. ,minod )'\o1d load tor ..-hleh 
tho """. _nding '- 10 '00 higl1 in Figo'. 4 · 114 bKO"",, Iho ",., .... 1 
pr<rp . ...... ro "",,..gIr , S"""_. IOod inorom",I ••• u. ot on.·1oorrIh tho 
,_ load oro ._ g nli, 1.,,;' 10 .. Itron .... '.g ,. L,,~ .... in f igure 
4 ·114 , AI this point. lh .... ..,.,td Iood ;' rwdu<td 1"1 M I2. 1". now 
~ io compo"'" 10 Ih. """._odin\I I." .. toor • ..,.,..!.,. " inc, ... _ I»' 
.u /O '" docro._ 1"1 M J2 • • x<>,<Ing 10 whottMrr ... ~ ... or J." < ... . . 
in F;gu," 4·100, n .. bad onerom. ot 10 1>a~od., .... nlJaly _ h ... p 
"" .. 1.,," L,. 10 a p«r&<riIlod a<Xg,-.",I'. n .. into ... al ........ ing aoanoh pm-
codU .. """"""II" by v",U" 01 "'" ",,.,Ion 01 .. 10 .. and con b-o"""'n 
10 ... 'ho mo" off"",", . .. ",h prooodu," . Tho Ito ... ,;", p"",,",,,,,. , ""', 
__ ottomplod .., ~od w h.,o " • • uolo J.., did not """". "}O. 

, .• 
'. 

' . 
... ,,-"""", 
> ... , ......... , , .. -~ 

'''''"''''''''", 1\ 
' 9«0 ,.". E.-.. ""'fUI CoW.,.. B~,.", .. 

, , • 



........... "" ..... ~...... .. . 
•. 10.7 Numerical A •• uft. fa< MuftU.y.red Sholl. 

n . II"Iird """,0<1<;. , ",am~1o io 11<1"" .... '" ' .. ~ ..-p_ 
.,., ... bI' I~. ptl .... IlaOtY 10 Ih., ""'otic I>U<"<IIog 01 • Mg-..,"_. 
1our· Ioy.rod .... 1 "!>dor ~r'c pto .. ur. io """'.-;I I'I·SQ]. A Mg. 
_on.-;l 1our·loy"'od ..... io ... minod " . lor • • • mp ... a oimulot.on 01 
ooollg,,,,,,,"" ... ,, Io ·ourta, . """ .rial ptOpO~Io. 'h., va')" 10 "'" ranial 
direction <N. to I~ ,"""I degfod.l,,,,,. Cornrivod m .. "",, 1 ~ropon ... !Ii"<. n 
in ToM • • • , .... used in order 10 .,mplly ' hI _ ,.tion Th. 00""' 

~ .. "' .. ·.h.in ou", • • aro .M ..... in F;go" . ·,,5. n . ~ ... 
oIlh . ... "'" ... ,.riol • • tho ,o.t loy .. o n~ 0'" .2> in 1.601 om) hy" ,06 
in (. 15 em) thick. .nd no,. a _oinsl1ho, .. varied in 'no pr .... '" . ... m· 
pie, Tho bo.., .".1 .. '2 10 (30.S om) "og , M •• _. 01 ft 10 115.2 
00')10 th. relereoce ""rl."" wNOh .. """""" 10 toe ,he otnt'r Of ,I>< 0>
M rmoo< IoYOI. 0 00 has loti, IoYII. 01 un equa l 'hickn ... p, ~ .0010 in ,.10 
em). " ~ .roo in ,.Ot! om) , " ~ .020 In (.05 om), 000 ' . ~ .0' 0 in ( .03 em)l . 

. 

"'" " ... ,GPo) '. • •• , ..... ,w •• "" , ... ""P •• , ' h'o" ,~ , 
" ,., ,,0' ,,~ ... ,0'100>'1 , ",0' 1"1 " 
,. h ' O' ,~ " •• ,.' ISO! , . , ,0' ,,,' , .. <do' ,,,' • • ,0' 1"1 , " ,.,. '''I " 
,. , • HI' 

'" " "0' ""I 
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... .... ........ , .. __ ...... 
G.",."" in . .. bdi,y ,i .' ., _kIing in lOng, , ... rinII> P'lnq,o") , .. 

", I;,,,, a .ar,ing ' ng _Ong a , .... ""'~ .. FOl,.. ~_ •• ~ 'n ","'-:h p''''io 
buc<llnO if dono'od by '00 sotld 0""" . "" . .. ..., bIooklng 10 ~n"'0<1 by 

, too doshed """' • . PO"", """"' ''' (i, • • , bu<~'ing bot .... n rioys, roou" 
a' • ....,."." ., FOl' •• ·117 _ 1M .. m. "" .. , ;0" "" in Flvu ro ~ .• ,~. 

in both Flgut'o. ~_l1fi a nd ._.11, oU"fl' "'* ""' ..... 'ing opao"'go a' 
..mieh • lay ... (0' mol y"ldo Qf . 1 "hdo Iho buc""ng modo . hopo 
ch. "I/O'. A typic., ,,",,"dolotm.''''n OUl'YO i. >hoW" .. Figono 4· •• 8 (lot 
a • ' .S in 13.8 emil ..... ,.in olost", !>oMY"" .. do",,1Od by • dool>O<l Moo 
. ... 0"'01", boloa."" .. ""n"'.,.;1 by . _ """'0. Th. ,'-"t. to< F;yu. • 
• ·118 feGLJiro .00", U """ 01 CDC G600 ,*",a' ~ 'im. I.n IBM 
300IfiS FORTRAN a ..... '" , • ••• 0000' 'h t .. ..... .... iong). Dw;ng 
1M' lime, tIHo .. Oro J~ 1Oa<I ... ,,,,,,,e.. 2·3 .... ... .,i ... , .. po' I00<I .. 
' imo' . , 1S.25 layo, . .. "'" " . n>l\' e ..... _ PO' " ,ain ... im.,., 8"".-3 
SIiII. no, st, .... stI .... to. PO' ...... _.'0. 01 """, .. , 01 catcul.o'''''' 
_ b. pO~o'mOd """" ,. " .. "" cu~." comp" .... "'" In. ,,"'Iv. 
"m," .,.,.,1<1 bo OppIO. imO,,,,, 00.-.0<1, 

"a ba .. nc. boM H n gonora, . nd PO"'" ..... bHy ".'" oooghI lor 
tIHo ... ..., ..... ... Flou", • • -,.e and ' _1 .1, '00 "",imum' Mg _""'g 
io 7 "' ,'7.' eml .. , buelliny PfO.ouro '" 190 psi (' ,24 MP.). _ ..... 
..mon ""' .. '" oofIOCInro .""""nlOd 'Of. ,h. '''9i'm"",' ';"0 ",oc;ng .. 5 in 
(1 2.7 om) . ' . O<l<kling pr. "" ro '" .75 ps; (1.21 MPaI. " ""'ap' more 
;"po"""';' tho I.d ""',~, . ""9 ~in9 oj 7 "' )11.0 em), .10 ...... ., 
_9 PfKS'J'. i. ~ Io ighot' ilion ."" ", .. lie _n9 PlH5IJro. 
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... .... ...... .. , .. __ ...... 
From .n .MIy .... ,. ..... , th. " • de.lgn. ' io1'opOint. the ~t 01 

pia .. " ~OCIO III 11>0 1>1 .... '" ... mpIo '-"to .. tho b",,1Jinol P'~_'" 
"'*0>\1 "' ..... ;"""od by t""" 2O"iO I<> VO% ....... ,"'~ ~c"'~ ' OM' "' .. 
tl>o "",,""'01 "'"\10 Ifom 4;" (10.2 em) to .5;" (1.21 em). 10 _n. t 
co n .. ~od by oompaoison 01 Fy.-, •• 4.1 16 . nd 4. 1 11 lhal 11M \IOn . .. 1 
and pone l ..... bill)' 10,"10 a,~ moch <I" .. , 10 . seh oltHo, 1,r1he p l.l",'" 
0 ... ' '''. too ...... 10 .. " cu • 

.. conli~u,_n "'"' 'h • • lom"'1 • ...,.,. d ... "lpIo ." .p1 wci:h 1 .... 
loy.", .•• m .020 ·ln (.05 oml ' ,,",k, ylokls oi!lhll1 <Ill ... ", , . ...... n. 
Wljmum,;"g ~ing <"" n\lO.if",,, 3 .5;" 1&.11 em) in lli<t ,"IIl", c ... ,,, 
about 1 ;" (2.5 cm);" tho pIo"", c . ... A . ,,;!Ong _<v.lion" tho Iac1 
11>&1 ...... 10 P"''''' .~"" ... pa .. ' ""''''-1'\' _ ..... "' .. _,Iy Iho ""'Ir. 
'""~. oIof"'n", _ ino;JS ;" (""MIIl Ie II", .1.1 .. ", c . ... ""....,"" gen
... 1 ...... trHy _or"" ",or a ... <It ,.n\lO 01 .. iN._ opacjrIgo. TOus. 
...... ,.. u_ <riy . to .. " buc"ng . .... Iy ... , .... "'.u", ,,",. "","'"la'.d '''" 
"""'II ,ak» '" <ttl . .... ,"P'fC0>\I fo, 'oplimum d. oign', i.o ., ..,u,' 1"'",,1 
and \IOn .. ol insWrility~. In .-Ion, ..... mgs 0111>& . qu.' ""kl1 ... 
1o",· IoY1"od >holl yiokl .t. ring ..,acing ""''''. ably dtloronl from tl>o ring 
."acing ., "h"h Iho . ,,,.,,"""" loy .. (\0 -...hich tho ring • • ro t .... nod) 
y~. 

4.10.8 Summ.ry 

" die"""o, _ ...... 10111> """"""" (ttlo V 'moon 
oubjodod Ie biol.<ialboding (includMrg .. 1oI t.n ..... '" .... t"'" 
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. 0 
a ~I I dir«:l1on 
.... in ... ", .. , 'Mo ..,tct 01 'no ",." (pIt ",,"~o.t_ can t.. ao "~ .t 
~ pe<eonl (.~1Iou\1l ' Ois prt<Oction dot. "'" ...,to.>do p""""lSin~ 
ott . .... . 00 .. not Y. ' o.bo"''''''''od by .. pori...",,). S .... , rooulls 
or •• ' p.ctod lor laminatod """' pooi o "' rcul .. "I'i OOrica l onolo. 

_ ... ... .. ,0 

° , 0 ° V",,", ""' ... . .... ___ ... ~ "" , "" ...... ~ ......... " • __ 
,<oJ ........... , '"' ......... ~ -.. '" on _""" _ 

'.'0' '_"' __ ""'~""._" .. "' <_" ''' :1( 
',10 .' '_"''''''''''''' '' ._ "f_ I'''') 
4.' 0.3 '"''1''''''''''''''''' '' ... , ...... _ .... """' ........ 1"" .. .... 1"''''1 
.,OA "-, ... ......... _ ... _ 1 • .<>01, 
0,0' ......... ..... , ... .... _ ""_ ... __ --.~I ..... . 

[_ ,0,0"",""""' '' ,-_', _ (0' " '1''' .... _ .... "' _ ..-_ .. -
4,'0" _ • ., ... , ... M _ _ .. __ ....... "' ..... __ ~ 

<'_1"''''', """" .. .. -. C", .• M U ...... ......., [""'I .. .. _ 
~ ..... """"_'._ , 

.'O.t .............. t ... ""'_""_ ... _ ,., .. --.~, ...... 
[ _ 1° ,°>0), - " ... - , ( - .... '" ....... ,,,,,,-, ", • ..-_ .. -
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Ii ~ !; ~t! .~!~;!£iH~·!~Bg !rH;!H~! =H i!H§.i!· ~~ r,. 
&0 ~ s ~ O~ ~ •• -~ J 'i~ · ~~~~~ J~ s, 'l~~~ -!' l!-~ ~ E! lO : ·!~! Oi <I.~ ~l! "'] ~ l~,:i~i 1: 'Ii ~~] ~ i~ 
el 1~~ 31~~ ! rll! . II f'liii~~·!ili _~t~l~rM It 
!I, !~~ l§-i~!l~ ! :ii~i ~:~~iHij ~ i~j~~I~~8i:lii 
Il~ 11£ h.H~!1 tl~! ·i~~li!;. i ; i. ·f~ij 111 jr!.f~fj~ &~i i! 
~i!.. i Jt ~ , . 81l-~ I! •• . 6i1.. - ;J!1 2>~- . i:s ~~ ~ Hi;'; i 1;>1' ~~l it> 1'1' l' ; .. 1, lEjl!'l"' ·' ! ~l"!l ,d <! _ ~ N ~iI:-,_ ,.!i .... • - " '_ "ll"', W .. ~ .! ..c .. ... _~l'! . . .. ~ .!I .s;bu-- . <>~ .: >;; i . ~'" - ~ -ii . "1"-· .j '! ' i~'" ~~~ ~ ~ - ~ : l ·cl! '5.E!~_ 'i -"''' -!i :: l~ 'S - '.\(' :'::j " .... ;;'IB~ ~ ·i~:A.r~, .! • • E~jjSl~~ ·U:iii1i wc .!'~j~ ~ El;1i .;~ 
"i · E ~!!$ -a-",; • llj=.:? . ;~ ' ~ ;i l fi ll 1!ti ·f-~ " ~~.~ 
!l!~ ~ .!1,,§~.2 ... ! .£:l) ·i ql~i£'l! jHh l-:~ : .l!l · ~ §~hfl:;; ~ • ~ I >~~, "' i l1 f! ~ ~~l l! ~ __ ~E " ,~!'ii<>o ~ ·"" 
... ~I~"' > ';! .g.g , ." ! -;:: <>. ~ ~iO '. 8. ~ ,!;!! u.~ _ !!" ;;; ~-'IE ~j ~~ ! IjJ~J~ :~ !-c~~gf. ; , , 2l~l!:~,- j ~ I~I~ 8 ~ ~! .. l"'l~ . i'~8~1:Ill: ~ -I~ ' ''O • .i!l 2 i iI_ 1i. · ~'il r; ! :J~ ~ . € .~ ! . I·~ ~ . ~ I~ ~iir · •• ~ -E!~ ~~ E~i !i ~I ~ 
.1= II/! lilllll~!.1 illl!!: lj l!",.,.j" : <! •• '.·,. 
Iii ~ liIi':i ,";;:i].!l o. ~l!;~&~ . ~Uj He< ~~dq ! H o. 
~_ ~ :O ¥.1i • .5 _~ •• li'~ !!.."'~-A!!. jl!l< O ! ' :~ .: .i!': '-"~ . lf~~$~I~~]~I-!rl·· ;8i~ -i~ · j J~ <>.!=:I~i;tj~ o ~1 

~ . j ,~~ ~E I's· l!~ ~: ~C-1:I '~~~w~:!o . ~~ 2~ !'!1 t ~ .. ~.. ~~~ e_~ ~r •• <> s ·t! z.." • 
£1; _~j .. '5 e-E ;JliL~ii~" ,IO .. 1l .fe.!j!~~Ji ~ ~ ~.2 . ! .f 
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4.112 Thelm porlonco 01 E~nMnIo in the Dovelopmont 01 
Shelt Bucklin!! An.~io ond Dosign 

w • • 'peeI to UOO .'p.' ..... nto 10 "",Iy 00' 111_ os domOOOlrtltod 
bJ' Jon" in • _, RofItd;o.u "" .... 1m"."..""" aJ E_hmMl.>1 Ro· _s k> ~ . M""""""'iSI'" E~1fy 1M<>rt"'''n. I"" I ' 1. H. """. t .... 
..... mples from composiO. m." ... 1 """,,,,..oe.. '0 domons"a' ••• ,.,. goood 
""" . ... tlo<> 1>0"' • •• t_1 p<od", _ aM ~'~.""'I -'>$IJ '''' 
monto _""'. tIoo,. ", ob>Olul • .- to, ox_. oW in"SIIliotlont 
to \IOboyoo<l m. , ...... "',,,"" oT ,,_ ,.,.. _ _ or. ~ ","01 100"_ 
w m.o<I tho <lOrna .. 01 uselunou oT ",penmon,"f rosu" ,flo, _iooo/y 
con"", .. ""'""*' lot ••• ,.,. """" . .. ..,.. ",<cum",,,,,,, . f .••• " .'1 """'
tOMt"", 01 'ho p. n""'" voriobl .. oj tho ",obIom , E,_ .n .. "'~ . ""ay. 100 on o ...... "'f p.o." 01 tho o .. ,\,si •• M 
do"q, 01 0100'1. ' 0 ..... b",,~. W. ,;~ """"", ro~ on ' h.ory olon. 
to 0.,1m w. ~."'."'" bo .... ' " 01 oheU. ... 1 """"II" 10 ,.'iobly do.y. 
tIt.m, The ro_, . , 00oned '0 SO<\io .. 1.4 k> r .... " th. Im_""o 01 
""""". n",f "os. .... in "'" _ . lop"",", 0/ ,-. ~."...,;.tI'j oot. 
theno t .. t • • p._t ro.u" oro _ mo r. tn. n .~. to verily theo,.,.. 
Mor""""'. obo«v., .... Tro", .' porim . ... 1 ,eooh. a r .. , lie "'1 _ 01 
al 1t ... .,. .. ""1 rr>Odolo! ,.,..,.. """,.--s. ago;" • p.o.rt 01 Jonu· Ro
/IfcIk>t>o 1>0»0' .• ' . ot 1'lI~"u",~ hilf> OnfIo,to_ !of ."., _ ..... g 

Boc . ... 01 itS tpoOciI'" OppIiO.t>if.y to _ bucklinlr. lhe 1oIIow"'ll1iS> 
is , . pu ,ed lrom C~.p1or en.. JoHt Sinll'" "",""ibod ' iIf>1 """" ... lot 
"''' _ king "1'0"",.1$ in 1~ 14_1 12)..-.cr 1118210 -1 I II 

"rA) Bon .. "_'_odin\! of bocI<J1ng 00<1 poo.II><>c .. llng boha,"" 
. nd th. prima,.,. facl<>rs oNO<1lng I 

{B I To find new pMro""""" 
(C) To oIItoin bellO, W!p.n. fo, compu .. ,""",-
(D) To oII .. in <0«. 10110<> foe!<>", _ N O .naltoio and t ... 

• nd 10< mat_to .nocl$. 
lE I To bulk! ~Ido""",;,, mullipu'l'<'' ' comp"'o, p"'Q",mo 

, , • 



......... .. "" ..... ~...... .., 
(F) To ' ... _ II ., .... 0/ ""n.~""lIon Of "oy """"""",.,. 

.lomonlS 0/ a _ro, 
(G) Fo' buckling und., dynam;" ioadng and", [Md-","'".,o 

into""" ... ",oIl"m., 
(H) f o, .,.nifico""" ' .. ' s 01 I . .. sao" SlrucI.,es.· 

Sin go,. Arlx><" o nd W .... " II" "" 10 • • pIo;" .~'*' ollho ""'!N ... '" 'I>o~ 
ex" ""'e o nd .of'! oom~"eheo5i<. bool< Buc!.linjj E_nmenfs: EJ<t>M
men"" M.-. '" BucJ.JiIV 0/ 71IiIl·W~1Io>d Slrucr~rM 1-1·13]. 

' .11 .3 K"""k<lown App,,,,,o~ 10 B""I<lI"ll-C'"~1 Sholl OMfun 

Un" ,11 ••• rIy 20000, , flo gon o,al1y aco",,'''' _PI'<Oa<:h ID dooign 0/ 
"''''''1 COfIlP'_ """"r><: ".".:.., cyWndllea! 01>0II& ~gainSl b..,kOng 
.... to . ,a",'" 01 • • "",im."..., ,. ... to fo, _ .. ilh th ... "'" ,~_. 

to·,h;"""" .. """, ,~, ~nd • • p«'I til • .00'10 ~_O<I on". 1M _11001 _ rru, any ""',.,.,. Mol __ , Tnis _,oaeh;. ""lied knock· 
down doolgn '" k ____ .'o<lO< dooig<1 t..<au •• • 1 • • "" .... 0<'1101 o~;. 
de,.,. .. ;.,_ tha n the clo....,." buckli"ll ro .... of ~E _ EV(,(3I' - ,~)) ',' ). 
Tflo k<>OC1<do"" fac10f Is , flo '"' " 01 tI,. k>",. so . , ,,,,,,,,,",,,,,1 ,""I "ilh 
,flo .. m. ,od"',_;".n." ,otk>, <11. 10 on o elauleol b""U"II , _ _ _ 

or GOOI$O .••• ''''''''''0'-.' ..... n •• ' •• ffOC(od toy "'ilI' goo",., ,;" ....,.,-
!«tions, so 'h is """""on' on ... .. o."" ... ,icaly t. ~.n ;,to oo::our-. in , flo 
~noctdo_Of-<loslgn apprnuh_ UnlO""",,'ott. "'" low." .'I>\If~ 
"'0"'" ' . ,ul """ . "","",0 10 ""' '''''''' _is _, Im""~",,,<>o., ,,, • 
....... bouOOof'! cond' ions, ond tho ....... loading <ondtior.o...., •• ad-
'0""'\100 01 botto , """ow<_. oI<: .. . ro "'II Of Ognofod, 

FOf 0. 1a, """'p.....ron ~, "'0)" '" on . ' hoi b""kW>g ... uk> 
obIo ..... ....". 11l211 ... pklllo<l in Figu", 4_ 11~. n.. .. ",b ..... "". 
,"-.,od toy Robe"..,n 14- '1 . ]: l""'*Iui .. 1. -115]: BridlJO', Jor<>m" , . nd 
V ...... IIo, 1-1-116]; Oak "" .... nd WDgn. , 14-1171; Lo, C",'. , . nd 
S<:IIwart< ]-4-1 181: tio-m., 5 .. " S ....... ond e.njomin ]4_ 11g~ 
W.'<9>rt.n, Mo,gortn, ond Seide ]'-120]: Arbocz and Oabcock ]4-461: 
EMfinOO' and Golo, (',121 1: and Doop 14·1 22]. Tn. "'..",. _0 lif'" 
.... ""'ltd in thl. """'.". we"'oorten, 1A0<90". a nd 5'~ 1'-1201 ,,~~ 
.... on mofO • • pe<irn ....... , ,nuts ,he" in FOgu", '-"9, .." "'I".''''" lor 'ho 
c."'. rep'_nling 'h. 10 .... ' boond on .1 buckMg roouh 10 ","" •• ' flo .... "'I"''''" along .. t\h "" oppn;c>riO.l. 1ac1Ot 01 .. ,.ty •• '0<0m' 
",ondt d in thO ,h.' dHi\1O mO""l1"ph NASA SP-!IOO7 (4.123]; 

P . ,_,IIO,[1 _0-,'o -J+] +., 500 I •.•• SI 
1'-.-.., ' . 

OINiouofy. tho ..... 1.MI,toio oro:[ ....... icaf "".,. _""" .. b .... d 0",," 
on rh. "'" tongtn. t>oeouu only , and 1 appoa, in lhfI_~ "' . .. "'1 ..... 
110 ... EQ" '''. ( .... 7) .• nd ;., t~. ".0"'" "" 'h. """,-bOund C" """. 
Equa' '''" ( . ... 81. Thus. bOund.f'! condrI",,-, a od Io nl/lh "Hee! •• , . ill-
Mfod In boIh .... "'n •. As,~ iI\c,_ , flo "'01 bfIcom • • t~in .. , o nd 
1>0...,. • • Iur .... mofO ......,""''''" ,. thO dtg"d<>g ........ 0<0 01 in ... t goo-
"",o!ric: Impo~""''''""' ~. 'ho k<>DCl<down foeto, dKf • • a . _ 
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........... "" ..... ~...... ... 
T,," buc:ldinlj ,0. LIItI ., Fig<J!tI 4· 119 .'0 oIiIoino<llrom mony """"'0' 

a"; -..- _ .... 0<1 0' " ma ny V""" und., • ..;do .o!Io1\' cI ma nu'"" 
'"''''0. _ng .• M _oy ~_.,.... H_o . .... ocono' 1$ '!timon· 
d" ... S<>mo 0' .... o.~.nta'.-.II. "btainOd oInce I"" ' 020> ~'vo 
ooknown boun:Iof'/ and _ ng CXH"IdiIiooo. TlKIs. wo co""o, ..... o' cI 
"'0 .. oul. in .... <>"o,aI data bo •• ro, _n·taolO< doolgn """"'" 
unl.iriy ond unto.llsIieally comptomising I~. do", ba .. """,,u .. . ,,"" 
01 ,~o , .. ,10 simply might no' b. 1:>r>g ro tn . .. mo 6I'0up. Mo,""v" . ... o 
""" no int""",'ion on 1M """,0 ot ' ho ", w t !IOOm",;col ....,.doc"" .. 
to, ~ ot 11>0';"1.0 pO .... ~_ no "n • • noly .. " 11>0 . H"", ot in~io l 

geome'ric impertodiono "" _ bucking be""o .bout 1050. People 
"",h •• Don!>oM., ,9J.4 1.· ' I . i>d 10,., von KAom!n .nd ToWon (4·28] 
opo<u"'Od ' ''ullh ..... oi".nc. 01 impO~oeI_. b-ul no on. """ ."". "',0<I •• 1><I ..... ~ impe~octiono. mL>Ch """ m......,rert "", .. t impOrtee
!.10M ond <o~ob'Od 'hom I'I<i1h bucking. Ao:ordin<.IIy. __ 01 EQ""" 
1 ..... 8) • 0'"<1, """ ...... ,h ", ,,,, 0 _ _ " oro ."'.,....,,,..,. <on$l<l
... Od 10 ,,"VO '''" _ ; """"~ocI""'. ond I,," ...,.., u.I."""blo __ ry 
C<>nd<ions 01 • • _Is., fig' ''' 4· 11 0. I~ ... ..... ... 0 .-... of ,,," 
... .., p,..,op" 01 '''" l<nOO""""" '''''Of . "",_n ....... _, 00i>-H<1"", 
.i>d ho .... ~o. <Iooig. ~IP"" bucI<I ..... ,,,,,,OJ ,,. ;mp"",Od. 

Tho ,""""",,",,1>1 p<Oblom '" _ .... 1/0 willl knockdo .. n dooigot 
ba_ on 'ho Io.,.,.-bound ""rv, in Figu" ~ . , , ; 1$ ,0.1 ,.. .twoy. dooign 
a ... min9 , ... , ' ho wotat.p<>aM>to owiol I/O""""'" ... ". ~..,tion •• bound· 
.ry condiliono. probucking do"""'otion • . 01< .•• ,.. . 01;'0 fo r ou, 01>011. 
Obv"'uoly . .. o"V "", ... te _"" dro."" • .,. alloct, d .o ."Ojo""od by 
1M va .. m"";tucIo 01 d.1o 00<0\$ ... . abovo ''' . 1ov<. ,-WUnd '" tvO .. 
F"",ro 4· '1 91 Th.1 is. ma"" 010010 . ,. I., bott .. petIorm ... 1Mn , ho .. 
""'" ,ho to,,.,·bound cu",o. bI.t "" n . .. no way to id"n'i1)i ""'m Ioa_ 
""'" on .... ca lcula'ions 'udW>g to F;ouro ~·II' pn. <~I ohOO 
bucl""g oquatioo . EquItI"'" (~ .<47)J. Someho ... w. mUSl mov. W ,oi>d 
such a .... c.gIing limita_,IIa, Iypicolly __ fo inoWa.n' &MIl doeslgn 

s,_ ... ,;"w In. <!a'a 10 Figy", 4·"~ a$ an ' ''.nsr<' 001..,,.,. 
01 'ho "".CIs 01 v .. ious In.ioio' goo"",\t;c impo" """'" . bot.o;\oty con,j;· 
""no. probucklinl! ""'"""''''ttl .• Ie. W. con ...adily Imogino'lIa' ~ W<I 10 .. 0 
to oomollOw to .. ' """ 10010'" in10 ''''''''''" .... oouId raM 'ho <>Wo ,· 
boo .... '"_ fo, . ope<~1c cke .. of "" . .. 1_ lor ""'''h " . acoountod 
fo,1M ",,"-going 10<10101 . TIwo' io. wo "",1<1 _ ...... 1ho o"'omo """_ 
01 'ho d ..... by ""'to """'uIIy.nd..,... ."..,~"..,. .no1)i'ir>II .. ,h <1 ... 
01 _ ... "clo .. mighl con"", of • lI'0up ol ..... b .. m.n"""'",0<1 
_ tho ..... condi;""'" o.g .• oIwll> ",lied hom POll. OIo<k ond joinO<l 
by ,;,etin!! olong a Iongludioo&! join' as o_d to oli o" ""', oro 
__ od "" ... mold in 'h" fin.' ." ...... T""". '''Of. wo"," bo. 
diI!< r"'" CUtvO lor • • ch ."..,~Io c ..... 0\ ........ o' bu! one '"tv. being 
obov. ,t-.. lo ..... ·bound ,,"N' in Fig",o • • ! l SI. keolding"' . ..... """"" 
'n .. ..". 11"'. '''"~, 10 dOSign " . .. Wl h .,.". , ... 1iol;; '. 01<", 
,. toling _<"too' 10 ,,,-.1;;,,, I>t~o"""nc,. "'nco. ""'" 0"0:10"1 Ol">O
tu_ ~ 1>0 <lHi<Jnod ,M • • ro now poosilolo ... i1to _. <Inigo 
ba....r on" on 1ho Iow .. -bound ""N'. Socn """,,opt< a .. 'he ba .. lor "'" """.n! ,h'"I/0' in~.!"' ........ n oI . h." ago;h" ~uc~ling. 

, , 



... .... ...... .. , .. __ ...... 
•. 11.4 Re. I ... o l lho NASA Sholl ~'lIIn Mon OSIrophs 

n • •• oou. NASA """"'Ii,"ph. on ...,.,." ... """' ..... 100 do,.;go. '" 
_g-eftiool .". .. dol. !rom tho 101. 19600 [4· 12:1 • • · 124. 4· 1251. 
The """ • ..,. conligY,a'ioo """''''' '" Ihin-walod i..,1rOpir: motal ahd. 
utrdor ..... 1 """'1' .... ""'0 ....... , p, . ........ hy<>-.... Iie ~ .. ", •• ."...",. 
Of berrdinl/. 0< .,.,""' ... , ..... ,""'""'. Thuo. mony oonlompora ..,. ",,,,,,. 
,",,,I correepI> .ucn a. 10m ino,ed Iilo ... " inlorclld compo ......... 'oriol. a,o 
"'" oddro_. ocr ".s;gn.,. . ,, ~ . $0"",," ~..o..n"90. Mo,,,,, •• ,. 
1M monograph. Wlf ...... Iopod lor p",I"'''' ..,. dooign '" "'"""h , . ... 
cln ,,1><1 .... ' oa.h. so Iopi<:. _ h as slrel .. willi " ibn ... 0< eu-.. 
ti>al ,,01 .. "' oll"""od.". or _, dos9"r "'1/0& o ro "'" ineIudod. 

Nom . .. 01><1 Stor, ••• , .... 00_ I"" .. ASA m<rnr>grOP>rO in ' 097 10 
...... wh., IO\HCO'O<I procoQuo, mY", bo ._10 ,01'-<:, C"IT' ''' do· 
oigrl ....- [4·1 , 01. Th. loIowing '" • btIo! .... oop ... ollhoit ....... a lo"ll 
..;,. 10m. '" Ih • • ultroo" • • iowa on <1009>_ SuwootKrno ... <iv_ ",,0 
,~"'" ",'o!1Orio" (I) onfro"",," ahon , ... Iy'" copabrlit .... (2) """~ ... ;. 
<.ted. <""'ProM."" .. po<im. ntol m . ..... "'"'"" .. 01><1 (3) ""9>_ 

4.1 1.4. 1 EM. ne. d Sholl Analy.l. C.pobilruo. 

M"II)' "'*' .... 1)' ... "",.bWo-f- ~ ... bOo •• '"'Mlle. 1y .n ~'._ 

..-.:. ,h. 1\1600 i. "'_ 10 t~. d.,olopm. nl '" • • w 1InIclunr' """. 
<opt< _10 •• lomlnotod 1t..,_nrInlor<:«l "",,"pos. o "",Iorio l co.OInJc'''n 
... in "'"P<"''' 10 Iho jdoml """'" 01 pr-ob .. ",..,..." .U<" •• """"""..,. 
cot>dition •• rod irOtiol _moIr;o impor-Ioction • • Fin .. ,"m. nllo<hrriqun 
"rod. 10 . 10_ , , ,,.,1, 1 ... i\e dill ... ..,. 'oelo ....... ,""YO on.bled """'U· 
fO"' .... d.!;"~ivo h •• lmon' 0I1iro topjr;. Iiolod ;" T. b," '-2 ,hol . re 001 
addr-.... d oo'""ootorily. ~ .t ". in tiro "'ASA .h • • ~ monogr • • t" .. r_ 0.,. p_ ' /'Of A""~'~ '''''''. 

(A!'" _ and S<amu /._, ' On 

• ....... G""",".., ~ 
• -.-.0 .. p_ ...... Do!om\a""", .-. . -• B"""".ry CordiOIon. 
·l_'"~E~. 
· , ......... v.ria ..... ·v.,. ........ ........ _n ... '5",,,,_,,_"_ 
·l_R....."" ....... 

·C...-lo", 
• V ... ..".. .f l '- .,,~ l1mo 
• s",., V;.,"'''''' · """"",,.. ..... c...."""""" 
· l ......... S"".,~ 
• S.,.,..;ro C .... """' ... .,- .. ·D,..--
'lOCOl ~."" ... 

eur.o.II)'. tho 1Opic. I" Tob", ' ·2 oon Indood be "ua"litolivol\' _>SO<! 
'" ''' .... I ''''1)'''' , aI_g~ "'""" ",<tu '. "'''';10<1 ,,,,,-.;o.,I . 'pe"I,. 
a ncl "PO''''oc. oo1louo<l in " ,. Iro'" ""'logo grrod .. to , How""" . lho 
dosign 01 oopN<liealod, hijjl-po~ormanc& .. ructu, .... "n~, lor spac. 
e.pIoro"'" 0' ""oryday aulornottloc, ""' .... <IS oopIrill""'od ~""I)' •• rod 
~ p""" ..... , • • , W"'""'" OOC" p"",,_. cornplOcoted rrln.rclu<o' 
m ol)' conno< b. do.jyrHrd "IIo",,1y .rod __ .. ~o 00" ....... · 
~..,_ AI _go """'. con .. ".IIsm ......... <>1, .. cossiv. ""oo. N.IIsm 

, , • 



......... .. "" ..... ~...... .., 
can ",n<Ier . do""" unbuildab lo 0< '0<> .,1>0" ...... TodoV' highl!' com· 
pIo. "ructure .... 'oquir"" II> por\O<m ma"V ddle_ Iask$ In ~ " ' 0 
"","n. r. """tv ••• on tn . ..... , 0' oImpit "..'" """"'. (<J . P,A t Me' IJ 
... .., .. M, • ..,.. Ie> o<loq .. ,. . $QphiOlic4' Od mod.ing It ""","",Od to 
,op,_ "'" """"u,. in an . nal!"" .t m."V , ... 10. ""mol!' m_1ir>g 
01 ",.t.'" b. n. ' ..... " .... ,io, ... , .. "",,"fa! gao"""!)' ,"""" I'I<I",in.1 di_ 
m. n.""" and """"uml ho"".", ."oct. ouch •• ""Mn. " p!aIoucl(Ong 
dolorm.tio.. TOose ond oth. , '""",s can bo " • • tod in . _, aotor· 
mlndlio Of probobl "'" _"""h ... a!Ihough it 10 o.>sy 10 .,.. 09'>' 0/ t .. 
oI>joct;,,,,, ond ,h. ·.~r. 1 .. 1 '0' tho "","10m' -.ri;h p,,,,,.l>iOoIio 
OQI)KIKho • . S .. , ... . Nomoll>, HiIbu,l/OI. ond 1lSSOC;"' • • "",. "'d III'" 
..,." . .. 0'1 ".0.0 ,ho Loc ' h ... d _t., program STAGS (,llrocr ura' 
!;101!'' ''OI !:i._'" ~") (0 -1001 to I,ea l "'''V ""mpl .. _, p<ObIOms. 

4.11.04.2 5091>1.,1<81"" E.po' .... nl., M .... u' .... nlo 

Tn. ,h" buckliog , • ..,~ lor a,iol compr.ssion in F;';u re 4·, 10 on 
PO5/" G5-lI war. obtor..d by.,.,..,. ddI. ",nI ....... ig>'o'" "'.' aloot;r po. 
riod 0' tOmo ond...-.dor ... "V __ ._"",""",1 OOI'idOiono. TM "". 
po' .... n .. , """"'ilon" o' PO" 1"" _ .. no' .. <.,cIod to , ho 1ov. 1 IMI 
,.. ",qur., todoy '" I>Ortorm on o<loq""'o "". lysis 01_ . hol . """"" 
initio.l lII""IIetrio irnpe~<t<tions w.'" _ply "'" me ..... red in • ,_io 
mann", u n~ 1 "' ... ,. 1960.>. 1Ioundo. .... ""ndt io .. at tile "'01 odgeo "0'. 
Iypioolly not ... 1 _ '" olton 'h . .......... """""""" od\IO boo""" .... 
""ooH." "' • • no! " .. . ppro._"". OIho, ,.",,~iog """ • • pe.",o. "" 
inadequocr.. ~. ,odoVo ... _rdo) . re C<>mmon. iI«<>r<!ingIy. many 0/ 
"" 'oportOd ""to poInt& ........" no! ... comPO''''' ""'h ono , ..,!her (t .. 
p<O'IO""'" eo""",,;son Of applt. on<! Orllngn). In on "OnHO, tho ongi
"..' . who m . .. urod ..... buckln~ _ in t .. !i30s and OVI<1 t .. 

• oro. ' ''' Ptv _0 "'" awa ,. 01 rna".,. "' PO"''''' .... 'Ioral off"",. bo
c . ... '''''" pno",,,,, . .. >-tnl y .. ...,. " .... n dloocv. ,,,,, , 

Today. ,h. ___ Ii<>" 01"" _, . na ...... my"' ... .... tc~ "" by 
tl>o oop/IioIi<ot.<>l'l 01 I~. "'o._g oxPO""'"'"'_ Wi"""". "",ron ..... 
con""').,po .. ,;.. ..... 'o'ionol """~n pro.".,!. ..... Fo< "".mpr.. ;"~io l 
geomotric importoc'ioM ...,.. be mo .... "" ov., ,oo ourt.co oj tho oh.1 
ao tMy ""n b. in<:orpo'otod in '"" ocoorn ponyiog """I!' .... A'so, . o<h 
01 ,h. d"'.n""" """ tho ... ,* ... , p"",. rt" "00 ,ho" '"Ntiono ....... 
Ihe _ I mu" be corelul)' m . . ... '"". B" .. ""I ..... """", I",.. . nd ""'me<> 
0/ bad ;"troduclion mu", bo «".'uly ....,rI>Od5O '''y con b. orx:oro.t. 1!' 
_loci OY'O'IO Iho .. po.., ...... _",." O'IIomIo'loo .•• 0·, <10"'" 
... 'ion. and .. ,.ino, ...,.. be m ...... 'ed., ","bOIlt """"ions will> sum-e_ IK<:"acy.nd in ou"j:;onlly ..".1 lim. ",opS 10 ..,.,.. ""'_ 
comparison w~h ,h. prodictod b Ohavlor-. Soch 1 .... 1ng" dotoilo a. k>a<tt>g 
,.,.., ' IOtn." . ... po, . ....... .. "'.~ "a mo plOt. n • • 100" .. ,..., 0/ 
M .,ed _ ... tfH>r ... , .'ponsion on<! ., ..... Iion choractorio1a 0/ p.'" 
., conta'" WrIh tho ..... eo" ... , . .... "'porta'" .. . ith. r <u""" "'_One 
.... ort • ., ... "",' ...... ort ... , .. , 'ho .' 1>0""' '''' .,..... no! ... ...-...cw • • 
.. ,Iy ,.p •• 'Od .. co¢"'. a _,I 'ho' is ".,1 '<" . .... n ...... Mo. y oI~ ,,,,,to,. a,. mentioned b)' Nome'" on<! StamM [4· 110). 

, , 



... .... ...... .. , .. __ ...... 
• . 11 .• . 3 Intell'olk>n '" Sophl.,k:o,. d "nolyoio ond 

Sophlotlc:a!od ~' P"" mentoln tho o.o5g n 1'f0Cft0 

c~ao<l • 
..... a 

conUdom bio 

•. 11.... Summary ond W ...... to Como 

5o<>n an .. N. m .. h and Stamos SIJ_stod tho Ioregoing Imp' '''' ' · 
mo.," .. tho ........ , . nd doslgr> o/l>I>:;kIIn,,",O$i."'" ......... a _n 
~ tho .. , . IMn .. 1 51 . .. . llho J.St~ A~AlASMElASCEl~ ~SlA.SC 
Structur ••• Structura l Dy .. mb .• 0<1 Mat_a. Coni."""", (SOM eon. 
'."_1 ..... .. O''''ndo. Florido d>Mg 1_10 April , 1I{I7 ("",, O( . """ . 
lri>ulion. ""gon to "" modo. Tho no,. . .... .... to ... otI "IriIl~ . 1i<Io1ity 
. .. Iy'" and ~R· try NomQ1h and 510 ..... . TIHr """flbulion •• _ 
.. to h illh·'idoi ly onaiyaio and h>gl>.tid. kty do"*,. ~.v. bu n o ftorod " 
tho . "" .. 1 SOM Cor>I. ",,,,, •• st.~"'" ;" "Illi. o~ ~ roM iii .. , 
<»pkl ly inYoIYing "high·fidelity· until 2001 who. &v. n tho ... ooioo. wore 
_ l lod "hlg h.f<lol i V . .. 1y .... 0<1 do.q,· no .. ' '''' 'Il'"'l1 or .. M. "'" 
'"'~ mo1wod. b<II 1Io p<OmiS& .. w . . .. Ih. progr ... 10 dal. ;..,ity .,. 
eludi ng ~ da"","'ion .. 111;' _~. Th. nu ' ""b·>O<:Iion .. _od 
to on 0,. ",1001 .1 ,ho rumo R' ""u. '" h igl1·_ i ly on.Iy'" .nd dolfign. 

, , • 



........... "" ..... ~...... .... 
4.1UI HIslb-FlcIolity ...... Iy.'. ono lJooolgn 0 ' Buckllng-1::rllleal Shell< 

n . objoollvo '" , .. oo .. bpm. n, 0' tJIgO.fdolfy .,..Iy ... 0 1'1<1 ~ 
'" "-'I o',,,,,'u' ... OgoN "u<loling io 10 ......,. "'" doopol'l<l .. c. "" '~o 
ompinoiom 01'1<1 ""'"'""""""OV ...... ",,1 .. 0 of """"_n·foclO<" dooign tt»1 
WM dioc....-l WI Sect"", • . 11.3 01'1<1 • . 1 1.4. no' ... " ..... , ul"'ately 
o~.mpllo .... _. """ul.', b ... ...,~~."., 'o<hn;q"" ... bo'h ,~. 
"""Iy'" p""'." ond !he <!eoign 0f0C' " Ihon o,e currently u.o<o<I WI 
PflIclic&. Tw<> ".po.", ,oQulNrod '0 acnlovo t'" lolly, bLrt , ... 1 .. ,1< goal 

,. _.Iop nOg/'l.lidoktv .. "Iy_ tho, . '" 
"""",oh o. ,"," .. , .. , .. oppllcoblo p.ri ..... "". 10<;1 ... _ • • 
geome"ie imperto<'iooo ond boundiu)" coodition. " ,a " oo,ed, 
ltOCU<at. WI tho' <:0,,,,106011 w;u, "", .. I.n ol _vlo, io both h9hlr 
"",« .. 'u , . n<! <Io".,_blo 

2. <!e,~lop _toli4lie dooiyo p,""odu,U 10 omb ,isI! ..... 1I ... iI!l """ r· 
""'oristies oIlIO<>fIIO'ry.1Id mOiooIol pJO!>Onlos, ov. n W ,~ .. cha ,· 
actor\$tie. a to p.- ,, :~n 11>0 ....... "'" ,.rIa'lo.n$ toh •• ..m 10 . 1 
.. on",""""iolg P'OC . .... , ,hat con co".,. , ... Ioo;d ,~""od ,,~h .w_ 
'ually no possbiIr1y '" bucKling bolo<o "'0 d •• igrlload .. ,ncM<! 

T ... I', ..... p has boon " ... ~y """,..0<1. but"", eanno! yet ""pIe"",no , .. 
ucond 01"",, ol\l"o>ugll $Om' __ os ha ..... n_, 

Prior 10 hY.~kIOliIy ..,..Iy .... " . ""-'>I have hlgh-'kIOliIy ..... OU'.· 
.. on .. 01 irdY_ .. ·ma""'."'u,od ." ... . do .... 01 m""uta"'u,od 
...... . 1Id 01 "po,I""", ••• .." ... ", <¢<>duelod. W. tnt """'0" th" .. 
," • •• u,o ... nlO, tn." .y.-I;c!okly on ......... ond I ... ,,, . ;g.,-lidokly • • .y.. 

4.113,1 Hlgb-Fidollty MHOU,om""'o ond E'porimontol Proc.du",. 

n.,. a'e 'wo ........ to H9">-f'idoloty ~ ... ou,.m'"t. end (.".". 
im.or..1 PfO<edu_ Fw.l. ,he ....... "U,&<t"'0<1 ".'e 01 The _ m .... 
bo p,OC+SOIy m.....urod. I.e .. ...... ~oct"'" 01 all .. 'LKOS m"'" bo quo.ntj. 
!ltd. Secoo<I,"""" Ih ...... 1 ;,; bucJ<Tod In on """""ont. tho """'"0 
_m."t most Do ea,tlully .1Id "","PlOt." ON ,OO''''''od to 1>0..".. 
10 pJO!>Orty a .. lyze , .. bo~avior __ ,e."lh tho m ..... 'odbl.-o<· 
Ing Iood. Thr> Tirsf ph.o ... Is _ ""al,o .""Iy,* a""" .... ' ... ....,.."oct ..... a,., ' ho _ ph.oOO ;,; .... "' .. 1 .. ""I' ~Og/'I., ... ~ 00"","",," 
_ " "'hr>ory a"d ~,p."moot. to add""n. ,~~ imperloctio". ,h.," .. 
oh"'''''''''iotlo '" ",..,lio manu"" ...... ; P'OC .... . mu", .. ,n<>wn bolo .. 
oh"," <.an boo d .. 1gr>od 10 boo mado by _ P'OC . .... 

KI.ttF"'~ty PRbuc~llng Mea",.m.ol. 
1 .. tmpdoc!lon _po !!oa,Is"",", dam.~ or _ .... "*"". 

to tn. buc, w.g Ioo;(f" on. ,n., _ 'KPO"Cb to "' • ..,... .. boldling 1000 
'" • per1oc1 " 01 , ' .'. an o i<}on'"",,10< or oigoMnodo (bLICkliog m_l 
impo~9CIion. Suppou wo ".,0 10 aowmo!hat "'" manLrtac!u"ng pro
co .. cteato. ~n impoorioctior> with tho <hap. 01 on. 01 ' 00 oigon,.,,,,,. 
'" tho _tilod _; p"",,"m, 1 .. " . .... """"" n .. rty ''''oy. 9"1' 
_g load w.l bok>w wha, """' .. witIt moo! "", .... ta"'uring P"'" 
.... .. lIIo, " , such An rlUumplior> Is ol.a"" • "o,.1-<""" ..,. na'" . M 

, , • 



... .... ........ , .. __ ...... 
0150 no< • ""01)' oo:urooc._ HOW1YII.f. Iha, WOfSI-<o .. """""rio w.s u_ 
in a"""" ... '" "'0 'IIIOC! o! '"'PO~_' '''' man1 y .... '" main" bKau" O 
'" ito wo,,""' ...... , .... b"'also beca ..... ~ ..... po~ 01. """"",,"_ 
urlon ~"""'O 10' mo .. 'im .. will> mo,. _ .... <0 __ .. """.tlOI,. .... n •• ;.r '-. Tiro' 10. ,~. u .. 01 • _m."" ,",porlocliDn..;u, ' ... 
I<nown ""apo 01 4n .i(IonvO<t<>, Wll • • onni!IM",,"4n:1 "",'~*",I.b<. 1 

proc . .. (fQ, • oimp4a "'"","1111 "","9""'" """h a • • bo,. P"'" '" 
"""I, In eon' ",", "'_ ~ion <II. ~ impoofI~"" ' O<IU_ 0 
muelr Il10,. 'O"""""ed .... ,..." .. ""', .n>co.... ImpOrt,.,,,, ~ 
""""rter:tioM ar< fo, Ieoa <Io.m."-", and h."". leod '0 lrilltrer b""kling 
_ , ' ..... n o n kmporloe'lon in , ....... po '" on .~n'oe.'" 

To " ... " ," a buekhg-<,kal shH, ... mu" ~,eluly ..-..l eomplete" 
mo,a""," tiro ."",,1 "'porlOCllon •. To dosIgn • ~<:tit ... , otreIl .. . 
muot _ ,1'1' 'h. "",,0 •• • " ",,,... .... _ """ ' . _ ' ..... ' ........... ' 
manut"'IIHing P rocHS<>S, ""m." "'. manLlta"u'ing "'p. nOClion oigna. 
'u,.. Tho "'-'"U""""rltIg Imp. "..,,1on $igrnttu"' '' 'h. ",.ir:tr.rro 01 ,h • • ,. 
f"", '" , ... monLlbct",ing proc . ..... t ... IIroII. nomoly tho ""Ootica l 
"p~'.'Io •• 1 'h. g. om .. '" "" P" ~'cOOn' in ., • .nap. '" th • • h,1 
_h _ , ... ,.,;,. ,""00 of a IIIKific manufacturing prooo" , Ho .... OI, 
in 'Ir. e.oM '" I_-reinlo<-<,," 1010 ... '0<1 eornpOeit ....... , , ....... ou';>o-
,uring '"'P<~octiorr ..... 'u, •• 100 j",1udes ctro'a<:\e,,,,io 11""" IHrtwe<rn 
in·lo.y . ... dj;oceol~. "'"- ("" , 0<1 lamino ply """" o< )oJ" ply 001'0) 
_ng!O "'io~n"., "'fin" ' , 0"" .... ngth cNo __ 0< ."""' . ..... 1 ... 
prob,"", 10. '0 Idon'rfy • , u lil lic Imporloc<ion ~ 'hot is <INrii' a ...,. 
0;"0<1 ,,"" , _"i;: n\anu' .... uOrrjl ~po~..".,n ~ .. " '. O'OIOotOIWio 
01 tho ptOpOC4HI OOfISI'LIOtion, Fo< . ,,,mplt. do'!.""" manulaclUring 
impo_ oigrI.o.''''' ' 0<0", I., mI_I"",,"'; ..,-. tho" .... Irojrist"" 
I~'lo , t"-" moe._ mot";;; . . ... , . 0;;. FOf ' rIHr, ·.-.irrIotcod Iom"'IO<I 
""mpo.~. __ ,.,"" 'ad"'ing kmpo.! • • tion o>yn" U"'5 oro dtI.",,,, leo-
f itr.m. rrI·wound ... oppooed 10 tapo.loyod~ . . . . ... Noo. """ 
th.", diII&~n' monul.<I",;og kmp.~oc'ion ...... 'ur •• 810 ......, .. '.d .. 
" hey .,,,,. bu" in foe! , they trove"", b<en definitiv.1y ctro,oo'''riUd. 
TIra, sign'''''' let <II lasl.s r ..... ins to be _ 01 '" ' his w .. ng. 

Tho ... rtoot ;~oot_ 01 • """"00 . ... 11OOt""'"' .~ll<>Iorm Od 
_ """" .. m . .. u,.d IIy Arooc:z and Baboook [4-4fill <:an be • ""'Y 
OOKIPI"",od . .. po . ""h ., ...,....n 10/ tiro mlo...,,,, .., .. AIJ In Figur. 
4 ·120 .nd ,,,,.loro """. complioa'O<I '0 <1110 1 WrIIr in on 0",,1y'" ... ning. 
noro. ,"" """,rl""'''". '"', is "",mai!O<I IIy , . . .... 11 .. 101<0 ... . , . T ... 
,",1'0_ 'WOO" 'Q b. <Io""oolod IIy on n • ~ modo (a .... p. ,,~ • 
...., l ui ...... I" ,h. cit<""" ... "' .. , .. <Wd .... I~' tho "'" 01 ,~. '9-<" ,,~h 
<tI>oI.t fr.. ""on "'00 ......... b. tw • • n t ... '<CUgIr and lh cr .... of I ... 
inrpo~ection W!I""". Tho _,a""" is Q"'. dJl ... o, 8' tIHr bottom <II 
,Ire ligu<e. Ob>oiouOly lri<jM' mod .. ",~ .....,..imF>OUd, in<:'ucI~-" • 
• oris'lorr in ,h. a. 101 du chon_ A monLrl.ot .. ing imporIOClIon 09>0''''. 
10 ",pio • .., ,"en more ",,",pit. tl\an to. tot 01'l;Io _ , In Figul. ' -120 
beca .... , • • ,;gna, .... i. tho ",-"""","roo <II many imp<I~octio"' k>< 
many"" .... (bu' 01 ",. do by ...... m. m,nLJIadUling PfIX''') , Tn .... 
_ mu. 1 conoldo' .... _ro"'" " "".0. ,<.t-ordo, 011001. and hy... 
otdo, 011""" in ooy m.>I\U!.ot.n.g • • , " "'_ For ... ~. ~"I' 11"''' 

, , • 



......... .. "" ..... ~ ...... 

. ..... ' ·1:1'0 

impo._ thot 0'''''' an "" .... 0_2.na".. .t. _....,.., lim "". 
ojO,. ""'f .~oct. ,two, ""_ oigttl _~eel""" t~., _,e OVO, 'f>< 
n _ 2 _".. at , • ..,. high 1'«I.onoy (or va..,. " ith v • ..,. "'o~ wav.lrtt\gll1) 
.,. In tho "'H ....... 01 tho manu/"",uM!! impofIactlon oio;Inot"'" . 00 .,. ,"_lot. 01 """'0' .,.... •. Th. Iir$!_, .. octo """" .. I>t ",,"_ 
to ... ", oI'ho "",""'ootu""g P"XOSO. and ,~. ",gh., O<doo< .. oct. <ho '· 
oct. rieI'" 01 ItIo v""'tions witl>io ItIo ... nulactutlng P"X' ''. Porh • .,. 
""'" by " .. 01 Four." S.,,.. "" • .,.... "'~" "".lit""..,. of 'hO ~I"" "" 
<,,""ci. nto .1><l tho Insignl"",,,, coo"",Iont. can ... bQgln to "'Iltif)' tho 
l i~·o«lof offOCl. o. owo_ to tho llig hot Ofdof ~OCI., _"" ,,..0 
must b. YO..,. car.t", boco" .. som. <mall ;"'pon",tio.o con (110"" du';"g 
p robu<klong ... d;"g.oo ""v . .. -",","n' . het on tho I>Iodding ""'d, 

"tbo<z ho. porsisted "" ... many yo ... In _ oloping mo<o o«u,.to 
mo •• urom. nt .nd ... ~ ... ""p.b;H ... thot o<=UnI 10, .ho Inh" ont 110 .... 
In .. " " ,Iactuted _ . II .. Pt..D. lh .... U_t e.bco<~ " tho """"""', 
edged Iandm.'~ ""'" on _~ impo~ocIion .. " ... 'o"*" [ .... 6), 11 • • nd 
Sin g.t "'Of' !he Plim. """,orsln tn ••• _.nl 01 itnpetfe<:1lon m t. 
ba ... ,o .0:1 In design 1.-126, 121, 128, & ChOP\eo" Ton o/'- l J I, 

-, 
........ ' . ... 01., 

, 

~ (to proIK t ) must be I t 
__ 'Y condition. by No ..... h.oo Stalno.1n 
T..,lo . -2 on page UQ, ol><l __ a .'. discuou<tln Soctlon •. 11 ,'2, 

, , • 



- ............ , .. __ ...... 
4.11.5.2 D .... lopm.n' 01 HIgb-Fldelity Anolyoe. 

H~.fi<loliOy a .. "' .. , ho,o ... vo,al ~",o "".,.,1 c/"dract&~ 
.. ".. FQI ........ """-"'1 """"" o,g t.dm~. a , • • _ \0 .,h ...... tho 
,"".".d " c,.,OC)' 01 bLOCklo,g load p,odicOOn. Inl iol _mell" ~,. 
IKtO>M. ~ boll> ".rl&ee w" vin . .. arod IhlckrrMfr ,ariaOOn • . m"", 
De ow,r""1y _ orod ''''n oum . ,iuly .... ,"" 0<1 to ", ..... ry 
ropresent """'"' _,is whoM """",,,,"nO<l CO" be p<edicl0<I orod com· 
porod wf h t~ "....,ouro<l b. " ,Ior. Fino l", . " . ",ani In m~ """'om· 
"",aoy IIlruclu,.t """t*"o,;oO" to • "'~ h <1011'" Ol _"om "'"'"""'II 
c,'''''''. p .... , ,rod oU"" disconflnuilicr. , pUs, 01 co"""". 1 tho ..,ock 
manut"",",in; . ""mollN • ...,.,,,,,0<1 wflh "m ln.>.to<l l i1ror-_'" 
oompoo-lo . ... ,.';'10. Th"". I"" . .. 1yOio 10010 ...... kl ". .. ,_ I""" 
tiro pr' Om"",oy <Iosigrr c.pob iiOy 10' ",,,,,0 oonfig."'rtiono in tho ~ASA 
do.."" _"ph. to "f>PI~ 10 """. co"",... """""""-I """'19· 
"'. , ,,"' 1y;>icol", ~rod in .... "" .<fi.t •• M fiM! dooOgn 010_. 

no motNation lot Unting 01101 _""'u"' ..... h onhoneod ""'",aC}' 
.. , . loted '0 Ilro pr.,"'" ch.>._onotlc 01 knockdoo-oom_l_, ""o9>-W' 
",ani '0 . -..ino l • • 1 ~ 0' iMc<:""'''l' in b", . !inv load predO;tioM >0 
_ CO" do"q, m<l<O ~ioion t .Irol .II..o1u, .. _ Tiro co ...... 01 <foc"-". 
0;0-, bol"'" WlTor,' "'_"" .. . "" m ..... '. m.n .. a. _ oS ,"on""" 
",,"no, in "_", .. """ " ..... 4,.: 

' . ; n ~io l _ .t,,, Imporlo<tiono 
2. _MOry c<>ndllioM on tho 011, 1 edge. 
3 _ """trod!""'1 irnporloetiono I<ICh •• in tiro bou ndary _ otry 
' . in ..... " .noe" 

EacII or the .... ~ m." be OVdU.ted and =OO"to<l 10, in 0010, to 
N1abl<sh tho acooroo, of 0"1' 0",,1,001. _ Mat .. , ,,. man~ 01 t_ co . ... 
/>a,e ... ,iOt"'" va,,,'ions 1 .. , m.'" be .<Id ....... In lire _""lysis prOC
..... specio"" "";'1 imprl ~K1 _ _ Thew eaUM. 0 .. in . _ion., tiro 

......... 0<1 "oa''''''''' 0< _lie"'" ."UClu,.' "'nliq"'''' ...... 
.... "l' o,paon" . nlal ",,01 ~ ""'."" obt.""" oirrco tho ,g200 

havo unknown =-n. I • . g .. opocific boundary <>OOCttion. orod inlI", 1 
9""""'"" imporl""'lnn . ). "" ... oan",," r>M thorn In th o .... ",,11 ...... .. 
10, ~noc'<Iovm·lor;lor <>o~n wltho'" unfoir1y on<! "nr • • Iiol"" .... co"",,,,· 
mOoing ,h. 00. .. baH Il0<.0.01 -.. of tho .. suh.;mply do not belong 
togo''''''_ Wo must t.., to dov. bp . au" . " . , ... ,im_.1 ," ,uil>. <hi. 
tra ... willi da'. obo'" ",""h .... mo ... aI ..... nliol q",Iif".IIn ... 00 w. 
--.. Iii<> ria ... OM "",I'>'" .nd __ lot oor dMb'l ~I"",_ Fot 
... m .... Ih d ... ba .. "" _.t """,I. """" tIO trr(;"1! ...... '.,. ,_ 
tho dota bu. for 10"" ... 1«1 compo .... __ • .- Ilro nolu"" 01 tiro 
iIIIpo~oelioM" quil. dtferont. E,. n _ t_ da .. ba ... m .... h ••• 
ma", _,01 • ........,. ... to 0«0."' lor 4".'. '" _aOlU~ Ph» 
..... . ' .g" lia""",wou"" v. "", • ........ y'" compo ........... 

Th. """",,t. uu oIl>Ign_1ido1ly .... 1,00lil .. n doo;gn. buI mucn v.orIc 
" """ n, "roti Ih;>.';o>o l ,. ",,~ ""'od . ".""' . ... m,", sho ... ~.Vond 0 .... · 
oonablo _ ,hat l>iqh·fido"oly . ... ", ... or .. ' .... b .. . 0000~h" tIO u_ 
n doolgn_ Tn. qL>Oldioation p""'." nu tho loIcrwing " ops 

, , • 



........... "" ..... ~...... .., 
I. an ACeU<a'o. oomPfO ~o •• ,," • • na'tsil molhod mus' be ide.'; ..... d 
2. _ 'ry."" ma'."".,,",~sio inpu' mu" bo hI'lh~ _.ta'. 
3. ' ho .".~ ... wilh ~ "' '''' ... '«"""o~ 00" 0"'.0 wilh mea .. 

",.0 po~o"".""" 01 .. ~;,""t,r _..,.0"''''0'1.<0<1 ...... 

ft9h~~i;\" ana" .. h •• ' .... ".,rposo" """' . dtt .. "" , It,., "'..,. 
p/Iisl",' k><> <"" 0<!0<1OIo: 0' ,0<" ""!»OH. 

I. Fo, """ ... ~ng ooa~'" wih .,pelimenl. 'ho o,·mo.we' u,o<I 
'mpo""',",'" '" a >" •• 'm" ....... ' " . ~ in conl"""'""' ..... Ii. 
'elY _h"'Iea'o<I r .. ~o " """nl "''''''', '" tho $1"101 . "" _ng 
_ i"",...". 10 pffldiCI the _ "", . Tho. .. ep "' ..... be ",r· 
lormed 10 "" • • 00<11~ in 1M . na~'" tools . "" in ,"" 
!mporloctio"."" 10»." mea"",',.n1 loeMIqu, •. W'I'IOUI 000" 
oonIidenc.. ' ''' 100 " ' '''' ' ", hniques " t '" 'ott'e .... in <lnilin. 

2. ,. design. lIiQM_i;\" .",,~sio ...,.,1d b. UMd '" ~ ....... Iy cydo 
I. on "" ,,,,,, eo"ilI urOI k><> ~nd dlmo._. '" II>t "'''''''''0. 
10 <10 ... .... b~. on, manulto"''''O\g "'porl_ Oign.1U ........ 
... .-I wl h ""mo .,.,,,,,,,,1 vat"'"", ' 0 .Hoc'iY.~ work " ith 
a ...... ' """"" on ' be bl>Ckling """ IbLII 0' 00","" • m..,h h;gMt 
lOwor ""uM ''''n '",rn ,"" "" .. ot f lgu .. 4_tt g). Thai " . , .. 
• • ·ma.ulac1Urod stoto k>< • • ingIe ..,...,11>:: .... I~' ",«tic 
;""","octio ns) w.oukI "'" be UMd. T ... ,u . robust """""'9 ca· 
I"'bililfo. ot • program ouch no S1 AGS .......o! be _ ody in 
, ... lillal des9l-U\a~'" .... 1/ .. ,wi ll ' ''' oppropr;ato ma.ul", · 
'"'ing ImporlO<!"" .;gn.'u,*, b"," u" 01 tho high ""'" ", • ..,. 
phOIU<Olod trI<>do L B.""" , tic .. ' ''(,IOs. , .. """","II", STAGS 
"",,1<1 be """Ii """. o""",,ImOlo. i.t .. On",", . 

• hin""'""" """ro.<h to 
IypN Of 10 .... 01 . ... Iy ... 
load 14· 129]: 

.ho. b-uckling anaiy'" ....... 0 mom · 
"" p..c..o:",",g __ IY <on<li-

bucking bourdo.ry condllons 

l""'" 2 """titoio act .. 1 p,obookling """odaIy «>ndlion. a<fl on _ 
_ .0 10 y;.kI ..,. .tioCl 01 po>b<>clting d._..,. •• nd bound· 
.IY <:<>nd<Iion. on U1 . buckling load. 

l o • • , J aholy" . oro"" ""'" _ u"" • • n<! """'P'ohonoi,-• ..-.;l • • 1 
..,. ... m. ,.., •. ,110 most dIII",u l and .,.,. ....... to Impleme n'. Tl'l'at,r. 
"" .. . ........ " ' OM linit. ';'H ... nc. dpp' .. < ... ... in 11»0 ""'ogo,.,.. 0 .. 

, , 



... .... ........ , .. __ ...... 
'" ,h. iss ... in ..... 1 3 o<>&lysis ", ,llo """,b .. o! firole dill"...." mo.~ 

p<>in" '" f"",~ olo_", 'M' .,. u,od. 0bY1Q<J.$Iy . ..... ~ .'o"",n" 
or mo.h p<>in1S. 'ho h9r0' ,h. ,. or"",,<\, . How .......... . _bilily o! , ... 
a .. ~, mus< be consido ,od. lhu •• "'" 10 ... numbe , '" "'mon," tho, 
.0' ..,.", . ... oon . .... "'",,"", mu .. b. _ . F", • • amp"" AJlx>cz . r>d 
S'omo. ,,,,,omm ond Ih:r.t wO u .. at ...... 5 mo""",in .. per ho i w.vo in 
tho 0...:1rlo to . """ .. t.,,, 'oP"''''''' b""lO .. (whie" """""0 ... to lrav •• 
good ..... '" how ma ny buclrlo. 10 ..,,, .. :0 or to '""" 'hI .... ., ... w~h 0 
fin .. m .... ) (0·1301· An ... m . .. "'. ','013 . 0. "' ..... 'ho Lor; ' h .. d 
finl . _"'ment 0 ' '''''''''' STAOS IMt .... de'."'ped ",igiroo l ~ by Bo 
Alm_ ar>d Fronk B""Il"n in t ... '9!IOs (4-1(1"1 

Arboc;z UMS " threo ....... 01 .".1ysIs in ,h. _ om DISDECO 
mo" !n\9ractiYo S""I!f&jgn ~I to allow an ........ to " pjo" t ... 
qu>"'''liYo natu," "',... ""'"Y .~o<t.",. n ovo,_, . .. ing~ 0 • ..,.... • 
• r>d _hislicatod .. t '" . n.!ysH.I .•. . hOo"."hical .... "' ... . DISDECO 
..... _.IopoO '" Delli I.olituto of r ~ (0 .'3'1- E..,h .... , 0. " 
1>0 __ 1o ova lu.'" •• ..,.,. Ko_o, imp.~oaion ... nslivily oc!Hrm .. 
(~'132]. """' . 01 whm ,ool ...... act .. , m • • • ",od imp.rt..:oo. ... ,h. 
,ool·"""'''"ool'''''' ......... o. oppoeed '" I ... """ .1 _,ibulion o! 
im ... _ Tho """-<no.n·""", ,. .""n».r;Ir , 1 . ... '''''.". '''' "'w,. 
_ lhol .,. rathe, far . pan ond "'" ...... ouil«I to high~idell:y <0,
,.IoU"". Only _ o<' ..... , lmpo~o<600. rnodolod pt~ 1hto<J!Jhoul t ... 
..... ""n wo .. 0" hiI/I'-I""'"" buc ........ ",,""'lallons 

100 "",,~l<lion .. MlIt.-1:y 0 .. "' .. ' ot . oo . ft .. Ko~. , h.vo b .. n 
"""".V 00trl" ",", '" VU<o to ." .... Pl to ,""""""I "" ...... , ~o""''';c 
;,.p.rtOCliono. KGiI.(& . """"cho. includo bo", . . .. 'mm. tric ,r>d 
uymmotrlc "'pori ... "",. lAo")" "",uaI . hol ;,.p.."",,,~ Oto "'" 

.. isymmol,io. o.g .• C.IT« h A8 in Fig,,, . ·120. b<ll .. .,. .. _ ",hat cir· 
cumfo,""Uo..,. (moin", n _ 21 ~rd lor"'" ..... , ... (ualrIrl" not v • .,. mu<hj. 
1two. " .. r!ea"" N noilt.-ly a;>ptO<lch ... b&_ Of\~ on . -..nod 
"'isym""'lric impori""' ..... co""'" ,.1Ioc! Md!ly. On", """" """,,,,,,,ho. 
M_ 0" o>ymm.'ric "p. rl«600. COn t>o .'<>eel"" 10 giY . feOUIl._ 
.,. do ... to ,OlIO)'. Mo<_Of. , ... Koite, oppr<>och Is h,,'-,0<1 to the do· 
lo ",, ""iOn 01 _ity 10 buCk(Org" o"""Sod to lhO doIo ." ... I"" o! 
an "",""I buc~1inIl _ . UP .. ' and Iowo, bounds ""n """""""OS 1>0 
tound wi h tho K" ... _n, bot '''''''" bounds a,. "" .... on fa, ..,. " 
Ina, tho, m.k. "" pta<tieol impa<:I on <lHign 01 buckllng-erilical ...... 
Mort,o" ." . , .. _ 01 KoiIfr, """rio_ • ....-..iIMIv 0W ,.,.,ho. in ~ 
io .. ' ....,.. <ornplicotod Ihon , ... .... m. jrody 01 ~ ... ~'" .... ' ng 1o 
e_ ,,' h. M<>sl do .... n . .. . ,. "'" "' . ... ,od Ie .- , ... KOO., .". 
""""no • . Evon ~ ....,. \00 .. a<!oQualo., ....... ,od, tho,..-wld "'" b& 
.. ".n.d "iI~ borJ_ on the 0...:1<lir>g IMd \ho, a,. ""'., al ,""". 

SOme '" ,h. in~ioI ..... 'ning fo, ..... 11 .. 1 " 0 ""' ... cond<lo>'e 10.-
• deoign being eonsidorood (l • .. con e.".,. ,h. ,oquIrod "",<Is will"oul 
bu<l<lng) ""ukl usuolv bo dono ~.,.,t.-o~ wl h cIa...,.1 ." .. , """kling 
• ..., ... I""''' II . Rolin .m. nts by ..... 0' .... ~ 2 .n.~' ..... 1d not h.vo 
, oignificant ..,oct on '100 mako_up '" ""tu,. 01 ,no configuration Itho' 
cou'd _ 1>0 . ' poctod by .;,-tu. ot Ih. _",,,.,, ,..,.II"'od 01 P"'i'uci(Mg 
bo..-.d&.,. <Ondi1lona 0<1 U, O o...:lOing 1oBd1. lhus . ...... 2 .M"'''' ... ma 

, , • 



unlik. 1i 10 be p"~ormMl by de.igners. lev" 3 '''''Ii'is is "h. r. ,h. 
"'lailod <;OIIIlgura'lon .. ~.MI. ptObobli I .... ..tthout cLdQl.Oo ood 
tl\tn Ia, ......... ,LdQI.O, ood -,>oy OItt_ •• gIons ~ """h """I;g.",· 
lie", . ,. 0" Ssu.. Th ... ,h. mojo< . non .. , ... h..., ,,,h"'" "W'l""h is 
in ..... 3 ."'Ii'" which migh' __ have _""" ...... 01 complody. 

A ....... aod 010,. I"'~ a lle"...,,,,o 10 ,h. hlo,a",,",,ol 'p"",aOh 50 
to be ." . .. '" tI>t cloosio., ",. 0 bocklo,g .. sul (io'o'" , .. tfI. f>io,. ,. 
ohical approACh) a od procMd ""octli to th. v. rio", , ... 10 or m_i ng 
in a _ I ...... lom." prn9,am . ocll ... STAGS. n . octual"p"rlfl<)o 
lie"" 10< a ........, _ 0' th . ....... , m.""'oct"~ ..... rl""lien .;gn.. 
'"'" (0, u, . a~"",rio." cia .. 01 ..... Its would b . uMd _ .... ,i0tic8, 
va,,,',,,,, ....... d '" Koito", ""p"rlOC!"" ... Mh<iIy . .. ~.... E ••• 
'''''''gil 'ho ..",,"" .. , .... , "'''' .. .,. •• " t091l • .,.,.. "'oi9r>e" co"., .... $1 """,00"'. ""","'l"", i~." STAGS ""Ii'" in which 001",,1 ", .. "",od 
importoct<>ns. or somo IIOnOfll IizMl impe<foctiDns •• '" "Md. 

" I .ro oh,,,.,,, in Figuro 
0.,.,.1 .. sin ' 0 

odgoa • • Io.d " 

'"_ • • ". T~ S_n """ Finito E ......... Goorno' OY 
(M " HiIOrr_""" S"""'/' ·'''''D 

, 



.", _ . ....... oo .. __ _ 

applied 'm ulll> t flo bod~"'m. pia • .". .. ueh.n<1 Tho sliII ..... 01 ,h. 
polled . nd$1$ acoo<>nted lot in 'h o HnIIe .Iom ......... ty ... wl h 'ho w;"oty 
used STAGS p~am [4-' 081, l.10<00-<0', ,,,. 1ni1ta1000-¢!_u.tn ... 01 th. 
"""' . .... pIOlo. os ..... Os t flo .obHqu_ do~iono .,... _,"'" . , 
th, ... F>Oin!s 01 <Ilo plat .. a,. inpUl to.1to rnile .Iom.n' .oa.tyUs, 

n, .. Ia.,lno_ ... ou.g -..-.0" lot .... _ ...... _ ,_ 

[I) C l, on ""la ir slill (i45.'O:tl:! IarnO>o1o: [21 C2 • • ciroumlo_101r ot;~ 
l<'I~b lamino"', or.d (3) C3 .• _ ",.jootropic 1'45,0.'1101, lam, .. " 
£acII 011 '" 01 t>Om ..... Iongth .S.O n [40.S om) ond ,adioa B.O in 120.3 
em) .... tobricoled hom 09>1 layo .. 01 .005·;" 1·013 em l 'h,,~ ASO·JS02 
_hlo_ unidiroclioMI \ape Ioid by hond on a ... _, ond eurod 
In on . 01001:" •. 

n . ""_1 inno,-",, ~.oo ond OuIOf-""~'" "" porloct"' .. wo,' 
""",,,,,,11<1 lor _ h "hoi '0 dol"m ine Iholr Inl_ m kld lo·,,"~.e • ...". ,. 
1«lIon oI\oj>o" os w. 1 as ._,l1iekno .. <MUibulions. Tho _g mid
<10-_ ~ott"'" "","OuO$ Ofo "", .... lI<ed "" tho .'''-'00 "' • • 
wall _ . n ... .,.., or-n lor ..... C3 In F9J<o '-122. Tht .. , 'ho' .... 1 
1>0. IW<I loirty dislint:I ci""""I.,o"".1 w •••• 0Y1If.1 irs .. rIoo. woh_ 
•• ,lalion In tho 0.101 (IIIott"" IIrlIh . mp ........ ,Iotion "0" +\ .34 I ... to 
·1 ,!>4~ 'M" • IOirty _ ... ",.Iiv ...... 1..- ... Ihre. 011. 110, 

<.II 'no """""<111"",,,, ...".rtKtion., .... 011.1 ..... 'h,, __ vori«l 
It'NI\ ,03 1<> ' .32 'im .. ' ..... ' 0 toirty la,!/" ,"';olio. 0 .. ' 0 ....,~ <h",...,.. 
Moot 01 that , . ... 60. ia .~rn "tod 10 '""' •• , .. ,""" , ..... by ,,, . Iot>. 
ri<:.oo. proc: .... , Also , ."..11 pops loom. "" big a s , I in [.25 em)[ occur 
be'" .. n n''''y.r •• d;oc.nt '"""" in """'. loy ... . For . ... m".. , l • • eh 
;"-"'yor-• • jl>cem 0" Iopo juol touch .. ~ ...,...,. U_ 1"" ........ uring 
ewOng """ ... ei'c • .,I.,~"".J .'ponsion '" the ..... "",n<hl ,ha, "". 
co_ tho, at tho ,"pos. """' ..... ,'" """,,",g an in·layot _ to _eIot> 
""'"on toen '"PO. IR." .. lh,ot ..... t-.as. h~' «>en"lont 01 ,.....".1 
. 'pol"""", 'han gmphi1O-_,y , ",'" n ,/>0 ,...,-oomln8tO<l uo • • ,,_ 
.... ' h. ·ll>o'dkoelion). !'t1-oaps 0100 oceu, ,,""' .. n goo _.In 11>0 . :d ,, 1 
<1irOOlion on(! bot~ •• 45' _ in t>otn In • • ,Ia' an(! elr, vft'll",."" <Ii
_ion • . Thu., n . noel, lh. 8·layo< lamin ... oon h,,,. or>Iy 1 lay ... or 

_"'UZED 
m e 

cOC.TOOI< 
~ e, 

- , ... ..... --
CftC UIoIFERENTIAI. l OCATlON .. ",,_. 

, _ ' ·122 ........ "'" _Surlooo ...... _ ~_ "" Quo"""""""" ~ .... C3 (Mt< 11_,""" $", __ /4 ·'",n 
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........... "" ..... ~...... .,., 
.... on on./; 6 loy ... (~·h.,. ""'-gaps in ' wo "1>'''''' loy ... 0/ ,ho ... m. 
,~ o"ntation in'or_Q In .ory IOc.>lizod b._ ,.gIono '" • oIwII. 
Th. p'.ello. 0' _ .... oy .,...., .. pprog lo-lo,o'·o$oon' '. po. ""~ng 
IoYU!' "" Ih. """'*"' "9>1 . ,"'" ,h. ooou,,.w;e 01 \IOpo, _ "" • 
..... 'ng. """"on.m ri<Igo io aloo -">10 lKt<:ou .. , ho ov .... p,.'" 
"'~ "'" g., "....., ap.art P<O"oolly du<109 huting. T ... ,.,., ' """" or 
"",._ 10 10 """"'. _ Io·o."'c. ""' "'<'<:itt ("", .. y ca<>tny t>o<'d. 
;"g· . ... .. ion eou~gl.nd ,O<b:od io.mi .... stittn . ..... ThNo . H""II I'm'. aeccunlltod 10, in 111. ,in! •• Iom. n' 0",,1y"'. 

n . ...... .... '. ~n'OY<od .... h the STAOS P"'II"'''' th., "., • ••• o;Iy 
t>oon <10"",_ i'!· 101I). NoI.bIo is tho IDct 'hot Iho model I>od 0"""" 
'00.000 <109<'" 0' ,_. O. """",io.1)I PO~O<l ""''' _ttl h"ICIdolod 
,.;0, nom"" ~~ry, "'01_ ' PtoportiOS. .<><1 _"I oondit""5-
o..o""'lraly Knpe~OC1 _ ~ .... m_1ed wlh do .... , _~noion&l 
•• ,10,10 .. incloding Itodllonal _ , middr. ·sutIa<. lmpertoction. ond 
"""Ua<IIIlo .. , tI"!ie'.'" '~'Io'_ 1>Iv __ , tnO;kM ..... ~ .. "" ",,,,na,. 
fI'Op.n iOS, . 10 .. ", __ I)' CO_"'" «. u_ by th • • <><1 """;ng), ond 
~otrie importoc:tion •. and """' UMOm> ond loading 

At load '.<$US OfIC>-oi>oolOo,ng ....... lot "'. _"''''''' 'oy".,.<IOt 
.., .... ,. ""m>.~zod by ' ho ""' .. b~u=tion _~ing Io>d oj GO,,;''''' 
tropic ..,... C3 [42,5110 b (IIQ.5 1<N )j ond , ... """, ... 1 . ... 1 Iomimt. 
1ttiokn ... [.Go! in (.'02 emIl ... F~ure 4· ,23 . Nor"..lizood boc""':llooda 
co"'u,"'od '"'"" Sl AGS inc~ lh. ott""'o 0' probockfing doto,m.tion. 
d ' • .107, .868, a nd ,g7~ \0, _ C ' , 02 , a nd C3. ,o",ootiv ooy. wAh 
dflo_ P''''''-''hl<\g ""'" '0"'" ond.t.ho/to n;"g e"". abpo, lot oooh 
"" .. t>o<oou .. ol diIf. ",m u;', otiIfn ...... Buckling _ co n'",Jed 
_g (not coo,,,,hd load, I .... doodW8igM 1oa<IW>g) wo, loIowo<l 
by 'apid load _''''',.. "' 0 ... "'" p<»lbocklng "",,,,,,1,0<1 ""'" "" ... ol 
,00()], .2 1 ~ . o n<! .2 "" lot C, . Co2. ond C3 . ",~oly. Tho "" ...... m" .,. "., ... """o.",he buO~ling load on<! 'h. pooIbuOktog load ~ d. "",_ 
;" tho _, (4_1:le). N<I!. , ... , • • _""""" ...... C' hastho 10" ... bocUng 

load '" all 1tt_ "0.'.' IIa. '''''Iig/I''' ~b""kI;"g lOad, ThU".lom;. 
"", • .aclo.;"g _".nc. ploY" . n ;--"001_ '" tho respon", 
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Ofo ..... ....... , .. __ ...... 

4.11.5.3 HIgh-f _,1y 11e"gn p"","""u,. 

How that higMdolit\" VOI>Iy"",. h:w& bo&n"""""" 10 ... V& ...... r&qL>i
•• -""u'-"Y . oxI ..... 1NIity "" bo.><k.iO>g i<o<><J ~.,.,. tho <.".~. 
ing Iligh· ldolity deoign o .. "" .. d .... mu", 1>0 deYe bped 8' follow" 

,. The doWgh Iood. "'" ."'->bII.Md ao <>I>jo-<!N" "" • oholI '" ""Mw • . 
2. 1M ... nuloc1u,ing p!<><Odu, .... 1eelod on"" hove i\>. o.t-onl • ...,.. 

cio.,od ;""..-f0Cl"",, acou .. ,"", o"',,"orizod in a p<ObabiOoOc man· 
.... ' .. Input 10 'h, do>?"o~. 1ho'''' tM no ....... I'M oh,. 
,ha' w" ",.k. m.,,1>0 M",",n Ip,_ted. no' """"",red be<o.u, .. w • 
.... 1 ..... ,he _ I. not , . .. I· unto ...... "proo! t •• f) Mood "'" to 
~,.., "'nulOClu"ng ptOO ... 

3. Thon ....... \IOOm .. rIcO l . rod mo,,,10 1 c ... racl .... ic. ol'ho ........... 
1>0 dot.,mir>od-_ proc_ "' not ~mpIy 'h ............ 01 , h. h igl1· 
,<>tOry .... .,.... "'~, •. but 10 . proc ... io """". thO """' ..... , 
""",,"ClOn.tic< 01 ,h. _to •• or • • _ ouch , • ., the dosIgn 
loading <an bo succou!uly carried MIn " Ioast tho opociIiood laClo< 
'" .. lot,. n.;.., nom ... ' <"","cI, ""'" . " ~ "" " ",,"ad 
.... ih 'M knIlwlad1l' tha, .... ' istlo.1 v,,",Ion • • ,. in • • ,..,I.rod must 
bo •• ,"".JI"I1. d lot. """"""' .... ,h. lun<bm. nlOl nil''''' 0( ...... doslgo 
proc ... is b,.,,, • .,.. ... ",Iong I>ocause .., "" ... ion. <on bo di· 
,oedy __ oil 10< tho <l<, ign ,"Mble.. That is. "'" deoiQo proeo .. is 
""' .. Iy ""' ........ .,., _ ............. ,.'lon. 1 on>< .... 01 o""""'"'~ or 
_"'It ,'''' <l<¥ vOMbleoun,UM _ <l<~n "' ObtoO>od. 1 """-
In _.Ion", ,ho _ I\'sio . !em .... ' .g .. STAGS , ' doslgn prognom 
must "'''' on opIlmi>.,On .10 ...... U ....... s tn, 1Ogic _K&a.,. '0 
_,., ... 10 C""_ ,h. dooill o vo_ •• orod by """ mooh. 

4 . 1 ... dooign PlOOo<IU" must bo """"bIo 01 CfO.a'iog (dosigning) '" 
........... ing • ..,m, .. ' ....... "''11'' ..... t hat 1o"" """Y'"I/ ".~ 
",",,0000; 10 .. 1isIy tho objo<:I .... wiIh '~o ._,o<! in .... blo ... . 
,Ost".1 ,,, ... ""', ond tho do.ired ""'0' 0/ ... lo'Y . 

• _ " .... 1<> ... 1\'%0 ,h. do. 1good _ " It!o h 'l1<'IO;to~ ' ''''1\'''' p..,. 
<odu<Ol , _ WO<II<! hoy. "' go, a ""'d,o'''Ying prod"'''''' in ",co .. 0/ ,flo 
loqulo-ome"'. f .... ta"'""" ''''',un' th o p.-orw.r . .... UIIIio.1 vOl""lon . 
0/ tho olio" PIOpO""'" !toon .., prodic1od buckling load ( .... ilh a. OVI"" 
prnb. bility 0/ v ... lion) """,1<1 bo urKlo, "" • ..q-.0<1 P_ ..... 01 , flo 
,oquired Io. d.'.",ing c.opac~ .. , n , • • d . ... od .. Ioty I"""" 

W. mu" modol ,to. voriou. monul.ct ......... p!<IC ...... 10< 011 . .. io 
0«1 .. ,10 dol .... ond ,ho,. " .. "" th. ""'"PO 0/ "" v.,,,,,, imp .. ~",';"n. 
11<0.' oo:'u, .. p,o<;''''. R_" thO pro I", "", .,. diacu .. ion 0/ monut""'u""" 
impe~edion s9"Ia1llfl!' in SectOn &,' !.S, I (""" • .,iI 1>0 ._..- io 
' ho p'-" _lion). W. on .... 'ak. ""to '" do'. "" .... tho ' n:!s '" 
_"u',"CMlog """.,.,.,. (~al """"" ...... 10 ;.,po.1e<'1ons 0' 01 .... 
<h"oct_a o( _ lis ,I>a, WO<II<! ar.ocr thoi< bucI<Iing _, F.,....,· 
ampio. _ buck.iO>g 10 mora .. . ...... 10 . """ .... a '.Ior>gth Imp.rt",,,,,,, • 
.. 10-.. .~m""""" .,;,001"'" , .. " '" long ... volength lmpodoc1lon . 
tHocau,," btJ<kling oIIon 00:< ..... ""ttl • Ioiylo "umbo! 0/ ..... v • • (0-..""" .""n 
•• " lOloolJlh). TI>oo. P""'_ ' 1ho, Inl>o<. ndy tond 10 "".to "" ....... 

, , • 



......... .. "" ..... ~...... "'. 
short " ..... "111~ importocoiom muS! oi,hIt, be •• _ or .ery w.' 
e"' ,act .. Il:O<I In '''0. manLlfa",","", importoel"" signa'UfO$. Thit ;,"'if>
si< ,oc."';'"", '" _ 0 a.o "". ry <Io-'l/ll p., • .-o, m"" bo """""",,od 
kI, ""''' ~b~.110 mo''''''''' 10 ..,,,",,,. a ... W" ..... 

Ufld ..... m"od ,h" ... ... n' to coo"'" tho 'acto< ot oaf.1y '110';' 01>. 
taino-d with H •• f;nal d.n.g.. That ...... m""",m f""'" '" ooloty io 
",..,'io<! bet",. ,n. <lMqI """' . .. io OIonod. Tho only WOj wo con 
"""",,,.1"01 _I io '" .... lyz~ tho ~ oto. •• otoriol". 01 'hit 
01>01 bj the ....... 3C00rata m .. n. ~, I .• .. l>itII1·flde6ly ... Iy .... 
Hi_" .... "" S"mo' [4 -13e] M'le ShOwn lnal ,.",,-I""lIIy . ... Iy ... '" 
0"""",,""". _ has 011'_ wi1h ,n . .... "' ,0<1 b<JcIdlng _ vi<>. to 
_ 0 fow ~"' . .... """*' io _0Iy ... .., .. _ _ l _ .'0'. ,,,", 
acou,aC'\' <ontMll bo _0<1 "heo a monLlfact"'"'" imp. rtoelioo signa. 
,""' ..... ;". ..... . . ... oIoliolloo l '"""';'-'" .. . ..,;1 10 dnig .. ...... ~, In 
do., w. mUOl. ~ tbo 10" ,110, on uproo' _"" _ . lo",er bouod 
to thlt o.o<Iiotod _ , po""""'."'" ",,;ot, ",.j 1I~ bo, .... "0 1.nher 
..."n '''n • f." l>O.canl boeo .... tho dMa .. '" • ..,.eli<: '"""I ••• no 
ionvo' re""."'. Th •• io. the normal "."nion '" the O""",rtie. o( 01> . .. 
manuiacturO<l with • .".eli<: o,oeo ....... ds , .. oh.oro".,koIle bo,_ 
!a" h., _" I""n U"'M 1M, .d"!o<. ojn,," 01>01. !.!Ofoo • • , .... m"" 
_ •• '. modOlif'Ig '" ,,.,. _II C<H><ICiono '''', .. only l'I0/'I'I''''. 'a' ''' 
'''n 'ho . ory """"",. """'"I usod In $oct"" 4 ,11 .5,2. Tha' is. "n . n 
do~ ...... ~, w, mU" " ' ''" .... ". ".')' II"n .... I.od I ..... dle ~ 
'" ,h. IoodOog ~.l>oco_ w. como( d",,~'~"z. lIIom witt! ' h • 
....... !lol dotolo. bel<> ... Ih.o 01>01 io bcHI a nd ".dod. Cor I,,,,,,, 01 .. I01V 
",,51 b. bo_ on tho Iow.,·bou"" p.~" rm.""" bee., .. ,h.ol bound h.oa 
_" "" .. n to bo bolo" ,h. "" .... 1 po l1orrnaooo. but _ o.n"'" kr>ow 
by OOW m""lI. Th. PO"" ;s Ih., the b<.<:klOtg boh." ... <:a" be ,1NlOOMbIy ...... ""od ~ I ~ . 001 ... 1 .,,1. 01 Ih ...... .. too'" ~ 80d ooeu'""1y 
aeeou",0<1 f .. in In o hlgll·fidoloq a,,"lysis. TM 000'" go-nerlIlsta' . olio ,· 
"",.ri>Od "~h 'M ",O"utaOl","", ...... "..,1;00 ~1""10< """Moel"'" 
is I>OOd 10< Oooigo. Too ok! kJ>oe~down-tado, _<It aimply II.., ... · 
pre<;" ""'I I , bj dol .. uI, '""""" h~ bu' bo "" • .ty cOn .. rvAt ... in '00 
main. buI • • ry soldom con,"", ~. 00""".,. inoo,,"'" a , """",plot. in· 
Torm.!»n .bout 100 monutact","", ...... rl""''''' ~ro i. u_, ••• n 
In higMitIolly <I4oign, "'.n ,n. MoOg" •• 1idiIy io, III """ ,so. _,od 

, 
'" oil< Iomina' od 

, , 



.n _ ..... of .oo .. __ ..-
we,. !he ,~, .. ~'·layorod >h ob , Cl . C2, ' rod c.:J. usod in ,~. co,,.. 
.. ,,,. 0/ 'ho hlot> ·Hdo~ a",~ will> " ""''''on .. ' ,KUII. la· , 3e) In ,~. 
p,"codlng O"'HOC'''" pill ....... .w .. n·loy".d ot>eI eo<>nI"""". C4. 
C5 •• no;! ceo no'''' .ppro . .... ,...,., ,~. ", .. n .y.oou,. .. OhOwn In 
Fig'''' a·128. in w~il:h n .. abo<.< 2 1_ cirC"mlo ,""'jo, b"".Io _J 
. lId not m""h ".ria, ..... 000"10 In ,~ ... 1.0 1_""', T ... n , U,O OW>do,d -'0,,,,, 0/ 'ho mNn "'po~oct"" o9>oI<J,. •• in F9.-" ' ·127 muo! bo 
o.lcuIated aloolg wih oom, 0/ tho hig/lo< do .......... 10 "., ...... """'P"" 
aoatiol<:al _ ....... Iion o! 'ho "'porlOCliono and tOo . .. nil" k>r tho 
_lil: <_ 0/ _ Tt.. ... """rd _ .. Iion . koo ho. Wlio .. riolion 
in "'" .. iol dft<, ..... , Tho oh.1 popIJ,",joo o! ... io !lOt ~ .. 1. for mort 
tho" on oppro. ;"",,, .... \jIe __ rd <Io-.I1o,i>/\. nw Ia. m..,h '"'ii'" "" •• 
~Ii<>o. must too _"""",od ~ ... ""sign wih mora I",," 0 """"" ... _n:! do.io' ..... eon b. ono...,.od. 
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Of. .... . ....... , .. __ ...... 

~'";;:;:::,~ leo ""'" ~~::: 
I """"!>I • ...", ~ dopdod I<rr 

..,0<'>: quasi.-JCIII>: . h • • C3 lrom ,"" .... at .. , 1 lami· 
,..,od """'PO'" .100" kr' ... 1>1011 1100 ",. o""",,.ring rnpon.c_ tigna . 
,.'" ...... m~. Tho", . HiI:>urg ... l"Iom .. h. ~"" SUrm • • (.HJ7( 
oIrIrrOred lire _0 bo"",,,,, 10' ' .. 0 . """"",hoa lo ohoII d .. iIJn: 

I. A _.,'ioa .... ~O« ..... WII" 0"''''''' _'-'<'\I .,...,. .... 
2. A spociIic _ . will1 b "".,1 ""","",od ... rl.c. !mp<rrloctioos . 
3. Tho b.d;ling "-' 10< t .. m ... ""."tactu""O 'mperlO<I"'" orign.o, .... 

101 . "","",>: ""' .. 01 eo""",", ..,,110 ["too" no ....... tho ..,0<1>: 
..... or (21) pUs """ ........ '" _ _ ''''''' , .. ",.,n. '101, ttvot 
tho bLICkIino; "-' OIJ<V. kr ' tlr . ...... n """"'-"aerunng imporl.clion 
.y,. ..... mnlh< on. oIacdanJ _ ..... n io on _ or bound on ,100 
,""10 10< "" ocr",,1 imp.rioct"n. ""or ... tI1. low .. _00 io ,100 
",. o",,,,,tu,"';I Impet!",,_ oigna'"", ~ on . ..... ndo.nJ d..-ia''''''. 
W • • ,. I., mor~ it>I~"'''M''' " ... r _ l/rotr. Or "PI"" bo<Iod>l 

' . ~ ...... w~h on ~eol"", Or lire ..... Ol ".,. bU<~I"g """'" 10< tho 
10_ buckling ""'" calculated .... Ih cloMicd bLIC'-'inV .M.,. ... (tho 
~gon· modt "'porleolionl . I.IH oIlhl$101m 01 ~tion ...... tlr • 
.... _,d ~h '" ., • .,. ... 01 ,h. ""eel Ol impe rtoolio .. 10< "',y 
YUCI.nd Is also koown os tho "",,"-ea .. imporieolion ' p,,,oach 

5 . an Imperloe' ........ ,," boll .. io, ....... 0<1 to bo 1>1_ wIll • 
1<nOC"'*"'" " 0101 lrom ,lit 1o~'''''''''n<:I CON, 01 NASA SP-I)O):l7. 
Figu", '·"O . nd Equ.bon ( • .•• S). by "";ng only t .. ,~ '" th. """, . 
POC;O' .... 1, i.o .. ' '''' '1ASA SP·1IOO7 ""proach 1. · I23J. 

Also O/rOwn is Ih' ", ... ,,,0<1 ~,iol """'or""'" bLICklWrO 101" lOr ' ''" 
. po<l>: qu .... iooO rop>: ...,.1 C3 In F ..... ro . · 129 . 

•• 

• 

'.w.~~""'" I" '"'''' "" .. 
• . ,. ·ro .. • ~ ,~ .. 

ii., ii _ _ 

~igur. <.,.. f'" _ • ., S .... Doolgrr '" a,,",~",otr""" $trot OJ 
(""",~,. """,,,, _ $" ..... I··'~'b 

, , • 



/u "poeled, 0 0<1 Why ......... 110 lu " l><, ,flo. <1Iossa1 _klng 
... tyol •. ' ... p<.d~od p.o""", 01>01 _y", IA!>I>r<>a<~ ' I;' oionlfl<; • • 'ty 
,_. ItHI actu,' 011. 1 .,. ... v""" lor q""01· "'"",,, _ C3, _ ..,yor. 
tho p,_'ed _.'" 01 ,n. opecjic 0l>oi wlOh ~ O<1ual moaou,od "'p.orl_ IAI"",,.on 21 .. . _ . ..... "" ...... d ~"o.lihg 10<><1 .,.. 
c.u .. 00' o.M . HOCIo no< ........ 10 _ty """."'" ' "0 "n. ty ... ".~ 
""p.o ...... "1 .,. ~'od (i .• . , only. limitod "9>.ti<!oOty . .. ty ... w.o 
p.ork>rmod) . F<>r I" . ...... ,oo",n, !he p,odictod .,.hov'" w, n II,. mon· 
"'oe1u,inv i'npert_ 09>01"" ""'. """ ot._rd _ lotion (Aw'O. <h 
31, o lower oouoo <>n '~e man .... olurinv i'n pertec!ioo slgnatu,e." OOOV" 
tho m."",od bL>Clding load. _''' '. not. Mw mL>C" ""'or ,ho p'" 
dictod .,.hov",," w!" lI. i'n",rtoctloo ,ho, is ,~. shopO <II 'ho modo !of , ho 
low ... Duck~ng Io.d ('ho ""''"'-c .... <>r ~.n· modo impofIOCIion with an 
. mp~_ '" 'il! tho """,,,,,,, 'h""",""" App.-h'J .. Ihon ' ho mea .. 
Ufod bLtCl<mg 100<1. lAo"", .... tho p ,_'0<1 _""" uoil>il ,n. NASA 
SP·(lOO7 10" . ,.........., """",;"", Eq .... 'lon ( . ... 0). (Approao " S) • OVO" 

low .. ,"". ' "" won\.c.o ... ~;"" .pprOIlC~ , Thuo, tho d""" .. ic ... )' 
ov""r "" ..... ",0' .... no_ 0' boU, App.-ne ••• nd S " quil ... 00", 

Th. bu<klir>g bohavior in Fogu ,. , ·129 i, &CIud )' I", oombinod . . .. 1 
OO"",,,.,,;on """ to'""" ..t>io~ genoral ............ oI>6aring 1o, .. N". 
The lock oI . )'m ....... 01 ,lie ,,"rY" in F'II"'" ' ·I 29.bout u" vorlicollino 
N, = 0 .. eauood by ,ho pro .. """ 01 0 4 5' "Y" on .ho .u'" .. rioc. 
<II lno ..,00.'" ",,",,,,,,td eO~ .... 1 IC3).nd .. d ..... nt ,"elion 
10 poooIiYo and n-oa' .... _ I loading. Such an .. I.~"n 0""" lot 
an ""''''''"' __ bo <0/","'01"'. ''' .. 0.,." 'hO' 'hO 0""'0' "' F;g. 
u , • • · 129 lor mixo<l . . .. 1 co_o_ and lOCIoo ,.pidty """",.eh 
l1><>ooo 1o , . __ "'01. I .•.. in'Iporl""""'" a ... ",uoh 10 .. i'np<x1>"' to. 
to"'nol ""'ding .tI>.n lot ""iol oomp""";"" Io.d"'g , 

n . ...... ,· boUnd "'.on ""","''''''uring imp ori" tio" 09'0>'"'" pt.Jo 
OM ... _'" _"'00 (mo.n • 0) _~ _ . not lepr_ 'ho boot 
pr .... ictoo toy hill"·r<loli!y onaty ... booo"", such _ n·.".cl ic o~oc" ... 
lIIickn . .. v. , .. tions , mot_ , p~ ..... h.oo bee" U"" O! p,," _ 
and boding i'np.oriOC1"'" o ro noI taken into oceou",. TM' ....... . .. 
I'l'ing 10 diSpIOY. do09"> _ct> in _~ u.. " "OCI'" ohofOCl_1et 
01. g;.oo .,,01 .,. _ ,), un""""" a nd, _0<1. _ 01""""" '" tho 
doIOgn 1"_00 _"u .. '.01 .ro "'" !<nown unlll 11>0 .,.,.. • manutac:· 
tuf9d. 110"""0<, .h. IIOnOl., .... ",ical _ .. <tor 01 tho mamrtacturing 
impo_ .;g"","", Or , 01 """'U. _" or ......... """"" 1'10' b • • t· 
Iompr;,.g h9>·IOoIIl)' dooiyn. S oc" oMr.>et.,OoIico 0,. 1*"""" 10 Ih. talK.,.,.,., '" _h _01 ... 1." .. .,.., 10 • ..,h .. , 0I 1o...mg <ond.""., 
both 01 which ., ............. ".1 lho ~ 1101/0, Tho .. . " . m o .. <ill;. 
cui 10 inc""'" ;n "'" ",.nuto.clLllinv _eelOO olgnotu.... II impe, . 
!ool""," •• "_ by rop"' ... nU" .... 0,,""9'0' (CO"Oing thick ..... .. ""1"",") 
coul1 bo included "' ,ho manul,,<1t.<InsI in'IporiOC1OO .;goa" .... ,noy 
..""Id I .. d 10 p'odic' .... bockln\! _ on 'no "!de, 01 t.-l on\ 10"" 'hon 
• only tho ..,rioco importoction. oro _ . ... d .,<o«ling to Hi_goo< 
and S'","o' 14. 131). M",,,,,,. ,. tn ..... ,;0,"'. "', 'ho m.n"'actu'ir>g 
... ",_ 09>0''''' _ wid b. 0>1""",,. ,~tho' "'." ,h.., ono 
... _ rd do,,;",OO ean Do ",,"'" ,"' 011, I .•..• '" "'01 ""," plo 01>. ,"""tar 

, , 



... .... ...... .. , .. __ ...... 
exc. ed 1M s i.< _lis for lhis 0IUd)' .. 01<10, 10 obIa .. . , .. , .. Ie 0"" J<>buSI 
ma"UI..,,,,100 impo~.etIo" oiof\.,u,. ",lIob'" "" dO&Ion u .. 

I) ...... """,0Nd • • Ia, """,~$$In<I ..... 10'oloo 10 FigoJro ._ IJ<.l. """ 
!Ioo1"," "' ••• u!ed ..... _ ' ""11104<1 I", . . .. 1)" SIll " 01 Cl is oct" . .. 
an ttoo 10 ...... _.,.".,.. "" 11>0 imp<M'!""'OO&. 01 "ourso , the , •• uIts 
10, -. ..... , ..... , .. n ... ........ "'" ..,...ad .... ,;,'. 10 ...... 0.11 plott.., 
10, tho ", • • n, l ool io , on _joju., _11 can 00 .. 0 bu<ki ng Io,d tOol 
• "",.m tho ..... 4n pho. ""'" .... dord devialion. A '"'IJN ... nddrd do· 
."b"" loom Iho ",oa" can",,' b • •• pocto<! 10 . n.,<nnpo" 41 "' ... u,"" 
.... Ito, 00 ". muot 0,.-1 '" u" """0 \toon. oO, glo . Io_rd .,..001 ...... 
o""'M "". o1,n. dolO 1''''lU .'' ..... m,,", justify 1I"" •• I\ivI1., _.lion •. 

'q.. <_,;)0 ''''' A,,~ .... .. s .... 00.." "" A, ,""," S'" S .... C' 
IA"" H_~', ". __ S~. I.- 'JtD 

n. "' ............. 101 comp.HOlo" t>uc' 1inQ _ I", oJ,,,,,,,,'"'''''''' 
.. '" ",.1 C2 ......... ,,".I Wiow 1ll<l1ow.,.- cu ..... Io! "'" im~~..,. 
liom 10 F"", .. 0·13. Fo. OOIn CI and C2. , ... buc1<1ing .. sub 101' 1M 

II"""'''''''' ' ~ porl"" ......... ro . ...... "'""""'10 I/o. "_-flO""" " 
... Its lo r imporl<><l"","" This _ aoo" on~ ..... _ • • ,to. po"""", '"'" 
I/o. "PP",·""und ,"",," a ,. "'" 01 m",," uo. "' dooigo ~o .. Ina' 1M 
oomb...,. _ng boNNie! ""'" pu ," 10'''101 .,o~ • • "'" Ioadit>g .. Quit. 
I""'ked "" on.1 C2 .. f ;g"", 4·' ", . m""to to .. 1"', , 0<1 to! stool C3 00 
Figltro 0·t 20, 000 quh broed to r __ CI .. Fig"," . · t3O. Thai is .• 1 
<10 ... . ..... oro .. noll .... to .. iJ>1 ;mpontoctions, bu' ' M ~ • • ot ..,· 

, , 10<"""",1 Iooding von .. deoeoding on '~e Iam .... t. 

, , • 



" 

........... "" ..... ~...... .., 
_ ....... .......,... ... _-...", .... 

---

Fyn , .", F .... _Ie " .... """'00 ""e'''''''' .... ' _ s .. , " .... e, 
( ......... "'-,. H_1to. _ 5 ...... I.·'~1!I 

From fjguro. ' · 129. 4·1 3(1 •• 00 4· 131 .• is roadily app"'_ tha, 
.. oil 0' '" "" .. .., ... can ""'ually oa,'I' qu .. . b<r mora . ,10' I<>ad 
(hom 7ox. 10 8Q"4 mor. ) _ buel<ling "'", ~ tr .... c.p.ci:y " . ' • 
....... tod tly tI,. ",. fIy """ .. ",at",. 10" .. _ on a ll t~. 01:1 do,. 
~n<>C~""_."""'" ..."""",h of NASA SP·1II.Xl7 . T~. <1009> " piO;olK>n 
01 'n", .... tom ... is thot _ •• "",I",ted wi h tho hilt>·fidolit\l _och 
,...,~ th o "","fl>darinjj 1mJl. ~ ""\ion .oI!/".tut. ,,;1 ~ ... " _I dBo9;>' 
If>al • •• fa, 1igIlI., thIIn _;,..r>ly pO_ I'riIt> ,he N~SA SP-«107 ' 5>-
",.,..clr. fn odd, ;", . th . .... of ,.;gon ·modo """,,~ ... ion .... h , ,,,,,,,,,do 
01 1/2 tfHI """' .... tho:"""so 41SO , .. <It to o"rIy ' ",... ... ,". dOsq,s. 
dhoug/1 _ by .. iI .\!O. m. rgin .. ,h. ,11<1<"""_._ ' pproac/>. 
_ " ., ..... Of, \!Orung .hNO 01 .,.' ......... In 'h. "'''''' . Huation. 
W . W D.o.," . ,.lIol.in!l-*" dosi\ln • . "'" <IoSig<l.in!l n "". 1 10 1.1< •• 
04""in _,iNd duigIl lMd. 

, _ Ano~I. is ""' • • minfng t fHI ''-',,''icaf boM"Io, of a ~oc """'10-
",, 'ion p. • .. wi l> 1IPO<ifi< ,.10 •• ot """"" •• riabI", ,,~" ",",u"O'\' 
"'r>gi<I~ r,om CflJdt !<> Jo.iIIf'lI' ~""ted to gain co"."" ion w.~ 
m .. .."od t>./>,,,Io .. 

2 . Il::uiw" ,1>0 P"""'" oj _ "!lin<;! ,h. dtojyn v .. _ . of. """';g. 
"",tion ""'~ ~ ~.o tho _00<1 load-ca"l'inIl eapalMfOY w'" ,ho do
_ .. , • .,. tad", for a li bad 0 ••••• usuoll)' ,.~n "'n" <>bjo<!N' Dr 

,"or~ ,""",.," O<IC!I • • m;";"'um w.ight, , .. 01 00"" . te. 

Tho hV>--lIdt'ity '''''lI'~. w'" tho .... ,..,octutiog /mp<rrlO<:tion oigno'urn 
is p<>rIo<mod to ....... U ... "'''''' bue ' lInIl .-. "", (-.bk h. IHI" 
",,-e. li«j """,k60_ ''''''''') f<ll . oeh o! rho ""n,.lo". dtsl!l" .., ... 

, , • 



... .... ........ , .. __ ...... 
~od. n 'ON Ioi<,jh·fidoolily d o' III'" ,OS<IIt •• , • • 00i"""ed !O 1>0 
..- ' Il'lo (It muourod boi;klrr>g Ir>ado. How.., .. . ", "'" <0lIl0" 01 'no 
""<0 dofin • .,.,.. '"0 WI)I1< ",,00 b, H ib"~. N • ..,.,h . a"" S'.,"" .. . 
........ . ... 111 •• 01 . MrgIo ""_ ,. ""'un. Not. ' .... "h. "" .... wor. 
"pr.-doo~ "' ""', """" lami""lio" _uo""" 0"" """",011)' was af· 
,udy o.loo'ed for •• cn ." ••. Thus. ... " "'0 .... '" """"\:do",,, f._ 
!ound fo, Nttr ...... "'0 0",,1 oIop. to .. o _ "or o<>Ctr . h ••• with ito 
curr. '" b""kIng ........ "". no ... "" ••• !.ur'''' ..... ioIio. tI>o dooi~ o ,.. 
",,"mo"" (" ni<h .. 9" <»f\Si .. of m"'",. Io.odir>~ ""_Oil ",ith tOo 
_,,,,,,;'1 .... ,.Iy "cto'. " . c._" 0100'_ no1 .... t 'h. dniyn 
feGuirom • ..,Io. th • • ~ my" 1>0 ,.configured ('_oignodJ. ;"" ,Oo dim ..... 
oions .Mlor Iomlna .. ....., ..... g """I.'''''" <h'''g .... . nd 0 "" ... ,,,,,Joo,d 
I;_~"" ... " ,octo< 'wnd "" tOo "" .... .,._, ..... fJ)I.oirrg Ih. m"",,· ''''''''ring im.,.~"",ion signa'.'" _in. Th .. ,.,., ... o<...,r<:tr P""""'"' 
""""h .. IrUIli higIr ·fKlolly do~o. my" bo IOpu'o<I "",I 1!ro .... 111' .. 
"". _onl~"'od '0 _, !he ~ 'OQul" .,O<II. A' ...... ' .,.,goo . • 
A"'P" ..... miQh1 b. _ ..... 1. bu<~ 1os as. P""" ,_ oil .. do· 
signed oMII. Tha, 10, ..... dniyn 10 "'" comp! . .. "",I 1!ro dosign ... 
quo ...... " ..... "' 01 ""''' ' ''.oro''''''~ 0"" "', ... , ... . 

... h",,·liOolily dooign computor Pf09",m to ""'ompf .... 1!ro to,..pnQ 
~or.rriv<r dooign prt>COdiIr<r mU$l ""va",," "'_monlOl . Iom. nts; 

, . • /rigIr.f~ _Iy'" ~ e&pOb'" 01 <IO, .. "' ..... g II,,, bu<k!ing IOOd 
01. co_ ....... do ... " 10 . Ioi<,jh <»gr" 01 OCC\OCy. 

2. on <p<imhlion _ttr ......",.,. bKI' (m .. mum .... igh!. low ... co ... 
~" . I Otoigo."""'II tht ma.,. ""ndlda'. ~n. "' .... ~,ed. 

J . log;, to "", .. "' .... .,.. _ido ,..,... ~ n ..... cond"'t. "".;go Or • • fooI«l 
or c,,"f igured. i.o .. ~ what <lHigo •• rioblo. (ouch.o di .... .,.;.", . 
'" ........ ,. "ooking .. '1 • • "".1 .... "9' """.,,..,... ",uclr? In 0IIr0, 
,"ord<, 100" <to w. <OIIIrol ..... evo4IIOOrr ~ th. o. oigo v. ,lob"'. I""" 
tho .. oil .. frrol oond_ . diroigrr u"liI .... reoch tho 'bo'" do-sigrr1 

• _uk! b. ob._ "'"' ' ... compulor """"'0,, 01 ,me.nd "P""- or • 
....... """" ~ """ . .. Iy'" ~ .... oo" 01 tOo do .... P"""'M "'_ 100.000 
dogro •• 01 f,o.oom (0 . w .. tho "" ... ~, 000" of ttr<r th, .. .... 11011 Po,· 
""po ..,"'" 01 tho irr,..tig._ 01 pOutio ""ndid ... dooigno ~, .nd 
"""'k!, "" p.~ormed.mtr cJUdor """'. ,.,., IOP''''''''tio". ttum ..... I j. 
f>iIo ."'m."' modol .. ed '0' tOo "'''0 01> ..... 

...,. Ihirr """.!;do.., __ h '" b""kI~".t ..... ""olgn ... . 
tu_ """. ;nlom1. '''n ,.j l "",0",,, .v,uw,1o "" v.'","" m~n"'",,'yrWrg 
irnP. rt",tion signa,y, •• and b.,... .... u"d. , va ,iooo combined loadings. 

Qlho! APD!'!!!C .... to D!.!Qn 

v. """" . n ..... pto. """. """" m. do '0 "" .. lop' """" ..... " 'f>" 
p<Oa<l1 10 bt>eklirog"""". 1 &hoi <Iuigo . So.. ~, 0" "'P1o, "', pop' ''' by 
"""""', SW ..... , . nd N."""" [l. '38).nd Ebh.o Koff ond Sta"",, [4. ' 3111 
. nd ..... book by EWro Kofl. lI,.nd S .. "' .. I. · .. O). TI\01 'pp..,..," .. 1 .... """.,im. to "",1.10 ond """, . 10 1!ro ~ "" ... ~ Or both _roo 
oio,.d .nd """"1'1'" by dMignol" 

, , • 



........... "" ..... ~...... .... 
' _11 _8 o.slgn .. 1 8uckllng_C, l lc.or Srrrle.....:! roo,,,,!,", _r Shorr • 

, .. ;rh 
in t>o """. 

, M' 
.... ~ 00<1 buekling con· 

.... "' .. unlil<. r", uMlil'lonod .IIeh. _. PA.N[}A 
00<1 PA.N[}A2 ropro ... .. h uond in ",,_.bo. progrom ' 0 r., """0 
<.pabIo ..... !y ... o""'onts.o "'01 0' ac>timiz.tion orom. "'" tI>I., . ,. on· 
__ b\I od .. ncing computo, 'ochnobv\'. B,,"oooll do,olopo<l or><! u_ 
PAtl[}A or><! PNlOA21O U .. , 0 ' OI)' ... do , o,ioI"/ oIOIlIonod, Iom .... tod 
compoo~o ~r>OI .r><! 01>0" pK>blo.,. ]4· 147l-]4· I091. in hlo ~ ,ooce~ 
oomp,olle".;,.o 00<1 ,o, oo.g conlrC>\il"" . 'DiII"".io. in o.,timiuroo 01 
Ornporlocl Stil!. nod c , rndri<o.l Shob' "' .1501. 1>0 00<1 Ron' ;" ;""'00190' 0 
.n o"',aoromar,' numbe, 01 o1i~.n.' """,l in ... o nd ah.1 wo~ """. 
_"n. o nd do""""' . n ... ,.t.,. _ STJ,OS. 

, , • 



OM ............ , .. __ ...... 

4.11.7 Do"lIn 01 B",kllnll·C, 11<:a1 L.mlnolod Compo"'. Shell. 

l.m.,,,",, _., .... bo dosIgned wrfh tho .. mo rrcndat.,",irr~" 
_o.oh • • bm .... ed plol .. .. s.ctiorr 3.ij .. 001 .. .. bm"'lior> N · 
Io<:tion io con<.,n.d. Ho ....... '.I~. phy",..1 "",," 01 11>0 Eur" buckir>g 
Iorod .. or»rmou>tv dill"'n' lor pjo'''' 'hon 10' _". "" 0. ""'" ~ 
od;....m~ .... moot b . ..... lor Ih., o",cl" ..... r. "' •. Stil . !/On"" . 1· 
gorinm """"o.oho. 10 IomiMl. de.ign rue oq .. 1y . ",,_ 10 ""&" 
.... to pbl • • . Also, .,ilol !/OMI. 1tic Imp.rtoctloM do "'" ,"0<1 ",""""od 
co""",,", "" ... .. &lrr>r>gty OS I", !oo'rOfl" mOlal "",Is. How .... ' , .,1 .. 1 
\10<>'11" "" ", .. rt"",.",. oUt ....... 1>0 .".,..,..f/:d, 11'1 lOCI. Ih. friljn-ldolrtr 
' ''''11'''' and doslgn coroc. pIS ... mplos In s.:tion 4.11.5 ... lor 10m;' 
""ed eom_~ ".Is, ~ ..... 11'10<. wa. no . n.""" Made in ll>al 
-" to 101 In. 10m ... ''''' ", hom, bO, v~._.I " . , th, lh_ "' ...... 1 .. 
W<I" p .... locIod, 00 no ,ClLIOII. m.,",. <IesiIIn woo periormod. 

lhor ... no firm knocl<down_Iac<o, dooOgn P("'''HU~ lor "'minatod 
oo""",.N, '*""10 . .. "" 11"00"9" ,"oh • p«><>Odrlr' " do..,ribod In NMA 
Sf'-1IOO7 [' · I23]. ThO! 10. tho pro<oduro do""ribod no. no lim , ",10001 
bo. ... Io' u ... 8 .. <10" w. Ill • • ""'" fro", ,ho high_t<lolit~ """ty, ... nd 
doslgn "'"", ..... " ;n Sodior> •. " ,5 ,"", 'ho knockdown _laotor ' PI',D.<h 
Ioroomposil • • h . .. io .... O<I\' c"" .. "'. , .... , Tho main ~Iom is thol ,ho 
",,,,,,,,,""1 do ... """"",,"g lho opp<OllOh '" N.o.sA SP·M07 oro ch· 
... inad pr-Imorily on "",,1I.nod ;"'tmp" "' .... , '" ... , ond ,h., ... no 
'r>gi<al ',',_I'on ~ ,_ do'a 10 10m"""" eom~e ..-

Tho C<l""opts .. Io mino,e <IesiIIn di""u.- in Seo1ion 3,9 on plato 
doslgn alO GO'or.'" 0fIII/i<a0lt '0 Iomln.o~ ......... n ob¥'<>uo mod '" 
ooUD.,. a nd "', n_1o "'" ","""o u,,""10 as ....,' .. ,n. dto ... roco' 
assoc",od ""'h 'ho vorlo<J.s 11'''', .. Io.dings. PAND.0.2 ( ... Soction 
4 .11 ,8) Is o .... inIy opproprioto lor dosign ot "'m"",'od oornpociOo ...... 
ago ..... _",log _"- .... dooign •• riabIOO InoJuclt ""'"'" to"._ 
"" .... and Ioyup '''!I~' wiltr .,.,_ Iink<rg !>o"". On IIlom to Proo«Vo 
Iominato oymmOll"\' 0' a D. lonc«llominato. ~ doorrod. O[ltim"m duign 
proc. du ....... Iao . ow . ....... book. by Gurdorl. Hall ..... nd H. jolo 
(' · ' 511 .r><! Vaoi" .. . r><! Gur<!ol (.·1&2), 

4.11.8 Summery R.rnorko on Shol l Design Against Buclding 

Poslgn'" <hot11O ,.oksl l>U;kling 10 .,.e; O ..... l\lIIng, 00"",'''''''''' 
by tho moro n",",,,, ~.,.Irty o! _ 10 ~""~.~ ''''n boo .. Of oor· 
tlinly [>40''''. 1ho ooot,aSl bo""oon lho buctding b.h ..... of",o th, • • 
• lnl<tuoal , lomanlO. 1>0..., pt., .... nd '.0 110 , " '1".0 o •• ma'lo_ Ptopar 
a_ .. m~" o! ,n. 1 bucl<ling _'I'" "'. "~on ""'''I' ""'''' yoars "'an 
10, D'" or ov~n pt._, Tiro m. jor dtticuHy ha. I><><rn in ur><lo'OIonding 
In a Q"""'ito, .... ",onn .. ,ho affod> of ."'''''''' c.ho....., .. 1 f."""o, m. ny 
'" ,.h~1r ,,"vo no por"ol in to, .. Q' pto.l. troh .. ;"- or <io nol ""odll>om 
as muoh I'_g., ",wi gooornotric imperIOCliono), Thus, u_"""IIding" 
.... buckling troha,"'" "". "",.nc«lsIo..-tt. '~""ugh moro ,ap;dfy sino. ,h. ,0005 -..tren "" t><-gan 10 • ...,lOy _iOI""t"" "umeno.ll""hnioue. 
'hal .... ro _10 only bo<;o .... ot ort.."" . . .. r:ornput., t...,noology, 

, , • 



......... .. "" ..... ~ ...... 
4.12 BUCKU NG OF SHELLS SUMMARY 

n. fundnrn.nllllba ... 1or .n.~ aMlI b""l;In~ to ""'..orde, .f· 
f.., .. _ boon d . v.fopod in Ih .. chllpl.,. An ..... '111' aPl'""",h "'" "_ 
to door .... 'ho "" .. ~;" ", _ .. " .. 01 """",.,... 0 00;1 ....... _ry co ndi
tiO ... a . PI"""''''' to ,,.. t>u:l<linV diffe" n'iol o'!<"li<>nS ond I"'~ 
_",.. .... r:on<Ii\Jono. A$ 0 u .. 1U1 ~,,-..... u.o . o""'"llY ""tII'O" "'ft. 0. 
mod ond ,~ft in 'Oo ' to ,." 10 bo ..- in llaylo!g/1·R. , . fini • • Iom . n'. Ole .. 
_mocn ... "' .... m. post"""kling """"'" .... _ . _olopod oM ~ 

n . _ "'''I/O '" " .. ..al oil • • t>ucI<Iing ....... ""'. in .,.,,"" onf)I 
","mbno o. p<Obockiing off. ", •• , . con _ _ wo<o . ,pro_l .... zod rod 

10 'h o .. od i i:>o&l E . .. bucUinllload. In. n. mo .. """'. mpotu .... ",.n 
'" ........ 1 "vn~".""" ..... '. _ _ . Th. p,,,"',,,,kiing """",,;0, ... 
<"".Ia, cylird"icaf .>hello ",a. inv ....... ' ''''' in or<Ie, 10 lII'in a. 'PI'''''''"'_ 
to, tt>o o,oct"'" oiIIn'''''_ of lho r",. , ."" ' lI1g lood. r,.. , •• 1 b. h .. ... 
in tt>o postbu<kling .. _ ....... below 111 . E . .. bo<:IoJing IDod in I .... e .. . 
01 . . .. , oomp"""" lDoding, Tn .... ",. EUIO ' """ '<llnQ foo,O _ noI 
be ._ '0 a_ , ho cap.bjily 01 a"''' unIo .. 0lI>0, loadin g oonditio no 
"", .. ~ , Th. ioIkJonc40 01 ""I",,' p,"""""""g <Io1O,.".,io., .... n ..... "'i. ga'"" ond found to be fo, monI ",tiOnal 'hon ",. "Ia .. ical "PI'roach. 
",ij;.l l/OO<'Iooio ""poriocl"'" ~·oro. "" 1,"",00 . oft""'-'ll> noI'" IuIy 
.. 1lotying "' • ....-. or<! ""'r<! to .- ...... elf""' .... bu" k"'g , ...... "". 
"' • ."of, Tho """"ntrieily'" ""","001"",,1 " i!f""'ng,. .. to un<! \0 h.vo 
• p""out>d ;.,rkoe""" on 'ho _g ,..;.1.,,,.,, .. 01 _10. Tr.. b<ri~9 
_ ,,'" be .. 111<,,,, '" _ or o • .tIt I~"o '"""", "" .. _ Jy " wpoood 
to "'" ,"oJy ,nH#nod _ UfIdor .."". m<Mi/ ""MW""$I F""',· 
.. norO«! compod . .. ,""'.' • • a ,. ,h. prima .... moI"'a'ion lor . tudyIng 
m".'Ia~..,ad ..,.... Th. bo"""".l-""'o .. '" coupling tha, <on • • 100 b<>-
oa"", olla",""'. ""I'l''''. ''Y lor " en, .. ly n .... rno phonomo..,., thol ... . 
........ i(p., .. to. """."'ric .. Il""' g_ HO ......... '.II1. dffo,o"" .. in t>u:k ... g 
,.,.,.. <ousod by "m inolo ol"c~ _ _ a 01>0_ " 0 ooj .. gr...t 
... _ ""....od"., <"""It "'It . tillo nO,. ,,,",, ... <10 ,h • .noli "' ........... 
N .... ' . ,h. ,ffocj '" ,."",in«l U •• ,maI "'"'PIl"""n on I>IIckling bod. 10 ... 
" ... ' od Th. ' .... "'"' bu<1JO>g load wa. lout>d lor ,,., ......,10 ~ 
F ... ly. tho inlllJ....,o '" pia"'" dolonn.' .... on tho _g load .... 
• ddt •• Md. T"" dOIO,."OI"'" If>eOry '" P'''bCly was "_ 10 _olOp . ' 0< ... 10"" I", pn>dic_ '" buc1<fing _ with a ""nTin . .. ,o"'<>ooh.io 
""10'. ' . ..... and ..... In in ..... P'"'>",,"ng.nd """"'ing 'o~ .• , Tho 
<!ogr • • 01 _uction "' ..... t>u:kIing ""'" from _ .. so" b.hov'" do~nd. 
on Iho~. 01 """,,"u rily ",.ho . ..... _ ....... <UNO or<! O. tho .... 1 
'" Ioad;ng [h<t t'ICO, 110w mucII", , ... I'IOOw.oa'ifI''' .""irod). 

Th .............. 1 . _ . ot I .. d "",.rd . muli-Jo.cetod _.ci-
.t .... '" ,h. IIocIoJing beM'''' '" an Impottanl do .. o f .1".".,.1 .... 
""'"~ . ... moly ""'h. Sh ... with mo.. """"pie' <u", tuft tM" eireu",' 
ejit>drlool ,h." .,!>IIl', _ liar boh ...... but <Iomonstrat .... 01 11 .. , <On-

t. nl ...... Ion 10 I ... lo<W>ic.l "' ... 1 .... . A prtwn"'''' m .. n' oI onaly<ing 
tho t>u:1dWIg " o n .. "" 01 olio .. '" r_llli<tn .. with ",. l<>ekhto<!-MMin 
"""'Pul., pTOgfO m eOSQR. @uddingQ1 ,,-_ Q1 !! .. o"" .... ) 10.'011. 
F", 1'1'10'" gena,.' "'." •• ,,. '-""khH<l·MOJ1ln computo, o<<>grtUYI STAGS 

, , • 



•• •• . , •••••• "'" 1"'-"'""'" 'jll. ·, ·, ol'-," ' ' " H""'I , , -0- ! OJ'! • 01 . '1'1,,"< . , ! I! JJi~ !'i~~~ !.~; ~Jt! I !J]~!I~ ;1!~il~i: l !i~ o ;i 
~= I J Jt~~~:i~~i~!1 -l,~~gll~ ~~ ~,~ jtl!i~~~~~~!·i;1 
it ~i : '~ ~~fli:=Jii~~ li!itli!~~11 i!l ,i~I~II-i ~ ~!II:~i~ ~ 
~ ~ ~sfl<O ~ ~ ~:~~~~~ ~~§g~il : ~~t ~ ~ ~~3 i~I · I '· ~~ ~ 
;~! li l! ~ iHH If~H.. g i l~ t~ ~i'l~ ~! h~:~! n ~:rj~! !}"ji i ~~!;I ~I~I!;j: ~ ;1~1 _I,~!~~i ~ ! . ~; !J~!lj;~!~I I~~1 .. 

II ;!i;!I~,:!II~~liiJ!f!;~:lllli-!~t!ii;l;ilil!! 'i ,ill~I'.ii ",l, j" Ij j".· llI 0 l!h" 'Il"'!"' o,!_, ,. ! 
1 :i~~~li ~;!! " i~ .j,Olo!li~all: I : I~l-~~!,~. '~; ; tB~liil '~l! 
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Ambon. ""')' .... (,. j !><] ah.d;.d ""'*' bWnod4o, ......... _ ....... bo~
ior !;,,, Idlowo<l by Jono, {" !551 and B.n . nd Roddy 14· !561- In , .. 
""""'Is by Ambortoumyon.nd Jon ••• Ih. Younv'a """,,"u, "'. ""rtic
ult" diM<Uon is ",,,,,,,,,,0<1 10 do""nd on ,,l • .q. o! t .. 11,_ '" 1M' <Ii
,tel"'n. fou .. mple. h ~ ....... ~ . .. . . is,..,_ Spe<Jic _"". Ift " n 
t .. m_ .... in 'na' _'Ion 10 E, a. '" Figorro 0-132_ AI., .. u..Iy . • ' 
<0"'11'''''''' ............. '" • opK~ic dirtel"," , , _ , .. mod" .... in ,ha, 
dirOCliorl . "<_ To m.~. _h """ioion •• , ,l ......... mu ll bo "",m.1 
.... . .... ... princ~1 . _ ltato , i .. .. ""hout oI1"" >ng ........ 1ho1 
"""'"' "'"""",,,\0 Ih~ "",, __ n, Fo, ~,amplo. ~ 0, ;" .. Io n"'" and "-r 
;,. in ""'"''''.osion, ..... Il,a,""," ... ",lot"",. 0" 

I \', 
' · · Ea· - E~' , , 

" , 
<Y~ - E"· ' E~' , , 

1,.,. ' " 
in ",!Mel> , . nd Y .to prin<:<po l .". os COOl" ... '.. NolO ",", , .. reciproca l 
,."'""n, ' ,I E" ,'/E, ...... bo .. ,;,/.., (4_j ~~l , Boca" .. 01 Iht dll. _ 
"""'"~ in tonslot> and "",",p,_n. 1ft ... _ _ ,.1.,.",. io EQu,1i<>n 
l" "'~) . ,. 01 t .... m. '"'' .. _ .,. o"'"""'Pie "' . ....... A .. ,· 
""""' 1'1 '0 Iht w ... ~ do'.''''''''''g th<t """",Iu. ,.Iuo. Bart (' . '56{ 
,uWOsa ,h.t , .. modulus •• Ius bo dot. ""ine<lon Iht bu. 01 ,h. sigo 
oIlh. "roo, inot •• d 01 ",,!he 09> 01 t .... ' . ... " ' r»' .,.m. tho 10,-
mer1y io<>trooic "",'erial becom~ enoct .... ty orthouopic when ,ub;octod 
to. ,\0,. ot ml .. " 111,. __ 10< ..... in.,. e,"nslon to OoCIu," O<ihot"",," 
mul l_Ius ""'0<1010 woo made by _ 14·157J ,nd Ambo_mj. n 
{4-1 ~l w(h """"",om , o", '" t>o,h .... n""'". by .ton. , {4·'5~1. 

". eir<:uI;o , <'Iindfi<a' ...... oWioc''''' only", comltNttOnS ole,· 
.. """ p ........ "fld • • ;., com", ... "'" _ ,h. n ,I ........... """'''''' •. 
..... , "" no b~ e"od . 0" '" ,h. b. ",100- How ..... ,. l ..... 
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• ,,_1 F" .... , . .. oppMd with . . .. 1 compressiorr or W .... 1 'e"",," Or 
.",,-.d " I'h ." ..... 1 pr • • ",r • . , ...... a m"'od $!a" 01 ton"'" a"d ""m _ 
Pl*l;$Ion ...... 1M • . In ,_ "tto, .,. .... 'be tM.....,oola, ~"0C1 . " .... 
I!ro Iw<~~ be"' .. ;,,-. 00 <:or" .... """,b"""'" '" . .... (en""," .nd """""I F"00SUfl> do '"" <a u .. Ix.dding 

Jono. uMd < .... lcal boololli~ 'h""",, . by wl\l<rr .. ""PI .... a ", om_ 
br.rn. Wobucl<Jod "'.p ••• In s.ctiorr 4.3 , 10' oOrnpl)r _~od odgo 
<ond~".. dlJmg buclding 14·' 55]. Thuo,!I>o prob<r<kIng II, ... ""to .. 
dolorm"'" \or allo.adng <oOOit<>ns. AecorQ"gl,t. ,o.h tho "'o""'d~ 
'" tho 01 ....... ~ _ 09>0 . ..... "_riol. molorio' prwortl •• 
o,.~. Tho ..... Iing b<r<~in g crio,;,n is volid lor . 11 comtrin.t io .. 
'" .,,1.01 r.:..c. and " 10'" pr . .... , . _ Th. "';'0_ con be ",pro_ In 
term. OI lh. ~n.'.Ozoe<l bOI,,,11OOr<ting p."'","'.'" I<,. ."" 1<, ........... 

Ne, NL' 2 
,, 0 ,' o_ : L k.,- 0 " _ 0 P,'L 14.450) 

n 0 " 211 R 0 " • 0 " • 0" 
In w..,h ...... , . .. 10(1 10 . . .. , ""d. P. (p<>oitiv. In """'PI* ___ lo"" .... to 
1010<01 p,eoouro. p. ~"'" ornen .,Iemol prn<r<O"o). 

Th. "pOrCoI'" "'. dr.stic chaJr;Io in Yo,mg'o mod uu. ""'"' u.n· 
otlorrJng I",m '. n."" 10 oomprossion;, quh ovid, '1 in th, buc' lin1l 01 
..,_. Fa ......... , """_, .., ... " to on ol>b,oyUr,od je><m '" BO!
do," """.1U1O "" .. mo,. , Z z 100 [in "hlclr Z Ur dolirM<l .s L 'rrt ....... ad 
'" Eq""' '''' ,. _esl o. POI/O 49l! rrrodol .... I", birnodol.r .... 1_ .. (4_ , SSE 
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........... "" ..... ~...... ... 
...-.door .,.. • .,1 ""'<Iir>g ... .. mel<' .. ., F;gu.o 4-13J. Tho .,_liOn 01 • 
.... ht Omo<Jm 01 compr.ss"'" con ""<>so Ih. b<.ocIo.1Ing load 10 Os. Of drop. 
do\>On<II"II on "h. ,Mo" tOO compr ... "'" modu m is "'JIho, 0' ""' 0' 'lion 
,nolo.oio modo ..... T""' • . • t_~ or I..., ""e,o'" ",,,,,"t <!el.,,,,".",, 
... ''-'''<1100 01 "' .. OS oign • 'no' Iho ~"" ''''g 1Ga~ ;.om"" ....... n ' ho _g 01.0.1. <hon"". ,,"'" <1\:1>1 compr . .... 10 OIighi ,_ .. 'h. 
direction porpondiculo , 10 11>0 moin ioattng • • in FiIl ulV 4·133 . ,ho 
;""'p, .'" mo<lI <Iromali:: as E, d>ang~. trom E,. 

Tn. """" OIriI<ing ob ....... 1ion th., can b. modo.boouI Fill". 4·131 
.. Itw>, lot E, < E, tho,. ;0 • ohotp drop .. bocklO>g Io&d on ".. • .ng ,_ 
...... .. 1 oomp ....... n - o.'ornol p"_" '1"""""'" '" •• h ... ,ho od.1 
I • ...,. _ . ,tornol pr. '''''' QuOOrOni 126"» '" tho uial """"" • ...", _ .".,,,.1 p"''''''' quadron' 11 7%). Convo,seIy. 0 oemowhol "" oIIOtp , ... """Uf' fo, E, > E" (131"0 ond 10'10. ,OO!>Kl"ol\'). Tno... chon9'" 
"""", for • so.. ..... 0' d"", ., E, , . "" ..... , .. Ee • • """' ..... ,h.o., o ro 
..,me" "" "'JIh 10, ","ny _ ..... "'fol<od <»rnpo4to ",a'."'Io. W io ... lor 
cort>on .".rhoo. Tne.. _ .. cMli ........ -... ... Ih. ~ <hon ll" 
.. 0 diocorrtin"""" fashion ~ POoM>g 'rom .. bia.<io l compr. MIon .... , . 
o. ......... """0 _in(! b<i!h ,onok>rr or"d romproMion. In rum . ,h. 
_...., ... ., It"IOdoII """"' -.._ 01 ,h •• .",. _""Hoy ., 'oo ........ $1'.'" <u"o _l Thon. 01010 Ih".", an "noh.OHd po;,.. ('ho 
origin). I" •• ,llIion" ...... cO n "".0 I..., <I0Il0,. ", sign. ond t"" rj;1· 
, . .. '" ",oduII. Such on un",,_ point <>=Klt. !of OX""",,". in ,1>0 •• io l 
diroction'" . h. l lo,dod by . " . .... 1 p,nou ... 0'" In. d,cuml ... nO. 1 
diroctlon in • _I 10._ by .... I oomprossion, " .... , onl\' as ,1>0 
otItlh~" " ""'",,, 01 ,""oico1 • 0j)pII0(j do ...... .., .. "\<noW" ~ "'" loIg
n,>O<I"'I)') d""""" 11'I(><Ui " ' .... «00 ~nd r:omp«.- TI>o _ .. ng 
"'OP Cho_ in tho modufi "'"_ , "'IV" cho_ .. boclrli1t 9 00d . .. 
.. ntidy.t ° pOn', Tho, io. tho bim...t· .. modo1 imp"o 'ho' 11>0 Mol Os 
• • !>o, IlIOn> Of I . ... Oliff 000. ho""e. _ , lTIOfe or I .... bocloD1g "' ..... '" 
in on. ditoctlon '" .notn. , drrpondirtg on tho loading. 

n . ..... tp drop 0, , ... in bocldirlg ""'" .",und pu", ""' ...... 1 P"''' 
"",. "' pu<O ...... , ~ "".Id be o"''''''' od ~ tho bimodulm 
modol with it. inhe, . ... slope di.scontinuty "' . ... roplocod by a conli nuo" • 
• u ... ·.troin """' ••• indic.tod ... ~n tn. <Io...,od in. in F~",. 4·1:1.2. _.'0'. ""I\' Ih. portion o! Ih. ",.oon' .. ..,110 """ would be . ff.."od 
""""". arourod 11>0 _ "'"lUo.. lIlo ,.",a"""', ol Ih. ",0" ", , " .. I> 
. ' . v$ I;o . nd would bo . "",_1>0<1 by lit. mo<lI ,""""ro" ..,.,... ."or 'hO _...,itie. we", ...... 1I>e<I O<JI. Away I""" ' no ·oonl"", .. ""r 'egion 
01 ,;gn;Iioont "'" or drop, "ndo, in,.",.t """",ro. "'. C.IV .. 0 .. 1'0 .. 101_ 
I. •. , main .. in tn . .. mo po4t"'" ,oIoOv. 10 <>nO ."",ho,. Ar"d, .r"de, .... I 
'. noloo. '"0 ,UN" dI.t .. "" lrom.oo onolhor.., In", 'n" ""'''-niaOO ofi_ 
10'_ incr ..... s ., .. 1 'ensio. Ino t_ 

T~is "_ n "' • • • ,1_10 .. !!fONd mukllO,erod ."""10, qIin
_., 11Mb ,.Ih "".,.nt ool>o<ropio _ in ,...-., or"d comp'_ 
by "",n .. [0 ·1571, Fo, ,ho prodictod b. nn"" 01 cfrculo' cyUndricol .., ... 
""" .. of 1:rmlna,od ,rbo,_,_0<1 compo ... rna'''''''' _ doII __ 
""",uti., ton."", ond compr •• slon,,,, Jonos a nd Morgon [4_10)0[ 

I.!.ny ." •• , ..... bUOIJiroog ,,,,,ioo., .......... ""'"_ Ho~.\<it' . IMV 
... 10" to, I • • ,,,,., • • soarc~ • • ",·hon you fOwj. "".d. 
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5.1 INTRODUCTION 

Chapter 5 

SUMMARY AND 
OTHER TOPICS 

Tho P"_ <)/ Ih .. _ ""''I" lo ","0101<1; 1'1 10 ;"p;.~ ..,." • • d(Ii. 
,;eNol proct". 1 dnign·,olalOd p.~;". on 'h topics "",,"Ofed in 1"iI 
book. (2) 10 (f,0<1 .... ,_ ..... n .... ion ,. 0lM< buckling lOpio. ilia! 
fI'I~ be 01 inl ..... . 0"" (3) III ""'0 thio 1"",",,,,,,,,,"1 ...... ,.1;"'1 "'..tv 
to ' ho numoricol e<omp<ll.liono l Ospooctl '" ou"o., o"l!i. n <inQ p,,,,,,c.. 
The po<op«Iivo on tho top"" in lhio booI< ~u'" ,... be .ct.t.""od ~y 
0I\di ."" diocuuion 01 SOo<,,,,, 5.2. O .... 9".R.Io.' .d P_oc",o on 
<::001, .. , B. l><o • • B.,. Piol •• ood Sl>ell B.I>ovio,. So .. o otho, 010...00.1 
_g prolllem. 'M' could be 00 •• __ .Iioly p.ro~ 10 '"0 
"..,'m."'", Iho book ... briool~ ..... 'tt"d in Sod"" 5.3 . FUOM< C ...... 
..,..1 BUClding T.,.,.,s. T""", lop",. I t>ol 0 .. """. _.",,0<1 1M" 00, in 
th'" book .,. dO"",_ in Sllction 5.4. AdY.noe<I auokli<lg Top;os. N • • L 
now 'his _ ",10, •• 10 o"".nlll' "v" "b~ """ _~ used numorico l 
a .. ~~. P~.' OL>C n •• 'no I~o .r._ mel""" if .O<l' ....... In 
s.ction 5_5, On IIle r",.>iI"" 10 Computabonol App<oacha. F"'I~, in 
SO<1ioo 5.0 " common pa ..... bLIOIding booc!lm. <I< problom .. """"" to 01-
"'",,0' 0 . , .. no 01 tho ~IO porah .. nuMoricol . nolyol • • • w .... 'no 
oI"Io. _ovo,_ C_M"rOtatoon \<>010 In 0"ll""0rihg pK>blom """'~ 
An . bbrovio,od ""',no <)/ ..... <:!lOp/or io II>own in Figu," 5·1 . 

O..-...l.U"" ...... e ,.",.. 

'"aT"'a CI.I4&IC ... DUC .. .., TOf'>:. 

AD.""""" DIIC<lUNCI TOPIC. 

GJj ..... T"ANSI'TIOH TO CO""""oTlOHU .......... ""H .. 

..,........,. .. """E""'o" ......... """ 0"",,"""'0""'" 
Fp •. , Outl;roo 01 etoopoo, ,,.. 

, , • 



100 ..... ....... , .. __ ...... 

,.2 DESIO,...RELATE D PERSPECTIVE ON CONTRAST 
BETWEEN BAR. PLATE, AND SHEll BUCKLING BEHAVIOR 

5.2.1 G.no,. ' R_oo 

By .,amining Ih<rlOOOlt>u<kI<>g _ 01 lire Io&d<lolloclion be"""· 
lor 01 _ 'undo...",.., " ,<.CO ural "",on' incIuQnv tl>o .~OC1 01 10 . .. 1 

_etc.: Im POrlOC1Ior>s, " . d<~n. I ... """'''''' dosq, .... ~.,.o<. 
01 tI>o olassleal E .... ' WoIoJjng Iood 10< b ... , ploln, a M _ lis TM 
1oad-do1lo<lion """"vior 01 port"", bars. pia'''. or _ .... _0<1 " t n 
$Old ...... aM o u", • • 10 FI~",, ~. wn ...... 'M ....... "" 01 .... Oorro-
~ ""POrt.,;! ""'cl .... I . _ . o1 i. ,,"r<>I0<I~ " . ""_ """'. , , 

..... " .... 0 •• 

.... 1A.l """' .. • SSIOH 

For porfOC1 bars "",,", . . .. , Iood. P. 'M Io.d P ......... , ""''" . ... "'" 
"""'.aon ~ Ito. EulO, "",,_g.,.o .. F'lJura 5·~ .. ~ """OO>$ing 
.,;'1 doIorm.,<>n, ~ , """"u ... no 10,.",1 .. , _ can b. dt,.1op<rd '0 
...... '" assi .. l>t. ral dolotmalion. TM oftOC1 01 initial _ metric impo " 
,_ "" ba, ""I""""' .... be ...... , __ " .. Fy,ro 5·2 .. ....... .. 
tl>o form 01 Io.d v . ....... 'rom", . ... ·'c·, ... ·"", doto,,".,<>n in figu ," 5 ·3 
.. Ie «ruse >io!1!1y 10,.,., dof1ec!<>n. thon would <><Ou' k" 0 .. rfoe! bar 
01 .. 9 ..... " __ A ... rfoe! ba, con bu<1d. wi" ",, "'" p""",bility .~h., 10 
tl>o loll Of to Ill. ~nl (><h. n .;.,,0<1 lrom In . oid. 00 ,hoi YOu can ... If .. 
prnfi lo 01 Ih. 100, os in Figure 2 ·2 on _ SO) (path~' 0< A- io Figur. 
S·3), _ .. , on lm ... rtOC1"', '.r<h 10 buckl. " tiro _ 01 1M 
imperfectiOn I tfro gro .. nal",. 01 Ih. imporf..,_ ;s of '-.' Iorm 
(I. • •. ~Ino'jng "' on. di,octiorr t'.n ... .... 10 Ih. bar 80 in f lgur. 
2·a3 on .. goo 1$11). Thus. Ino Eulot trucklng load Is 110. practical m.d_ 
"'um Ioad~."y .. g _Itt Ie, AI "" .. tv ",.<10<11"", 1>oI~ pool""."" 
...... rtOC1. 

Fo, ... rfoet pia'" undo, in _pia"" Io<rd. p , 1M trod P can 0C1U>~ 
incro<r .. . """. Iho EulO' i><.o:Iol ng load wi'" ""'-on; aoiol """"""', ..... 

, , • 



'_"'~T_ "" 

.. -~ 

~;g.... ..., ~ so .... ~."'" &.d.>o W . .. Do4><n to< 
........ Co""' ...... Bm , ... .... """ c~. cpo"'" S"' •• 

.\," olio ... ., Fog", •• 5-2 ond 5·J T~io",,=_ io """_ by '."0li0 
"'-1'1>"' ,..""". '''''' •• , .. , a ,a ,,.. ....... ,,, .. '0 ...... Ool in·plano """" a M 
tna, devolop on .. buckling 10 , • .,,,,in ' M Ia, ... , di$pl>eomon' 01 .... pia, . _.u .. 01 .... "'t.,., '''I'J'O'\> 01 'M plot. ~ 'h .... .... , . no "'t ... , _. 
p,,,,,", '""" 'ho pl.olO """"'" ."''''11,' bo abo. 0' -. c<>",",n). Thito ",,10>. 
"""., . .. M"..., ..... 01 .... di<oelion 01 Ihe bucloJo '" """wn ., FOg"," ~·3 
-.aU" 1M <Ii<.et;o" 01 I>u<*IIng "". ",.,e ,."word 0< """Ow""'. l • .. 
~,~ B' 01 9 - in F""". ~) ito. by .,mm.'I)'. 1 .. """ 0 .. 1. Tho . ""'" 01 
;,,~ ; ., ~ohlc """"0<1""';" to ... " """"'''' ka'OO, ........ '.""'0 .. 
11». 10' a IHIrloct pia'" ., a g""" IoacI. n",., 101 a ll pia, ... bo", p<>rIOCI 
.00 impo~ocI , 1M Euio. buc ' lOl9 _ .... .. 1)' • '-" .' wh;,h 1M pI>1. 
""",,mo. I ... .. ill. T .... t io. a p .. t. cao co...., """,,!odd !han ,h. E"io< 
budding load, i>IJ' , h. u ial 00~0<1ion. incf ...... ....". rapdy wlh in· 
C<o.""'~ ","d ' '''''0 ' ho E""', b""k"'~ ""'d tho" bolow~, 

Fo, ~b undo< " rio .. loadings , , .... Eo", bocklir>g "'od con bo 
... 11., ••• " OOn"",.';'-. 0< ••• " u"""" •• "'., ... r;m~ "" I", """ imum 
_ ~Iog on tM _ gO<>mOl" 000 ' M badong By".. o1'M 
Bo'<Iort <""'~I" .. ~'.m.'" (_ s.ol"'" 0,3), W . .... .,. """'lIn'''' """ 
a .... oon "" "" '_n' •• to a PI''''''"''' a pOI' • . I" 0..,. a "uat"". ' •• 
EtAo, buckling bad io a con""",.Iiv .... ",.,. 01 """,imum load in "". 
<o.';" n« w~~ pOI'. ,.""~ Fo' 'l<>ng' . h .... ,h. "" .... ",",. '-'>m .. 
impo,,"", dOO, """"0, pia'. be"",,;o, is ""'., 01 ... P"'.; ..... ,od. Then. 
!IHI opec;r", loading tho, ""u ... _g ""'" be ""amin«!. OII<Iiou>ll'. 
a , .1 COmpl.>Sion , ....... in pMIboekIing "'"<I> ..... 1 bo"'" ",,, ~u"" 
bucI<"'~ load, The,.""., ,h. ~ulof bucl<Iing k><Id ito "'" a goo<l ........ . 
'" t", """ "' um 1oa<K.o.r.y;.,g ~ 10' • .., .. _ 1..,'0<1 to .... I 
eo"'ll'_. NOI. ",," a _II e.noo' _ in '''' <>U\W,rd·I"",,·tM· 
.... dO ....... ' (b..,ou .. , .. """ """,;0", tho oh .1 ,"ould hav. 10 .. ,.Ich, 
"'" """'p, ... !). "" polh D in F'!I"' . S-3 is "'" po.... '"_ on 
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! ~ ~"' f .i j.~Ii .s ~.., ~ : .a l! , 
"'!';"j.I!,llll' ! I i~f~;!na~ ]1H ~U • , I 0 
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I"· ':' ''' ~~~ -! ... !jl !;P -~ " i·""'~o~ " • 
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, 
peri..,. ohol, '"'- , 
..,., "., • • d ao"~.. I>y 
buoi<inQ. Th .... '00 Eulo, Itt .. "'..,,""', .,;gnK""."'. "" 
a<tw.1 N/lav;o, a nd d" ign 0/ o.n "n .. I11. _ """.1 "".. lo&lead, 
1<no<kmwn too",,"' a, . ..... ,'1 u .... in d" lgn 10 ..,00""' tor 'no !.,_ 



10< ..... ....... , .. __ ...... 

tN., eau" , ... 0' .... ' bocklOog "'ad '0 bt QuNo. bit leu tN.n 'h. Ev ... 
I>IoCl<lioog.,.., • • in So"'Oon <.tt. A ,,"'.nOd "' ... ' ..... """' ••••• 
",", 'mum toed qui ... a , , .. E ...... "L><I<inII ..... d ........... Soc!Oool < 1. 
M ""'.,, "'" """;/f ...... "'''''od~. on .. ean bt "'adod ber",. 
_0 10. m<>oh Mghet 1"''''0.''000 0/ ..... Eu", toed 'ho. CoIn an "-""'" m.'" olrculo, C)"1In<H:aI snoll. And .• OIi"r.ned """'po .... .,;r. 
<ulo, <"Ilindfico l ..,.1 can bo _ '0 n" '1)" "'" Eu~ """'t;ng ..... d 
boto,. _0. Th ..... 'h. E ..... toed .. .;gnttica .. in ,h. <Iooign ... .. 
fo, , .... n ... _Is. S"",,·'l1<ou,," buokling (_ mo .. mont 01 , .. 
..,'" undo, dNd·-'IIh,loading"o. bucI<Iod oquIIrbrlu m con/lgo .. _ 
wiII1 rnuc!r " r\/Of ., .. , and "."",or" do!a<mo,_,frlrn in 'h. uobucklod 
equi_m , .. ,. ) <on occu, w'" toolo .. ,h. Eulor load. Thu,. sir • • buck· 
ing It ,.' _ tN.n c ..... rop/riI; I I .. Eul. , lOad "' ....., ... predlclivo 
tool b ... .... , .. Euiol Ioa<l "".not .. rue"",,, m .. ii, "'" .... ,u'. 0/ ..... """"''"'0 . "h., ""'" hOS "" m ...... ,",o • .., """"'ing 0' 'ho Eulor IOod 
is not ea""rwnlo. I>uI ,",S ~~ ""-'td M • ",..,h 10_ /0;0(01 
AcoOn:lftgIy , 1 .... '. OIOr" 01 "'ot1 ,.,. ...... cl" "" qu~o ""'"IO_oct
ing on II>t M" 01 ono' in.o .... od .rret 0<\ ..... lOading. ~. slro_ 
""<I<log 01 ..... EuIOI lOa<! it 1. ,mOd UI 'O""""OOI>""'. 

5.2.3 Compatioon with E.pHI ..... ntal Ru un. 

;;;~i;[~~~~~i~:J~~~'~~~~~~~ oboo<v.~n. on • Arboc<, ond W. u., [5·1). - ..... ,,""" . ~ .,~,. 
"onlOl and Ih_ica' w<>" o>son,,,1 adju"",. to on • • """"'" I 
""""If ""no t"~ '_ <I<' -0 Ihr>., ... .,. lIhwl)l "'''''' I><r Q"_ by 
",-""on, n Ofd., to ccrrect/y ""'~ , h. inov~ appro,im.'Oool, 000 
...... mp' _10 . ... ntial lO lrui\ful problom aoIYing. That io. the,. m"'" 
... w . .. thoughl<><ll dofinliv. ,ouon MY)' " . mok. 0 "'""~;: """",xi· 
"",lion '" ,."..."pIion, In fOCI. !he word ·a .. urnpt;on· III>outl boo "p",. 
oumptjon· boc"u," P'O>UmptOool 0mpIi0. both lho ~ypo<lre". 0' an as· 
... rnplion (_~ mighl '" miVhl not b . ~".) and on ooo:o"'I""»,ino 1M. 
""" tiro, m.'.' us Itrink lho __ plOon ;. 1<"" , And 1001 , .. ."., CO" onll" 
bo b ... d "" . ,...,.imo",.1 " . .. ",a'_' 

, , • 
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~.3 FURTHER ClASSICAL BUCKUNG TOPICS 

~.3. 1 Hls,ory 01 Buckling 

Steph. n P. Ti"""""""" 011.,. 1M ...... u. p. rspect..,., '" 0I'Ie W." 
T;.od muo' 01 ,h . ...... ry '" bUCking lo.nd _ '" m.., h • • "" \i gon· 
.... Q .. 1>00 booIo.o., on •• -">uo. «>mp<eh. n ..... 1UoIory '" 01"" \1111 '" 
",",,,,,,,Is (~·21 .nd ,h. 0""". YO,,! pe""",,1 ,ocoiIocIion '" .,p,,;,,,,,,, 
(5-3]. Anoll1., pOne. , ..no ""!I"'lingly '.10 ... ... m' ''''''''a ond . _ . 
,",,,,,,," .. Thoo<Io>te von KtI ,m.in 15 .• ]. Both ollheoe "1",,""na g .. n .. 
"""~ gr • • tly '0 , .... dovalopmont 0/ ...... , wa .... , . dio<u ... d. "" 
11>0 """""" ., •• ~ m.re>ting.O<I "".,m.''''. ~"11.'..o 'My 'l'il e, · 
pand yo" _ .. I" • • on m ..... n .... ., _al. s. •• 1.., Loog""M. _,.,",,4<1 r ...... w 01 , .... hiol<>ry oIb1rit;r.g wiIh many 101.,0""0. (5-5) 

5.3.2 Comm.n' . on TIMo, .. 1erI1 Doo1 • • lIona In ,hi. Book 

Som e . ... ""' . .. Y tlvry uud omall·do!lo<tion 'n'""')' '" """,on bOlO"· 
~"g ".ds. I ..... . d. " 'h" book .... ohow Ihol 11>0 """ ..... m oPT*. "'" 
'" ~ p<V>cip .... inc'-'<llng b<>Ih oqWllriurn ond bucltliog 'hoory .... ds '" ",a-.., boc kilng <tff.,0_1 oq .. '",," 10 1m o;g. ... "", (buck"Ong 
Ioadsl ooly I""". bo. .. 01 10'9" lor _"" oly "'61"1 <I0I'«l"" 'h.ory. 
S"", I_ ,"",,,,, 'hoo<)' _. not. \i I"" .. I .. d '" ,ho oq ... """ , .... , .... 
.. rib<! bockling. 0r>Iy 'hrough Ih. m"'nl.",,,,I>1"" 01 cer!<o" oIop • ., 'h. 
do,,,,ol,,,, 0' bl>cktng d rl ... nliol oquot_ do mot\)' _10 1 • • .,,,, Ih. 
trap '" i<!enUlying ... rto '" Iho eq .. 'OO' .s ·.....-lle<lion ·1heory 
'orm.·. OIh. , ""~. 01 ,h. oq .. tion, '" . n.,1l'>' . 'p, ... 1ons . ,. ,h. n ,a· 
tioMlud \i .. ""'" "'co ...... ". and 01 """',.. ~.blo . .....,. .. 
ScdI """mpt ... who' ''''''. 'Is to .... ck magO: . • ~h<>ugh <0"""11- w • • 
.. ,_. -.. '0 oomu" 01_. '" bUCkt;r.g. In many""",. 'hO .~ 
Oq .. I",," 0'" ....cI TO, 1I1 . ... rt>ng .... _ •• Prooorll- ulldorSlandinl/l .... co,,"'" r .. ooning " ........... 1 II> " __ ndong bl>ci<h">g. T .... _ roach 
.. ,.'" boo!< should build • 'om loundotJo, Io! • __ ""'ng , .... plio
""",.""n 01 DUCklng •• _ . , I", lun"" " 0<1\' <lI bl>cklW>ll cone"", .. 

$.3.3 O'he' S'"'01"''' E~,".",. "nd S"""UlO" 

'n lit .. book. wo <10 not dio<:u .. buckling '" ."..-oIu,al o lom o .. , s uch 
as bellm·cOOO.I. lra m • • • nd al<:OOo. lalera! bl>clding 0/ be.m" ""' . lM' 
. .. .., ..... do..,bod by T""""""nl<o and Go,a I!KII. BIo"h (5-7J. " e. 
T_IOIM<' a •• '"g.o.t"dod .. """"' Ing o,g;c.o.l."."';"ns.nd mod!",,· 
lioM 01 boo, buCl<lng "*>ry ao<l a .. I!>OrOIOfe lOll ,. lito ~"" '" ,he in
","""cd ,M ""'. S." iIo.r\y. _ . ,., "",nl .. <t<IiM on plol • • lit. , .,. '"'" 
,_"",,10,. I .g • eire""',. oval . n"ull". ole .• which . ,.. no! .ddr.ssed .. 
lit .. _ . And. <lI """,0.. cireular cj~·_1 "" ... only _olCh 'h. 
""~_ 01 , .... va ........... 01 >holl$ ll».' ..... ,,"n IrOO'od In , lie Ill. ,· 
" u"'. mat\)' """" .... "1. 1)' on Eolo' opp!OO(:lt. rot .xample. ,It . .. 01 ,..ot.ot"" h ••• w .... pr.OI"""ppOoa,,,,, .• nd I...,. .O n ... ~., 'rom ..... 
" op<i!>' ly '0 buc~li<lV. M. n)' f!lOfO IIOn",,' >ho' •• re nol SUK4!>lil>lo '" 
_ g. but oom. aro. Fo, • • amplo. Gallotll- ,.,,_,"", '0_' sh . .. 
01 .I~ic.ol cr<>U ...,"" _ undo< "'0"",1 P"'""to 15·!). 

, , • 



- ............ , .. __ ...... 
~.3 .4 Soi<l1k>n Pn>e«lur .. for B",,~ ~ "g Pr_ .. " 

S~O:; ooIrJ,\on p«><odurn for .n .. l\r~ p«rtrIrr m. two,~ QIIIy 
_n .Il\r_ to in '~is book. W . ..... , . r:or"oC4nt .. , ,,, orr ,,_-Iorm 
",,-"ions in ordo< ,. 0IU<t1 1M l1Jod,,,,,,,,,,,,' b<.dding F>fOOIom in", ... d 01 
1M ._01od apph.d molhomoti<s. 01 <Xl . .... any p<a01i<:. , problom 
wi. irwolvo m. , .. "",ie • .,.,.""" mo01 01 1t\a, dioc<r ...... in l hi> book. 
C . ... inli • .". linit .... """" 0"" finn. d_. "". I. "" niqu .. mu", roc."" 
<o~ .. bIe a"""rion becaUM I~OY .r. I~. """'" p"""ino'" ood """'" 
p<a<1i<. , ' 0"10"11 «"""IIi UMd .... "'.'''.1 ooIution lochniq .... as ia od· 
", •• bl\' do""""".r.d by SLlSIvloll [5·0]. Som. 01 Ih ... id • •• • ro ..., · 
p"'osood in S.""" 5.5 . 0" 'ho Tro."""n I. Ccmputariorul App«rooc ..... 

5.3.5 Ott .. , Structur.1 ConHg"""'''''' 

Tho o,. ,d ~ 01. struc!ural . 1001""' is ItIO ' at.,Oj) In cI.S<i
,dhon o! !ho IypO '" " ,uelu'" .~Ir"IOr"II . T .. ""uro or !flO 01""" , ,"1 
_ .. ptrpO<dcull" 10 I .. wrlrKo ,,",or~ U """po dot_in .. 
fir • • rue!",.1 """19.>mtion. tho M«lod "'O!l in cIo ooh:olion. Thol io. 
"- is ,h. OIn>etu"I .-.n' """'rucI'" Ifrfo<Ig/1 11>0 ',"elm_ 01, .. y. 
o bor) 10 W. oingIo "Y" . m u'~ .. y .... O. in 0 """'poSit. \ro,. ",u'~ 
"',... • • In . .. .- bNm •• 1'1_ In """" 0 opoc'" m.nn. ' (with. 
for • •• mple. COV. ' pial"I , _.7 Sim .. rIy . !row.ro pla_ aod .., ... 
co""""",,,, '~,ough ,heir "'''''''_7 W. wit V9I)' Oriotly _ _ her. 
two 01""" ... 1 conilgu",nono: ( I I ",,..,..,,h «>mItU<tion aod 121 Iom"",'''' 
,_·,. m.rlOOd oomposit. 0In.rctu, ... 

5.3.5. ' S.ndwlch Co",!"",' ''n 

, , • 
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Tho two I"". "00'" .. rYO a . 11>0 P""""l' rr.oeIIBniom 10' eo' ",irIII 
.. ..,ton. 100<10 . 00 bMdinfj '""""'""', Th"" rho I&<:. shHI. muol l>o 
mo."- '" h;gll-$'fUglh . 1'>CI Y .... .,. h;gll-OIi11n'" ... "",,10. ~ .... OI to .. · "'0 to ,h. cor. . • tho '.00 ..... ~ a,. odjoconl 10 """ 0_ . but 
_ . th ... tI>oy .~O<1jy..,. """,oI~y", """""""'u. p"n. ' , _ . . ... 
~ 'h. I.., • ..,.",0 ...... p"""od .. .. mo monn or (by 'h. "",. ), th. n , ... 
I>on<ing &IIIIn . .. WiCt . ..... d""",,'~. olll><>ugh, '" cou _ , ,ho in· 
pia ... oliN .... to """hoOlled. Tho Pl'1POM 01 tI>o TK . _to io,,,,. lhol 
'" ,1><1 IIII "g" '" on '-t>eIom, i .• .• 10 _ lho ""g .. t _ ,. eo",,'" 
"'ion 10 'ho 1>0"""'" '_ '1'1<' 000 . ..... Ity 'h • • t\tI, • • ".".lon>' ' .. 
sisto""o. TI>o COlO , fIk. ,h. web 01 an I·beam. _ "" " ,h. 'wo I.co 
.... t. to . ....... th .... to ,,"0'''''' .. ~., ....... ng 10 ..... "". by oPJ>lOa'ion 
'" ,ho "",a 'ol ... ;o '1>00" " (ao ...... n """'YIa'Otg bea .. o ........ cllon 
mom. "'. '" in_I th.n I th. y wore piaced .oxt '0 ono . 000hOl. Tho 
two '.00 . .... to , .. otton idontic.l. but tI>oy oro " 1>0 dih,. ", I I ... nood 
....... in on . pp"'otion, • . Q .. _·.;dod hooating m;ghlload to ,h . n.od 
10, rmOf&n,laeo _ ... ";'h dill ... nl '.~ra,""~_",, capabOt .... 

Tho main _ 01 ,,'" cor. layo< io 10 ""_ ,h. t..., loco-.... 

.. . "" .. to """"I' ooo..,ao (mo ........ 1 '" "'\1"_""" oo",,_nl ""'" thO 
""",·_ ·...,aration _""" • . TI>oI d iotanco botwoon tI>o loco·_ 
co ntroids to tno co .. ,hie"""," plJ.twic. lh. ho14K O'0IWet lI><:k" ..... 
Tho co .... ~ _"" ' " by, or"" .,.,....,0<10, Ih. ''''' 10" _ .. 000 
toko. up '1''''' ......... ".~ing .ory liltio (Quit. "nliko ,ho !oJnchoon 
sandwich with" III,,-doooity b...ad and IIigh-doMiry mo.,). The I.c. 
"'HIS "" • • a la,,,,, inh o," '" .. """"" oIr . ...... ""irIII •• pabiioly , t..l • 
.... n I>onding Ifolstonoo """a bIlity ""a_ 01 "*, ,h_ How ..... 
~ rh. two lac • • h .... a,. _""od. but .. Ill con.oc,od by a coro lay.,. 
"" 'h<Iy aClIO\IOIh.,. "- tn ... oombnod 1>o0000g '-k",c • • • a P"~ 
dopondo ""'''''Y on 'h.~ phyoicol _fO'ion _,nc. squ, rod' A!I""'. 
boca""" 01 the paraIIoI-ox", ,h.." .",. Thus. _"h pono" .M "'V • 
.... '.1 ~und,ed I ..... ' Ihe bo.o Wv "'iff ...... 010 ~ po ... lo",,
I>onoo. I .. higtIt' buC~"g _ oi l." _ W.y,I, I.'" OiIIh~l<I.nl ",,,,,,. 
,"",I w.1ght .. ving. or" onoblod by uU>g u"""len """""""lion. Ho ... · 
"Of, 'no In·pla,," sttlflHS "' _ ",ially -."'" 101 11>0 lwo 1)'",,' 01 
po_ , fI>o """""""''I' P""""" 01 Iho ""'" .. 10 ouw<H' ..,..,. ....... 
loading iMp.>Md on tho """'" ,01 ,""'ont 

, , 



- ............ , .. __ ...... 
SorKI "':~ p'''''' ""'. loy ... or. Iy~"" lIoght.we9h! 1>ono)'<:Oml>-

00" 1" ... 1$ (MIl "'" I'>oney<:omb "' •• , . P. 'poodjcula, to "" .. """'leh 
po ...... ~"",,) •• in Fill"" S·5 or 1iIl00· ..... ig/li oolldl_h ao boo'" wo<><l 
00" ,,, . ,,,. 'M' n_ not boo ""","","" k> boo "".9 ...... 0" "'" 00,. ""'"'" 
boo oomo Io<m '" I", .. o. MM. !>G'w .. n 1!00 I., • • h . ..... Th . ... io 
1"'''''' .. 01 lho co ,. _ 10 I.k. "I' ",",c . . . ..... " 'h. lac •• h .... wM-.o.ol 
adding oivnilicon' "-'!lhl ond __ PfO.idi"~ a P"""" "" I.b. moc~· 
a n .... , Tn. ... in .ft,iI>uI. '" ,h. "" ... ,n., ~ i. _·d.""m.blo . rKI 
yOI "' ... '-< • ...,."', Thus, Iho 00f& M,. I., "",,.,,, """"''''" U"'. 111. loco 
"''''S, "P<>S$iI>Io ~io.><Iv"",.Ot of so.,.. __ "'0' .... ,. 1$ II>e ""Wllla l 
10 _ 0' caplu<o ".'01 in. lor .,amplo. lho ""' .. '" • loam Of "' lho 
_como , ..... S"'" _"' ...... --up. I. too"" ... Ign'-lr>c,oaoirI; 
mocn."iom a nd .... "Io"oo •• ty • poosiblo OIfo nl/lMowor;.,g mecho.uom. 
Tho "'''',., can . Iso d.goado 1110 toond .. "' •• " .,. """" . rKI It .. rooo 
"'HI., Tile key ., IIOOd <Io ojgn 01 .. 00irIc' oo",_n is 10 ... "'!\CO" 
01 , lie ,oq ..... "....,. ond ... .... '0 .. 10 I", th. «><. ond '.00 .".. to tI\a, 
'w,,01< oooether'1o . eh.."o •• _ combination, 

S.ndwich P' "'" eo n t>o no., to.e<vo •• _"'5 or pia, • • , 0, Ih.y 
con b. eu, .. d '" ... "' . ... C" !'I"" "..,..", '" 'h.... Note .hot """lwleh 
oo"''''''''ion ..... "" """ ..... go in .. ,.....,. .. , •• iStOnc. "" .. ",ono-
c"Guo cons"","'", .., Is "'" used "' .,_n.1 awlcotio", . M",oo • ., . 
• OOSI d""""' ...... go "ou'" PfOnl:>iO: ... 10< "" .. _ "",_."lago. 

Th. ,.nncipol .""Iy"'IN'u" 0I ... _~ co.o"",",,"", ,ho higMf 
ooio, doH . ...... kol eq .... ,...,. tho" I", '..,..,. pto ... '" ko.mI"" ••. Tn. P'''' 
c;pol <Io~" I • • ,,, ,. 01 oo_~ """Slroctio" io lI>o ..... "'"'-' <OQ1J ".me'" 
tm mOl. <Ioaio;on .. ,;.),103 with ...-' att.nl"" , . .... .... Iy d .. o ,.", 
ch",,,,,lOriolico 01 ,h. core m"'o"'l lrom lho !oc. ohM, .... ""iIIl. F", 
• •• m ..... tho' ....... rily !>olw ... lho p,_rtih 01 "" '''' .. n<l>ooioh oon
OliluenlS, Iho loco __ and '~o «>'. , _ to th. ",,='>illy 01 local 
t."cU.g ", • I.", ShHI .".Y r_ ,ho "",,", Oet>on<linil of ''''' I.c. 
"'HIS I""" , lie CO" io aiso.~. Such . dd. """,1 ,.~u " "'_. ""'"!""",. tho '''lyol>.oo <IoOign 0' ........ I<:h "",,",,""'ion ,.10'''', , • 

.ns;o·"y" """"''''''''''''. 
PIe"tem . IS· tO] w •• """ 01",. "'01 to ..,<it. a """" on .. ndwleh 

«>""OPIo '" ""IIiov. mo, ... "dong . • nd bucld;.,g ·",u>_ oIruet""o t~n 
" .. ""o.oi>Io wlh m'>r""""' .... """",,,,,,,ion, 1-1 . ..... """" to"""'oO .... 
Allen [5. , I ). Kart · ..... 1 0,""", 15" 2) 0/ Ih. Roy.' """I Ulo 01 TocMoiotll' 
{I(T~I in 5,(>OkfoOlm. S .. _n io ,""""""10.,,. do,.lOping muclo 01, ... 
~ ... ndwl<:h 'ocMoiog) ""., ,1>0 Y"'" IMdong '0 ."..,.;,.. ap. 
pIe.'iOn .. S~'edW> n"" ._Is Wl>OH ...... "" no' H1 oil mogneliO 
m ..... Zonk. n 01 KTH Io 'or !",,,,,,'Izod, "',~io<I .• rKI • • ,_Ih. con· 
copl~ 0/ OO"ofwI<" con"''''''''" IS- '3) '''''''''''''''nd co~ . .. _ 
,.,;eh pl., ... and .".10 ... '" " •• ,oHI moro ",,:o n'ly .... Yin",," 15·' . 1-

5.3.5.2 LomlMiod Fibe,-Rointoree<i Compo.~o Slmo:t ..... 

Th. "'1 high ""","oal oilloionoy oIltto<·,or.torcod <OM""". "", . 
.. ,;,.'" domo.,"-Iod ;. , lie 10m< 01 l>i\ih o1!OogI~.'o .".1gh' . nd high 
oliItn .... IO • ..,.;gI1' lOlios mot .. oro. 1M;. _.p, .. d ... " w., ... noi. 

, , • 



' i .. OWIicl,.,,," such os olf<,.n. spOCK,.n, o.ors. ole. Somo 01 'ho .. 
""'''os a r. b<Iolly 00",,_ ~~. C, bu' a r.'" ""'. cornplttoly 
~ I>Y JonH [5--' 5). a.eo_ 01 "" curron' .. rong ~'"' . .. ~ 
compo ... mar ...... , MpOoCio.,. In .. ., ... ,"" r_.";"1t>«"" lor." iI1'. r· 
_ has rosurood in many 01 ,.,. cloKi<o' pia'. and .... d _0, Many 
,.«iMring ~.,. 0,,.. ~ "' ...... lytis 01 .. ., .... ,"" plo'o. and ..... 
o. w. " ..... oo .. OU' .. ",pi ng 01 b",,' i ng p,-"", In s.ct<>no 3 .6 
. nd • . 8 . Extonsions.nd r. in'"""""'t<>ns 01 d._., '''00'1' oro _. 
" 'I' '0 , «omlnod". th o apocia' beh • • ", . nd c l>ora<:toristio:s 01 10m. 
no'O<! ""mpooll. ""',. ,..... ~"ol 10m ... '"" ploto p,oblo",o .. 
found in A.sl1_ and W"in~ [5·1 6), W"ittw; [5-- '7]. Aodd)' [5·18), and 
Joneo[S·' 5j. l.o.,""tod ..... rOo ... , ... ,"" in ..... ny ..cont p.8.po,s ~ rh. 
Journol 01 ~ /Mr. ...... ItIO .!Cu_1 '" Com"", •• Ma,.rIIr .. . rnI 
Structur • • , .nd ,1>0 AIAA .!Cu"",', and ~ _ .... ....m.s '00 .. 11')' ...-.. ""n 
a nd S .. , ..... _ [5·19) o nd VON. [5·20[. 

Noro , ... , "'"' liboH_", cO/'l'loPOSM. Iomm". <.on "" u .... 
.. 'Oc, ...... IS· in ,he .. _ """""""'"'" or SocI.," 5.3.5 ,1 .. In 
Figo" 5--8 and hav. bNn ._ on .... "'1 I>ioI>Iy """'ou,"" 'YMl.lIIO 
_no 01 .... ta'OO1 mita0f)' ond CO<l'l",_Io, o;"'-OW. Ono 01' •• __ 
OC ...... _a 0' cooco",c.>1"" roc • • tly .. hor '""'" inv""'"" and . ,t."';'-. 
y ... or 1il>00·,. inIor<"" Ia","""od co~ .. tr.n. ", on pia, • • ond 
..... ' '''n ia .... in SocI"" 4.7 on OItI"""""'-. Som.odd.<>n.ol 
compo ... """"""""" 'K.n~_ or . ..... ,," .. F;gr.. .. 5·6, Thoro,,,, 
H ', in _n to tho ""<iii"",,, _,.,oinlo",,,,, Iomino'o, ('I 0 """"'t. 
,.;0, 1\0, 0It1 . .. ",. 1210 .. ndMch·"",. lam inalo "ith h.t .1dI0nors.. nd 
lin ..... Io mlnot.,.;o, reirrIorcemo nt .round . """'ut, 

<? ~ 
.... __ .. c •• ...-.'" """ -- .. .. _ .. 
~ ~ .... _ ... ....-... ............... """ ... ...... .,.. ..,.""""" CUTOUT 

.-_ H P.,.~ ... Lonw>oo~ .-_·R._. Com\>O>oo eon.~ 

"'""'I """".pI> _ ... " ~hilo_. ". 0' _iI1g . , '" tha, ar. ho, 
mo •• . .. ..,.;v., o<lv."""", arid co","<:at"" ,h." thoM __ in "';. 
bock. ).10"'''.' ''. th o .. 0,0 " .0I1y "'0" """'j>i<o' od lu_""' .... '." .... · 
lie". !hoi _ to _ "0_ tf>o<>riM. t~. " _ deocrt>od .. "';. 
book. W. briofly . .. min. oem. o<lvo nco<l bucl<Iing oo""' phr in ,h. " . .. 
MCfun to roo"" , ho "'V to 0""" "'Pies 01 ~ .. in' Ote" 

, , .,,' 



11. .... . ..... .. , .. __ ...... 

5A ADVANCED BUCKLIND TOPICS 

5.4.1 101rod,,,,,lon 

n. 010...,.1 Eu~ . ""--... 10 """IJ"v ;"Y<>Ivu _liLlo'.",. thol 
~ud. " I"'rtect1\' .... tie m4Ie,"' I ., 11,,, oIruoclu,," , _ IMI .... _ 
po_ oj time a nd <>JM!on' In tj; rtre\Ion, and IinN o","d diOl._ .. 1 
oq ... , k>ns, I.Iany prOClIe.1 problom. chollongo or _ .. ono or m<>ro 01 
U'" .. "'00.1..,10.0. For 01>0. _ >..ling. II>" m",,1> 10_ """1<lino 10."" 
'Oan ~od..-iltr on Eu ... app'CaCh .. oro <bco\torod", von K~ rmJo 
and r"'n [5·21J to too prodiclod """ """linoar ."a ln·,"",Io.cQ"",", "'" 
Io,,,,,,,,'h,' ~d to """kno., d<l .... 01I .. oqua1""'" (;" _lily . _ '1naM 
oqui Orrium ' PI""'""" ""Iro, tho. ~ b",,>;fng ""'d p,...."., ••• 'OOWn In 
Sec1ioo 4.4). For "",to';". thot or. not 01>.""", Snanby [5·22J ,eooI;od 
• Iong ..... -..g """''''''' 'OY ""or tho fHOPO' OJ>ptoo<h to findirrg , .. 
~oIlc """ . ..... "'. d . t.loroo • • " Uol! [5·23) . d<h0Md m • ..ct • • , ~ 
"ondfioo. p' .""" ;" a Iyplcall!rbo .. ,ory 10Itd flllmo o",,_mont ;" willen 
_g ""'010 0 .. do'."" ....... '" CO"' F"'" Mti"r "-'0I1ca1 p,odIcI"", .. 
O<rp<rood 10 E .... , . iOooil.' ''no 01 1000 b ... , .... 

Tn."" dep.rture. lrom Iho oIrict ide<!lizat""" 01 Euler "'. buO • ",.rt 
at . ... nd"v bI.dling Ihoory 10 be obb 10 " .. , problems 'hat oro """. 
("IiSI ~ ",*n a n I>fI __ ,,~trIn 1100 limiter,,,,,. 01 Eo"" b<rC'~ 

' noory Tirol ... b<rC. kng .. 10m ....... la, mor. oompl.,,,od 11",,, .... co n 
,.ail. "V ",oo,.ln g tiro Eu", a""roo< . In thi< book. "".n with t •• inc .... 
..,., 01 p.-.cU"v <>01"""""""" 01 .-;" S.,,1ion 0.5. On. 01 ' Iro 
"",01 "0"""'" co~.'''''' 10 "",, ~" ... riIi ... _hor """'mon oompli. 
"a_ io lhat w. o~ • • mu .. "oat buckling or"aIriIrIy from 0 IlyN mk: Of 

..... " M ..... <IP!'Mod 10 , • • f., moro ,.&trict .... 'ab" ... .. u..., ... 0 
u_ ;" P';'" _pla r.. ZOoglo, """w. "" th o " . y. 

~A.2 Ziegler"a CluaiJ\cotion of Stebllity P",blemo 

ZIogIo( ~Ir . .... b IOy pro!>iom. ',om . v.ry b<oad .,..n' 01 •• " "' ... P_,..... 0/ SI"",1oxo1 Sta-,. 15.-~4) . H. d aodloo ""'''' .......,li. 
"o\od 'orm. 01 ""'"''"'''' '""""" • • including bucklirrg '" to. "",...,.1 pO. 
po .. [5·25) a nd [5·26[ . Tiro firs> " .. .. k ...... d ........ ioo Ir. ma~ . ... 
be'" .. n .,.,.,..... ..... 400 """"""'""' .... . Mocha nlcal .j....... A 
_rv.~ m",,~.n"'DI oyol . .. io """ lor ...... ~ 1Ir • ...". _ .. z""" 
,,10M 1/,,, _ •• "" ,'''' IMCMllicdI 'Y""'" .,.,.,. '~roug/l "".""" ally 
~_"' di<pl.o,om..,.,. avo, • _ ptJlh ;" 'ho "",",", do"",.,.· 
,.,.,. 01 1/>0' oy ... m. Th" OIa<1ing ""Or! 01 ' no oath is iOo n'lcallO ,he to,· 
""'og FlO;,,' ...... ,no,efor. ,no path io ""_ ,_. "~.Iw. 
m«hanlcal.l)''''''' is "". lor whO:/! ''''' """" _ . is M' uro ... "". ,h. 
10100. "" lhe • ...",.I'I/co' SYS'''''' ".,... Ihn:rogtr ' --""",a.oy _.iosbjf 
<1i>pkIc:. .... "ta ovo< • ""'_ ",,1Ir In !he pcuil!'" dolo",,""., 01 ''''' 
»'S'.m. A .... maliv. to "'" '_·oath .'gu"",", I. that 'no "' ... '" do .. 
"""" ,h. _roIeal oyotom """' .. ,""" on. conltgolrafon '0 . noU"" 
"o nllll"'"'''o it i_ .. _ '" t ... p."" 01",.. " hom ..... ' 10 pO"" .,h • 
• ,-.. is <o n .. ",atwo. 01 coo,.... "'" """" 110 .. is IIopoMo'" on 'no 
path ~ ..... "' . "Mnic>.l ....... ", is no""on .. .... o;,. 

, , • 



'_"'~T_ '" 
Moc .... nical . ,,,.m. havo ...., 1)'_ 01 . .... n.,_. ItClNe _ • • 

0< bodu nd , .. <OWo /or~ or IN''"'II&. T .. _ "'. ktIown '" lICtIo~ 
'" ~ _"" lu .. ooordN,,,. Iq". _ .. I ..... 1Oc1li •• (q,l . • nd hm. I' J. 
'n """'_. , .. ",",lion' ar. !1OI~...,.,., u,lIl ~ "",.rem,,' ~I"'" '" 
motion .ro 00",0<1 lor tho ~blom _...-. How"" . tho I)'P~ '" ",. 
ao,lon c.n "" doI.'m ...... ""'0,. 'hO' """""'n. n .... tho ,.oction. al 
.1!pp'>II& con too noroworl<ing!o>, ""'0::0 ,,,. """'" do., is zoro (, .g .• """"" I 
loreo o, ... 1ie <i"y friction l '" d"*",,,,o lo, which Iho ""' ... done is _ · 
.. "'. 10 .~ .. kin.1io dr\' 1'''''''1. HolIC • . """~ """"'n,.,,, con .. ,· 
• • ,., • . a nd d~t'" , • • cIio .o . '. """,o.o,,y~"', . 

l .. ds.", ,.....,iodl'l' ~lor ... 11\ 'ho r .... broo~do .. n tooing in ... • 
Uono...,. yO""', ...,.1otwy _ ... Fill'" S·7 (5-24) I_o_..,.""do 
~ • • oIiO • ., on ~ .... ou<h .. po.Jl .,.ti"~ "'"<to If(q, . '~.t l l. ond ~,. 
"'" """ .. ",.ltyo. S"" ""'ry "",dodo "'" <!opend on , ..... and a", 'u_ 
bro • • • down InIO .. .toc i l)'"",,~ (1' (<10.. <\.1) arKI ... """,,·indo\>OndonI 
(l'IQo.,11 k:>.><I$. oem_ '" ... h;;~ .t. """"""'air,, .nd oem. 01 w~O;h ~It ..,.,. """""",.1,,,. . V.IOc~1 _ .r •• ~h., IN"."'OpiC or_ 
1"'1"" . GJ'I'NCOP<' _ do .., """'" during _. 10 . ,' conserYa' ",o 
IWOft •• Coro>Iio """ • • , l",."" """ ••. 0"" \Jj'~ ""' ....... ,. 
Oi .. p.IiY. _ do nega'''' ..-. .., Of' """,,"n .. ,,,,,I" o. V~· 
_~nrlon' _.ro M IMf IlOllcirwl.tory Of eire""""..,.. NorJcifcu"'tory 
1»<10 oon be d . riv ed I,om 0 otaUoNl/"f. singl, .,alued "",ontiol lunct"". 
"nd Un ... ," c"n .. ","';', ("""~ o •• 11 ' ' '' loa" . .. tho f""y ..... chap. 
tora). " ""0"'101)' INdo oon",,' too do,,,,ed from 0 ... tiona..,.. sing lo· 
. oluod "",ontiol lunct"". "" tho1 or" """"""",,,,a';'" . "irculo""Y "",do 
do -" on _. thol oydicolly """'" th""'l1lI~' .. m" ~d"" """h 
at povre, ·tr.l1$Il1lttiog de."",. (c .......... OIIon •• pullOys. et< .I. 

Tho .oriou, I)'P" '" loads and '.0""'''' <:.On be combinod 10 obIain 
meel>anleal . yst_. ",~h "".,on' cha ,..,'otWics. W onf! 00, I)'Po 01 .,." 
is ",o Mot. Ih. I ..... (uOOirm . ... 1 mt<h."""" . , ...... aro dopiO\O<I in 
Figu,.5· • . "'oro complica'ed comIllna'''''' '" ___ .",do and , .. 
oolion •• It PO""" to IO<hlovo """. <Ornp!O, mlO<~'ooca' O)I ... m. 

.. """, • .00..-.' " ...... , 
_ ........... _ .. 

'., 

, , • 



,I> ............ , .. __ ...... 

.. «H.\MICAL '''''HU' 
eO ••••• A" .. _eo."."" .. --- . -- -_ . ""'''''''- ... ,,"""-
'I 

r 
'I i' ........ \ 

/ 1 / / 
,,,..,n 

''''~''-'''''' -- ''''' ''-'''''' -. ..... ,-....,.' ... "'M. "' .... a_. , ............ . ,-., ...... . ...... ''''' _. -- w_ w_ 

For """"",,,al;' • .....,~.nicOl..,.ot.""' , ". m<J>l ~Iinvu"'" be", ... _ro""..," and ~"""""""' .r_.. ~0CfXJ" "'_"""" 
S)'lI~",. .... YO .., motion. i,e ..• r ...... 'iC . y .. em. w~h ,eO)' slow """' ... 
me.' to accompish a e .......... in «lOr",",",,,,,,, AI ",-.". in FII""io<J. 
ch"'"IS.to example. 01""" .,.,iC <:<>neepI oj "oblily ...... biily, mod 
IKIcUog. Th . bods.to <OIISton' in .... \101_ aod dir«:tlon. In ",,,U,.". 
rw!OSCOpic tN<:NInlatJ oy"""" """", bLlt ,h. work _ dur"'o , .... 
_ is .fIo.y. >0<0. l-. ~ work _ , oj "h"" ~,. is """". 
_iousIv is In<>ept",,"n' 01 1110 pa'h 01 ,n. motion. 00 tho ..,..,.m is 
<<In .. ,,,a''' •. A tjpbl P<'O~"'" Is '0 h"" ,n. " .. "",I opted 01 a "''''"'0. 
w .....,._ """ft. 

For ~",at'" ...., .... ni<a' ..,. ... "' . , wo m'" di$1"'Ou,," .,.. 
"""" dI"*"" ... , Ottulatory , ...., .,...Uoury ~al o:)'.,om ... 
01 .. ;:",,,,, .. """"""'~, or"_' 10 .. (Oioolpa'O) ''''111' ~ ... motion <IV .. 
Um. "Y. '0, '0'''''''''. ~ ' o,u' 011 .... oct"" 01 ibid 'ri<IIo" <Ulng mo,". 
01' .,,,,,,\uIO " wat". oil, '" . ... In .... 0'" oJ , .... " ". .... .. "'*h th. 
III<i;t ... ~, .......... 1y 0.1 , .... . noct •• r<>ctynom., d"'g. A..." .... mo l 
,_ in • body is <11M"" .... O~,;,.. lolCO •• , .... y. <10 .'1/0'''' 
~ 10 . norll'! .. ""I<:", ... "od. CilwlalO'J' 10.0",,"""'" _.ms h.v • 
• • 1oaIy·indopondo", "",,". tho'. to """""" .. "'., .... , Fo, . .. mp~, , .... 
",nllOntiolload in Figuo. 5-8 o .... nll .. in dINction ""'inti _,ling I'" t .... 
.... " M<1iM). "" • pot. ntiollunctio>n _. no, •• is!. Inota'ionary .... · 
oh"""",, ." ..... s Mve _ thot vary,,;IIl tim~. so ar. OMo.y. """""". 
"lVat" . F", .. "",,,,",. li>t~nd "","mn" O<Ibjo<:tod lO . n .lway' 
• • rIle.1. ....,ooid. 1y val)'ing bod in th. fight ·"", .. ""n. '.' Figure 5,. 

Many moeh"""'" ..,. ... mo . .. comt..""io .. oj tho typ. s io Figure 
5·'. O.....,a"'. 10'''''' _ in .... ""liV e,. ry mochao",,1 OV ... m in ad· 
_ to v.hoo> oth., -. I0I010 ,I», all I •• " ...... ot>d I0o<loo ",uo' b. 
oo ... "at;'. 101" moo .... ";,,,,] "yOIom ,. be O .... IV. ,... ~ only " "" 
",,,,,tion "' ..... is "ooco.,."."""'. ""'" 'ho> "Yo'om is """""ns.".'''''. 

, , • 



'_"'~T_ ,,, 

Dolcl" ""'pit;. " .. dioc" .. "" 01 budd ..... 0' ~.,.,. "Y" 
lem. in h .. boot< Nonconso"'~INo ProlJI.m$ 01 tiro Th<Joty 0/ E"""ic 
$10/';/<, [5_27). ... "",m"'on' 0. "",.10 or • """""""''''.,;,.. oyot. m '" Ih. 
circ"""ory rr". in fv.>re s.! • the bo, bade<! ~ • lore. ,ha, ...... ,. 
'0",.10. ta_ 10 'ht CO"_ 0' ~". at ,ht ba' lcollod • '010_ 
lore. I>o<:ou .. ~ ,-...' the .,Ilon 01 ,h. <I01or ..... ba,) • • in Figu'. 5·g. 
Such """" h.v. bo on 'h<>"Ilh' '0 ori$<l, lor • • omp;',.' It .. ,II""" 0/. 
"",,·gmDolod roc k. , . ng .... ("",,·_ ... oIing) , . .. , .... ., Ih. 110 • .,10 rock .. 
iI • • l lmor. on 'h" con_"", 10'. " but _ """". do . ... 00. com . 
pon . ... of ,h. "YoI.m 01 fore .. on a pipe <on'OYing fIud) . TN' _mingly 
""""'ot ch. n\lO in n .. m.MO'o/ _ng • ..,..,;tully ... ,h. dioo<tion oj 

IorIding. I,om tho Eulo, eo ... in ,II" book ,osuIt> in 0 ,..,"""""'" d;n~,cnt 

1>0""""" To " •• , II1iS p_m ~"'es ""', .... aOdo . .. ,h . .. " on-
<o ... IVa' .... ",,1Ut. 0/ 'ho 10<.0 ..... I-Ist.od '" ' "" eon • • rvat ..... , .... t1\a, 
Pfodomina, .. in Ihlo boot<. C .... a l """'" bucl;fing """"""' • . In wIlkoh 
tI\o ~"'., .... n. ' .... of tIwI",oo I"" work..,.... .. ~nt on 
the pot!> to"". in configlJF.I'ioo <1"'<4) is ioJoorO<l. r .. d to.n ~ 
unaccoptoblo ... _ "..,king .... d . Ho" ....... wI>on ,h. """""nao",",'v, 
M'"ro 01 ,II. Io<.d • • «ounted 10, as was <10 .. ~ Bock [5..28], the b.u 
" 1"0""',," '0 buc"'" ., • r_ bod. ""m.", 

P ~ 20,OS Ei ;;- 2,031.' EI (5,1) 

, " _h I. obou' O;Qhl tim .. 'ho bud ling Iood iI 'ho .... d __ 10 ,."",In 
, . tb<al., •• ,." •• (.'H.l'l. Mor. on 'h o buckfing 01 noncon .. ",.'iY. 
oy.tern. <on bo ,""nd In lIom"."o'. ~ 1.1"",,"""", R..,. .... """ Y 
._ [S.29] and "' the pto<eedings 01 a conIo,o"". on ",nomic oIobiOty 

0/ """","f.' _ .0 by H. ,,,,,o" o [5-;JO], 

/" 

..-_ • •• """" .... " . .... '-""dod "' . "-_ '0«0 
Th. " "'0""0 0< "",,·,,~'onc." , 110 folo .... ' lore. In Boek', pr<>b. 

!em!\tto _ <Iiocu_Io' .... 1'I"/ .Nt'" I>y ...... y _g __ ",,,,,,ties .. 
W1III .s o/~o... ~1",,"1<oIf • •• minod _ al hundfod po"." Oft , ho 
""","" ...... ' __ ' .''''''' ' _ 10m in . vory . " ......... oupo<\Itf <IoCu-
mon'oO Applied MocII.1nics R""-' on",10 ]S.31). H. no,O<I th., Ko<t .. 
• <b .... d ·uor ..... ., _~·.f 10« •• ' In 111\lG [5-321 {oont. oW y • .,. ~" .. 
SocJ(a _ ) .. ho .... _ S"IJi'fo""" lArogt"jot'It, a "'" Rju dot.ndood ~.a»otio 

, , 



,,. ............ , .. __ ...... 
Ionow. , 10<.,.0' lS-33) iu" IWO Y"" "'0<, /,Ia"l' o,hef rtOSHrch. " "...;gIo 

In on one _ '" "'" "' .. ' '" , .. . ,;u..... l.I""h '" , .. eono '<»tOloY ".m"<¢m ",,,,,,,,,,,,,,.'_u"' ,,, .. "",Im_",."" ..... ulo'o.g '" 0100'· 
o.g 6oc1C. "","""" _"""" <IiII~ ",Or • • ~'h. n t .. inll.oo""" '" ,~. 
"""", ... , Iy OOX..no:..g .,,""'""" dompiog is "",,_<Old. 1.1.".,. ,"'" ,hal 
_ ... oolumn .. an """tWnablo, "".......,....,. _I '" a "..,to .. ", ".h 
,,,,,<coo" ,,,o,;.-. Io,,,,,., _ ... ..... O'Iorsimpljjica'oo . "" "'_ i<labilrty 
to """"rim.""'~ _ , ' f« p«>b .. ", I • • d som. to trillializ. Bock'a p<ob· 
loom, Po"'. p. '~o dohnloo ofllecl<'o colo.," .. itsel uMlab .. 

504.4 SIoe, ... tic Excitation 

... _ic """,eo. """",0. ,~"""'" • • , .. _ wiII>"n """"""'od 
Me<! 10< probabii.,. ... ly,,",. Fo, 0 """:[,,,e. w<o ale typica'ly ""e<eOIod '" 11,_ I."""'" no''''' 01 .,<ita..,. '" ~ and .... _nt_. 
i.O" .. ""hO.,., .,cit.tic" has bOth I;"'. _rod """ jol . a ""''''''' • . ~ ".11-
~"""'n a rod ",.Ht<><l""" .,amp" '" a .,,,,,,Motic .,<lIolion ia ,fie .. ind ""ItS ,~'" caUSfld on" Taco"," UoIfOWS b,~ ., <>SCi .. ,. d .. "..,leaty ........ col...,.. ... N"".rme, HMO. P",-,jXW .,_ ........ b l ily '" 
bO,h """N "'""'_ . "" """""""",,,.'Iv., ..... ic . rod • .". .... ic .... om. 
<>ndor "o<:~.stic .","a'OO, lnelOldioO rod<.rod plat •• [5-:1-1). EI ..... kDt1. 
U, ," Soo, ... , _ _ """' ..... ic """",;"g 01 .... a od ",.10 [~.3S[ 

504.5 t>ynamic Buckling 

Dynamic """",;"g.,,..,., . 1"'._, . ry;09 """~ ... " ..... ,"'""'}'. """ . 
eo oso ",a"". _"",. 1 &y ... m .. ZiegI.f . eloosilicatioo, [)ohM"" 
"""" """ • • ", .. IlOIo>tioo'. Tn. Dyn,,,.'" 5MbiII'f 01 fkob< Sy"'o .. O[s.:l6[ 
. rod .. t~. ""","",.go oJ a n "".",a t"'.o' oonf.,,,,,,," on <lynamic . Ia · 
tMUy oISI'o<'u, •• (S·30). ' OPOC"'II' a PO","I 1>1' !-Iotr (5-371-

~A.6 C ...... 

0<-.0 oI 'ho moot ,oeontly add,_ "",lea In .ct..nctod I .. ","ng" 
,hao" C_t;: bo<klO-og it . ""tu,. Of "'" "10m."," Of _ic b.~.''''' 
a od tho d/ ... ",,,, b"" . .... g Of 0 oonoonooo .... .,"'. mechanicat .y ... m " I h 
"'st.tionary f""'N , T'" nonllnea, mIl'''''''' 1 OIl .. ' ...... _omo.g t .. toe,..""" m"III" .,' ...... ,011 .,... ' ~m., .oId to. 10051 nolab'. ,twa".,
iIIic oJ til . ~m " ''''t 01001, e ... ....,.. In "'" Io , iot DO<Odrtio ... r.opdy 
lead '0 ,."ly dtt ... ", sokIlioos, Tt>io .. po ot "'opon .. io t .. med ,,,.OIic 
boo ...... '" CIIaoO " _u"fly ""ompljj;'" loy t .. ,. n""'" oNo<' ot • 
buttO<l1y U'~9 t • .....;.q. on. ,..y '" 'ho _ , .. ,_ """"'9 
""nurn.,,,,,o In "'" w .. ,h .. oy ... m ao ~ 110010 0''''' ' t~. I/IobO 10 "". 
,umulat . ... ou, h • mo",,", that p. m.po . lOm. do _ 10 K. n ... 
"'1M day. 0' " •• •• 10,... 'n foct. cIIoob:: ...... """ ..... diso>o.<.,ed by 
Ea..OId lofon, oj MIL . ma,"'moticia • • oId m.'oo"""o", _ inv .. · 
ligating ... .",,, ... _.>ling [5.381- Jam •• Gl<i<k. 111M a No .. Yorl< 
r""'$ ",,;once ...... " old ,01>0<1 . .. ,.,01. a ' ory "",0 _ '''''ng bOo. 
on tho II"no,at ....... of e,,"o. [5·39). GiImo<. kx:~ mo.o on ",,"ne. 
a od .~ing applic>';,ns (5-401. Et Na""hlt OO"".""~'od on""" 
'O'ic". ot <"'0' .., SI,vet ... , ""IinHring, ..... ,""'tIy t>U<kIiog [5-4'[ , 

, , • 



5.5 ON 'OlE TRANsmON TO COMPlITATlONAlAPPROACHES 

Th. noxtOfep ofto! "",.o-.g th. !und.m.ntal bucking _vi<>< 01 1M 
t!> ... .. .., O1JUC1u",1 ._.nt>, ""', pta, •• , and .n.", in IIlio book io 
to PK'Il"" to mo<lI «>mpiicotod """,lU ral . Iomont. and 01JUC1 ..... TMt 
OIop 'OGuir • • • c""""","lio no' "PPf'>Jch •• owo<9d 10 It>o clo_·lorm 
ooluI ..... """ oth. , .. .. ,,, • .,. oimplo ",""'io n t-chrOquo. 0/00""",, r.,. 
,.... _ • ..". in oomp"'~ con,,", Do "'''Of) 1Iyht1y. Tho", . ro both 
"",mlM. ond p;<!allo in 'ho ""'" .head. ond ...,. or. dooc_ 1m , ... 
toHowng po~;no'" ........ : 

ho .. ., .... rn cornplt. boeldng .. """lor 
simplo o"lyIk:.IIl ~ • • r .... "urnorieal opproachH 
COfT"C"Ution>.llOo • • "._ ... 

• repIo<:o"",n, 01 mo..","" boh."ior 
• designing .. ,"", ... . 

, , • 



fl. .... . ....... , .. __ ...... 

on a ! 01 oimplo prnb....... "" to no" movo 10 mo<o complox 
PfOIoIom. as ... proceod!rom ,h . _,;or, '0 U,. buidng woo',. con· "'''''''''g. Ho· ... . or. w. mu", oMoyo ..... m 10 1h. lO<Jn~.lion 10 conoctly ""....,,0/ .- .. a -,,;gho' loY" . W. m .... ~""'" so ... bounding be· 
!>avior !""" _pia p.-ms 10 ",d. c."""' ou, more CORlP"",'o<I 
problom ;. being .dd_ <0'fOCl.,. W ........ ....,.,. """'. appro' ;""'" 
, . .. ft.!n>m ..... plo problom. '" got on"" 01 wh., ........ " •• ....,.,Id 
.. ...." lor ,~. "'",. """"'~"0<1 p«rtr'""'. A_, """" ,,;,rod. 0,. 
J.",.. G. C,.,..., .. ., .. ""Y lQ87 : "H Y"" donl ' '''''' , ... "" .... , to 
_ ~ w<h"'" ,r.. """,pu'''. ' .... y<ru"" In no. or __ or ........ h ''" 
compul .... I~-4.1 Tn. bonom~. 10 , .... , w. m ............ tmll"'SI' on 
"'" prine",'" undo''1~ ""''''"I """""". , proll'"m .... u""", .... od ""'" 
mu", '00<I'I. our 10 be oM. 10 ."oIIigon' tv ".. cornpoto, proll'.m • . 

, , • 



'-'.2 Slmplo AnaI\'lIaIl Approachos .o,.us Nu .. orl<.,ApplOltChes 

n o promiM 01 "'mp.a .... 9 oirnplo analytical "_,no. ".n """0 
eomplo, "umoric., OW,.,..; n •• i. lhal you co. '"'>polu'!)' ~od Iho ",,$I 
W"'f 10 """'. YOU' "poclic ._m. Mofoovo,. yo. ' 0 . ...... t ... oimplo 
"",,1yI~aI oppro:>c!>eOIO comp"""onlltto nU"""<:o1 opproroc_ by p"'. 
YO;lln9 0 t,;. ... 01 u,.;.,t$l.t>d .... 01""""","'0'0 ~,. Th"". YO •• ,. 
le"")'0<11 ""nlide"". in "'" ... m.'ical....,,-. which a,e 01l>o".i •• 
dIIle , 110 . . . .... 1 • . Th. pili . .. ha •• I"" o" .. mos. FI," . oorn . sim!llo 
_,,,,,,,h •• by tho" 'ery ",'u,o ..... ,oOnpIl)- ,h. ",oIIlom. I .•.. 10 ••• "'" _"'io' "" • .-_ . ~I lhe 01 ..... "" 01 I .... """",rum. """. Op-
proac~ o . . .. ...... compli",n~ , .... you",. w.ing" OfdJro 

S"",o 01 tho gon.",' ,ho,act .. "'" 01 boIh ..... 10 a""l\'tlo., a p
proach • • (o,g ., -..iorr. 10 dihro"". ' .~u.,loot) and ", .. .,,,. , op
""",<Il •• ,o.g" lin~. 010.-. P""Fa"'1 .,o lill~ in Figu'o 5·'0. 1ha 
anolylica' 000' __ a ,. typical)' m""h oimplor . t>d .... eornpr<lnen. 
.... , ,.""ug/'l quit ... ..,. to oCto .. (wile • ." ..,..,.. • ....". "oOAbjo) • 
........ 10 • • lKI undo .... lKI, .. o .... or, tho ITlOfO complicated num""""" 
_"'.e .... . ' 0 .~.y. t ... c .. 1," "'.Y to"- loolI,t ""'9h prob!om., buI 
oro oItO" ~"ul to ;"" 'P"" 

.... LYTIC ... A"""""""" 
,,-g~ OOW1"IDf<O TO co '" .• O"A1"IDf<O 

• ' .. ".,O .. o""U • ...,.. 
--..~ ..... co""' ... 

• U" TO -"I ... ..... 

• ......... DO"""" 

• """.LL, .... _r< 
lIeAU .. ................ '" 

. urn._ .. woo 

. ..... ~ .... ... 1'00 • ....,._ "" ...,. ..,"""' ... ,~. 

• . .. r .. " ro ,..-"''''0'" 

NUIoIHIfCAC ."""".OM" 

"-<L. , ...... ""'"""'" · ."' .. ",. --, .... .. '0 ...... ""ON'''''' .... co .. , .... 

• " •• OOUOU." ......... .. ' .. ~""""nr-..........,..., ... 
• """ .. ''''"'''''0'' 'OL_ ............... OI\OOLL ... 

· """" """"''''' ."""'--• OM""" ""' OO' " ... ,,-_ .... 
• ,., •• >-LV<_ """ ''''' ..... .... -

With. "umor'c.ol OW"""', ~Ou go, ""I\'. """,bo" b" I>ow do 10. 
I;now lho-I """,bor io ~"I"'''''' ""'" eo~.c11 Onl,"', """', .. I ........ 
01 your Mojo unde ...... nding 0' bLICkling IHIhllV'" lrom _ 010 analytical 
_,ooch • • '" ,h. 1YIOt. cornplo. ",oblom y"" ........ ing 10 ..,Ii. ! Tho, 
,"0"""" ,..,..,.ol;'m.od CO_. """"" ".-,. .. ~ '" '"_ "',",_ 
trl i _U" g •• fIo."" ,,,,,, ca" be 10 • ..-1 C"I\' w~h .. ...". ..,Uions. 
Mor.....,.,. you m."' ...... on 'ppro,ima," ..,I.lliorr .. lh wh"" you can 
COmp.aI. Ill. ,_". or a numerical .pprooch .... "" .... . . Or, J.m .. G. 
c.- .. <I '" "' " l~al; ·" 10U donl """,. "'" ...... ' to .... " .. 20% 
_ "'" COmputOI. lhan you're ... ,....... '·n ... , lalKl ... h tho oomp.,"" 
(5M{ Mor.'" anompling '" .""'''''"". tn . n._I ........ dirOClly hi 
Ir.> ug/'Il w. h ,.,,;010 pl t. ,to tIUI .. il ....... you "od)'O<ll oo .. !). 

, , • 



fl. .... . ..... .. , .. __ ...... 

~~.3 Comp"""ion"1 Tool. Avalloble 

T~. prom iM ot """'PI'''''""",11OoIo ioo tMI __ and y. ""II lind". 
oo"",LII" I""'}"om 'M' MIl do ..... ..,.''''''? you n_ f to do. Tho pill.V. 
.co lOa, 011. " Ih. _ om ;' "'" .... y Ie ... o..o .bo ,h ... ."." • ..0 
I!oe;' implica' ion> <an"" 6/I"u1 10 onOe"",..o. 

Afte, ong,iMa .. hove bem 1I,,,rougI"rtj odUOlOtoKI .. 1l1. _ prinei· 
pI<. and ooncerrt. 01 a 1Opic. e.g .. boc' '"''' . 'IMIn ~ Os 'imo 10 _ ... 
PrOble<>t. Ihot Oro _. oofl"lol)l •• t«>m. _.,.1,,, ."",,' "*<lIng poOlt 
0( . ...... ~ny ~ . nlJOlo"' ~~" a 1m. 11"' '''' 0( I lro Irosie «>nC4Qts 
"""'Id "".1>10 to I_ h him ... , fIN'" -" '''', '0 __ •• umeric.o l 
prno. d",. """" as a 1'01 • •• Iom .... """",,""0 ' prooro", 10 ... cUl. , ho 
,..,.. wmp1o, "",bltm,. _""' ~. mu" a ...... ~ ~ .. p" mD:l 'ho 
. ,_I" n ho .. "",I<i"~ hOm 'ho bOsi:; """"' 01$ to ,~, new, """"o"1y 
more complica'od problem. N ..... pho"""""", io t~. mor. <omp"""tod 
"","iom pr<>YiOoo. c ..... n9. ' 0 be undo .... """. 

C<>mp"""",,"1 10000 hovo I>o<om. '"'''' .,,0'0 _",."., powo"", 
.., .... oood to oppcociol' w~.1 t trey eM do for ..... II ;' 1ro'PI" to """W 
""(MIning aboul IIow _~ P'~"""" " _ . k>p. d io orde, to LIndo,· 
sland ,~ .;- ""p" oilmo • •• wol a. Ih.ir limlotion • . Tiro do .. bpm . n' 0( 

co"",le, tlol •• 10 ... 0' 1''''11'''''' ' (I tr.1pod dov. lop. wide", uood I.,b 
elemeol "",~am. 50 I"Y. Mel to do m""~ 01 "'" loIIo ... ing 1~5]) is b._ 
on.n . wo .. ntly _rol ooIL11ion ,~". 'hoi ~ ClIO """'. 
""'Olom. 01 broad """,plo.~, . Thuo . • ,..,.,r.", muot .. tt.,,""'.I"'v 
leolod to "", lot c_ .. t~.1 l oct .. .,. ""''' I~. ~ ... l "' _M;_ 
to ...... . Th. '''' Ing 01 a I/OMral prognom "' .... 1"-'0" . _<",.".lion 
"';1l1 good ' ost e .... tho, tiro oo«oct oo",or. to oim!>Io or_m. aro 
OI>Uri'>od. "'''''" .... plo I>/oI>lOmo .'. "'" "'''od 00«0<1,.. to.o th. 
,..,.,,,,m 10 ..... pia", wrongl """'"" """1'10 prWItm, . , . ..... od "",. 
foeti)', thon tho J>M • • Iomo.' "",g",m mig"! "" !IQh1. Tho'''. <Of!K"i 
ool.rl"" 0' oimplt "",b""" ... 0 0--=01)'. bu' "'" 'ulf"rcIon' cond • .", tor 
"'" linb oIomool _am to b. ""'_. Ho ......... , oon-clly oo/Yod 
.... 1'10 prob "'"" giv .... """. confide"". Uoo' ,.,. ,;no •• """ . nl P"'"l"'m 
mj¢l be «Of,oel. W. oro io t iro unoomlortalrlo pod ion 01 not _g_ 
to dol;';';"'1y P""'o thot . <""'pute, P"'!Pm io rig h' (boctru .. Ih_ io 
no ouch "-'rom' to 1'''' • • ). but w, (>Orn • .. ~h juBl one s implo coun ..... · 
amplo. """'. tIrol. compUter __ m " WfO<>\I. nu. , domoost,.oon 
0( .. 'I'P' ...... cor.-..c'n ... 01 a comput"' P"'9'am io not ".en poMiblo 

Dooos tho moro """,,,100, ",ohio", .,~lbi , ....... ,u,. 0( Ih. b. na,;" 
,.. ~""w • must traood "" .... _~ 01 Sim p\of p_mo? W. doG" 
.... m ttro.e oImpio problems luol 50 we <00 _Of oft., _e 5impIo 
""'Olom.' W. otU<ly MnpIo ptobla m. '" build '" "'" _/odgo.., ... 
o.n .,""poIo,. o" r _""" 10 ,..,.. and _ . GQmpIo. ",obit", . .. 

,.. prOcood through .... ' p""O...,...I I-.. 
EnlJOlo.rs . co su"poood 10 ""'" "-,uit)' 0.-.1 _ , now"""," to 

001.10 problom •. Tha, knowlodgo is 00.1 usod io a b<rilding-block I •• "ion. 
I. • . , """ . nd """" .... nd 01"",1. p..". ..... "'on Progr ... I0...,... """,
pie>< problem. with Iho bOck~un<l 01 tho oimplo ,,_m. 10 co ly "'" , . nd 
tina"" """. "'" mo .. comp1ico'od p-.... by ...... g 01 iolofmation '" 
"' • • ~ .. l Engin . . .. must . I".-oy. pro'" "'" "'''''' "'*:I 01. ~ io 

, , • 



cO"ocI • .., t l>ey ,,,!>OJ do""",",'&'~ _ u...y o"do,".nd " • ..-. of " 
p<alIlom Pon '" , flo, domorost,.,.,., " ~ us. of '"_",""'01 be· 
_ k> .".. ....... !l\o, can bt • • ttapoIattd 10 mo ,. "omplo. pr<>bltms. 
fo..,,. '0 use , ~. boo" f,,,,,,"m. o"''' u ..... t~ ... (js 10 ... ,00.>5 "' .... , .... 
faOl.lo"os. and 1IOm._ ~ '" livos, w. c." .. "', ""0<0 '0 'cut """,oro' 
b)' ... um .. ; , ... ,. ,into .Iom.nt prog",m O"""'iII' _ .. 0. ' is _. ,_ 

ti .. dl (>0 1M' .... ha • • 'opo"', .... t .. P<"9""" ""''''''IIy_ Too ",.my Id_ 
ur .. ..... """"mrd beC'"H . ng"''' ~ .. o bindly dopondod on , .. 
un ... tua,td '~SlJ IIo of a m .... _lin .. . " mon' progr.lm. "'" .tlCh pro· 
11'0"'" mLJSI be uwd".n n •• "" d .... ","'9 ""'"". ,_ 

You -..il MOd you< ... !yalo ebiity to « .. Ie ond u __ nd."., · 
puto, pmgrams 'M' 'ootGmato' , ho 8natysis 0/ • oompl .. OIrUc1u,o. 
Wlhou' tha, abUy. ,ou wi mero~ bo UOining '0 ""''' 'black beI.<' " tflo 
~ _ 01 I~. ,_ , E"""",.,. .. ,'" _ . """,,~."' 'hon ~.nin. 
in tho...,rId 0/ enginee'ing p,&<!;;". I a m r>Ot lIIr/inV, by .ny m •• no,_ 
" I IinM. oIem"", p'oonrm ....... oro m .,.~ tro_ ond not O<b:olod
tflo' .. I.,...,.; _ng. 10m ... , ing 'hot you can' 1'"' 011 ortuealiGn 
a"<l ~ 'IIa, ~."" V '0 us •• """""". , ",OV"'''' d 'M~. III> 1o. , .. 
"""" 0/ """""'<><>, 'boO o _._ .nd u>O<! fin No .10.,.,,,, prog",m. 
10, """'p'" p<ot>...... f-klw .... ,. 1 """ an . ,,_ 0"'11""01 back_ 
groUnd ,IIa, _...:I mo to be a ' " '0 ...-.do, ...... t ... poogrom and t ... 
"' ..... t __ w~~ ' 0. P"'II"''''. Thu •• ' <>Il.,. ~""" ""oIh • • ,~ .... 
... to wo,. ' .. """"bIo, TMt lOm.one ""'"'" oimply b . .... tho ou1pU1 
of. """",,"k" pn>9"'m without do .. g a 10 .. chock co"o " lJona \>n , .. 
oido' ;. ._1vIe ~ """"Ii . nd co rtaiolly ..,.- (n..-.II ...... ", .. 
irrt~90"' ond , . oponsiblo). N • • • rt ...... , 100 I. w compUl", pfOlll"m 
"",,. 14'" ,Il. ,;me to ""'ko ...,~ m",,';"!If'" c~o<ks on lI>oi, work 

""'e O ""n9"""1 compo'. ' pOO\l'. m, •• k Y""'''' Ih_ "o "Won", 

Do you ac ..... 1ly ~now ~."., Y<'u~. o,;"g. 
or .t. )'Ou juS! lood<>g • black box? 
Do you ....<Ioo ... nd , .. ~ ... on wh"" ,Il. ""'k beI.< .. b ... d'? 
Do you 1>0>0. 0"" 'leer lor wha' ,,"oub yw oIoou1tl "",.,,1 
0, . • '0 y<>u'" ,1><1 dort.'? 
Can yw t • • I ,1><1 , • ..,t. y<>u ~, .t. moa";,,gtur> 

Yol ."" ", ';m • . •• 0.. J ..... G_ Coo .... OJ in Moy 19U: ' 11 y"'-' <!on1 
!<now ,110 ."W1I' to ,,-i h in 20% ~-;Ihout"'" compUle,. ",,'" you',. io 
"""~,.""' .. land _11>0 comou .... · [li-44]. 

Many op..:io l"",_ ond g<!n.t.J·P"_ lin". ' '''''O"'.nd tin jo <ill.,.,., .. oomp.ne, pmgr""", 'hIl' ko.1 buek ..... .. .... The I " ... 1u<It. 
BOSOR . STAGS , AB ... CUS. "'ARC. N ... STRAN. ADIN .... ANSYS , . Ie_ 
""'th., , ... " 0/<. you <ita'ion. ,Il., ",1ghI o .... go, I <no"" '. _ '" 
""Po, GoogIt ""-'SO POOlI<O" .... rn .. 10< "'" .. '.Sf ... 0" .... ,1on 

S ingo'. "'rl>oc.<, o nd We"', 1>1 . ""go l11 J so id: ""Ono shout! nor 
.'poe' 'llat oomplica''''' .uuetura l otobitity problom. ;'",oM.g 111,,,_ ... Il0<l 
plot. a nd ' ''.' ..,...".,.,..,. __ nonIIn ••• • ttoc .. play 0,. .. ".,....'" 
",10. co,. be ""~ ",uti" • .,. """""" much ""001 and ~h1 b)' .0)' oj 
1IHI m",y <0400 tnot a ,. cu". ntIy .... b ... "'1horo<Igh undo,"",oo.nv 
of tho ....... and OWIiIly u-.ry """"''''' _om"""", b)' a go>od""""'g 

, , • 
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''''.5 Do"gnlng Siruct", .. 

no p,om'" 0/ do'9>ing 0InJ<""". is II> bo oblo II> """ ,oliollal. 
"",!he"",' ic.-t>ooed m •• n. 10 de>9> a .cructu .. H •• , .. b .... by """. 
,..,,"", . (.) 0/ offir;iorooy. TOo,. "' ......... .. c ... d ·rnerl'u"",",",,·. ~ 
Old"". IeMl 0001. leaS! .mghl. IoogOSi 11'0. III .... ' .;,c,.n .• "'. 10t h 
po....". _~'ion., n. pili •• , .r. "",'n~ , ... mutiplo """,1'10'"'" 
0/ 'ho doo9"l p<Oblom 'Ho'Od 10 H •• abIIiIy" .nalyz. , II> modol, and 10 
(II>Im", •. oil 01 ......,h ot"""fh <Iopend on camp"'''' e.".b .. , .. 

0-'0'" ""lirnizalion . dooign "". b . .... on ' ... 1-01·1 ... ·"."'.· iolUition 
,.;u, """'. ,_ 'rom '0<)' DPI'"""",,I. onoly'" 0/ ,ho 'do~ 
",uc,",. . Tho1 nut"" .....as I><>oed on ' ho obility 10 oono""01 Of m.,..,· 
,"""',. .. wei 00 "" ... ""'" ... boh • • "", Wooly , C~""5I'" in ,h. '~' 
wookl bo modo 10 puolr toword tho mo.' eff",",n! dooign booed on """, 
eo"..,it", .... """. nt 10, III. 0I>ie<:I, i.'" .... m .'~ ,,,_(. ), ''''''ov''. 
lire at> ..... 10 , ... 'isliconv ... Iy," ",as quH. 1im~'" .00 " 'I' _. so <>ntv 
• , .... c,",rroo' '0 , ... """" "'0'" mO<lO "",''' '.0 oI)]oct ,.;",,0 TM' 
ie, moo! docigno w.,. """"in~ no< th. "bo"'_ihoy .... ,.Iy _ .... , WI 
-.1ypir;o.1Iy o.o"". iyM.n<! " .. , w.n\jlh, 

W.h Ih. advirnt oj «lmpulO '-I>oood ".,Iyoirr aoo .... ,apid ,"", oc .. 
.. "","pUI. , <_bOiIy. 'h o obilily 10 ORQ/y,. ",,,,,,I,,, •• h • • ;,.,ro . .... 
.... ,'"!II\<. Thot atNll110 do.;gn ""."tatoo ha •• 100 ",c, .. oed, o~ho"!/h 
"",mum doo9>,,",~ noI.' , ..... "'" .... 1 o •• ""Iy .... ""' '''' ..... 'h. 
~"" '"",;",um doaign' .. """'.,,"'" ' ..... """., O • .;gn b !he "" ... . 
"""' ... '" otU,;,.g. 0InICl,,<O"" "" ..... M<I _ w' ...,.. (~. "boO!' 
<IOsign, ... ""._II)r ....... (II>I .. llalkln concopIO '0 "'11> u" O!>tim"o· 
,Ion io a m.ihomot"'.J>oood ..., 01 . Igo rlh .. , 10 m.~' <~.,.,. •• bouI 
MIle" (do"",,) .. ""bios 10 ch.rrgo alld bv how m""h In ordor to a.clriov. 
o dooign 1", whiclr 00"'" -nt I""",,,,, 0' .....,..",. oro m ...... ;z .... 1 ...... 
"", .. ",. 'Ion "".' op'".ro iuOI" ,,,,,,,,,,,,., 10 do . . .. p ••• ro o"""oitr 
_,o.cn, • . Th a' ''. lho . 1,,,,,,,,,. «luld Q"''' \0 b. "" oomplicafOd ty<Il 
4""lyribio) ""', _ <.0.""'" """""""lid 00" 10 " .. mg. 'ho d • ..." •• ri· 
abies to 00 ...... on ""limum .. sign ..,;,hout using (II>I;"'i.ur,;on «Inc.plS. 

n o " •• lyoil .1Id do.;gn P""'''' oon Iro Il'IOu!trl oj .. """,,,:ng '" 
• II;ad '" cIwr .. ,_<:s, (1) 8""'Ysis ,,"p.1.t>iIjy or complo' li)": (2) modol 
«lmp", (y ;.ot! 13) op!irrwza'ich """'PIO,IIy, n_II" .. e,"_.,iSI~ 
or. 'O!>' .... n' ... ""hom.lica .... In f'liu ro 5·1 1. Tho _.nco '''fig • • cn 
a.;io ~,.o."" ,"0 "dol...., d . go-•• ol «lmplo.i:y ",i o --.. pOftt. p . 
In In. ,nroo·"""", 10 <101 ... . particula , ano iyM.·mo<Iol·oplimizal.,n oil· 
",,'ion. Anolyoio 00"'1'10.:'" <on be ''''' ' !/h' 01 • • Il00,.. b. h ...... 1 • • . 
poet> '" 0 """"'Ulo I"'" 0'. con_red. FOf .... ""' ... tiro 0",,1y'" .... 
miol>' be Iobelod ""'" .... 10" -Mr>9 _""nco ol i"", .. oing ,""p.bi ily '" 
comp .... \', ola"", wih smtIl doiomr.6ono: .1401", wi", III,,,,, dolo,,,,,,· 
lie ... , oot! pili .... willi "'I/O do!or"",'''''''. In coo~ .... m_' oompluitj-
is ,Ire accuroq wlh whk:l1 w. pur .... ,h •• ""1)1 .... .. g .. MW """'"1 lint • 
....".n .. Of do-go-... oj ' '- Oro _ II> "p"""" Ilro o(,OC'I.IIO. 01 
«lUlo. , ",,"mi.-lion «lmplo . .... io '''0 dotg_ 10 wMoh, and 'h. m • ...., 
.. which . " . P',,"u. ' ho !/OO, oj "boot' " NC"""" o lo?ca l .,.,h • .,.,,,... 
baM<! """'nO., Coonputo/ '''''. ond oto",g. ' "'1"it.m , ,,,"!/O up •• a U 

, , 



............ , .. __ ...... 

.. ... , ... ~~" 

\10, ... com plo,~ ... ""', . ... , NOI& ,h., I .ne~"'..-.:I "",imilalioo ...,. 
pmuh • • '0 <l&sqr de> "'" I"dud." i>QS$1lIo .aiI .. " modoo, 'ho" 'M' 
'I'I"<" <~ 10 000","", 10 '0' • • '" 'oulty d.~ "'~ as it \h. ""mon .. "," 
""111«:"0 __ ,.iu o mode, 01 """ .... 'M' •• IIOJ" modo m~ "'" 
gowm 1M • • ,...,flo objed , .ut 10, ..... , '."00' '" Ih . .... Ign vo".blos. 
\10, .,.gIO<tod '.IOu" modO oouI<I_ ..... ar.d ca_ 0 tal""-. 

T~." it roo pr>Wr1 in pu ..... I,,~"""I "'oIgo aPl'""",h !hot 10 "'" ~I· 
anced. i .•.. <>nO in which t~. Ihroo ,ido. 01 t~. 1riod 00. 10 ",,",' P in 
F;g. .. 5 ·11 oro "'" "PI'R"_to~ oquo.l, p, .... .,;ng wO ,." ovo"""". 
t!r. Ioo~ 01 p,,,,,'" do""' '''''' ,,"y_ 01 <QmpIo. ;,y. FM "". mplo •• «_ modol eouplod 10 _ ... aMlfois 0"" "",im".Uo" eapobilitio ... 
_ioo<.If "'" <10_ Abo, e h ig/r))' """",.,. modol "i\h. oupe'''' 
. ... Iy,,; • • iotrg w~~ • 'orr iOnie<! """mila""" """",,"ICy it 01 Ottlo v ...... 
AA """",Ie 01 \he Ie,t olI .. _ ... modol ""h ""'...,. hundrod ... t-.. 
.. _ 01 dog'." oI l,._m ito . " 0"'1f'" "i~ tho .blllly 10 "oa' la,,," 
plaOj" ""o ,mal;O". t>uI wi h ... 10 'bilO:y to OM""" Ifrf """'" v,,""'IO. 
in tho ",,_ .. ion pwc .... S..,h an ... "",10 it umon""" oiy CMoae
, . ... " .. I"ow oom. anolya. oro .., oompkotod 1!ra1 somo _10 tOln , 
,..,. lOP""'" , .. ICy.rod I",gol!h. , ... 1 obIooliv. '" <»GIg" . "'10"0<. 
",., .. amplo 10 b<r\ 0'" om" "'OP'" Ih. """ ..... "If co"","""lo<! ~ 
pn><: ••• • rod 10 ltIo, ok>ro of ..... voklo "" .... , U""," coLlj>lod to. 
oo". --'g!y Mj>abIro "",,,,"" ion prOjlram. IMI modol a"" ' '''If'''' 
provide '~Io into""",,,,, in ,n . oclu.1 "'sill" procoso. rr.. "'p;<! v"';' .w.. ",".rh. c/ulnflN Io<dosig" /Q .. "" p~I ThI>o.!hoM who thin k 
\hal • com ..... litrito . ..... . n' "",,!y.i. io \ha 'be 01 . rod 0"" or in .. rue-
lu",1 <104111" ., . .. dly "" ....... mod (.~~ ,h. t elolm ~ be 00<_ 
in 'he """"",,"I . ""'''' .... phaoel. To ob"'in !he b ... . <tian",~"" com· 
pIo. Ilnito .Iomo,,' ..... Iy.u , __ ",uS! .... co"~ln91y cO_M ,,' 
.... O<o(lmw.liotr <>"bOil"" M~ ","ny ,",v. pu_ 11>0 .... Iy ... 
.....,.", in <Joosign 100 I .. to, IhO , ...... Ii .... ,. " 'ive to 01trO, ~""''''I. 
,I>e "","!zOOion .""'''' he. 0 '-";' lowed be~iod ito """""", I"'m_ 
of tn. ov.",N de$Ign ob~. To ~" . .. 'frf ""'''izat"" oo~ 
' ''' . .... boll! a"o"". ' in "'!!!pol. , urprrbO>ly """ """,.,,1 .. , o,>Iimi.< • . 
lion 18c""iq .... , V."""",,,, ,,,,,,, on<! Haft"" " , lowed tl>e "",glOss " 
0<0( .. ".11"" I"","iqu" up 10 2002 wiIn po,,",uirl, o rnprra ... on tn. In_ 
no""". 01 oomputo, _."""" <>YO< , ." , [5~71 

, , • 



S.G THE INCORRECT BENCHMARK PANEL BUCKLING SOLUTION 
AND COMPUT~R PROBl~""SOLVING LESSONS L~ARN~O 
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'_"'~T_ m 

diU"". to. mL>C~ ~;ghet <lel\ectioo •• -.,,, " i~ ,he .,""". "' Figuf. 
~' 3D. n • .,.d ""n _. _l1li. 10, som. d4I/IQc!lon •• s"""",n In 
Fogo" >\.-'3b or <an ........ '''''.jS ~I .. _Adlng on m. ""n"!10-"", . ...,. w_.' 'h. ""pon .. W! ... b W! 0' """,blo <Ie~n"" on ,~. "p' 
01 k>a<Iir>g •• JIJ" ___ . Such """"W!.", ,_ '",,"_. ~Ad ,flo 

M"'''''' W! <.010<1 ,;m'-paiII' "'_. ThI,,; , ~ ""' ,.., W! ·Io'~ onough·. 
11>0. H .. p"nol ""u"",l .. (i .•.• "'-'<:1<10.)1""" \t>O .y ..... !ric ~""Ung 
<Io1ormatio n """. to an asymmetric do_ton ""'to aAd ean ..-. 
quonUy . ,hlM [mi'.poin' "'h.,Jo, • • in Figufo 5 · ,30. no aoymmouio 
<101"""",",. modo .~., .""""'1;" h • • boIh oym ... m.: ond . ntioymmo" 
,io oomponenlo tho! each """ II">W Of .I"'nk with in<!Mlling load or 
<Io1o.m.'ioo. n",1 ko. dolo, .. "'"" •••• 11.-.. o,mmo"ic aboo, , flo po".! 
mi<l-"I'I'n . '~.o " 0 "ol;.ymm.to> <Om.,.,o.n! onl_ at toiI",<.OIio" a nd 
inil<. 1y I!IOWS as\t>O '0"!>Ol''' progr ...... lal",. I~o d<!orrMliDM t>o. 
como dominotod "II"ln by 0 .".." .... " io C<l!l1p<>!le<\' 01 "" "" load> a nd 
<le11O<!Jono, n ... ponti>.ro <>01 $1\0.110" a nd . '. tho I""u" 01 on.nlion 
in "'" ...ot."" F.,. tho .. ·doOp· 1",.,.. ..... ......, p"r>OlO. _ "",IOn m O,n' 
",,1,1, mild "'moil;" I""" symmet' io ,_rIM 10 osymmelric ,._. 
I. •. , "" ",.maloO do/OI1'J\;I""" <.ongo. Tn ...... ,Iot .. 0010<1 bdli<1aUon 
000 Iim.-poio' __ , ...... h ;;,d·po"" " ,.,.", .. , '~o .",.... In 
toiI,«.""n .0<1 j mij.poirrt ,,_ <"" b • • !w.y. po .. iv. " ' ",m .. lm .. 
""galNo I", vo"""" ""n. 1 go. 
""'. k .... Fo,d ..... 'lor!hln· • r -
,..,)pooo", 'flo ''"~ 000:«.-.;1 
boIur<&liOn poir>1 con ,'''''a to· 
"",,; ."'~ <IOr-!o ""indd • • 
"" d. !ormation .Ito, biru'c&· 
,",0 -.... w<r;h doe>-... oing 

"*" in do""'!"" """''''' OS in 
f igu,. >\.-14 (<>< '~o '''''''''
;. """"bW! ~ ~ ;. con"'>l· 
Iad). S""hb.M,ior iuwb· 
,boa 0/ 11>0 biru",",'ioo oAd 
I,,"!-~ bollovior oI>o"n in 
Fog .... S· '3c. "« ..... 'bO'h 

l_~""" ........". 
'" ~ P,,",,-lof._ 
"'"' .... ' Cyln:!rlul P • .,.., 

n .. "" ..... . Ad ini<i_1y coo=/o·"p~·.!d p'n~" IHOVOf b<I<Ido. b ... "'ayo 
J\a,. monotonicalli inc' • • sirog Ioad<lollO<1.", <""' ... 

11_ ";", .. 01 Iho mannOf 01 100-0"'11 
(Ioad-COOI'oIed. or do1!oc1""-cootrolod. 
"".1, on . 0010.,.".'''0 '0"!>Ol'" 0/ "'" 
'u ....... "" ... I~. at .,,, 10<>"" .. . do· 
"""""" SMP' 'hoi is . ,,,,,,,. ttica! . 1>0", 
tho mid·span 0/ Iho .,..,-..I will> • ·<limplo· (0 
I<ocoll,l ,onC&' o '"~") "nd." ,h. lo_d •• 
in FOgur. 5·15. The,o. 1h .. 1o" .. 01 0 cur 
","o. Tn ""'9h tho ""nlor 0/ ,h. ",,1-...1 in 1M 

, 
----

f lg<o<o ~_1 ' 
Sl'.m.tr~ .. Po,,"1 00","",,_ 
. 0 low '-'-' lo .... 

, , • 



no ..... ..... .. , .. __ ...... 

_" ....... a,oc!lo<>. The de""""',"'" """"'" i. eo ... nl".,. " .. , """'''' 
t-. obUl<>td ""'" ............ Ioc! .... Ih..,ry 10' a PO"'" 0' an arcn Thai 
.ymm., .. dol" ,m.'1o<> grew. wi", IoacI u"IlI..,..,. ...... n! """U'"'" moM\" 
!!oo ""","","", de""""'t .... I1"''''' •. 

For many y ... rs. ..... , II ... ..,onl In 1110 Sabir and loc~ bonc:hma!lc 
dolo''''' ' ''n aod ''''''I<l0l9 pr<>I>I. m ,... ........... bl ,h. bo,d,,,,,,,. u .... 
to bo. _""it I"""r "h"h is. p;>i<ot . 1>0., ",,",. , •• Io.d connot bo 
_ .. s.d. i .•.. , beat muimum no>gM on , no ir>iIi&l po~"" 01 ' no load· 
doU. ctJon CUN. In FiIIU<' 5-16 A (Io.d· ) IOn" po;nt is delin od OIl , 
_"",",loci;"" 'u ..... .. Fy..~ 5·"b Cood " Fjyur<o '·V on .... !/<' 5.'ong 
wi", I)"piool beMvior). It ,no Iooding is _"0_. ,.,. "'" po~ 
dyno."""'''' snap •• "'" ... I",,,, , • • _-limil ".,.... to "'" higMI' do· 
fOrmtd ,ogioo.' I •• , ;yM 01 F~" .. 5-16. Tn ... . "'" eont .. d ollO<oo,,;, 
IlbouI ' wico ,h . p"""' riM. I .•.• the delorme<! ....... is now COI"oaIUO "". 
_rd. Tho., beho..ior . ...... 11y cal . d ' .... p.",""'Ito """k)no', b., ,., 
'. rm ..... .,.0<<00$ bucl<rlng" is $OIIII9Sltd boca'" ot tOO _10<> 01 
.... P<><>\I on ,." IoododOlIOocl"" "" ..... 01 F9,o" 5·16 (ond , ... ' 0" doll-
_ ). ot coo .... "'" 'O<m ..... pp;r.g- is .- lHocau ... 01 "'" "" P 
..,.~ "'"'" .... , ..,"""'f>' ..... """" . ..,,,, .. bocldong I. 0(1'''''''' .• 
!!oo Ioodiolg ;. "'" loado<OfOtJ<ollo<lah., , . , ""d·...,ir point , 'h. n. at hi9M< 
dolo"".tJo",", • 'd. fIo<t",,,·limil pont" io oncou",.,od "Mf' dotlO<1!On 
ac",""u an in' ia! loc.1 m",imum ond ,h.n bo g ... to _, .... ',n, 
_'9 is no! d of!o<tion-<;ontroilod, If "'" ~ is dollo-ctio,,""""''''""''. 
'""" ' h' ponol dy .. mic . ... """'" do"" from 111 , ·dolloctJon ·lirn il poinr '0 
tho """0 v."'" of <Io!1od"'" 01. m uoh "'" ." Iood (_ can .,on bo 
""goo' ~ .), T ... <l<>wn' In '~n bucldnv '" ~.!1mCO 10 tn. <Ii
,oction 01 'Mop;nv on , ... Io<>dodOtlodlo<> """" 01 F~",. 5 · f6. tra· 
"""",,,. 01 "'" "'''''''." 0I 1o!o<inG , tho """,t ""PO"'" e""",ua'" .. "ohe. 
tl>o mo"""'o.,. ... k>Q, ... slng ($I tI""'gl tie ... .".,., ,,,. "",t'''nIl 0l<Io 
01 F9,o!O 5·10 _ . Ih. dolor ...... ""n.f! ".ono ... """.0:1, ' ,g • Po"" F. , 

• ~--:-,,-""-,,~"C-""'-=;J'------I----I , 

"""" ..... 10''''", .~ 
r;gu.o • • ,. l_ , ..... c. ... , 0.0.",,,,, ~ "" 

... _ ....,. .. C;OW" C,.......".. ".,., 
__ 0...., ." S""_"" ............ 
I"""" W._. '"'-",,.,,. r."'."/S-Mlf) 

, , • 



TM p,........::.o '" a _~.Jim~ poinI' and • '<10110<:1"", __ poiof . 1.0 .. 
p<>WIto 01 "".."0,,,,",04 , • • • , .. 1 or don.ctlon -m.ogMudo ",.rsaI.'" 
dIst...,. d, .. IIo"O"'" numontol o""lvolo procod<J , .. ." higNy """,..,. .. 
.., .. _ . Ttwoo ty~ 01 bolla,,,. <o n bo ool<,"'od w.~ Iho UM 01 
.",·lon \lll1 or po'h·p."' ..... ~, """Iv'" tochniquo. ouc!o "" tho Ail<. "I<:' 
Iongth moth<ld 1~52J_ 1M ... '''''!riqu •• a ...... .. blo ""'" 'ho STAGS 
1ll,""",.1 ~'Y'" 01 " . ... ,., !ii " oll>llin~ •• Iom . n' P"'II"''' (5·&31 tho1 
io wid. 1v Il$0<l. Tho __ locIion __ &hown .. Fig"," 5 · t 6 ,on 
bo m""","'; onlv .. n boding do,,,,", "","", .. both ""'" and ~.f IO<tion 

"'" "'",u",n."...ty ..... "~"""I _ , ",m'''n9 ""no""'_ II"", ••• , . 
•• wo wiloh<>w in tM n ... ' sub-ooet""'. 'h . ,...,."... oIIown in Fisiut. 
5·,5 _. "'" ."""'Iv oc<u , 10' 'ho bort<n mo,k po n",. bot" tho "'O<J ~ 

'" """',tel 0010,10'"", . TM' io, ''''' ... , ..... rene .. OOIO''''in\l tM 
lHI""h,,""k .., ..... , "",ni<>g ,,;0, So.bir om locI< <Id root 1nYO>tI9o'o Ih. 
poMiIIlity 01 a bilurca'ion in 'ho Iood-d. n.ctlon "'_ '" FiI/U'. 5·, e 
dO""l • • mple .. 1<Mne. thO, bl " ooU"n"lO on .. ymmolr1o _""o,ion .-.. _10 "" pon." ~ 'h. y .... """" ",""",,'. 

P."", doIo"",,' ioo p!<Ig'_ -..il" ""'~ • • in Fisluto ~ 17. 1M,". 
"'" un_ ..-.- an<! t .. <IO'""",,"'n" a" \I<""V .n,,-.god ., ' ''a 
.. ""'., do-.dion so tho do!om>oOono ..... ~ di .. ;n~u"'odlfom "n • 
• noth ... n~ oIV-O do_too with. "dimplo' Of , .. porn ,,' _ >p. 
pa;.:otion . , _ bolo" tho bod-limit poi", io C"",. A 1"",1 .. 10 Figur. 
S., St. each '"N. """' . I • • • , in F;gmo 5_17 oom",l'oOOo to • po'" " oh 
tI>o .. mo ""'or on "'. __ donoetion <""'. 01 F;gu .. 5·16. TM doto,· 
mo."'" ""', ..... _ ..... to t"" ohtopo .. CoN. B ju .. oft .. tho 
_-""'~ po~ .., 'Ilat 'ho poinI '" ."",",at"" ,,1 'M to"",. P, ~ • • 
, .. ehed tho vicmly "I 'h • .... 1 01 I~o pimOd ~ Tha, is. the 
con!~' de"""tion is "I'P'" im.'ely ,h. ponelriso . k; 'ho iood """",.OhM 
tI>o ",,_-llml poll< wO" Cu",. C. ' '''' poinl 01 opp.icAtion '" thO 
10", • . p , fill . IJOOO W low tilt 1O,e! '" ,~ . ,,",nod _~S, i.. " ,~. o.n' .. 

. ... 0Ul<C",,"-UW! ,,,,. ,, 

... 0. 0«1.1<,'" w"" ..,.,"'" 1.0 .. 

'-yon ._t ' ""'",""-'0''' ., Various load co_ "" 
... 8on<Iwno'" "'"*" c..".., c,tndri<OI p ",,", 
"""". "" bO", "_"' 80",,_ (Mo! "-'_I"" P 

, , • 



n. .... ........ , .. __ ...... 

dollo<:hon .'00_ tho p.a"",, riM Ju" olte , ,e", 10& • • U .. load act. 
"" .... 'd, 00 , .. '_pit' In C"",o 0 Is ..., .... ard_ A. tho o.n'or <a!10<1i0n 
a llol'" Itre, ...... I"""' , .. ", ..... Ioea, ..... "".. ",In> __ '~o lup .... '" 
aoliogl ",IId, tho po"",, .,lirblIo tI •• "' ,goo """"""lOOn", Cu",. € . F ... Iy. 
ao"", .onlo , <lo~ .. _ """' ..... 10 in<;, ..... tho ioQd .han".. Ira,. to 
pMirI .. o (do"", .. , ,,, """'Ill, o rod , .. po"",, co,,", , •• '0 <10/0"" .. , ... 
"","n. ' <>I C"",. F ..." ...-. ... nIiol _h;"g 01 ,~. """""" ,uP"'" 
p.aMl_ Not. thaI,~.,. .. "" ·<implt· undor " o lood;n . _ CUN. E '" F 

Th. 1o;xI • • nd doIIoclion ·limi·po;n, bolo,,,,;o, wIn oym",o.,,,, d.lor· 
""''''n .. to tr.. hy.ly ,.",1 ...... , "'Ilion 01>\01,,00 by s..t,;. . no Look (S-'S( 
o rod ""'wn in FigIK. S. 1611a. long bo ... ~ ••• boneh ... ,k ooIution 
to ,.I~'. ".'1 <0rnp.A." _ n1J",",1c>1 0i>l'", •• ehM '0 """,1_ 
.., ...... ly. ,,;v, .. mpIH 01 ,.'o<one .. g"'" by W._ (5..ogl. Thol 
oo-c.ollod bone""'. '" ""klIion "". __ ,. nlly lICOfIIlOod o. ,.01isl'" by . n_ 
Tho 0010 <Jbi«!Ne .... as"' mo •• ee""tn 11>0, O. rompu, .. p'oon>m . lor 
,.,.,.tv ""'~n •• ' ond ,_ "",old prO<kl 'ho 1>0.""" ""''''' in 
FIyo,.1I-'6. _ tv", Ih. boO .... "" """"" In F;Yu,. II-'e ;0, u"'''''u
""tol\', ineofr.,;'! T .... ;o. "'" «>mputo, prog,am. wtlro .11 """I" "'" ".~ 
...en o!hor .... wi""'", '''_neo 10 .... ,oaloty 01 ... ual ".. .. , _"" . 
T~. (Oncorroc<) ~ion io .,.,. tv" "'rq ... ty ... 01 on un01.~\o .q'" 
,.,riom """igur,o_ ",., \0, 0' ."UrH. n. vor , • • ~ ... by "'" panoI. 

5.6.4 ChII' .... ri." •• 01 tho Co,,.., Pan. Bu.k1 lng Solu' ion 

W. _ ~nt~iOd 0 3i9oiI"""" ond <l<fi" . .... ovon' thot oocw. a t 0 
Iowo, load t"'n t~ o lMd- im~ point 01 t~. t>one~"",'" __ ion. """'I\' 
1>II~''''n ,_ tho """,metric dotoml~''''" """';gtJralion in10 an ooy"
m.~'" dolomr"",n toel.g.m.,ioI> .... F;y"o 5--'8 (5..o9J , Al In. 1>11,,
•• ,Ion point. tho 1"' ..... ,0>pOO'" ~.ur<.'o • . i. • .. on<> 011~. two pocolblo 
100<1 1"'1~' .. <ho .. " . Ono 1"'1" irI unSlabto. 01 nv- ona,!1\', .nd ir>-

• 

.. ------
.......... f"U<1 ..... ~ 

~~ $·1. loo' .. , ..... ' . n1O,o._ R<_ "" 
.... B. """",,,, S~ .. ",",,,.,, ~Oe" p,,,,,, 
...... ~_ '"' B .... Sy"""olri<'" .... ,""""""' -...,. 
(AltO , W_. " 11''' . ..... r_" I'-5Ch 
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.0IJes delo"" ...... , .. , OOnmU" . 10 "" 'Imm. ," obo<J! , ho mo...,a" 
'" ,h. ",,<lei Po. _,oe' ..... , ~\!OU"g be<>Chm. ,k -.'100). Th. "' ... 
".'h .. .......... 110 ... , ."'i1I'. a .... w.~ .. """'''MIO>",..., .. aoym· 
mon", a""lII 'h. pa .. ' mid-_n. ThU". 1l1 . "" .. , ean "" .. id to hove _1;"" ''''''' . O)'mmol>ic o. "" .... 'ion ... 10 10 "" .000"Hn. "" <1010' ... · 
10>" _ • . '_" , , ho • • nol ;' i . " 'I'mmel" delo<".o"'" ... to """ 
con~" u. " oca.pI moro bood (Just .,. pia'. ~ '""'" load "h., 
""""ling) unli 0 k>a,Him~ oorn is O<1COIJot.,od .. In FiI/IJ .. ~13t: ("" 
01"0' pOOO< goom ...... , , ho behifoI", ~It., bilurcolion """M "" _. "' 
F~'o 5-a ). T" ~"" booyond 'ho bad-limit ""In! doponds on t .. 
""'UfO of 'h. loading. ' 0 .• _h. f 1Datko"""iod, <Iolloclio"«>nIroIod. 
Of mOf. !IO'''''''' Iooding, Nololn.1 no ·dofiocbo"· .... it point . ond honeo 
no .,...,·down ~, <><.cU", .. the ,OOIT""') "",mm. "", ",~, 

Tha, is. ' ho corr",,' Io.d-dolle<tion c""'o "0'" ""_ bock upon ..... 
ItS _ . tho CUfliO '" , .... 1noon0C1 ""tlllloo ", Fig"," 5-1 8. Wa_ d is
COVo,od , .... """'0<,'" ealOu"" ed Sl.bit .n<! LOCk """'"m.* .. __ so 
~.o .. , .. mioMd 1>iI,","00n bu<k~'ng) wh ile a tld,oso4n<.l _"ling 01 • 
poin' ·loodod. li"",.,. inlo""",, rompo .... <i<cuIo, cylirdical pa"o l ''''''' 
""'h • In"",eIi<. , . oo .. po';"O"1aI oto,-q,oinl. Ho ."".,._ to o ioo
trnpic _, 0)'_' ",,"01 01 Sob • • nd Lo<k 15-1elo" "mplo, co .. 
01 Il>o mo,. ""mpl .. co....,oolte ""n ol ,. __ •• a"" 'ouod tha, , ho 
1>iILJ<",IIKtn . !!<suo Ioad-lim l PO"" . 'go"",nl is "'" .. m. In both """,", 

~ I. <nO'" ,h." umort .... '., ... ' a long ",Ing '" PO""'" '._"' ...... 
did not ,,,,,,,,,,,,,. 'h., Il'1O h.h,."" 01 'ho o ircul;a, eltindtle>.' """"' Is 
.""Iogo", 10 , ho tHIn .. " , of • .....,10 .",h. rho' .. tho ,reh. , th", 

"""""'" a od not """_. , loo ~~""'.'" ''''''' 0 ",,,,m. 'ric <I0I0,,,," .... 
eon(;I/" " IO>" m o a" o",mm. 1rie de(o"".'''''' ",,"~,Iio" " • Iowo< 
!oed ll1an.' ",hieh I ",,"Id oc~ .... o a Iood·,;"'1 point wih a ",m""",,, 
delo,,,,,,lio" conf'gu,._. TlIo, be"""", ..... long t>e-en , no"" I""" Iho 
e""'" ""'" oj fU<>\l """ IlaplO" 15-~1. n",,,,,,,_ .,,,, Go,. "SO 
oho" u ymm .. ric dolo,",",,,," 01 on arch [5-55. p_ 2 g7]. Sabi" OO lock 
_~ • ..., ..- ' ho" """''''''0' _eh lot .""""'. yo< mo'" no 
",on,""" '" any o",,,,mo,,,,, .. _ _ 01 • P'"O' anor 1;>0(""",.," _king, 
Mo''''''''''. 1 .. oopocially _"th"'ll lh&' no "". wh<> uM d 'h, h, ..,h"",,,, 
..,IUI"", ""U Warnlo ,,",ugh' lo petIotm .... "_,imen' It> dete""ln. tho 
a,"",,' t>eha.i<>t 0( tIHI cifc<M., O)'ind,,,,al ""noI to >eo whe""', lho unu-
... 11 1>0 .. , ,,,, In FllIu,. ~- !G It "0" _';zocI. (.»/I""",, , H'\'e .. .... 
Catpo, po ~OOl1 od simg, .. porim . ... on nuow '_·,oink".:0<1 com · 
poKO < .... Itd p,,,, 1s [5·51;), ,,,, ''''''''' b' un:o' ioo. "", .. _"01 """*'0<1 
;. tho """""rna ", _go)_ W.",,·. _ ..... ",. promplod ,, 1m '0 f"~he< 

inv' ''9i'' 'h. ' hoofO 'icaJ """".", .oo uo<"" .. tho ..... """"""" . 
""moll' t>iluto.tio" In!o an aoyrnmo"" dolotm.tion 00"';9",,"100 wlh 
__ ",,", dim" ioII,"~ of 'ho • • ,"""""'" 01 Ill. delo""., .... u,,1i lho 
dfJ(otmot"," 000'" _ ... ,"' .. ...., n in F;g..-o 5_18. Tho .. , tho 
""",oi' ltd sym .... ric <Iolotmo'"," "" 10 I. load-lim . point a "" "",ond is 
ohow" as . ... ."Itd ..... 10 _"ui<e , .. I ~ Is not ,..,~. F""" b<J<h 

"'" ""'oolzod I<>at!-liMo poi"' on "", . ,""""'''''' ""'onna' "" 0""''' .... 
Itto , .. '''od Ioed-_ ",,",' on , ... "y",m. "", <1010'010'''" '"tvO, it io 

, , 



1>0 ..... ....... , .. __ ...... 

posstoI. 10 II ... '~.e~ _g' ~ t .. paIlO l .. _ ""'~ load 
eontro)!. Ho""" .... no • ......"..;0"'" _ .ling .. 1sIs In th. COO ''''' ooIution. 

At biI.".t\on. t .. ~ O>od-<lol~"" e ....... " .. dftioo ' '0 ~,_ 
c.)" "' tile ",. 10 o! F",u" S· n • .., .... _'00 ,~. O>od-d. no<1"'" ,.. 
..,.,., ... In U .. n.~ o! I!oo bl u«01"" point in Figure So,Q, A, tile 
.... "o. 60n poinl, "'" """'""at"" e . nav'" ""nQ"o '""", ..... "".".,.-. . 
..,.,., .. to 'oymmOloic " spooooo . .. 1or "'"ny, 1M no' d, \>t""",riooo oil· 
""t"no ( • . g., p,~",,' ba ro ~ f",m ottaigloO 10 symm.,,"'"' .. ymm. Hie 
dolo, ... tioN dop,odO>g on tho boundary eo",",,,,,,). W. otr .. N. do · 
1_. <O.~ . ...... ~nd oIopo ~""""""'""r ~I tr~" ..... ,,,,, In F;gu ," S·l~, 
Thot is, t"" .. "" e"nl/O In doIIoction, uoiko .n . dr.otic cho"l/O In 
dof""tJon lor a ~rl""~ "" .Ir;tot. a."'~ ",,_0Med btr, ... CMptar l_ 
aOO 1M th. 'no .... n~·1<>r. pe~"'f~ nof, "'·P""" co"",o"'" p .. f. In 
CMplor lhfM. Mo,,,,,,,, ... th~re is a omo' ehongo In 5kJpo '" U .. kNrd· 
don.ctloo _ , .......... a~~OC1 pI.> .. whieh "" •• oIgniIi::arrl ch.ngo 
In ..,.,. a"" _ I'trlOC1 W' "Me" ... ~ ""otic eho"ll' In ..,.,. ~IO "'0). 
Tiler ... no ... ,olie """""" " _tion -SIrapO , I bi",,,"'ioo OS w' ... 
In Co,.. B 01 Figuro 5 ·20. ""'ie~ ..... Iogoo. to I!oo dol"""",,,,, t>.. 
,...,,,, ....... .,.., I<oVOl C""" 01 Fi9u<' So1l la~"'. "'" ."0"'''_ In 
H, . .... ie, ' d"'.,,,,,,, .. _rgod). T!>o 'oyonmo<"I .. qoit. ",ik! ... ioJy 
"10' .... to "'" "",b",~~ oymmo"" dol"""",,,,, that oIiII dom ...... tho 
dolonnotio • • n_ po Th. ",.jor pioillOm .. . ~ "'" .... ""'.600 
point .. ' 0 . na!y",",.nd , I\io lop" " 0<1<;1 .. _ """,,!y. For . _m. '· 
oic~ po~O<t ponol, bit"",.,ion might OOOOM w~h • notic • .., .. ooppirrg 
_. Ho""".,. Io, . 11"0"'",' ''01)' irr.po~oct ponol. tho UoMil"" f""" 
a .,,,, .. ohio """"' dh ;"'portocfion. 10 an •• ,.."01,,, po .... ( .. "" 'ho 
50"'" impo~OClion.llypica~ oec<JfS .. ~hoot ony "" ..... Note 'hot "". 
po,imen" portormod orr ntree .... rily im pe~od po .. " hov. "" ~ """ 
""mpanylr1g .'urea""" (I ... 10.01. bit...,.'lon .. on "",,,,1· In «>Ok .... 
• roy ""wln9-!)'P<O buckling .'~·ays h .. Sign''''''n! _Iorto<! 001 .. , , 

. """"""". """'.....,.. . ... _ "'""""".u~, .... ,"'" .. ...,. .. 
CUll'~ ""f~TlO~, .1 

' Oguro $." fr"'}O<IlOO<1-Oor1oc"'" ~ lOr 
... """"",",,, S-ro CIw.<,o. C,,,,,,,.,.. ........ 
'" ... _'-" 01 ... El'",,",;o.-, P""" 

, , • 



_----1- .... .,..,., ...... 

"9>« !·ro C>o!om»,.,... at Va""",l_ '-"~ "" 
... 8er!<..."." S<t-»fO CIreuIor 0,0""""''' p,,,,, , 
_ ,.., "" ""'" S,."."."'" """ .......... ,"" _ 
{AIt<r "'_IH'11 

T~. pan. ' dekl,,,,",,,," WII" the «""oct) • ..,.""".!ric MM .. ", a oa· 
Iyzod 10 k •• on many <lIfer"n' oh.roct . .. a o ,flo lood_locb>n c""' .;. 
".. • • , ...... . M., Io.d .. oWOod ..... "'~" I oymmolrit <10/0"". 100 W~" . 

'dimple' 10 0&0" (CONe " .. FiIlu ", 5-20 which .. ""'nj"",1 to CUfYO ~ .. 
F;g"" 5.-17) oml tNt~'io" O<e<n. ~_ 0"'''' ;" Fig,," S-3l Iobolod 
>01111 • Io. Of curo __ 10 • ~." ..... " ' M sa ..... Iono, on on o !Dad
<101100110" <UN. 10 FIg",- 5.-18. ""'0, tNtU' • • 'iOn. osymme1"" <ltfo'''' ' 
_ occurs that is , ... 110, 10 two buck" wav ... , """ down . <><1 tho o,~ 
"p. boA " _""0' ,.jh. 'dimpIo' "",,-, tho ""'" Ie"". B). Tho dolot. 
"",lion 1><Icom ...... , mof1O •• ,,,,motrlC • • the Ioad ·iM!.,.,;no. " pUMd 
ar>d 1M Iood doe< ..... (Cu",o C). N .. , ,~ • • 0ro·1oad rordition, ' ho 
dolo", ... tio" .. ..y,l)o • • y.,motrio ...... _ pu,.1y . "ti. ,mrnolric (e ....... 
01 . Ao I~. bod _, ..... """ "'" oevat .... '""\10 .00 oub""'lu . n..,. 
~ ... . _. ,.'0. tOo <ltlo,,,,o''''" .. ,,,,,,,.try ~_ ... cons<lt,. 
ably (e""," E). WIl on !he "-I ogooin be<omos .. go (and pod" O). ' ho 
del • ., .. olloo is "II""' .,.", ... 'riC ~Cu ..... FI ,,(~ ....,.u.ntlal .. ,.!c!W>q '" 
tI>o ""'" <o"". vo·_ord po ........ load ioc' ..... . TIlo ""'...,.m ..... '''' 
doto"".t'm com~ .,. 'ho .,... ",n ... ,""""''''' .... simply ,,;-. 
Ioooving !he oym ",. trio 00"""","" to domlna.o at 10,11" """,n"aId do· 
f1o<bon who,o O.HoNlty mom br ...... ro!Ch~ """.... Noto th ot tflo 
_ mmotric <Io! ...... tlono >IIo-M'r could iu", as oa.iy havo happoNld in 
• mame, ,elloclod robout the veni<al ",,"e rline, i .... h ighe' ",",veo 011 ,he 
.., tI>on 0111110 >i!l trl,)o.roj .... 0 »ell"'" .-rt"""~'''' 0_' 0"'" _,;'" 
oon bllOklo In ony ";,oct"'" with equal probability 

ThO <llllorm,"'n '0Sp00" "ho, bilurut;." con 1>0 lhou~hl 01 .. 
... ~ rompooed 01 suporim_ d $Vm",",,>: .nd . ntisymmo">: .hop .. 
wiI1l .. <I> .to"PO hOYir>g dirto,ont .m~ or rltto'ont _9 o~ ... 
Th IJO, tflo ooy"""olric <IIIlo"""t"'" , flo< bl LMCD.tlon buddin9"!'IOt 01 0 

, , • 



11> ............ , .. __ ...... 

eo""""' .... ".. .s H .. co, .. , dolloelion rner ... a, The '<log,,' 01 
.. ymm"' .... '''ngoo. ".~ ~ In , .... _.,<I%""",ion ._m, Iir$I 
_'oIn9 {C"",. C), ,...xt ><"~Ing ... , . .. ioymm ...... {n .. , P<rinO 0 
,ep '_od wilh C"",. 0 ), 'hen _' .. ""'0 (CUNe E) • • roj '","1Iy ~ .. 
~ (Cu"", F). Tho, i<. at Iorvo oon'Of _tion •. thor dolorm.tio<r 
"'ape io _9"1n "'1"''''0''''' {Cu". F) _ au ....... p . ....... "'11 .".""od 
by "'II" mom""" .. 10,,*, .rr<I . ........ 1'1' _ YO. Iiko • ol'"",,",rio 
mom""'n. '",~hout any boodinsl thn' would lead '0 . oymm.' .... ). w._ "....,,,,,,od 'jm mo,,", '''''''''' .. 0/ a libo,·' ..... ""'od com · 
I"'N ' ereu"', 0)')""""" """"I u ..... , ""r_""'oontn>llod _0 'oJ' to 
tlMr 1>1"",",jo" _ and th. " 10_ " I'mm .. "" '">PO"" u"tiI tlMr load 
docr. uod to .. .., In F~. 5·21. n"" •. th. """or ""'lodion,"'." nor· 
maliu<l by tI>t """'" ,~"""" .... I, NOl. thO oim ilo.';Iy " t~. ~frIr ..... In 
Fig'''' ~· 14. H. m."lOurod e •• 'Of ddo<,kl •• 00 lul·field doolorm.tio<r 
_ .... wih . non<Of1la<tino, tIl>.~ 111_ dioplooomonl " •• .aueo •. 
HI. m"'''''ed ,_ .. ago-oed ....... 01 bot n q .. I11.,,,.,,, aOO q"" .. i
!<In • .., _ tI> • • ,_1Od boh •• 1Or """"""'0 bilu"'.lion ~"""'ng .00 
oubMG""'" . o\,mm. n<: '">pOnH ""ltutat"',.,;tt, t~. STAGS program 
(5-531 r ... "'"",.lIon too<O __ """"'" tar ",,,,, lnan tI>t «>"'1"'''' 
P"'" oq u .... .. m 01 ,~. """""oct 'I'mmOl"" ber'dlm ... ooI"';,n <."", . 
101'" 'MIh STAGS. H. w • • u""~ .. to coot"' ... m . .. u,~mgot. irtlO ,~. 
""gaIN' bad togi"'" bocauso "'" _ "I'I'licalO' couid pm. ide 0 ..... 
do""w,..! 10"'. H . . ... '1' . .. , nd "'porim, "'. (nciodng m •• ou,.,j "" . 
form.lion _!"". ,... prHOt1eO 01 .......,h ._1_ ,1>0 llilurcr.tio<r 
_g . ' 1'*"'001.01'1' beca_ 01 I"" .... ,rnmetJy! or. I"""", "" . 
.. _ .. ""PO" by W. r<fe. Logac •. oroj T"""~ (5·51 ~roj 5-[.01-

,. 
• 

LOAD 

........ "" ""<'0"7 ~ LOAD , 
• 5""' .. ..-111<:. ",r. .......... RIC .""""N' . " An,. ""n.c.""" 

'!,"-__ ,;::::'::;"=-_",,_":.,,oJ":.,.. __ .=-_-'!. ' 
NOR .. AUZED CENTER DEFLECnON • • : 

"p H ' WonlIo', _ .. CJ«>Aor-c_ ""'"""""" p_ 
"""'1''"0 fo , eo.. Sl'"""OtrI< ......... y ...... ,rI< __ ..... h,.,.,,,,,,,, 0 .. " , 
IA)<o, _ . ~'". M>d T_15SJ~ 

• 

, , • 



'_"'~T_ '1.1 
,.e., Common DITfk:ultl •• In Engln""".. P_lom Solving 

n. 103<1 __ "'opon" .. Figut"" 5·' 6 . 5·'8. otId 5·21 Aod 
tI>e delormotioM .. Fjgu, .. ~' 7 aod 5·20 ".,. ".Jculo,"" >Oil" ,fie 
STAGS 1 .. 1 •• Iomo n' p_m [5·"1). A oymmOl'" ~nh '''mon' _ 
III 1t>O em ... PII~ wo •• "",,""''' 10 Ob_ 1IHI . ym ... ' '''' roOp<>n" 
~g"" 0<x01Io<! lnoor'teI) 1:>on<M>.,k -.,"". No'. "10' ~ ' fie 
' rmmOiry oj ,h. a"' .... "",,"I io wi·'" 10 ,~ . ... Io .Iom. n' n"I<ldel by 
""""''''''' ontJ OM .. ~ '" OM q ... rt., <>1'"0 po n. 1 10$ ""0 '*"'* in , .. 
t>oochm.", ..,u""I. '~.n t!M n"I<lde' CO""'" ",_od wth . ny doto,,,,," · 
tio" tho' io "'" o),m ..... ,ic ("""''' """' " a "'""mmolry -'''''''ry 0Dr<Ii00n 
io Pf .. c rill. dl , PIOII"""S such as STAGS <:an """OISO 11>0 biIu<cotion 
""'" a od ooiculol. II!. • ...,., ... "" ~, """·~"",.'ion '"1"'0" 'hoi 
ill •• ,mmOllie obout ' M mid-" '" ,~. Pllnel only ~ IT. ,1M lu i poneIio 
modolO<l.od (21 ~Iu_"" iIl .... ~ ";"II*'od io """'. ""'_" (T o. 
l>II u,"" ..... load ood modo ca n t>o ""lcu",0<1 wl~ d .. , a quano"""M' 
'" 'ul-i>;tMI 'nil. oltmon' modo' M I"" o'mpIy ..... lor I/l""'~ . SllO" "!g
oo'ing io "SIJ.1Iy ac«>m p_ by .... _0 ""'ding inlpertKtioos such ....... "",m."'" .. "'" lO.d _..,.".. '" Il00'" 01<10 ;",portoclOons" 1" 0 
_ .... m,Urile, IIo<h m01l>oO. ' '''l uiro con. ider.r. ... " ' poOo<lC<l '0 .,. r· 
Iorm «>mId ly . od ",,"""". nlly, W. r<Io .- ,h. """,.""""'1 mOl"_ 
lor tJig9<'hog • b~o"",''''' .t>d 0100 "" • ..,."' ... ltic _0 'ochniquo 
(""'1) in hill _ notion [5'~'1 l""oe>riIled brie/Iy in [5·501), In Ar.4T, h. 
";"' ply put 0 d;/l.,oo' """,bot <>I ....".n .... , ... I.rt ... ! 01 11>0 po"" 
,,,',"" o_rved io "' ••• 1<1' ",..,."" II> F;gure ~' 5 as "" .,eM '''''""' 
' fie ~ ha~, lila' moohod _ no' roq ... . , po"''''' (joJ" "''''''_ ') 
ood _ ,ead.,.'" '~o <In ."" (ot>d co~KtI.symm .. "" ",_n ... ~. 
,~"' .. mo' tTods a ... ' ricmg Sl loGS lot . ny otJ>o, oomO<lo:.1 . nalyoi< pro
",.m •• ,~" n Iinit. din • .....,. mo.h coul<l , 11<> t>o modo .sym mo'ric). 
nlOt' 10., STAGS . nd 0''''' P"'9'"""" ,,"</ b. 'trickod' '0 ylo l<l , ... ""","", ""lit"". llowov .... 'ho .ogin •• , most ' oil _'iN , ... t h. must porlorrn 
tha, trit .... g! UOUJally . you got 0"1y ..... , I"" look fo, wl h nummoala" · 
aly"."., K yoo 'ta • • _a"Io\lO' 01 ,1M o,;g;nol goo""",", .,mmo"Y 01. 
otrudu,' try _WIg ~ baood CHt , ... Wno~ oj . , "'.,., .......... in m, 01 
..... !Ilo calcula'ed <10/""'''''00 is 'ore"" '0 t>o ..,.mmo' ''''. ,h. as1m · 
mOl,., de_lic~ ", O<IH ,,"."'g b •• " 00<0'''''''' " Om "",,_,.UCHt, 

n . o,fIe, _""" I.;ur. <MirIg , ... _oIop"",,", 01 ,h . incor,"", 
"'''''''m.II< ",ob"m ooIution .. ~ .... mm""""'_ • . Comm "n"""'" <.O.n 
t>o _ 0< """ ' ,g,. _ ', .rtic ..... mol. tolopho no c . .. . co""o",, · 
tio n ••• t, Book. a nd nrtie ,.. m. p ....... torm. 01 commun""""'. 
Emol . ,.Iophono colo. aod cooyo ''''''''''' 010 .,:1,,,, 10,.,., 01 ""0'''. 
we '" . 11 '"-"""'It. k>r ',.",r;h>n~ fI>o ,;,., • ...".' .. \IiI;n _kll'out>d .... 
til. pmbIt.m .... _ ... 10., moro "' .... pllMlv • •• , io ~ 
Oft""""",,, hi' Googlo _ ,chU , among ",M.s, 5';1. 'ho ~ioIory <>I • 
problt.m Is t>o .. IOIJI/ht by asking a '<noWT1 "po~ II> , ........ 10' ..... 
"I" or """ "" .. , Th., .. ,Ot. oct .. jus' " .. I.>oblo., Googlt, I ~ 
moro '" In • ...woo, trying 10 . . ....... . ""'''"I:)' wth • p,_m 10 0 
00' ''11''. 10«. , u. 1o t>o 010'0 1Ogic" ''''n w' mo;.. b. w,," '""" ... ,.. 
in9 " l h 0 0_11'. _ try"'g '0 Io(jIeoI:)' o><pla" .... h 0 dilfico l:)' '0 • 

, , 



,.. .... ........ , .. __ ...... 
col .. "". , I have oIIon on,w. ,od my own Q~ "'~_, my ",,10.000 
.... on rospon<lino! r .... ' ,osuII ~ """,,u ... ' "',",. , ... , .... '0 1>0 
""'" ~I when ,.tlring 10 00",_' "" ""'" "",n 'con'oP$ino .. t . 
",.,. ....... 01 """'", , .... , . more OIt. n Oonol_ I,.." "'" _1<. 00<1 
cooo~ 0/ . <0Il00_, N"" ... b<o .".id or "'0 ._., aol< <om"" ... 
abo<.< , dtll<ur:t 0<" , ,,,,10 ... < .. " ~Iol 

Th. """",_ . nd """"" toon"'"" . '" """',;"" '0 I"" O"IV"" po ... 1 
_ 0 p_m I • • d ., _ .... 1 <om""", dillloul'u in 1><>110 nonIfto .. 
..,, 1 .M ....... nd ~MraI " ngOnO«ing p,oblem ooIItng bang Odooliliod, 

o "'"' ,ooll.lng 1h.t or ...... ,,,,,,",. 1 p_m •• , ..... iogoIr. to • probIorm ""g Irw.st~''''' ond _'*' """IOr, bo nolpW in u",,","""""11 
no .. pr<>bIom •. 
No! _ ';n.g ,not .im p" .. ~.nto.. ~ PfOIl. ", """"",,ed. con op on 
."", oyoo ., , .. ... 1 boI'r;o"" 0/ 0 _ structu," 
San . "um. oI<.ol """",.eIM • ., .. ,"" ...... """ . ,. phy"" "/)< . ym· 
motrlo"';l ,wid only symm 01"" roopon .. oo ... h,,,,, ...toen , in 1oc1. to. 
.. _ .... ean too • • ymmotric Th., Os. ju" boca_ • " ,Udu" " 
O)'m"""",, docs nO! m<. n ~ wiI """"nd 'ymmou""lIy! 
Som o "u_ .... , .w __ to .iNe""'" ........ ... m"" b •• djuolOd 
or 'ri<~od in ""me "'"""", 10 .n ...... tI,., prope' , • .".,.,... bo ... io<" 
"""'n.<!. ~ no' ""'~od, """'" fI''''' '' ... "".", .. nO! no< ...... ~ p'. 
_ od""" m""",. in roo" roe .. _, 

° W. h as fico . 1 .. ,.,,,," ,, " ..... ~ is ' ''' ... h.", '0 b. '0 ,,",", ' Mlh 01 t" , .......... , ., . ..... blo. H.ne. , consu lng . oo .... ou .. ...... '" I ... 
10 oIIon q"'" ~luI. Tn., 10, com .. """",'",." mlgt'O ' .... , ' no'i>9< 
po .. b lo ..,1uI"" 0< portin. ", .,~., ' ' '01, How ........ """'. 
" ngin • • ,. HOm to "'I 10 'go •• Iono' Good . no .... ,. h ... .... mod 
to , . .. "Ih ''''' .. """ m ig'll give It>om • d" . .. o' ... _Iv. on • 
proto_ ,ath .. t"n _ mg "'" ..... i .. , . _ .. rnort:inII "".,"no. 

~.6.6 Summary 

E"""'offlOa E~ 10 , .... "-Y 1. """ '0 P'''''.'''' p.,,,,,,,,no. _ .IIr.-p, 00<1 co","", .. i1h .. I .. <Om""", .., . I .......... dtI"' ... , .. 
1ha, _ . Id",Jljiod. _ . 1"'-0 <lI!",uIIos ... po.n 0/ t!Hr ov ... 1 on· 
gio><ooPInQ p!'<IbIo m...,~ proo .... c.naln", 1 10 nO! po .. t.Ioo '0 oi"'f'll' 
1. 0<100.....,1 .. p<01Jf . ..... O<I be _ _ rod ""'t t!Hr _, -..ion '0 • 
""""", .. proto_ "". _n oIlC.inod, Compu .... _",mo 000" l>o 
in ... 9o"'''' u. od .. bLJI on. ot .... "" toolo in ,h ..... reh!or ana" ... to prob_.. C. rt . .. ~. e rn ..... oommo" (0,. y"" ""n' """" tho . n . .... to 
_ 20'\0 _ ... "",,"put ... th. n ,ou''' in n" . '·MIIOfland !rlfr t .. 
eompLJIot") 1 5-~~) ond 1.1."_ . ot...IVa''''' ("G4rbago". _01 ou" 
(~"'JI_ .. ~ ..... icot>lo, l.I.rt .... "". co "bon .lIi'in" ~" ......... " .. lev .. 
co,"", out 0/ t!Hr 00""",'''' '-".17 m u" be h,_. 

In .. probI.m·..,"'ing oiIuotinM, w. most "'1"0<"", disc.,.. OIK,., 
su" wiln coI • • gu .. to lli'ln """"""'-" on 'ho p"""'om ... _ .... 
ThaI It. no! ju. I"", ~"'uI'" in OoM.,g' ptWIom , but",. algnl loaneo 
0/ .... , " . h • • • "" ... TI>o .. d ,O<1. ad"'. communlco,1ono . , . ....... 
U., '" "'" qu ... lor tho '"",_ "",Utlon' 10' P""' ...... · 

, , • 
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'.7 SUWMJlRY REMAR!<;S 

n ... w~ bo , ..... . " h • • Y"" bo<om. """"",,,'mod wll> ' '''' ... . 
merica' "'1'0010 01 ' '''' ""'ub,,, '0 0 b •. .", ...... p«>Il\om .... 11>0 ... lime .. 
yO" "",01 _.,.,... 1NgIl' 01,.,., Tuodom.ntal......,.,1eo 01 buO~~ ,f>01 
yoo ~mod .. 'M, boo!< lor ,~, "' .. , baole OIruclural , *,, "01$; b ..... 
,"",g. and "'.... ~lway. com. b.c~ '0 ,.,., 'unda........... WhOfl yoo 
110'"'' , •• u ••• ...,.'" _ . , an • • ",. na'ion , ... , .. eon ..... "' ... ~ Ih. 
T"nda_oM, lwo:h .. ,h. <Iio<u . oion 01 tho _ . ... , """"",,,lcity.-. .. Soc,,,,, ' .1). Novo' ... ...ty.ocopl nu",o,,,,,' ,",ul. W~Ilo'" _ ,. 
ing "'om Ie know" '"""""". And ' '''' """"n , ....... ~" lho • • ~; Iablo 
._, __ ions ond ot~., pubbhod 1& ........ KoWlWM. bo ,"ry ... .,. 
,10 .. a bOut ..... ,"'" ''''' ","""n , .... ~ •.• '. 00,,0<' t>oea ..... 'h~ m~ 
"'" ~ (,ocal 'h . 1010_ tole. p«>Il~ 10 Soctio. 5.4 .3 .nd ' '''' """rod 
1>0"""",_", ookJI"" 10, buOklolg 0'. """"ally _ .iTeu,", 0)'_1 pa"" .. Sod"" 5.6). 1.10<_.'. not ..... "'l"'rtanI ",To , ... , "p.,_to 
ploy .. both tho \oIIowQr.to<c. probIom.oo .... poooj bucl<lirlg prOOlom • 

.. , J ........ J ......... , . _, _"',8_£,_ 'E __ .. 
........ .. ,..,·w ..... ........... v-.. ' . ... .., c_ """"""< _ .... 
.... 0 ...... _ . """"","" [ ......... ,_ """"', ",- _.." .... _ 

M<l ........... ,_' . ...... _y",""", 
H • _ _ , ..-._ ......... _ 01 ""-., """,_ .... , ..... '''''' 

' ...... _ ... .,.""-~_ .... y<R.,.." 
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Appendix A 

MAXIMA AND MINIMA OF 
FUNCTIONS OF A SINGLE VARIABLE 

MO$I .~",;ng _n" .,. " ••• ,,'a,. II'Iat II>t I,,,, do,,,.,,,,. 01 
• ""nt;.,UQU" 'uO<1"" " , . <t>", a """,im"", Q' "''''''om 01 , .. ,"""'.,.,. 
F..-, ...,.I 'lui' tho oign 01 tho 00<."" """,.Iiv . ... . iies _no, , .. 
......... 'Y ,.Iuo do' . ........ b)' • ' . ro I ... do"".t"o .... """""""" '" • 
m;";"'um. En. to,.., . ,. 0 .... '. 01 " ho' '0 do ~ tile _ """ do",.'". 
I\aj>pens to be ,oro. Tho>, _ oppon<b .. ",.""".d to P'" rOld;"g ,01· 
a'". max""" 0"" _ 01 • ,"",,",. on • r"", Iou_,"". 

eon.;"o, . fur>cl"" Vol .. *""'Ii1O •• '_ 0, ~l». 10, ,,~i:It ..... 
OOM'Y ,aJ.o 0C<:UfS a ' the Ih .a'u" 01 ' . . . .. I .... 

(A.1) 

,. " 
SllCh 0 "" iona..,. ,.1.0 0/ V eo. 1>0. """"0 ",axim.m , 0 "'''' .... min· 
imum. a ". .. , 01 po;nt. '" on nlec!"" txM., ItO ....". .• in Fig ' ''' ... · 1. 
n .,.. E~ ... ''''' (-"')" ....... .., • • txMnto ; . '. 2. 3, " ond S. 6y"· 
-""ion, ' ho funclion V(. ) hu . ,oIativo m .. mum"'-I: 1 ond 4, 0 ,.\!I.". """im"", .t poht 3 .• nd on nle<tion point . t ".,... 2 AI"" 
ohoMi in F9>to A·, a t ... I ion 5 .. 0 .... 00....,.., 01 .... ~'.I poD, lOr 
_h • • dof".," •• Qf VI' ) '0_, A.....,.. pIty""",1 .. omple 01 such 
""' ...... '1 ,.Ioes is . bead on o..u ~ ao in F9>to .... " Tho' is. 
o min"",m 01 V(. ) (,"0 _, pot •• 1io1 ,n.,O'I' 01 'oe bNd) "",,.SIIQnd. 
to .. ..,'" ... uOIbr1IJ m . .. ", .. imum 0< ""loCIion...,... "' "not"'''' "G " ilt>
rium , ond a """"01 poinI to """" .' ... ui obfium • 

..... ''''- • 

'" 

, , • 



_ .... _ .. ,....-...,._,,- ,,. 
To <Io,.,mln_ ,~ • ..,. die: <!\oracler 01 a .... 10" ...... poIm. I .... u p .. d 

'11 _) " • Toyl>< ..... aI:>Oo,.o( ....... 1""'"" PO"" , - ' , : 

~' d'v h' r/'I 
21 d,' 31 0.' 

" ' , "', ' 0' , (A.2) 

.. 
v 

L /' 
d ... '" 

I •• .. I 

• ... • ... , 

,. " 
~' d'v 
21 d><' 

~' d' y • 31 ",' • (A.31 

' '', 
_.'01. in IICCO<darooo -..Ith ,"" dollo ' '''' 01 • 010''''''"" po;.,l, E,,"OIOO 
(A.'). tho ! ... ' orm " EQUO!ion (A .3) 10< ~V ,"nko/lO. ~I.spac!"" 0( , .. 

• olue 01 oilo aI h 00 ,ha, 

, " , ' -' , 

,', .' , (A .O) 

' - ', 
Th. chahlClo< 0( ~V ,dl dolo""". tho 'ypo 0( .... '''n' ry .alu" a' , _ ' , . 
S!><I<~I<:.>"' . ,"" <10m ..... '.,m " ,h. Toyl>< ..... I".. AV mu,", bit..., · 
"m~ n om.I '0 d. ,,,,,,,",,, _'~., ~V ;. a lway. pOOitiYe (0 '''~I i,. 
mlnlrn um). '''''ays _, .... 10 .. ,."". """';""""), oo_""os .011"1>"0 
aod OOtnt"" " post ... (on ....... 10<> poIm). or ~)""YS"IO (a ....... , 
point). For ~V 10 bo post ......... lo.d01g '""" .. ,119 Toylol ... ..... 
Equol"" (AA) . ... hicl> io by "opect;on 1119 '''\10'' '''''' tooc." .. h io • 
• • ..,. .... 1 • .."b. ,. m"" '" pod ..... ; .• .• 

h' ./V 
21 do ' , . ', 

>. (A .S) 

, , • 



,.. .... ........ , .. __ ...... 
B"" eY"" thoo!lll II can have ~"" or negat"' . .. 1uo' , tooc...oo II .. 
oqoa"". 

(~,5) . -', 
io •• ~~ion' 10< 0 m;";n",,., 0' V(. ) ot x _ ' ,. S"'~, ' •• ""nng _ '0 

0', . ' < • ( ... . 7) . - ' , 
.... ..,~"'io'" lot a "" """u'" 01 V(. ) .t "', . H<1oo""". ~ 

" . ' < • 

,. " 
I ..... ,.,. ...,.,.......,".'10. Ie"" In ,h. ToylO!' ... "'. 
dominant t. m>. 

io roo Io<>gt, ,hi. 

""",o,",'ngly, "", .. " "'''' 'n tn . ToylO' """$ 

.' " Jt ",' 
(A.Q) 

,. " 
mull N .. amin..:! , Ol>vioooly. boca"so II can tou. po_. or n' !IB''''' 
v.Iu ... nd .. oLobo<l, ,to. ,.,'" '" ~qLhOtloh (A..~) can be PO""'" '" .. g. 
0''''. ~"'..,..,."'. 04 ,to. ("""'",0) v., •• '" , hi. ," HI do"'o''''o. Thu, .• 
""""ro third _._ 04 V{. ) a' • _ x, """,._00010 on inflOc.'l"'" po~ 
01 V(. ) becou>o ~V u n too eithe, POH'" 0' _, ..... 

H 'no 'Ot., ""oIvlng "'. ''' I<~ _., ..... Eq .... '''''' { ..... ) '" '''a To,1or 
so rio>," '1fO. !hen 'h .... " h;gr,.r ,. ,., 

.< .... .' ( .... to) 

, - " 
io!he dom"'''' 'orm. or COO'IO. "'" ,..,ond do' .... "'. mull . Iso be zoro 
"' ....... Ie , "" \D nn o \D c.., .... , "'" ,~"".do"" ...... to"" .. 0 1 , Obv. 
ouo>,-, "'" """""'oion. ' 0..01\0<1 for ' " . 00<0"" ........ '''' ... "" " ... 100 
valid fo.r th. fo<J<th·do''''.' .... 'fIfm, Equotion ("" t C). 

Thu,. t.,. math. ,.".,,,,,,, 00<1",,000, ,h. rulo.I<>, dot. rm .... g tn . c,,",'· 
o<t .. 01 0 olo'iono'1 ,.'u. '" V(, ) ., ' _ ' , .,. 

I ') ~ tbe t ... """,.'" d. rivatlv. "".,. " '"" at • _ ' , .. ..". n .M ~_ .. , 
'hl.n Z' ''', tMn V(' , ) io . ,010"". minimum. 

(2) H!he til .. no"". ,o do"'tiv . ... , .. ,"" ~, • _ ' , "' .von aOO 10 .. 
thl.n '""', u-, V(. ,)" a ..... "". ma,"'u",. 

(3) H lho 'i'" noruoro _., .... ... """" ",, .. ' _ ' , io odd. ," . n V(I< , ) 
" . n knl\oction pcWot. 

(4) ~ a~ do' ... ' ........ ""', ""'" V(' , )'" """,,01 pcft 

Th_ ,uIo. "'. ""o. "",'CalIy dop"'"" '" Figuno A·3 

, , • 



_ .... _ .. ,....-...,._,,- '" 
V AT . U. """",, V, ..... ~ .... _ .... ' !>.) .. ...... . . 

~~- J' """" . ~.- ,_..l __ / --......... -
, " " • 

• __ A-3 ""' ..... , -. ..... InIIo<tOn ....... 

01 • ' ''''''''' .. . S ..... V..,..., 

TM I_g oimplo , umplo. Ar. " .. ,uI . iM to ..,.;, .... ~ ''', 
!o~g """ ... 

y ' . 2 
.. 0 

Y(O) 10 • ,.b.,", ml"lmu", 

" -,. 
, . 0 , . 0 

y~ . 6 ... 

o 

o 

• , .. 

, , • 



,.. .... ........ , .. __ ...... 
'" 

'" 

y= . • (pIono<! in Figu<o A·6) 

y'=4,' 
Y' . O " ,-, , - . 12><' -, -. , ,,' ,- . 24< -, _ -, --, 
y- I .2_ 

,,' 
-- Y(O) is 0 minim..., 

, " -, (piotto<! in Figu" A _7) 

y'. ,Ox· 
y· . O .. ,., 
y ' . 0 .-, 

v' =0 ,-, 
o K,O! ,-, 

Y(O) is • m""'Lrm 

• 

• 

• , ,, 

H V is a (unct"n at """. ' oan on ..... tr io. ' '''n """. complo, <rio 
to"" tm _onrining mo._ a nd mini .... a ,. oIrlaino<l o.no .. IIy, but 
"'" . ..... yo. tn . _ prutiol do,,,.,,," 01 1tHr lu,",1ion wl h roopeet ' 0 
... Is va,_ •• ,e ouIIicion' '" do'e,,,,in. , ... <00.,.." ... ot. ""''''''''Y 
•• Iuo 01 y_ Fo' """h lund;""', tho 'h ..".,. 01 ~=dr.'"' foNno "" do· 
""ribod '" l.eoglro., I~ - 'l_ boo .""minod. 

~ .... ""'. ~ •• f '.ONCO 
,., -"-'_'""""""', E __ ~ ___ , _'",,< , M>, 

",. ""'-= -,-",-"-, ............... , ,.." 

, , 
" 



Appendix B 

ABSOLUTE MINIMUM OF A FUNCTION 
OF TWO INTEGER VARIABLES 

Conaido, 4 'unci"" ~ a11wo •• , ...... m ond n 

(B.') 

10' whic~ "' ... ok tn. _""um, TI>o quo"lJj). io iu". namo. in 'M 
c . .. , 10, on . y.m""'o (I".,klng barl) tno'"o so"", Wo could UM 01· 
I. ,ooliol .,..,uM. Jo fi<><1 • m;";"'"", of 11>0 1....:\"" in r_,;o., (B.l ). brA 
, .. I UM would inll.,on", ",o, um. ,ho, k.,. cootinooo, Iunet.", 0/ m 
. <><1 n, U"IMU"'O~. ).". 1Op,,,,,nli,,,,o ... !uncI"" 'uncl;,n aI "" ~ in· 
'<-go' ....... of "' .0<1 n, "" """,,, .. 10.1 011"',-"". 'o"not U "",PiOy..:o. 
TIIa, Is, ..... " umlle< 0/ _ . 10 1Ia~·""."" in ooc~ <II tho " a nd y. 
di.-OClkm. , m 000 n. can only be "" " ogO! ond "'isIy ,ho boUndory 
<OM'''''' a' m. ~ 0' 'no plato Of. "" a .... 1, . ' 'no ..,go. aM in 
..... Oo-cum'''''U" to,..;!"'" (10< """' .... IIy), ll> ... , ,,o must .... 0 ,_, 
!>!quo""od 10 ilia, COM' '''' aI in,.g ..... 'u •• 01 m onod n. 

n o opp""otion 0/ .... ,,10 proO.", In """''''g io 10 <loI. "" "", , ... 
m ..... um _Iny _lor. pIo.lO or _ ""'" 'no \10"0,,,1 .. pro";"n 

)' ~ T33' T,("' . n . • . b l (9 .2) 

in wl-Ocl> ,ho Ti . ,. luncI"'" of tOo _oJ. mo<lo ........ nu""", .. ", . nod 
n. tho "umbo, 0/ buck .. ... a • • , in 'ho • and j dir",,""". '.""""1Y0~. 
Tho bucl<lo mod. "","p o for. pili' ... ~" m • 2 ond n . , 10 """"n in 
f ;gu,. 9 - ', otr.~. m . 2 ,5 .. "'" """..,. .. ""lIU>Io. 

j ... .. .. , j 

'" 

, , • 



,.. .... ........ , .. __ ...... 
Bocause T 11. T ". arod T II or" function. 01 boO~ m .rod n. no simple 

eonckl..,., ""n too "'.M _ ~ .olu" 01 n a t l>U<!ding " coukf 1>0 
_ "" gn;fn" 'Y _"'VIC pia'" t<Of .. hlo" n .. 0' <ltto,min'" to bo _ . 
InOlAd. Equa,'" (9.2) is 0 <:<><npIica'''' tunction of boO" m orod n 'ha' go""'.'" doH "'" _ •• minimu", 10' m _ 1 .....r:r n _ 1. 

" tn. "umbo, 01 """"'" "' .... 00 io q,," "'90. ~ con b . " . ..... os • 
eonlinooo. lune""" ot m , rod tM mlorm"'" of A is oIltanOd trom 'M "''''''''l' " • ..., oondoIion 01 doH.,,,",;'1 ""Iou .... 

;:;, . 0 IB .3) 

oobjoc! '0 .... co""'.,., fO" min"'um ",," 

" , >. 
~ . 

~ ., 
(8.4) 

~ m .rod n a ro ....... ..... mirOmurn !. muOl bo toorod lor <lisa.,. fn1_~ 
....... 01 "' . TM loloMnQ ''''$OO\OOQ 1$ on ..... I" support ot 'M po ... 
coding """'. n'ion . Conoid .. 0 "Y""'M~ p"" 01 ~ vo"" .. '" in whi<h 
!. has •• Iu • • only" i,"g .. .. .I" .. of m in FIgu,. B·2. A<toaltv, !. _ ", 
.. Ihor """klOog """ .. 01 . lib,,, , ... , .. omt..ddod"', .... ""'ndO>g ... ,,;;: 
"",toriol ttro1 p,.,.,.ido. Iot ... 1 ""PPOf1 to ' M fib .. , M",," 10,,, .. higtr 
-9 modo "umbo,. S,,;cU)' "".oking_ ttro,. mu" bo on ;"'.ger 
""",I,. , ot _ ho N .. · •• ON 10 " 'ioty 11>0< '" bo., . rod ~ .. " •. 1 M 
_ g bitd for ...... """',ed low." minimum ot ., _ 2 .7 <10M nor 
phy&icat,. . . .... rod _is, •• ~nlia'" in ...... I,om tho ~f&ical 

"' ...... "m.t m _ 3 b~." .. I .... """'" """,bo," • .,,,,,,tII in \frO bUOUnll 
• • pr • ...,., K"" ... , . \frO """kIW>g bad lor ' M ","""rod m;"imum ., 
m ~ 37 .$ , oilho<>gll • rtoo. "'" phv..,.ltv '''$1, 1$ • f"~ <low 01>
prO-< .... ll<>n lo , ..... 00u" ","'m ... boca u .. \frO _ ...... <WI ••• "". 
_ •• n \frO """~ng Io>e lor ", . 37,5 .rod th.t 10, m . 37 Of :IS is ""II. 
1Og<>l • . TM pI>y&ical probIom 1<>, w""h "". ,.th .. OU'l'f""'Q , .. tJ' <><=1"' 
.. do""._ by Jc", [S· ' [ who poiot. 10 ,.;gni!bn! , . p«On. n .. ' • • 1· 
doooo by Dow a nd _ " (S·2 ) """ ouc!r 10,,," "umbo<> 0/ trucklo ...... 
rio 00'''''11' 0<0"'_ 

". V ~ -I 
'" , 

u 

, > " • " ,-" .... ,," _. ""-.. • 

, , • 



.......... -... .. ............. , ..... _v......... , .. 
w. havo a lroady secn lhal plat • • I><.<:~ ... i~ a sma. Olll1>ll . f 01 

_ . 0'" "'" 0000_'" "' ~ \ aM n ~ .). Cot>$oq~~, m. Ie", ... 
I><.<:<IIoO""~"""'''' toun<! in Eq,,'ion (B.2) by. ''' ' '''''"0 j>tO<t<ioro 
""" \0 Jon • • """"""'u "'tegof v . ..... 01 '" ond " {a-' I aM "'" by 
"'I ... tlng 10 zoro ""'~,., .,."Oal _.,,,,,,. 01 N, w~h roopK1 to m.M 
n ( ... _orlutlon by ",~.,_ .. I ". "u .... 1 

0... ollh • .0.". com~licotio .. in I~. ~"'. Of _. bocUng """""'" 
io Ih. n •• d \0 invootig'''o tho mfiuor.co ot I><.<:kIo modo ~ on lho 
b~91oad 0 • • . Thol io, .... plol. or on.' bucki<>9 _ in Equation 
(B.2) io . I\nct;"n 01 tho l>u<klO>y modo ...... p.r~",ot.'""""; 0 " 
W1ri1 .. lho 10", ... 10<1 plol. Of ..... w.' .. in_a, 10 "_""', ItHr bo, 
_0 ioad co n. 01 """'''. bo ., ~,..- in I. ,m. 01 .... b.>:1do ",odo 
....... p.,amOlof m, 1.0" 

P . ",'~' EI (B .5) 

" How.,or, bO<.!lu" " 0 .f. u,u • ..,. ;",.,.",od on~ in tho low . .. b""k'Ong 
inad r"" abo,. m" oJ.. .• y. """ OM nO • • , nonIn!oll"" For plot., ond 
_ ... bOI~ m a nd 0 0,,10, tho b""'1ir>Il equotion o . ..... .. Ih. pial. 
IUI>IOCI ,.,10. a b, 0' on oqu",alcnI s ho' po,amo"', In a complox man ... , . 
00 .... low ... _ .. no load "" .. "'" typ;call\' ""'"'' to, ", • • 0"" n ~ , . 
no .... , .... m ... I"'" lho _ . mir1imum ollhe vaW. 01 I"" b""UnO 
load, N •• "''''''''. 110''''.'''', ) .• 10, . FIOlt ",itI '", ",0j0 "'''I/O 01 m ond " 
vol.lo" 

F .... , .... '0"''''0 .,in"". ot ~ lOt • ....-jo. ot I;' ... v_a '" '" " 0 
found by VO""'U" QV1M" a pr...,_ "'''II'', o. in FiVJ'" B-30. Tho abo 
.. Iut. m;"ima 01 th. ). 1o, Hen ...... 01 m .ro ,h. n co_od 10 1:nd ,ho 
ah."luI. m;n"' ,m ~ lor all m and n " Fy... P''''. Th. act , " , "'"'""0 
iood v . ..... m . nd" opac." a Ih _ __ .".;on..1 ""oco wOk m . nd" 
u two horizontal u u 01"<1 ,Il. ",",king load ...... v. nica1 .,is. W • 
... . IIrro"ll" th. Ih _ . ..,.<o 1"',.101 10 rn. ",.,., .. \0 g. , Fi<;r""' B-30. 
Thon. wo ...,. 111"'"111> 1100 tk, •• ·..-.. I"',.!Io11o tho n"",", to gol F;gu,-. 
B-3b. W. ,""" 'Il<~ "'''''' .. pa'.'oI\' in. """·d .... nsO:>l>ol "''''''' f.tll« 
..... " ''I"nO 10 op"""",h 'h. ' ..... -dinl . """"'I".-.. 01 . , oneo Th • 

• • --... ~ >. 

'. 
---- .... 

" 
• V ...... of ). tor f"'" V .... of n """" "'; ........ 

"--'"'' 

-.. ~'---- -," . ""-.- ,- , 

~ -,.,.."...".""'" .. "
ro, ~"" v .... 01 '" 

, , • 



,.. .... ........ , .. __ ...... 
oloremonlio>nod p,o._,. 01 . .. ,d'ng Ia< .n absokrle minimum ). "" 
disc",,. , a ltJ •• of m a n<! n 10 nKt .... '" beeaU$O 01 "'" poss;Illllly 01 
mort ' .. n,.... ",lalN. mWmum 10< pial" 0$ in F9u'. B-'lb In"""n 
c . ... . lf>< ord"',.,. procedures 01 <Iol<",," n9" ","'no", vo . .. 01 ~ by 
drII._ja'ing ). 10'" _10 m anll n and oquatioy ItIo ,osuII. to ZOr<> 
ano ""'" W'o, in. <!oqU3" .nd mlolo.d;"g, 1"" .. P""'-.... <Iop. nd 
"" tt... """""'9 Iood b .... g. ~"""" luoctio>n eI ",.nd n. ond oil .. 
ousIy ""'If"net;"" is not eo"ti"uou,. ~'.'. """. ,no .. 0 .. minim"'" 
eI ). con """'" 

n • .;go 01.,. _ <fo ..... tiv. 01), ,, ~h " ' f>O<llo '" """,, muol 
t>o • • • mined in """" to doIormino "._ • minimum, mAX""um. or 
inlloocl;"" poiht """'ino<I by t ...... 1" .. '" ".,.,. ~u .. ' hot ... ny 
_0Ir od 'minim'ution: ""I .. I~, In. <101*",,",,1;"" Of...,h dO
,"o'~o. ond tno o""","'tod Iojjic lor .., ....... 01 , .. _'" minimum 
would ,. 1UIl in rroni,, '_ •• tuos of m ond" ,1>11, or. physicoly ""' ... ~ 
Iotic tlntompa,;t>. ,.,n '0" 1)10" or",,", ""un""", 00od.-0" 5 ) and -..; 
... __ , _ .... " 1""1 """-w'...,... .. p<O<O<Jo.v. """,Id to ,. al>ou! 'f>< 
sa..,. 00!T11H''''' .... , .110~ • • If>< "' . .. ,,' 010 .. _ .... p<O<_fO 

n. ". _ _ ro" procedure """ ...... 1 .. n_1or dOt"""'ng ony 
dO, ... ",;. •• 01 I.. but io wbj",,' '0 IIlo limitot;"" 10., • ","~Iont,>, _ 
"'ng. of •• kIoo 01 m and n must t>o pfOocribod t>oto«r otarting "'. 00(. 

Ill;"". Otn01WlM, If>< .'""kJ,. minim"m). c.n t>o m_. L . .. ,no pre· 
..,"'-I"'Y' 01 ,,10 •• 01 m and n muol "","'" 'ho .. tuo. 10, t" . lruo 
oIIookrl. minim"'" ond conno' t>o "unc. lod below th.1 fO" go willK>ul 
""."' .. ...,t"'l/ ,bo """1<Iing Io>od, Two I:Icto," _th. <W!ictJlty in .. · 
c;jng "" In. ,a"ll" ot . akJe. 01 '" ond n to t>o "'oot~t.d; (I) p,ootioa l 
"'Pllrionc. ond (2j1HlMVio, """" as 0 _,oaoin(j ). os tho end 01 0 
flInge 0(" to< m) " _"""hod as in f igu'o B·3a i. OOIod try ,bo com· 
pill. , pK>II",m ".,,'.Ioped bj ~ 00 ·31. A m_ lo P' .... t".l ,n. 
," n~. 01 n (0' m) ohouO:l t>o "","0_10 ... f 010_ ~"' louod, Such 
a P""'"""" Is oo.1ousIy "'" inlalbbls, FO! "". mpIo.' th. ,ongo 01 n in· 
v.otIgalod ~ aft., C W ~."". 0 ~ F~. B-.1-o, flO "' .... go 
would t>o printo<!. .. " . .... _ 'no m"'"""'" .n. , 0 ",,"Id t>o k>I>., , ... " , .. 
minimum", C. "",ctic. , o,peri0n<:4 will> ,nis """"""o'io .. l.id....,.,1d 
load to ,.a""",bIoI .. ,,",. "". 1M' no ,0101",. minimum ,"'t m~ t>o 'f>< 
abo<>krI. ",i n .. "", is mi.OO<1. 

Tn. Ioliowng FORTRAN _uOn., MINIMA, .. ul . d ., lind 'f>< 
oIIookJ,. min",u'" """"""9 "*' ,,'.hin • P""'''_ "'ngo 01 '" and n. 
n . typo """ hn p"""",ionot loll ... , 00 IIlo """'", ... <10 001 ~. up 
•• rtiool'>' . ... ", ... "."tart! (O! FOFl1'RAN , In If>< lo,,,,ir>o);>gf of. oom· 
pill", pK>llram. tho ""m~ .. n .. ... ..,. in on WvMr FOR1 RAN 00 loop "" 
• ti>od m until • • ,.lot;' .......... 01 tho b""kj,,~ lo-od a ,. found w~n ... 
~" ""'II" Of .alue& 0( n in u,., ","n"e , 0( Jono. (B-3I. T"e n<J_ 
m is t"on va ,1ed in.n ""' .. 00 !oop so ,hal •• ,.101". "",imo a, . 1ound. 
F ... Iy. t .. A_'. ","" ",um _g 0>;><1 10 .. _"" I",., ,n. ,o~ 
Iodion eI re"''''. "'inimo. 1+>1. tMI marny •• ,10"", • • '. ".. .. ed 10 and 
I""" ,no _!QUI ... '" th. COMMON ... , • ...." . .0."".1"" 10'\10", ""\10 
01 100 ,."'t". minima <I>ould~. mofO t!>an ouf(;clsnt, See Jono.< 18-11 
h), .n """ .. ",."I>llan ollh. __ otl.lIN IMA in. """"'log p""''''m. 
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Appendix C 

BEHAVIOR OF FIBER·REINFORCED 
LAMINATED COMPOSITE MATERIALS 

AND STRUCTURAL ELEMENTS 

C.l INTfIOOUCnON 

Fibo<·,oinlor<oId laminatod compooilo mat ...... I •• ", m. ~jgh·profilo 
OIru<tu",1 offio;."cy pI\ono>mo""" 01 'ho '~Ihroull" tn. l Qo\1Ot., . f>d 
III ... ~ will conlin.,. 10 grew "'.~ time. TI>o .. o1ructo",1 .... 
'eriob . , . <IeI.-...:t. lIrntinae '",yo" of malOriol) 'hrougn .. """ . ... , .f>d 
'~.ir o.t..n .. goo , ob,od 10 OIru<to,aI <OItioior>cio. and 010., "'91 old· 
.0"'"11".0 ... d."",;r,od , Thon. ",. Ioc." on I.omino'. beI>o.." w~h th. 
bo"" QU_,", of 10m ...... ,,"~'" n Figul<l C·I being II) wh.,.,. 'ho 
oondol"", ,ho' • <0100<1;', '" lamina. must "'"' 10 orde, Ie> ... <0 • .0:1. 
ere<! • IominO,e7."" 121 flOw. 1.0" in _, <!eTOr ... ,iOn mOdO •• w". 
"mino'o reopond 1<1 Io-oding YN> imposed lorcos.nd mo"",""? 

~, 

= 

'" 

, , IS ut(l 



no ............ , .. __ ...... 

TM com ttiMlron '" higl>-1I;n ness . high·lI, o""" ~ Jt>ers .. il!r 1o ..... oigIrI 
" .. ,lUI. m.',,10 1s ..- 10 Io mJn.al"" co~ .,.,. ,1010 with d'oclion.o~ 
_ ... p,opo<1Io' '" o.UOO<dlnary OI,r><IIJ,.1 oWc;on<j . Toa' eIIidOI'l<'\' 
~ on ..". ... """",,lOCI. lamina .. . ... """",'e io ,,,., or """. 
Iom"'o ( I .......... 

•• • 

-r j' 

i 1 m~ ill! II BI ! I I U. , ~ , 
I , I 

,,-• • "-0..0 

";gu" c-z .... _ tor L."",.,.,., Tho Tooo.so.... p,,,,,,",,, 

To doOCfibo Iomi" .. oO<llom".-' w. """ Ih. ~ 01 p_ipo l 
..... , .. iol dit. ",,,,,. (PMD). 1.0 .. di,,""""" U .. " a ,. potollol '" Ih. 10",,· 
_ ",no of !he "',oe o~"-"", pl"" o. '" mal" .. , oropotty . ymmotry '" 
an " ,U,,,Uopj<: moto,'" (\11 0 moo! complex ""to 01 tho u, .. 1 10m ... ). 
Me", cornp!k;.!rlod ",,",.,"Is "''" .... ""mm.' ry, I ",,", . 1$O''''fIO; "'""" 
,,,10 ..... On .. f .. ~ . .... _ of pia"". '" mol""1 p""",rty oymmolry. 
P'iOCipal maier"" coord ... , .. (PMC).", lhe ... 01 ",os in thO prin<ip/ll 
".., .. 101 diNdlons. TM vorioos 10m ...... '" a Iom ... t • ... orlon!od with 
(~~ p,ir>eipo( .... '. '101 doOC,",,,, , , '" '''0''' a r>gl • • Ie thO _ ,10m;' 
na .. .. H I" p~ . slrucl urtl l . Iomont capable 01 ...... ing ""'" in 
.. vor. 1 """,Ions. 1M stili" . .... of . uch. oomposi1 • .,.'oriol IIrue-
M" I oonllgu,.,"" . .. -. ...... 'rom thO _"I. s 01 ,h. eonot, ......... 
10m"",. I>y _ odu, .. dor/vOd in , "10 Oppo O<l;' . 1,.",.. pro<odur •• ..,. 
aIrIo .... lyoio of laminot .. 11101 ,,',," _duol IOm;"'5 ... 1111 p rin<ipal 
","'oriol do,..,U"". <>rio "'.,.; . , • .t.iIro.ry anlJl • • '" ,h. gIo'" Ia","' .. ""os. 

, , • 
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T". .. ill .... ehafll<leriolics .. 10""""",<1 pao, •• ond _lis mull 110 
I<nown ... ",0. , 10 doIo<,"no 'n", bucldlog __ Thu . . ... '""""'" 10m· 
;"a, ...... n._ ... a mul4l." pJ<lOO'du«. n ....... do ..... ""'"PO". 
molom,. " 10m ... . . 0<1 . Io mma, • •• nd I"'n " . ~ "'" .. ruclu",1 
..n.,..""Y _.ntages 01 Iominolo. in Soc,'''' C.2, N .. I. w. _ , .... an 
afliool.n,plo tK>dV . nd on """",-,..,,,, tK>dV ... SoctJon C .3. Tn ... ... an· 
" Iva In " oI'''''''",in ,...,I'om lo, no """"'''''''''' lo rn ... "odo, pl ••• 
"" . .. ("'. usual ",. <tr.g 101 • klminoj in p, incpaJ «na"""oriot.iel ma'_ ' 
dinIc!" •• in S..,lion C.~. N.", .... dolO<min. \too .If_· .... in ... Ialio •• 
to, a . orth<>l"",,,, .. .-n ina in ..,.~incO:><ol "",I., .. , .. "",;""';n S..,60n 
C,5. Thon .... _""'" ' ho Iomin.'. "'-'lIn ...... via ClaMieollominolion 
Theot'\' in Sod"" C .6 F""'Iv. wo loam ltotn • 00110<:, ,," "I "1>..,101 
0 .... ",h.11O • • peeI ~om _"'II' Iominal. in Socl". C ,7, Fo, . la, 
mol. comp,~l>on"'" .nd hlo, ... '~. I"",'men! 01 11>0 oubjocl. pie ••• 
=1 , 1>0 ou1lIoI'0 Moe/"m;", D' Cornposlo Mar. rials IC· 11 

C.2 lAY'NA.TED FIBER·RE INFORCED CDMPOSrrE MATERIAlS 

C.2.1 Introduction 

n o "Old "","posh ... , ,,. '. ,m <o~ ... ,. ,,,,109>1';" 'hot tw<I 

or m,,,. mO'..,"''' .'. 00_ on • lMOr<>oo""", oo. 1t 10 101m a u"'ul 
'nlld ... , . rial. T". II .. -.lam..-..I _."'.~ 01 compo"". mot .. ", .... 
'nal , ~ ...... , dollgnod, lhey u •• o'ly .,nlb. 11HI1Io0I ~""'I~ 0' ,1>0" <Or\-

oUt""n!> and 0/1"" -... QuaOtIu I .. ' noi .o, """"'uonl __ 
Som. 01 ,h. p"","~'" '!>at <an bo ;",,,,,,,,0<1 by 10,,"00g. """"po". 
"",'orial ar. lioI ... in Figur. C·3. N.lUra"". r>IJ' d .. "' ... prop<IrtIH an> 
;",proved ~, ,he ... m. ff", . "'" .. 1M,.. u~ ' .1 ~"'" '" do 
"" In fo,cI, """'0 0111>« proport .... ,. in "","",.mt. on. """""' •• ,g .. 
th.,m.' """,lo.lion '0''''' ,n.,mal ""nduct~tv. Th. obi«Iiv"" ", •• elv 
'" ""," to. mat..-"" ,,,., too. onlt Ih. ch.a"",to ,;.,.co.- 10 ".11<1"" 
!I>o dooign too, . t f»nd w~h _ """"""",,, .... g;.-.n 10 p«>joc.t """'. 

· " '..-.gIn 
• "'ttn ... 
• 00'_ '-''';''" ''' 0 · " ... , , ...... """ 
• ._ .. IIC. 
. ~, 

·l.tlguo l ... 
· "m".""u '~"' ......... 
· Ih .. """ in",,"IOn 
• '.orn>al ~iIy 
• QOOO .. >oaI insul'"'''' 
· .""" ...... -'wily 

w • .".., .. ru. out a "onlion in 1l'IiI __ '0 ... ,.rod Of """,",,,O<! 
lillo<-,oo,f~ compo .... "",t., .... ..-nong.' Ih. _'f», """'. 01 """,. 
po .... ""',., .... thol . , .., ouch ao ,einIo<eO<! eonct"'. whi::h con-. 01 11'"-'." .. "", umonl, wOl." .0<1 ,.1n!0Idt>g t.v.. TI>« basi< I. ,mlnololll' 
01 '_-fO.,IDJOtd comflO$ilo "",ina", "iJl>O in_ In ,'''. wet ..... 
F", ..... n., ,"<I """,y..-otiOnS .o<I lullOl"o" DI ,1>0 """"ju. " maiM· 
a ... tho lillors.nd ",",lit< ... 11>0 doO<fIbO<l. N. " . • "mlno,. is dol ....... 
F ....... .".,. 01 '.0 _.ntagH 0' 'ibot'-lOk1l0r0td eomflO$ilo Ia,"LoIaI" 
... <1100",_, 

, , • 
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C.2.2 LlNnI.,. 
n. bas" btOk!ng blook 01 • " mina'" io a if ....... ",bOoh io a 1101 

{dho ,~ """,OIim •• 0....,0<1 o. '" a "'oil ..... "'1"_ 01 " "_.,.,.1 
1-' or....",,,,, Il>or. '". "",tri • . Two typ:C01 1101 lamina •• ~ wlh 
\lo •• principal m,t .. tar a ,,,,, thai a,. " , .. alol arod p."",r>di<"lo .. 10 "'" I~ 
too, d;,od;on ... """'0" FIgtn C ... l lNo l;be.s 110 ••• hiIJII IongIMo. 
,..",010, .. tiO •• w" •• " .. , ayIiloH",O<I diII"'.I .... Th. robo,s .,. 
att. n S!>O<iol h~ __ ngth orod hiIIh · .. "' ..... m."riols weh., carbon 
or graph ••. boron . pIu. 0[>0<l01 010 .... . arod . "'_. r ... lib ...... tlNo 
~I ,o<"~ or """'-'_"l'ir>\I ~"' _rod . ' . ty~ Wo"~.rod 
0Ufr. Tho ",a,,", can bo. <><ganio:. moI.l io:,.,.,amio:, or ~Jt>on, Otton. tho 
"....trlr: .. a low_don .. , poly.,", OOJoh .. opo.<y. Mo,.10 • •• .,...., • • ma o 
''''' "", .. riol lo, high .. lomfHIlOl"", ~,.,.I 'I"" .... con _"''''. 
Tn. ,"nolion 01 tho ",."i, is 10 _ " . M protoot Ih. ~b.",.rod to 
_ril"". Iood ' """'11, .M "an.",' ba.d .,.. ....... th. I., ... I.S!>O<ialy 
.. !-.on, """ o~.n hopp. n •. 0'" Of "'0"" lbo,. ~,,",") . 

.......... WlTH 
... oo.fCTlO!U.L " ..... S 

0.2.3 laml".I .. 

.. "",m,. " • __ """'" 01 '""'""' . ... h •• ,.",. "' .... "'!ion. '" 
[>fineipe l mot . .. 1 dol ... .,.,. in Ih. lamin • • • • in FO\iU!. c·, ... ho,. both 
",oboooMd "'''' .... and a (bondood) IaMinat .... doJ>"'"". Not. 'M'tho 
I;"., ",",,,,,,"ion. 01 Ok • •• """ 1aJ"" ;" Fi!1->'" C ·I ... ""t "1'", .. 01'" 
abo<.< I .. .. iddIo ourt"". 01 Ih. laminltto . Th . "YOfS 0/. lamin.IO 0 .. 
u ..... 1y bonded '09 .. h. , by ,t.. .. m. mo"'" rna ..... 1 tho . .. .- '" ,ho 
_dwo l "m;", • . T~., ... >Om. 0/ 'ho mol'i< molOriol in ° .. min . """" 
tho ...-faces oj • "'mina .nd is "_ '0 bon:! M<Il 10m ..... e ... adj.>e<>nI 
10m .... w;U'"'' lho _"" 0/ """. ",a'n, ", "1", .. 1. l.o.,i ... I •• eon t>o 
00""",_ 01 loy ... 0/ doIT.",nt "'". ,io'" Of. in 1M 1"'''"' """, .. l 
1_ .... 011_ " mlna. A .. "' .... 'od cito"", oylindrl<al ..... can be 
mad< by ~ ,0>10-<:0010<1 lbols on. ,...--..... ""0 SltuClu," c.o.lod 
...... ""'.1 r~ with _ or~lloo 10 I ... "" ....... I ... " ''''''~'' . orod "" 0" ""'i n .. do.I<O<I H,_" O<~_, 

.. mojot P'_ 0/ I.> .. I, ,,lon 10 to tab Ih" dj,.octlonaI dop,,"""nc. 
01 " ,ength .nd otitTn ... 0' • """""' .... Slruct" .. 10 ""'I<" ' ho ..... ,.,. 
din>ction.1 ""Iu" 0/ m~ Iod>g .".room .. " 00 tho " rw","' . Iom .. " . 
lamina ... "'" Llniq"o/y ouitod 10 I .... oI>fo<> ... . boon ... "'" ptlncipol ..... 

, , • 
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'~""I _clio .. '" .. e~ IoyOl can bo ",lonlO<l 1K<0«ling 10 <III.ign need. 
F", . ... mpio , .... I~. lay ... '" 'h. "'''' ... ,. III Figur. C-' aro ' '''' in t"o 
0" <!I,O<IIon. on" at \lO"". at><!.,... 00<" at _ <5· . M at • • 5· Wo Iril ... 
!I>o' """h " ....... 1. ~ .. Ito " ighooj bon~ 0611 ...... "'Ile O' dorect;", 
Mo>roov ... tho lam ... . ar<> no< am>n5l'H! O)'mm. " ""'" .00", tile mddlo 
""""". 01 , .. ,. mi ..... .., '"a ... _ h.v. eoupblg bot_ ... t><!_ 
ing a t><! .. _n •• t><! "'0 ",II o»c" .. 'hot rno,ost;ng p~""" 10<0,. 

C.1:_. Adv.",.go. ot la .. ln.'_ 

ConsilIo, t~o YO..,. high "'."IIl~ .t><! .tiff ..... ",.nta_ 01 'Ibo,· 
",Wo"""; """'podo """ . !\at.. w. olton ' ><pr' " ,Moo otrm>glh . t><! 
o6IIn • • • prcponiN in , • .,,,"'. ,."',. by dIV~ "'om by tn. <IIIn.iIy to 
e>.p'o" tho o!focioncy <>I"'" ""'t ..... ... 10 .. I'Ia, ~ , on 00 po< un;' _i9"" T_ ""ongth-1o-<lo""".t><! slitln ••• -Io-donoily quot""' •• ,. "",, ply. 
manne, oj .. p'e ..... g "I'Iat W<l c • • opeciIiI: otrefl\ll~ a t><! ODK'iI: modulo" 
or sped", still ..... tho, oro po""'"Io,1y .ru.ctiv. ,,~on .... igIO:· ....... iv. 
S1ruct", .. """h ... oitcr.H or __ ,aft ... _ '0"'" 

FnI, w .... minO _ ,ho p,~ •• ,,"" '" "'" OO..-.pooil. m.t .... , COr>-
SlduenlS, lbo,.t><! ""'''"''' go_a", cont,lluto to tho Iomin. prcponl .. 
• rId. oub$equon'l\' , too., .. """, _rtl •• W_ "'0 " mlno" I"'OP
.., ... . VI. pOaItho oj,oogt ~ Y.~""'" and I~. otilln . .. ",.-..us h>, 
izootol y .. FOgo .. C·5 on lr.Onslation I""" <on"'~ _ los 01 tile 
oompoollo ",""oria l ., tho lamina ""ot and then tina", ., tn . laminat • 
...,<01. Tyf>lo"IIDo.s u""; In adv.ncO<! ""~ """.M,,, ., • • • ..,. ~ 
.. "roogth . nd oIton.OK)' hi9~ in n><;>ojuIu •• N. " , w. put _ '1Do,. .. 
a matrix matori. 1 0-..., iI liP".'" 10" in ..,.ngth and &tiIIn .... to " ."to 
• ""0'0<,,,,",,'" rom"",," .. m.... S""h . 10 m .... ho. oub.t.nt"'" dill.' .... "". nl/lhO a rid still . ..... III art.,on' di<octio." Tile streogth 
and >W'Ino .. In tho fiIlo, di<oction .,. tho hV- properi .... _ • • 0'. 
pe'l'ond"""'," "'" t_ •. ",", ii, a' 00'. ,bo 10_ ""'pe ...... '" " 'n 
"""'" ,a,"'ion ., bt',. ... .. I • •• 00;01. >1m" 'rom O· 10 00'. "' 00". t ... 
Iomina .. ill ..... nd "'0'11111 ." dOM ' ., .... malrlll ~"'!'On ... ""'" ,Ile 
Iibo< P'W9rtI •• , _."t,~' 0 · '0 , ... !I~' (1'0<1"", t .. propon ... ~'" 
!_ dom"',od, 

'-:D 

.. :.>/,Jr::~ . ~-"'""'--• .n.,. ••• 
"-'" C_. T,.., ....... kom Co .... ... , ~"""' ... . 

., "' ..... ., u ...... ~""'" .... 

, , • 



fS.< ..... ..... .. , .. __ ...... 

A Iomi"," . is a _ m~,",. 01 variousi)' ""!lied Iomina ... .. 
F;g.,. C-l W ••• p.,,' 1l>o lam ... ,. p«rprrnl .. '0 '" "'" as M,;;' •• ,_ 
0< 'h, ()" "m lna no, •• m. u ti,,, .. 01 tt>t W ' 10 ..... , "'" -'I ",, 1oJ .. 

.. _n, n .. >0 ... m"rI<od Ia";".,. irr Flgo<r<I C-S ., ..... ncIudro bo<h 
tn. 0' .0.1 , .. goo ca .... 1Kr<:o ..... we can ""'." a I.minato, , w. '" 
,...,.,.. . .. IOn all O' Dr . ,, 00' lbo, . , At •• " , .. ptao ... th ... m ..... ' . """ • 
• ",.",,10<1 biuio1ll' ioolropio """"to "'isto .... "" oq"",,,'pio'" .,itt" .. 
00.1 .1Mngth p«rprrnio ... at 10 .... ..., dR ,lion., n . b .... ia l ~ Ooot"",", 
10m ..... 10 "" orb!;clai (""P,. ,ticall 10011",,,. 1h4' is .;m p~ u.wd ao 0 
bo. ... to, <0 __ ';..,., 01 ono """''''' •• '.00;"" 10 ...."h .. '" 01. wm-
p" .... 0001" .. 110 0 m ... '. Tho typo 01 properti .. pia' in F;g.ro e _5 is ... 
bo.";" ""h.m. ,hol_ "";._ 10 """pa" mlll\~ "" .. on' .... t., ..... 

Th' Ol"ngth 0"" lItill"" .. 01 mon, m.'eriola On "'" b .... ." """'-
,~ ..... PO ' unit w.,;gh' a f. f"P'<. ontod .. F;g.ro e·G. Tire _nis. 
'" cornmon ... """'.1 ..... 10 .. bull< Iorm .f. donoood try Opon "" .. ,os. 
V .. .,.... eompo.~ ... . .. rIol !Of ... . r. <'OnolO<1 b, , .. ,. IVl>H 01 on,", 
,_ •• "' ...... <w<, .. nlod...,h Op • • """100; 10 .. _ "'Ih u_~ 
,-. (. onidirKl.."., lamina) oro """"'n as cin:iH wOn a yon;c.1 i n, .. 
thom; and .. mlna ....... h _, no""" .. 011.,. .. '" 'M ".""''''''' , ''' 
","O<I;'n. (. bOo,islly ioolfopic lam"'to) oro "-""n ,,:eh cinoIn .. On both 
a nonzon", ' ."" ••• rt'o::alline .. 'hom. AI .. ", .... orld !amna' .. ho .. 
on op"'V ma tror n F~ro e·6 , TO. mo", ottoot~ . matoria l ob>iouolt it • 
... H,. __ righl.ha"" cam"," oj fy... C·6. F ... ", "'no .ro ...... . . "" 
otronver rhon ""on plo00d in • m. Ui<. H""",,,,",", ,-. 0 .. rot .sod 
"""""" ... o1tix bau.o •• oj lh<> "" p"""n' _ ....... i/O. 0/ tho ,,,-.lion 
'" (/>ora ... . ""f;' 1_ J""". [C ·' I. ,I,i,.,. u.nfO<lio",,' "'miroN ~ .. 
still .. a rid .troo~. n tho folHr. <1<""""" ""'" ilia:> 101ly "",uOp;c Iominoto. 
in e~"'" <>I th& 'WO dirK"""'- P" ,tical "'minot •• lie oom .... h.'. "" . 
..... " unlt:t;roctlMal And bia,101ly isou""le con'iout""" ••. 

, .... ,. 
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"" .......... .. , .. __ ...... 
IkM\aI "",'oks K ...... , • • ~ • .,'''V Ii . " ...... .., 'h. ott 01 ,.,.. "" 
S-IIi">s-.~'v OM U, . ~.stl,""gIh graphil.-.p<).<y In Figu«o C ·G. TI"ouo. 
we _ t\'plcal~ "'" glo .. 0' K ...... ' U~ In 0 "'0",",, " -<:,10:: .. , appIico. 
!.ion _ . .. "..,. '" "'e ~""" .von tho high·",.",""h \IIophiO .... 
"""'kllHr """" In 'U'lrre~<ili<;Ol .""Ii<;O_ •. For • •• rtaln \>olo ""e 01 
OIron¢h • .,.1 $IirIn .... ..... m~ " ont • mOlo'io! .., ... pIo.,. In ,hO 
Kovla l '" orgh"".n~h QI.phk. ' ogKrn '" mal.,lab lotl>or II,," '" (P" 
tho woy '" 0 fib<rgIaM 0' o. tho way to a h i9l'.moduIu. gropM • . fo, ...,· 
omplo. Thot ks . ..... mu", k>ok . t YOUI opocifie design ""Iuirem.nls '0 de'.,m'" """, "",t., .. , ' OU rroe<!. 

For ... mplo, w. m;gool ... k •• ",'.""'h",,'~ ~.'p, ........ . _ 1 "in 
gio .... """y. w. would ....., th. f;b ... .., Ihot th..,. . ,. "'" .n~ 
tioMl truI ,.sisl lh ••• ,ioosl'/ orientod P'M'U' ••• ...,1 .u .... ,.. ~ 

P"""u, ••• ...,1 has a bwilof ... to 01 "" . ... SO " . mLlOl do more "'an 
juoI ci",uml.,e nt. , Ibo,..-.g, In 10 ... oo.-.~ .... , .1 ... _ .. 
a re """ ..... " . ond ... m;goo, 0100 ... ind ""mo f;be", . t 1'5' or "'hO, . n· 
gio'" W. ""n flnd th. o"llio 10 op!;rn!l:. lho '''.nglh of 'hi. h~ 
bio . .. ..,. Io>&dc!d .truc!U .... Sotno pl .... '" •• ""' .... ro modo oIlI"'ph. 
i. ·. poxy o. _ •• of f;belglou or Ke. " ,·""", y, 

Th. duatit)' of ..,. plol In Figure Col; 00 very im_nt, Thol '" 
o/iII",,~ ;. ol/on equd y imporfo ..... n4 _ ..... ~ mo,," imporIo .... 
tho" .... n¢h .. mo", ""'""'"'_ S-. pOOpoo t. od 10 " Y .... "'JIh 
..- "'., . 0 .... '" mean st',- W. "'v", o ... r..,. .nd 00'""1ot . ... 
dioIW>guioIl botween Ih ... I"", •• ..,. <iffo",nl p~oic.' """"opts 

""" • • 01 tht strength . nd ""' .... _"""'\/0' of f_·reinforco<l 
oompoo~. "",teriob oon bo n nslorm od dirKtly ",,0 oI,lI<1u,"1 _.n· 
Ia\/Oo. P""""'n' .'"""~ th . , _ sons 10, tOle ... 1. ____ io "'" loct thol 
tho joint. to. "'..." .... """" of oo<npO£i'" ",al .. OoI •• ", ryp;e.ty """0 
bulky tMn lho ... for mo ... 1 pallO. Tho .. ,.latN . ... ff"''' no''' a", be .. ; 
on.diod boo . . .. ' hoy obvjoy", . H.ol lho 0001 t_-<llfo '0 ' . ppIicolion 
01 compoot. """ .riolo. O\tro, lam"" od II,"",", ... dvor rrlo_ "",I.do 
"",nut"""'~ 0001 a n<! "" Yr' " d..., u .... by Jo-o IC· '). 1'1.", "",. 
", .. I 0,,", """,pOll""" . ... ponbt>bIy "'" •• 101 by Ih.", .. f< •• Mu.u •• 
"",n, 'oo""" influ."". <OS! bo,ond ,.w mot_ «>St. 

C.:I STRESS-STRAIN RELATIONS FO R 
~NISOTI'IOPIC ANO ORTHOTAOP IC MATERIALS 

S_ " '.sus . ,., applitd on a 
"'_-<';",on_'olomon, 01 " I><>CtI 
In F9n C·l, W. mu>l <Iot.,m"' ''' 
oo,,~" ,a"s 

b"",ro~ mea ... I0I01 ...,k of 
_«>1'"1.00 an anioolrOpic I><>CtI ~s diIf._ "",,"riol pmpdios .. oil riC 
lootiono. Mo.-.r, Ih. ,. . ,. no prin_ 
o;pol .. ".riol ""oct"", a bocrt "h;,m 
moloriol projI.nv "'fmmOlIY . , ;,os. , ... 
Th . ....... "" " bo""""'10 .. , ... to<! 
to 'he "" ..... , b, ' ho """'P"'''''.'. 
s;. { .... Jon • • [C · 'D os "'II"'" C·l SU . ... . on "" e_n' 

, , • 
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(c. I) 

1" - S,<", _ S;.<r, • S,.o • • s .. ,,,, _ S"'l1 • s .. '" 
Th\l$. k> •• n opp!ieO "nlo,101 $I .... 0, • C (.~ ",n,,, 01 ........... ro): 

',. s"c 
T"~ S ,,o 

', . s,t' 
·r" - SlOe 

(C2) 

A mapr objoctiY . ot , tooting ,~. O1rain·""" ,,"'ions io to bo _ to 
co"'lud. who., do"""",-,.," .. _ __ <><cu'" bocau .. DI. g~ ." .ppHd 
........ Tho p/ly.oc.1 ." ..... otto,.", 01 ''''' .. .. ", in. i, ttoo, 0" oOiIin .. y <Oq""'_ cube '" on"",'ropic "",to .. ' ~u """'Y delormo""oo. Spe. 
010:.011\0. """"1 Mn·porollel CIkoe _ del""", in Ieng1h dill .. "",,,. lrom 
....... 01~.' _ .... , . .. 1 0"'" oKl. (be<:ouso S ,, " S " . S ,,). orod ove<y 
""" -p., .... cube ... U r>!l" g08 ,"'e, orn Mo.o,.;"g delo!m._ (booou .. 
5" ~ 5" ~ 5 ,,). as doplc1td "'portedl' in F;gu" C-B . .. her. the do"l1td 
"' • • '""'_ tno uOdeI. ,mO<! 0"1>0 1M the _~ .. '"",o •• nl I~. 
dolo".O<! <WO. Imogln. )'Ou ..... in • fOOm 
""-I "-'Il""" ' ..... <1010,,,,.'100<1 '" """
tr-.. , . • ",,'orio' IMt 10 I..,hop;""""'" """. 
11>0 M m. __ in .ide length in U, O 2 · and 
3-difoetioM [be<:o,uoe 5 " _ 5, ,). bu l Ie .. 
ltoo" in Iho '-<lir-o«"" "*"_ o! 'Oo _ 
_ onoel).r>!l no ...... ring <:io!o,,,..''''' o! 
""I' CIkoe oido (bee''' ..... 5 " = 5,.= 5,. = 0). 
T"",", 101 an on""r-op;c 01"0 .. 1. oi!Inkonl 

'I(' , 
co"pllng <>eo"" be,," .. n I ... opptie<l 01,... ' ;P' c.a 0, ,,,,,,,,,_ '" 
and 11>0 ." ... " "r.in _0, "nlol<. 11>0 " .... ot_ C_ ..... . 0, 
oinIpior ,._ lor on ""'1r<Ipjc IM,.ri&I 

T~ .. '~''' u, """"Iinvo '" oi>owolo! on a,bft, • • ~ 01'0000<1 O<>o;ty 
in Fill"'. e ·g ,,~ • •• "'. p/1j<o.ical ,.q,iIIco"". 01 H oi> cornpW.ne. is 10· 
bolo<l_ Tn .... ..... 10 ''''' s " . S .. . ~"" So> _n _orn eXI ... ..,...,1 ,ot
..,..,... to 0 " "'"",~. I oppliO<t .. ",so, G,. C.' ~"" c •. fOSpecTiYO"'. In I~ • 
..... .w.clion TI'IO 10 '''' S ... S" . and S .. _.m _ • • "-.;,, 'ot
"""" .. 10 on 0f>PIi0<t ...... r " ' OQ /n I~ . .. """ plo".. T"" I • .,,. 
S ". S Ol' ar>!l 5,. _om coupling I .. "wo. n dissimilol """"" I ." . .... 
• r>!l "0"",1 otro;". (.,1""""'" ·"Ion"'" ",,",*,g """. """'""""" ",-" 
.. tho Poisoon . Koel). T"" 101 ... 5", S ,,' ~,':";l" 5 " . S ... S " . 
S ,.. ,nd S .. _m "",,,,,,I oIro" "'..,.,.... 10 ... . . , s~_ ... 
""". """,~iox "'" ..... " lnan 101 Il'1O precocing """,,,Iionen 1-"'· 
. . .. n..., coup,","'. F"'Iy. tn o I. ,,,.. 8 • •. S ... . r>!l S .. IP"'"'" _' 
OI,.in ,~ 10 ""'.r 01", ... ~;,.; in ._ p"''' < ..... .,·_r 
coup/In",_ In conl!a". Il'1O on". ""","inIl1t.a' . , ;.os IQr an """""'Ie ... · 
t.<Io1 is o.'. n$iOn ... ,t._ """,,10'>\1. Tnuo, ,hO "'''01 ... lion ' • ...,n" 
0( an ,","""op;" "",t. , .. 1 OVa" 10 sim pla .,,_ "".0 CoOn Ii'. ",,,,, b. in 
.... .,y do,..,,,,,,, .r>!l in ..... ry plano. W. wil _ in s.ctlon C .S 'hot M"'>
trop;" mOl. riols can oxM>!O 'ppafOnt • .-otropy '"""" otr • .- " """. 
prind " .. 1 ",at . ... 1 """"" .... 1 •• . 1.1000"""' . ..... wilI _ thol S ,, ' S" , . r>!l 

, , • 
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~ 

" '" --
$", . ' . '0"'''' to "'0 Voo,ng"O _ In "'" ' -, 2-, . nd 3 __ , ,, 
."..".... ~ . ......,. S ,,_ S",.n<1 $,. wiI be ," 1>,.., to ' M P_', ratio • 
• "" V"""". """",I , F ... IIy , S .. , S .. , an<1 S .. ,,;I bo ... ..., to _, 
mod"~ ....... 2-3. 3-' . on<11 -2 p loneo, ,_"oIy, In ""m"""". bOo-
0 . ..... 01 ,~ •• ,riou, """"I"g' .,."'"" !It,._ •• "" !It'"'" _ '" 
fiyu,. C.\I. an oppliO<l """", I ."" .. on "" .. isotropic body '""~. In 

I . Nor"",1 ""',, In I .. "" .. ,loti 01 I .. _ .~ . .. 
2, Normal .. , ..... .. 'h. ,,"""10<>0 pO.".",,",""" to ... "WOod .. ' ... 

I .... n"""' .• ".n""'n CO "~) 
3, S~ ... , ",ain .. th. ,tw.. p"_ (.I"''' ' -. ''. n,,",n e<>upiO>g) 

Mo_'. an oppl .., _a, .~" .. In On" pl.o"" """" 

I , Shoa, ",ai"" tile plol\e 0/ 'no app""''',,,,,,, 
2 Sh ... , ",al .... tho 01li0, p ..... loh .. ,·,o,., ~ 
3_ Nor""" .. , ...... "'" tIu •• • ...,tion. loh"',-' " ' ''''"''' ~gl 

' 010,,,,,,,, as ,o"'od D~ too "il/neMes. C,' 

" C" C" C" C,. C,. C" " 
" Ct> C.., C" C,. C" So " 
" C" C" C" C,. C" C,. " • (C .3) 

'" C,. C,. C,. C" C •• ' .. '" 
'" C" C,. C", C., Co, '. '" 
'" ClO C,. C,. C .. C .. '- '" 

, , "' 



-. ..... '---"-.. _. ,,, 
For "n o rt!>o1J<Jpic malerial (0 mate .. ' lo r wM:" 'hrn m"'""", 

0<Il'>0g0<\0'~'" 01 ",.t"" p~ .,."'01 0'" . ' ;sl . .....,., .. . ''''-r· 
,' ''0''''''; """'po". ",. ,.n.J wi h ........ t ,-. In tho .. PO",,""""'"'" 
dO"""'"'I. the .. , ..... "''' ".""'n.1n prln' ipal "'0", .. 1 d.""oon .... ' 

' . C" C" '" • • • '. 
" Cn C", '" • • • " 
" Cll Cn C .. • • • " , (C.OI 

'" • • • '" • • '" 
'" • • • • '" • '" 
'" • • " • • ' . '" 

. 00 ,~ " ..... " ..... ,.i,n"'" ... 
" S" S" S" 0 0 0 a, 
" S " So,. So, 0 0 0 a, 
" S " s", S" 0 0 0 a, 

(C.S) • ooos.,oo ." 
1" o o nos" o:" 
1" OQ QQOS", : " 

Thus, no oI1 • • , ... " . nmn cooping Of .... ,.0/>0;;1, 'OUpMIO oxists 10< 
ortOotn:?< m.,. rio .. ' hoi .ro _ In POnci>o' _ .... , di.oct"". , • 
,,,.,;., root,,,,,,,,, tho . .. 001 ' ''.Y' N t_, 

T • • ""~ "" ... -ol,. in ood ol,"In~, ... , . .. ,""" .r. ''-90~ 
000 «>rI"If*CI _ _ "" , '''-Y .,. mainly """"""ua l a nd """' ....... ,"" . 
PflI<""'1 to ...... 'ho <<In',,' ol'ho u .... 1 onvinooring "'taW""""''' 
01 m.,_ 1 bo na,lor. A m",o ..... ,.,.do' OW"'""'" is . <ldro'- "">t. 

I.Iost <1"'1'1' ma' .... 1 ,h. "'ctorlution or P"'P"rty """.,. m""" ... 
poriQrmod .. ;rh . knao<.n ropp Ood Io.d "r, 'o ... . p ..... lly, ",,,,_ n . "'_ 
,,"I ng <io;>l>oorn onl ond ..... 1. oro thon ... .. or..! Tho oogirto. rir>g 
oo"","nl •• '" 110"" '1'/ the _ 01 ... ,,,,,,, .• ,, ... C<.<>'O 1 • . g .. E • o.~) 

Of , flo ...",. d •• 1,.In·..-aln <UNO (o.g" • _ _ " j,. 10' " . _.0 and •• 
.. ho, "to .... . '. >oro). n . ... , Iho oomp<>non .. 01 tho com ... """ 1s"t 
maul< oro .... orm"*' mo,. ~ ' hO. 'hO .. ollho "itt_ (C~ ma _ 
tri> , For . n orthotrop;c mo,_1 'hO' ill ot.- " pmcipol m.' ...... 1 «>. 
Ofdina' • • ('ho 1,l',~ coordW\o>' • • ). tho """'P iane. md'rix <:omoo,,".10 in 
le rm . '" ,~ . o.glnooring """".nto.", .. oro'- in main. form .. 

, , • 
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1 '" v .. 
~ - T, - Eo 
vn 1 v .. 
E, E, E. 
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a,-; 
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(C.S) , 
, 

0" 

E, . E •. E. _ YOuO'j" .,,",.,.;on&' __ "' tnl 1-. 2-, 0"" 3-<11'0<1"'" 
' , - Po""""'. ,otio 1.''*''''''"" " ,,,,,,,, ~irog coeH<:M"tl, 

1.0 .. 'M Mjl>';'" 01 ,h. trans"., .. ok ..... th. 1<11,,,,,,,,,, 
CHef "'" SI"' .. .. tn o l-dirO<1ioo "'M" SI,o. is appliood 
In 1M H;wootion, ', 0 .• , '.-- .: (C .7) 

10"', _ ~ aod • • 0","' .. ' 0"" 0, • •• tto 

Go>_ G" . G" _ lIMo • .-..w " tM 2·3, J.-1 (. 1·3) • • .-.:1 1·2 ""'"" 

NoI. lIoot .n on""'"",,, ..... t. ,101 ,hoI is SIl . .... d In pMcipol '1Ia, .... 1 
COOOI"" eo 0101 " 2. 00<1 3 ooo_.te.) do .. ""t • • ~bit I~"'" .... .,-
.... ,e....,., 0' _r-.~ •• '~. Roo • • 1M, M Mhol_ m.,,,0&1 
!>as nino IncIopenclo n1 «>n,,""'. Mea".. 

(C.8) 

. "" "'" «>mp1Ol...,. mOlrt< is ,10. 1<". ",,, 01 Ih. stll""", IC; I ma1r1x tnol 
eon b • .no"" '" 0. ovmmOl'.,. WIoen onoio"""o 000",010 ... sub-
0lIl",0<1 .. EQual"" IC,81. 

I', v, 
E, E, 

;.i - l, 2,3 '" (C_DI 

TIo<>$, 'h," .-.eoproeol ,.101_ ",uSI bo .. ,""'" 1", an _tOPlc mao 
t.<IoI. ,-"" ..,. ... ont, "", 't>""" ',.""" 0. '""~.' ~rod"-
0 . ... I'", I'll' • .-.:Iv~ 00" b<o . " ,._ .. 11"".01 ,~. IQI-m. n1ioood 
group 01 Poiuoo·. ,all"" aoo ,h. Young"$ moduli. n ... nor group 01 
"",""n', "" ... m.J", 1'>01 bo .o,gott. n, h,,, . .... ot. bo>cousa "" .., .... ,~ ... 
t/>oy oro ,,1>01 ... ,,"" '" mu",rod, no' I'", I'" • • "" ',., 

, , • 
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! "' ':'.i ~ ~ = ~ .. ~ 1l1"- .It .!! ~ . • , • Z .. 0 0 -A -1'1' " i- '~~ ~ - '" • • ":" i .. ... " - . ~ .. ~ l~ \I • • , 
~ '~ l J; ~'" gIH~S.q~ i :g :o~~ ;-; ! I 0 

I O:..J ! '" _ c ~i""' E ".l!I~ •• " • , , 
< 1i!:! ' '" • lj ' ~ -'i'- " l!- 2& :. ~ < • l! J • 

II: j .:. 0 0 tl" i: 'E -l!.~'U2 Yj.t~ 
I i ' .,," .. , ' i·~J 1 '"" .. , - l -I .. .. 

i§i~ ~= ;: ~ ~~ .~ .!I -~~~iP '§e";;'; • >== .~ ~ - ~ · 1 · .B c"'~ :i: ~ ! C :;; ,0 i .Ii tf t -~,~ • "''' 2 . :I ~ .- BfS"'lo:d"a. ~ D ~~ '" li 

I -'0: _~E'" ! " - !'lIJ! 1 _c, .. ~ , ";0 fIl' ,~ I ! 
::,!O n~ 0 '" \I ~ ; ' - 1~ ~!,1 .i1!io;f ... .. . "' ~ 

II: .!! .. ' E .l! ~ ~ E " J, .... 1'!· <1 J.d·! <I," -. H'h~ J ur i 0 
<", >1 g .. '}" ~ .. ~ "l"~ 

~ 
.. '" .!O i; 

~~ -:1 .t ·I HldH U~~!!h ,w . .. t ! 
U.'-" c ~ 11 

"'z -.~ ,a _ E'O.; g "' S ~ i.~i ' . f* i"' ~ ~ .. ~2 l! : .2.Ji . ,, ~,!!e . .II .2 ~ 

~~ 50~ _ F~if~rtfalloo' <i =H ; - -11 1 i ~ ~ = ~ . ~ ~ . ~., ' 1·11~ r '" ~c ="j! ~ ~ • _= .,. ~ .. 
o ;..iI :i .i ~~tZ i gty.i .;'5 .! s . . . ~ 
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(C,") 

(C. '5) 

Not • • 100.1;" .' ..... 10 dOl,,,,, ... '1" Equ,"'" (C.'2). ,/,.nd \'2~"uoj 
be ~".wn" ...... ilioo 10 It" on""oo"'v "",,",",nlo" q .... 'ioo .C .• 5). 
n ... , 10. \'" 0.-.:1 ,." ...... ,""'" 8 n ."" s,," Eq ... "'" (C. ' 2). 

n. """"0"-1 ",Io';'n.;" Equ.""" (C .• • ) a n b. m.~ 10 ob
...... "'" ......... "' ... , .... "'''" 

[::]-::::~ : [:] 
' .. 0 0 0 .. r" 

(C. IS) 

.. ,,~lch"" 0;1 .,. '''" OQ-<;'_ ~ ""'_s!or' p"'" ." ... 
"'" LoI ' ... 1-2 ""n, ",.1<;" .,. do'."" ...... ". or (.) • • ' ... componon" 
'" 'h. ;n,,",,",, """,p,,,"nco tn."",", Equ. """ (C .• • , 0< (.2) kom!hO C~ 

( .......... ) '.t<1Iy by -"''''sI "'" "'" .. "on."" . 0 10 'n, ." ...... " .. 
'."'ioo' 1O~' an .. ",. Won ,or ••• n. "'''''''lying .... "'"'" '0 go, 

C .. C" 
O,~ Ci - """"C;""" l,j _ ' .;!. S (C. '7) 

Th. ,. "" C~ .... '" bocau_ no .... or .. " . " • .,., c • ..".ng ...... !or . " 
_""'"' " mino;" "',.,.,. , ... ,.,.., """",""" ••. F", ""'_rnp;c 
Iomino , "" 0; or. 

' .. 0 " • , 
5"5,, _ 8,, 

'" Q,,= , 
8"5,, - 5,, 

(C.'8) 

or,;" ,."". '" 'nO onvinHmv _" .... 

0 ,, ' '. 0,, - " . _v,.v., 1-." ",, 

",,e, ""E, 
(C.19) 

o,, ~ • 0 .. 8 0" • _v,," .. '_'"v" 
I-k>Io that tour _pondon' ma""" . proponio •• E,. E,. "" . • nd 

G" .•• '-1 ;n Equnt""'". (C .•• ) .nd (C. 16) ~ Equotioos (C . 15) .nd (C.19) 
ar. conoirIorod", _n to tho ~ol re'. ""n, Equo'<>n (C.g); 

, , • 



-. ..... '---"-.. _. 
(C.20) 

T.,. p!0<0<!1no ."... ... ,~ ... ~ od ....... ~ .... ,0"tJoo. 0" lno I».olo 10< 
_ .... otld ot_ ".0'1'" 0' • ," ml"" ... bjO<tOd 10 "', ...... ... Ito 
pIa .... _ Thu" , "'- ,.Io,.",. .. ~ __ " ",blo io .. mi<>lt ,~ "n"1fsio 

C.5 STRESS·STRAIN REl ... 1IONS FO R 
... l.o\MINA OF ... RBITR ... RY OR IEtIUTION 

In S"","" C., . "'- ,,,_, otld .. ,.," " "0" dotl,*, io , .. ptinell>o l "",1_, """""",,,I .. 10< on onllotropi<: ""_I. "-"". Iflo ptine",,1 
din>ctio"" 0/ __ """" do "'" ooir>eido witIl coot'<INt~ d <o<IOO. 
"'"' . r. II""m' lhcal'l " alu",1 Ill .... ooIut"" olin . p_ "'_ F<>o- oxam_ 
pIo , ""noMlo, 'h. """"'Iy _ fbo,-_.~ of~, qoI"dri<.o.l " • • • 
io figo .. C· l l . 1II . ... "'- """!'din .... " ,,,",,,[10 Ih. oolutioo 01 "'- .flo. 
ptoblom a,. "'- 011 .. coo_at • • < ,~. z, ... flo, . .. "'. princfp>.1 "'010 ... 1 
o_I .. . r . ... , '.z·" 'h. _ ", rto,. . Th. _iooo no"".'10 Ih. 
'"~""". z ""d z' , .,. id.nliertf. Tho li"'m~nI.wi nding ar.glo is defined by 
"",,(y', ~) . ",. n . Otho, . ,ampr •• IfIOlodo """"","; P""u "'*" drfi ... ", 
10m"",. O' <iff.,O"' onootol""" Th ..... , . ... ,,,., .... edod b. "' .. n Iho .... _ .tId " ,8 in, io Iho priot"'l .,.10'''' 0000-_.' .tId ._ io Iflo 
bod! coord""" • • __ 1nW .• mathod 01 translorming .. "' .. · .. "'io 
'e "'I"'" ",,,".,.... '-.10 ..... m 10 . ,,,,In., .. . 1or> "oe<Ie<I, 

AI In .. point • •• 0 ,oeo' from . lemO"lruy m&Chon"'" 01 ""'to, .... 'ho "'''''''"""Iion OQualklns lor ~,preMlng "'OMeS in on ,.~ coordio<tl • 
... lom '" I ....... 01 S1'_ . .. . ' -2 ooo,r:rI .... , . ..... m. 

-,~"'-. [" 
2 ... e eo. a "" 

"".'e _","'e ' t, 
(C.21) 

io .. twon e ...... a"gIo {""" "' ....... '" U, o , ..... ( ••• FI?->t* C· 12). 
1010/. 06QeC"ty Ih. t IhIII,"n>io"" .. "'" hao "olhing to do wi:!> In. ",a rena l 
_ •• in b tJt .. """.", a ."OIlon 01 .. , ... di,octiotto. Also, ,he rli<oe'ion 

01 '0"''''' ira «uclo' 

, , • 



............ , .. __ ...... 
, 

..-_ C·12 P_ fIolo""n'" P.....".. .... ,,,., ..... ,""" , ., ..... 

Simlarl)'. ,~ ..... i""'''''''''o''"._ ... ua'ion< "', '~o ....... n q 
OOO<dino'oo (body <oordio",H ) in 'o,m. '" ,h • ....... n 1·2 coordina1 • • 
[p .... ipo, ",.,.rio' <1<0<1"" ~ino, ... ) 0(0 

.. whl«r .... _ . ..... , ..,.. no <Ie '"'''''''''"' ""'" '''" ...... "'nOW · 
,...60" ao do ........ In Eq ... tion (C.~1 ' ~ Iho ' on_ dolin' "" 0/ .n-
....... iI U>Od i"nicn is O<I,","olon"o d_g tl>o . ngr--ring "'. a, " ,oin 
by '_). The dtl~,e""" b ...... . " 11>0 ,.,,.,,, dor .. f.,., 0/ .. ",in . f" , 000 
, .. ~ <IeIiniI;on. 1" . .. , on on .. ,rouble"""," 1aclO, 0/ 10"",. 
T .... l IO<1Or O'IWO'" bo " .. ,0<1 """'" "'In.n in"" ...... __ " by 
Rout. , [C-21. 

Th. ' '''' ttanslo,ma'''''' 'to com"""'" ..nn. n as 

[:: 1 0 ',f'[:; 1 
'" '" 

(CZl) 

[:: j."t[:: 1 
7" 7" , , 

(C.24) 

in .....,., "'" <rJ~",,' _, on 0 ",at"" _ •• "'" moh .......... a"" 
Iho to>nsi",malloo """"" , T. I. 

, , • 



-. ... .. '---"-.. _. 
[ 

'M', ~'. 
[l) . .. .. 0 OOo'ij 

_ % e <00 e .., ~""" ij 
'~'-' l _ 2oinOco. O 

o",'~ _ ';"'6 

(C.25) 

_,,0', ~ 'ho .mpla ma'", 
[R] · [~~~l 

"" 
(C-2fl] 

• __ by R"",. , [C.2] .. ;." """","" '" .. . . care 0' "'" 10<1", 01 _ . 
th .. ,h • • n~ir>g ""'in "0<1"," (<>Mod.,o ,..;oool """ric .. ) 

(C.27) 

(C.28) 

O""~. "_ mlUCI or '~o ,.nOOl 0I •• 1n ,«ton In '''' 01 ... ", "" ... slOr
mations os " on as in OI~· .. ,";" Io" ".n""'lTDo,;o,,.. Tho I>ooul)l Q[ 
R_oto ' '''001"""",100 io UIa' ooncioo ... "ix ""'a'ioo can '''on 1>0 u-. 
Tn .. , '.0 .'.01 0"",.'._ "" .. illn ••• 0"" """'","no. nu,ri<. o ... h ."""""rd -. '" (!'l.nd 2 1n "" ....... rowo oro coIumno .ro ._. 

~ 00'0010<1 "P""iJlly 0Ilh0<n>pic .. _ ill ~n """""",,ie lamina 
whoM ",~I mo'. riol ...... ro o~od wi. lIl • • 01",.1 bo<tf .... : 

[::]-[::]-[::::: : l[~] 
' ,.,. '" 0 0 0.. T" 

to, ,,"",h tho ",;l'IOipol m.,.riol • • • •• to >how" in Flg.no C·IO Th • • • 
.... ..... ,,. .. _r"" . ... , . .. ,,ooucOd 10 secI"" C.4 ond...,..., " "'n thO 
p<irqlo l molOrial d""",1oM 01 on onholropi< la min •• ,. uHd •• <_ ........ 

Ho"",or • • • moot_ p ... ;,u.".. (Wlholn>pio .. min .. .,0 onon 
"".oI,uotod In such . manno, ,ho, "'" principal mat .... 1 """,dina, .. do 
"'" <»<""""' with tho ",,'u,ot <»<>"'"""K o! ,h. b<xIy. T"" ""Onton( ", 
""' to bo ;""'rpNlod • • moon .. g ,11", ,h. motorial ._ .. no IonsIo< 
orthotropi< : ...... d, wo oro I'" ""'~Ing ot on OI1!>o"""Jc ",.tor;'1 in 0 

, , • 



- .......... .. , .. __ ...... 
",,,,,,w,,",' ......,,",.1 ""' ........ i.o . . in • coonIiooM ' Y""'" , ... , is ",ionIod 
., """'. '''11''' 10 ' .. pMcIpa l """ .... , """,,"001. $y"om. Tho., 'h. 
baoic qu_ is: gi.ton tho ......... wa in ,.Ia,io .. I. , .. pOncIpal mo'_' 
<_'00, """', . ,. 11>0 ......... , ... "''''_ . .. '.y <oordinOl .. 1 

Aeoordinglf, we u • • 11>0 ."" .. ond ...... "".01""".lio .. 01 Eq",,' 
"""' IC .2]) 0I'>d (C.2~) .Iong ""'" R."' .... .... ,,; •. ~q"",IIon (C.26). ""a, 
abb<.,ialinII ~q ... tion (C.29)., 

[::].[,,[::] I,. y,. 
(C..1O) 

[::]0 [".,[::] 0 ['''' [''['][']['( '[~] ,0." 
'., ' ,t ~, 

How" " . [R]rTIRr' ea. b. _. 10 t>o rTf' "".o. 11>0 .up. r~I T 
do"", .. Iho ,,",I';. lra"-. n ••. , wo "0' Iho _ ..... ""ion 

-, -, 
[ol ~ rr] ( O][T) 

[.,] [,,] ['" ' .. ,,,][,,] 
", . [ o J 'l • Oro On 0 .. " 

t., r., Oro 0"" 0.. r" 

(C.33) 

.. which tho b .. ""Of Iho a.. ""''''' _ .. 1",,' ... . '" dod.g .. ~h ' .. 
""r><io",,'" -wcod .. 11_. in .. """ 01 tho ~ stet"" ..... O~ 

, , • 



-. ..... '---"-.. _ . 1>, 

Nooo , .... , '~o tr.n,lDrmed rO<Iuced '","nU' motrix C, "'" '",m. " 
a l nM poo./Iion. In OM' raot to 111. p '..wne. 01 '._ .. ' ''<I ~ 
""" ..... mOl", C, 1n EQLoaIlo" (C.~~J . ...," ...... "If' a te 01;1 0"'" IOU 
io-dependenl _ ..... I_nl. _,u •• Ih. 10","", 10 o~iIotroPe. to Ih. 
go"" .. 1 caw wilh t>ody <OO<dtna, ... . ,lid y, IIwi<1I io OO<JllIinll be"'""n 
...... , .. ,0'" ond ",,,"'., _ •• nd bo ..... " -." . " ... ond "",,,,.1 
_ ... , i .•. , _ ,· .. tonl"O" """Ping ...... , Thu, . in t>ody coonJI n. los • 
..... n an """"'ropic lamina appoo .. 10 bo .nioo''''!>ie. How .. ". boc.uso 
...,h 0 lamina doe ... " . OIthotmp;o e",adotlOlie. in ptinclpo.l m. 'Otiol 
c_too, ~ .. collod. go"",.", _n>Pic 10m ... 0..,0"" ~ co." bo 
rop ,-mod by tn . st,. .. -oj, .i" ,.Io'io", " Equation IC,:l:]). T .... t i •• 0 
_It oltl>o/rop;c 11m ... ... " oJ1ilol"'!>ie 10"' .... w""" ptlnclpo.l 
.... 1 .... 1 b • • _to root "9"0<1 \OiIh IhollOtu,.t t>ody",,"-

Th. 0"", _"""'110 • ...,.,"t.d willi OO,,",aily """"trope Iominu 
.... ""po .. d", •••• europe IomlM. is tll&l gon"",,,," 0~00tr0p;e Iomln .. 
0,. simp'" "' ena,oeto<ilo e .poor\m"""", (and ato _ ,,"lu,.1 OrlO 

more COIn""",). """"". ~ .... dO .-ol ' ''''0 thai ~"' mot..w 
U K . ..... ","". _'1)' ooilotropic Ia",ina i. indislingui.hablO I""" 
." • .....,.""'" lamina. n .. t 10 . .... tarI"'" ta ke '_y tho WIt_ 
oMo<JQPie c .... _ or oj . >om;"', bctt ..... CO" on.n' "'" Iomina In....,h. 
ma"nor • • 10 ... ,,", ,"", choF.>CIo, quito d llfo:; ul to ~'" 

C.6 CLASSICAL LA MINATION THEORY 

CII"""' Iominah,. 111 . ory """..... 01 . ""'_.,. oj mo< hon """"I· 
maIOt"" 'ypo 01 "" . ... tId doI",mo'''' lI)''''''h . ... IIIo.t ... d ' l<,ii>&d 
in Ihlo . .... _ . EIy..- ", '0;' II,,,,,,, .. ,,,,,, o"n ..... nily procoed <1;. 

,ecIly I,om I .. b...c buiio:f"g block, the Iom ina. '0 the etld ,estll •• 
• lruc1u ... llo",inoie. Th • ..- P"""'M is one 01 rtnding eWo<live a tld 
,.""'na~ .co ur",. $inlpi lyln g p t......"ption. Il101 ... M. '" I<> ,000< • 
.,." o Ue"io" 1_ . com"""'ed ,",..--.1 .tost""'" """" • ." '0 
• """01>10 "",·dimo" , .,..1 mochon ico 01 doIormabio bodIe. proOIo m . 

........ 1)'. boc.aLlSO 011., ....... and dolotm.' ion hypoIh .... I,,"' aro 
. " "'"""tOOIO part 01 0"""'" to m;., ,",. "'.0.-)', • "'..-. cO ,'"'" ,," m, 
"""'kl b. 01a"",,, 1 'Oin 10m;"',.,. 1.00t)' , or in ","""u",1 . poIio.,ion • 
..... n 01a_.1 IOmi .. ,od pI. tII or oho1 1lH>oty, W. ". uw ,n. common 
til"" <10""", 10", ... _ 'h. ory .... , ~. thot ~ I>. • 00","";''' 
""'_011"",.,. 01 tho riga""" """'0""'''" '", 'n tno oompooito m,'. · 
,,,10 ~,.'u ," . eio .. ""l lomirlolion ,n..,.,. io oIl.n _ ..... lOd .. Cl T. 

F .... tho .. , .... ·. " .. in booiI.ov'" oj an m Mdual 11m ... ;. .. ,,;owod 
.. Sod.,. e,G.1, otld o"Pro.-;l in oq ... ,ion 10"" fo , tho ~'" I.m .... 01 • 
Iominol.. TlI<n. I .. ,,""',., .. 01 ... """ arId """ .. 'hrougII the tlliokn."" 
01 ,h. Iom"",-",fIO dolo",,_ in s..a.,. C .8.l!. Finally. Ih. __ 01 
In. Iominal. _ "nd mom ... " to In ...... ins ond <u"'at", .... ',,"tid 
.. Soclion C .e ,3 .. 'he .. I"" Iomina' •• hl'l" . ..... Oto ,h. inI< ltom I"" 
fo", •• on<! ""' ....... " to "" .... IoIo .tId CU"'.,", .. , Th . _.,_ in 'his 
_" ",. qo.Mio ...... ' 10 'h' "_"'It """" ItI "'" 1\14OO.IId ,g5Ot 
by "'m""~."rny"n [C'3]'nd ,,"h. , ""'''' by P,.to, and Dong [C""j • • 
.,..110. by Aw oo.,.tId S'.voky [C·S[ , 

, , • 



- ............ , .. __ ...... 
c,e.' LINn, •• 5,,.,..5,,.,. 1101>0.10< 

n ....... ·.v.1n ,.101""" In polndpol m"orioI """tdIn>, .. for • 
10m ... cI "n _o;rp;o .,.loriol uodo, pIo no 01,. .. a ,o 

[
: : ]- [::: : : : ][::] <O~, 
'.. 0 0 a.. I" 

Th • • od""od .~!fJ,o .. oo. c" . ,. drrfin od in t • ..". 01 ,too oogino. ring 
"" ..... 1. in ~~".Iion {C,l~, In .ny 011>0 , <»or_ . . y01om in 1~0 
plano 01 tM """ .... tM .. , . ..... a ro 

["] ['" '" " J["] 0, • C .. c,. c "" " 

<., a,. c .. a.. I" 

IC.3(l) 

In wtric~ 11>0 ' rano/OrrnO<l ,_ .. lInesseo, a ,. oro 11'<"' in term. oj 
11>0 _0<1 II1II ........ . C " In 10""", ,,,,, (C,J.t), 

1M ...... · ..... In ,e l. tlon, ., ._0..,. In-pla .. coordinatas, .. rrwty 
Equ.a.lk><> (C.U),'ro "MI"' In , ... doli.Ok><> 01 t ... """"'" .. "' ...... 
__ u .. 01 ,~. ~"'~" 'Y "",ntal;"n ot 11>0 <on. t;tuo .. lam .... 0" Ia .. ;. 
""to , Bot), EQ""-'jon. ~.35) ond IC.36) <3n boo thoui1>t 01 a . eI, ..... 
..... In ..... , ...... "" .... 1< loy. , 0' . tnultil>y . ...... ",,","-to . lh" . , Eq ... · 
lion (C.361 can boo wrllt. n Oompadfy •• 

(C.l71 

Moollam .... h ••• • itI>o, "no,.;,ior\al _ .. or "~notropic-w.a • • fobric 
os ... F;gu" C .... .., tn • • mal oriol prnp.""" ., . ..... U· __ 'od ... h 
E_tk><> (C,35). Vory I.w <>et .. , ~rUootfo.p<: ,".,i ••••• iot. To t>o 
a_,opic. Il>ejo ' ",," ira muftj-dj,..:tiondl f-' ., "'" p",,", a' ",trer 
'Mn 90' t<> each otho,. r,jer<riy """ing ....... eclionol r .. ,,,s at """'. 0"010 
t<> I'"~ lOad . ' " <10K not _Ily ~ Ia", ... 10 boo 0."" IU>koohWi<, 

We " . p""_ ", 1M noxl...,.jon 10 _ ... t~. 01,.., .nd ." ... 
• .,Ia,lon, tn"lU~ tl>o "'Ic~ .... ot. 10m ..... . Th ..... lon' Io<ce. 000 
_ .... to .... ~ .. min.,. wiI,,,,n ". ot>IaInoO ... Sec.jon C ,~.3"" k>l. 
lI""ing ' M eI ....... "'in fOlatiooo 10< _h loy • •. Eq ... ' loo (C ,37). I~ro"g~ 
tM Iomin . .. ,h lcktJfto .uI>joct to "'" .. , ... 000 .. ,,,in .oriot""", dow,· 
minod in Section C.6.2. 

C.6.2 Str.1n 0 .... SI,'" V •• t.oUon In 0 Lomln "," 

K"" ... ~ 01 1M ""'" t~ • .,"' .... aOO ........ va..,. ""0001> ' M 
Iominalt !l>lekl1o .. 10 ........... , 10 ,no ,,"PI" ~jon 0' 11>0 •• ,"'" .. iff ...... 
ot. Iaminoto lho,", 10 t>o ooed os. otrucl .. al .lomont. ThO' moot,;g-
01""", coOOok><> impoH<l on t~. IIlmina .. _,10< ", ,n.1 tl>o Iami .... 

, , • 



-. ..... '---"-.. _. 111'1 

is ",.""mod 10 eon .... 0' po~oct!y boOOod 10 m .... ' That "" ,tI. d is
pIo<:om • • ts a " ""ntinuou"..,fOU "m no __ ,;eo .., tha, "" " mina 
eon .., " lot ... to , "I' ad;oe.,-., I.omlo, • . __ .. , m. _ ... p to
... mod to be ;",~tty ttom .., IMy or, """-.,, •• ,"'lo,m.t>Io , Th ..... 
tI>o ",min,to • .". •• 0 oinl/lO 1iIY"' .... " vory ~ .. I~.,""' ..... 
_ ,,"I ... oon".,.. .... """''''''I ..... ' ... '. 

'<=n;Jingy, ~ til . Orm"''''' 'h .." . .... origiolollj .1fa~t a nd po" 
poodieul.o, to tl'lo mOK< .u~o,. 01 t", .. minato . i. • .• • "",mol to tl'lo 
ml<ldlo ourIaoo. is p......."od to ro "",:n ...... ht a nd porpondieul.u to tl'lo 
"'_ .... rioc. wh.,. th, " .. not. is <;1010""0<1. , .g .. .. "'. " t. <>dod. 
oomraaod. ""n,od, or _ od, RoqWin~ th. no,mal lo th. mddlo ..". t..,. ' 0 to"",in SIltr illht ond "",mo l rJtIde, .. to"". ,"". is "'1. ;". 100' to 
9>x'ng 11'10 ", ... ,ing ........ in pIo . .. 1'0"'*",,", """ to tho ", i<t:IO "" ' -
''''''. tM' is, T .. . '1" . 0 _. z is 'ha di,OCl<>n ot the "",mol ., \h. m_ ..... oe. ;" Flgtl ro C · ' l (noto , hat T .. ond 1.. o ro \h • • n1llo5 tl\o' 
o do>l<>tmod "",mal_ ""'ko -.it" tho <lerotmo<J mO:l<to ""'000), In 
._<>n. "" "",","IS ~" "' . ... !OO<I to havo "",,<lon' IOoijOh .., tha' , ... 
stram po~ulo, ., '''0 m_ ... ria.,. .. Igooo,od as ,.. •. 1ha1 io. 
'! ~ O. T .. tor.goo"ll ooI_k>n "'. pro-o.r mp'''''' ot 'ho _v"" ot ", • 
• irtgIe loY" 'hot ,opr • ....,. "'0 ",m,n,to 0"" .. 1",,",, , ... """I .. , K"'hl\oft 
hypoth . . .. fo, p"'n ond ItIo K""hI>;tII·"""o hypol_. for _ .. (o nd 

'_ ... ..,.... ... ...- _" _ u-."", ... t _ .. _ .. n • .... --....... , ..... ",., .. _-.......... _ ,, "" .... -
~ ... ~ ...... -- .. , ...... - .... -,""-.-.... """ ..... -,~ ... --""' .... --- ''''- '''''' -..... _ '" • ~"""" <hAnO<' _ """' _ or __ 10 '''"''''' w ..... ' __ 01. ~ ______ ........ .,._ ... 

_ ...... , ... _ ("",... _""' ____ ""' ....,. ot ... 
_~""_ ...... _ ... no_ot ... ....... ,,_ro_ t_ ... _ ........ ,,, .... ,,, _ . . ....... _ ("'_ ._) ~ ..... _t.o_ .. _ , ... _ .. "' .... ..- "" __ ..... , _ 
__ ... _;, ............ 10 ........... ' ... _. __ _ .. . 
.... ........ __ f· ... ___ .... _ ................ ·_! 

, , • 



110 .......... .. , .. __ ...... 

is tI .. ...... -dlm .. sional ... bg 01 t!oo O«jo'f)I .".,...0;",....."",1 beam 
tIooory ptosumplloo that plan. M<1""'". I .• .. M<1lon. "" ,mallO t"~ ~m 
• • is, rom.in pIo ... . h~, bo-.g (tfro E .... ,·l!omoUl hypoU, ... i1r-th ..... 
tiro ptryoical ju&t~loati<>rr 01 tho _ion 01 pt. ournptiorrs ohouId bo ob
'"",. 1, Nolo Ito. , "" , •• tri<i"" hu _ . mado 10 flol 10m ... , .. , 'fro 
IomiM ... ""n, in tdct. "" curv«! or oMI!·ik. _ 

n. "" piootio oo 01 Ito. ~rclrh<;rIf trypoIh . ... on tfro 10m ... '. ~ .. 
pIacem. n,. u, •• • 1>11 w in th. " , y_ . • 1>11 z-dir1re!<>ns 01. _od I>y uso 
olin. 10"" •• 10 0 ' .... _ tion in tfro ,-< 010 ... """wn in F;gu ,' C-13. l fro 
dio!>Iooo ment in ,h • • -di ,oction 0/ poOn! B from Ih. uoo.fo.-rr.ed mi<Ho 
SIJ~_ '" lh. ""f",wood mlddo .... rtoco 10 u., Pfro oymtxM '",oonr (0) 10 
LJSod 10 desl\lnato mWlo-... ~. ' • • • Iu" 01 • "_f, 80<0 ... IIroo 
ABeD """' .... '''aiglrl """"' <Iolorrnalrr>rr 0/ tn. lam"'I., U,. dlsp_ 
monl . 1 point C .. 

(C.3Il1 

B,", bocau .. Iir>o ABCD, u""'" doformoti<>rr, Iunli« ,om. 1ns pofI' . nde· 
Il10, 10 tho mkd • ..,naco. ~ 10 tIoo sIopo 0/ (n. Ia .. m .. mI:I<Ilo "uri.« 
in lh • • -do-.ction • • h. 1 1o. 

"' . •• • (C_lO) 

Tn.n. (fro d"","-," " "",, Y, in In. . -d;.-ootion . 1 .ny pOin!' 10''''"''I1'l "," 
IomiMt. ,heM'" iI 

By _~, 'M ... rrirrg. lhe dio!>io<emerrt. ' . in 1M y-drectiorr ., any pOinI 
• tllrO"on tiro lam ino,. 1"O:tnes.o 10 

"'. • • •• - z ~ (CAl) 

lfrol.mlnal O "PO"" M,. boon , tdr>:od 10 ,',. f

" 

. 1>11 1" I>y ..... 
01 ,n. Krn:htroll hypo_ , Th.t 10. ',~ 1" ~ 1,. ~ C , Fo, .." • • """" 
(irM.a, . Io.,iorty). tfro romalning ., ...... ... dol""", ,n tOf'" 0/ (doma _ 
IN •• 011 dI""looo ... nlO .. 

',. ~ 
'T '~ 
r., . ·~~ -~ 

n"" for IIro _od dlop,"c. ", . nl. " ond. in E~ uo~". (C.~O) ond 
(C .,,). tn ........ . .. 

, , • 
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" 

, 
""- " "'. ,~ . m, _ z iJ,,2 

iNo ;1.,. ( _ _ Z 

'''' iJ.!' 
'"". iN. ;/"'. 

l,., .~.~-:u~ 

[
" 
" 
'" 
, 
" 
,; 
, 

'" 

, 

... 
" -, 
" .... ., 
" 

, • 
• nd 1M middle·...,rt""" <.",01.,., .,. 

'" " .' , . " , .' ;/"'0 , ' .. ", 

(C.44) 

(CA5) 

(Tho 10. .. t.,m '" Eq ... tic>r> (C.'5) is th. tw ... <"",.t",. 01 ..,. m_ 
... rt_.) l'I'e ,ele, only 10 <"",&I",e. oI l~' _10 •• rt_ • • • ,ele,
__ surt.eo ond not 01 ant O\h'" 000;><0 ... nougill """","",Ip" are 
r>Ol"_ "" ~, . "r ' ",d ' " . nus. Ih. ~.,~""~ hypoIt>o_,... bu n 
lOad", ,..rdltd., iInpI"J • t_ .... ..,n O!""'", I"",~ t .. lamnat. 
"'ie" '" _ ,., . .... "" a "" ;" Equotion (e M) ,",v • ..,. lorm o! " 
..... ~I ' no. Lt .• , _ "'" . 1>. Tho 10'"9"lng ........ . .... 1)' ... '" . aid <>ntv 

, , • 



11> ............ , .. __ ...... 

!o, pia'" be,,"" .. 0' U,. .. ,",. or 'ho ", .. In-<lisplr>r:. m.n, _ ,_ .. 
!;qualkln (C.«I. Fo, _ulo, e) i odrleol . ..... the ", lorm In EQua'ion 
(C .'~I m .... bo oupp...".n, ... "'" ",. rr "he" , .. 'he ..... ,.dO..: 01'" 
SI1eh ..... ",oro <Omjlb''';!'' .. ~,e __ ' , ... ,io.o. 

S"""M~!I>o "'~., .. ",in v . .... ,kln ,~rough Ih. II>id<rwoO&. EQu,tiotr 
(c .... ), In !No .... U4I .... _, ..... Equ.tio. (C.37J. n, ••. I ..... k . . ... 
.. Ih. i.!" IoYO' eo. 1>0 .. p .. _ in to"". of tI>e "'m ..... m_·."~.eo 
.... tn. and "",.'uro. a. 

["' 1 [0" 0" °"]1':] [' 1 0, • Or> 0" 0"" .;,. '" 

~" 0 ,. 0 ,. 0.. . I., "" 
Tf!. a. oon 1>0 ~iIf . .. rrl !of .. eh . Ioy. , ol m. "'m"" e • .., I ..... Iro .. 
, .. ;'t"" Wough the Iominot. I""'~ . ... ;. "'" _ ..... ,~ I.,.. , (0 
.~, lin. ItS .. onIinary ioooIropjc '*'''' """""I, ",.n """-'\lh the ...... ,",io'''. io i n • • , Ih""'g h m. Iomnol' ,hie"" .... ""'u~. typbl ot '. ;' 
, rod ...... ,.riotiotr. ore _"." in F" u," C-1 4 .. h.", , ... ->l r ........ 10 
pi«e_ 1fM.>, (I .•.. line .. n o""h .,y ... bt.O discon'in""", . , _. 
,~ ". ...... n .. m .... bea ... In, O\A'n ...... ImOd. 5) . ro ""or.", ;" 
... "" 'djaoont '"Y")' 

....... C ....... "'.Rt!mC 5TR05 
"""".UTIO" r.IOOIJU ""TRlBUTIOH 

~~ C·" HI~ v .... 6oo ot .~.." .... Sh ... ___ .,. la""",,, llie<o.no .. 

C.6.3 Ruubni L.ml"",. Fo,e •• and Mom. nls 

n o '_~'nI !<rICK ' rod """"onts a el;"g on ........ ,. a r. obta'n.,;! 
".,. " " grolkln ollhe ..... _ in ...en IOye< 0' 10m'" 1hrOug/1 ..... 10 ...... ,. 
1hic~n . .. . !of ox_mpIo. 

(C.48) 

Not. In F9u" C-I~ '''''' Ih. ot, .... $ . ....... 11h;" .ach Io.".;r,. $$ _ .. 

from .. min. to """ .... SO , ... int'g,atkln is r»t "", .. I. I\c(uo llj , N, is. 
"'''''' ~, "n l .. <lth of Ihe CroM oodkln 0( lho Iomin ... ... _~ .• in 
Figor .. C· t 5 

, , • 
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.- , , , , , 

F;,p.o C·, • ..,.".,.... on. F .. ' .......... 

s;",;t",~ , "', ;. • .,."., ..... "", ''', ...... h •• ..,.".", .. F~" ... C·1ij. Ho .. · 
..... . N, . 010 .• "od 1.1,. ett .• ,,;jI ~ .. I .... "" I" O. 1_05 and ...... nl> 
M'" ItIo SllptJlolOO 01 per "0_ wdh' being drn!>Ped lor co"".oIonce. TM 
_k. «>1",,_ 01 1"",. ond momonl ' ....... 01> lor an N·lo.yered IamiMI • .. """"0<1 ., F~ c· ,~ ."'" C· 1G ."'" I. <ltIIOiKl •• 

[] "] "[1 
N, a,NO, 

N, . a, ... . :L. a, '" ".. l".. ,. f., .. (C.40) 

•• 

[~ ] 'f" [~ , ... ff' [::] .. 
M ", '" • • 1 t" .,. '" , 

(C.5O) 

.. "''''"" '. a"" ' •. , ...... ,"'"" ., I" 10", ... , . ~"""-tI1""" ... 
yoomotry 0' F;YU11l C· P . Noo. , .... ,f"Q, , ..... ,. d"OC1O<1 d-'. "" •• 
(coo_a," ) In a<:e<>r<Ia"". _ 'M """'.m .... '"a' z is po.I i>'. do...". 
.... «1 110m ' h. mOHo ""rl., •. T,....' ... "" .. .... _ed di""""'~ '" " '0 

~:.';' '~::~." :.~ ~12: ~,'::e. ~~,~ ~.~':' .. ~.:: ~.~ :r; 
z~ _ , •• t'~ · ,",. Me. Tho •• 1=. ond .""".n! .e ... t."" do no' doporod 
on z ~~ .. .".-gnot ..... !>uhr. ,""",,,,.. '" , .nd y, ItIo ooordfna' .... 'h. 
pill"" 01 , .. 10m ... ,. mid<l . ...... e. 

, , • 
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1M Io""n" o is """1\0""""""",,,,, wll1ln ooc~ Ia>j ..... 00 • """0 eompII
eo'O<I numorle.ol 1oI0II<"1On .oM;"" 1$..........., 'lion 1$ _osod ~o ro 

Wo ""'" ,_I ti>o' ,~.',;, y; , <" <" and '" oro flO' 1""G1\oII~ 01., 
WI a,. m_''''~.OO .. _ ;,:.; '~"'I <:an bo ,."""'.., ~"'" ,"~ .. ,~o 
... mma,IOn.igns. ThLIS. Equation, (C,51) and (C.52) con bo .. 'nno n ao 

l" j ['" '" ''']l': j ['" '" '" [~, ] N. ~ ",,""'''''' ... • B" D" B,. ') , 
N", ", • ...,....... 1", B" B .. Boo '" 

[", ] [''' ''' ,,,][:] ['" '" ,,,][,,] M, = B" B"" B", " • 0" 0" 0", 'l-

.. " B,. B .. Boo I., 0, . 0 .. 0"" <., 

• 
~. L(a.;l..« ,-·,-,) ,. , 

• 
''(" " B, ~ 2 L (a.,l.(z.- ', _,) 
,, ' • 

'''' • > 0, - 3 L (Q.,l.(z,. - · , ,) 
" , 

(C.53) 

(C .S5) 

In EquaUo., (C .53), ,e.s.) , a no (C .S5), , ...... o ro . " ..-..io. ol ..... 
"" .... , ,n. B~ ..... """'rig""".""'" coupling ..... _ • . ano 'no 0 , 
are t>ondiny . tiIIn ...... Tn . mote pnlMnC<O 01 tho D, ;",poOn coupling 
_ .. n bO" <IinII and .>1._ 01 a lamo""'. [bor:au .. both Ioroo. a r><! 
curva '",o. a. ,,01 •• momonto . nd ........ O"' , lanoou"", ox,", Or 
E_' <>mIC,5:l).nd (C.~41) , T~" •• ~ .. impooait>lo 10 ""I on . tam ... ,o 
tI\OJ. .... D_ 'om,.,,;,hou1., "'" Mm. ' '''0 b.~ aoe\'o, ' wisting , ... 
IomiN' • . n;.;, is. . n • • , •• "", .. 1 Ioroo "''''''" In not ""'" _ . ....... 1 
_,mo',,"", WI _~ ""d,1>r lwiolirlg of , .. "min"". !<lao. ~. 
Iominoto CllOO'" be _Objec'O<I 10 mom .... .,;,hoUI.t ,he ... mo ' im .... (. 
" " 0 . .. onsion 01 ,~. "' _ ..... ..,. . Tho I ... 00 .. ", • • .", io bot"" out 
fO, IIle , ...... IOy .. .." nylOn..-oinlOretd ,_ ,"m""'. ""pieltd In Figur' 
c·n. W_", load, """ 10m ... ' . Is fls, os In Figuro C·,&'. S OO;Oa , .. 
laminat. 10 """ """" nISIlitan' N, and, -.USO 01 'ho rna""", 01 ""JII>On 
."" "'''"'11, N _ N" ~ 1.1, _ t.I,., ~ (l. wn.n ' .. prne,," ... to,'" "'
"",""n" 01 1 .. (...0 10 .. ", .. ore """,,,00", _<l ."" _ ~, ,._ctiYo1y, to 
tIlo Iominato "''' io. " . eon _ t~., ' ho ",ne .. ' e'p,ouion kI< N, io 
_ "";'0<1 10 

• • N, ~ A."" ' ~,,..y • 8,.<" (C.56) 

, , • 



110 ..... ....... , .. __ ...... 

Thus, lhe Ion:. 10"" I,nl N. prod"" •• twioling 01 lhe Iom"'" os • •• 
doocood by I~' <" lorm In _n!O ttro uoual "",mal .. ,aln.'~ ('''on
..",).M,; 1OX>I1 "'clionl a. ,_ ... n In FiglJro C _Ull>. 

,J 
~ 

o unbo .. . 

Tw;.""11 '" • Two·",,",,", ..... ,_ ""'"""'" """" , T. "",," 
IAflw .................... _F>· "IC·· P 

C.6.4 Summary 

C",....,.I 10 ..... ,,,,, IheO<y .,."....... of • «>mo, ............ I 01 do-
"'''''.,.", h)""tt __ 0 10 .... "'''''' ........ '''''''.,'''. ond """,,"n'· "",m""""" ,u,. __ • 01 EQu,,"., (C,r.3) orKl IC,54) oho .... In F;g... 
C-l~ Who,o lhe phy""",1 ~n iico."" • • 01 lhe "'-i' a t ~rKl OJ''' 1.001ed. 
Th .... A .. ,nd A,. ,_,ont "" ..... · • • t • ....", """""0 .,,110 14r!I ...... 
10",,' .na~ to ""', lourKl lor • oinglo .. m .... In Sec1ion C .5_ 01 
CO" ..... Iho Il, .... 001 ~';"g 00_" Oo"~ . nd .. ton""' .• 
"""nomonon 00,1ound .,tIro Imm'" r..-.t F ...... Dr, rurd D~ ,."",. 
M n' t>end·<wiot coupI;.,g. 8 . .. ,:1-<_ c_1ing '" _ID'~ 1>, bendng. 
1_·rolnf<>rC~ '"_ t>oo", Il>0l .. 0 ....,;;;,-"",,,.,., oy"'" f~", .1 oomo 
_"II'- to tho .".n,,; •• do-.ction ... 'h. hori<onIa' p<. n • • 0 ... F;gu.. 
C·2()b_ Tho". lhe beam 00' on~ "_ In .... ."o n,,"'o <1_''''''' but i 
.loo _ . about .... ."on";, ... '" ... Q""in"" with ..milo inl< on "'. black 
,ubb. , body o. ,,,. .. om . LIOn lhal t"" dl>gono'~ ""pool. """' ... '" ,he 
boam ac1uOIly ttl ott .... '"won. al ... e~ .nd "' .... bo.m. If th o oamo 
_ .. '" _tocIllO' .bout ito "".n"" .... 100 .... ,-. oro at....". 
'''11'- to 'he """ .... ;.. .. .. " the ,.,,0:-., pIOn,' ."" beM o. In Figur. 
C-2Oa • • h ... "" <wiRIng ooou .. ' A plato .... h lib.,. al an .ng~ '" tOo 
..,on"; .. dirOClIOO .. h .... jn 0 ..,,10, mo" n. , as _ ... n in Figur. C·21 . 

, , • 
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SHEU_EXTE_ON COUPliNG , 

[:) .[::: ::J.J 
'. '''','.'''~'.', .. 
[J [ '" 

'" '" 
'" " " 
'" .. .... " , 

o E N DlNe.·UTE >ISION COU PUNO 

.: ) 
" , 
• '. 
• '. 
• " 
• .. 

OENDI"G_EnE_OH COUPLING 

[
,'" '" 
alt a .. 

~~. a .. 
:: I::) 
'" '. 

I::: : tJ)[::) 11 /Dot <.., 
BEND-TWIST COUPU Ne. 

"_ C _lO E fIO« OI ....... _T ...... ~ "" . .. m .. """", 
I~"""""""" __ _ P.",(C",,~ 

Tho bo'->'"... .. _"" la, _ IooItOpic rna'orIolt. 0<!h0I"""" 
rna''''''' (Olton ca_ ~~ c~"",,,,,,k: ~ -., ill ~Ipa' "'. ,_, 
dirO<1K><10I . ~"., . ... ort""'rop;c .. 0_" (m.,.". an 0"1>01"""" "'0'_ 
loaded in non"""""",,, ' ma'. '" dirOClioml. a nd ," .. ina, ••. Each conIig
u'"''''" is ....""," '" Fig"'" C-2:1.""", willi ... do'o,m.,"'o '0_ '" 

, , ". 



................ -.. --

F?M C·2' E"t<t 0' e. ",,·r .... Couplng on ..... 8. n<;Ing 
(~_ ~"""". ""P'n. .... _tC.fJj) 

F_ C-'!. ..._...., S"""", .. FOIYI'IS 
1"- _ ............. ""'" (C.fJj) 

... 1 _g. No'o ,h. t oMo" o" onsion «><J!I1W\g _ . not oe<ur lor 
oMo1ropic matoriols _ in pmcipo l moto"l lirOClions. bt.O: _. <>e

C"' if I~. 1o.din<;J i. not in Illo .. <\irocllono. I.Iof.ovOf • • • """0 co." 
... '" "'hon pulled in tho .,lal doOClil>n . ......, ohown Is too "umbo, o! in· 
dopondonl 01001", ODMIools 10 , OIICh m., . .... 1 c_ Itwo lor _ Jt>piI: 
"""Of .... anc:t 10'" lor .~lIOIropic m.'_ ). No," •• "..,10"" .... , • ,".,. 
"'te has .... , imllm 01 '8 .. III"" .... (six _ h 01 "'" 8 ,. a nd Dol. Tho 
.. _ • .,. ""I ... ..., """"',.to. but,.,. • comb ... t .... '" ."'.t~ 
~"t. and ~0IJic '.""0. Thu. , ' Ia~'. lo . """""",I .lotl"."~ 

, , "' 
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r>ot a """",1Il1. n . .. mbe, 01 .to>l" oonolOnlS 10< . Iomina\e ma<» 01 
O<t!>«ropO: lamin • • 10 a m .. in1um 01 '0"' ~ Ia ,." butf ' '''' "m""" 10 
ma,,- 01 ,"- oam, ortloo/(Opl:: m"orlalln ,.ch loy". '"on 'he lam .... " 
h .. 00" !our . .... ., oor>OI.n, •. 

Som. ~ ""'0'_", ","""", .. tz. "'minol •• wilfo oil"",,,,. 
I>.mina'o 01111",, ",,". E,. E,. "'1 ' a .. G". , od ,.., • .-1 ouch pn,.,. .. '" <an 
t>< "". rm_"" . .. ", inoto ".,. th. U""., m • • .......".nl1 "" ....... J 
III crucia' 10 ro""g ntz. 'M' witlo an 011"""'0 Iominto .. OIit1no •• opproach 

.hU'·.,."""""' <oupling "Igno'od 

.. berdO>Q ,._ 10 9:»'od 
roncUliI\9, of eo ....... bend·""'., c,,"piing) 
cO ' P'"'sl ba_" banding and ' .'0"""", kolgnonod 
Im. ny lam ... 'e. .... O)"m",""'. but many othoro oro ""t) 

Agooin, " . m ........ 1Iz. tIlal a 10"-,. io 00" m~'_. OUfito .. _ io ~ 
SIJucI"",I.I.o .. "", ""'" .... " ,""1 ""","' .. '" ""'h ='.';1<1 p.",.lti.o& o M 
!If'O"Iotty"",I ""nnot ... ~, TI>uo,"" oHoct"" Io .. into .. OIll1no .. 
"""",och" 1.10"" ~._ in."".. P''''''Ooa) appIie;>'''''' ('~Ioo , gh "'" lor 
th • ..,..".., G ... of • "minalo , .. , 10 oymm " "" obout,!>. .-.. ourlOGo 
and .ubjooctod on" '" •• to....,.,al """'ing). """,orO"'?Y, .... "'""' ","",. """liz. "",ito" .. \t~~ ,"a .=nliol • .,eMion. _g·e.I._ """. 
pin;), .nd ~ .. ~ of Eq"""" (C.55/. 

'n oon<I!<."". 0 .. ....,.., "mina''''' I~"!)" e ... bl ...... 10 u ",ulale 
"'..,.,. a" """"onll I wo know tI .... "' ... and <"".Mes of ,110 middle 
""otaet (or.q ...... ). rotn, "'0 ca.n ""J,w to ,ho lo",;" .... " .... ;" 
Iominal. _"'."0$. N ..... "" """ h".,1oIm ,h. """'" .. " .... ,..". 
1011' ... 1. <00r<J.", •• '0 1011' 1"0 ~ri""ipOl mo,orlo' _n". finll'~, " 0 
would O'poocI '0 opp" o'oillJ ,~ <n_ to •• "" Iomina ;" ito own principa l 
ma' .. IoI .............. Thlo fit"""'" ... m. ""'~""",.'d in ptincip~. bUI 
.... tol<4·."" .. -eut'lO"'I9 . " mom<>r.I·oI",.,"'""'",UI9 , ... , ,,... in Eq ... · 
00 .. (C.53) and (C.s.) . ", di'h"u~ 10 """ploto/), u""-,.""",. nus, wo 
onomp' &Om. "'"'1'1,,,,,,_. in tI>o n .. ' """,,,,, "' ordo, 10 o_neG out 
"",",,,,Ion6ng 01 ,~ Iom;n._ "oe<y. 

C.7 SPECIAL CASES OF LAMIN ATE ST'FFNESSES 

n .. ..ction .. _.d to ,_ ", ..,<oJ ~ of 10m""". , 10' ",""h 
lito 011100 ..... lOki! on corto", .. mplliod '0"'015 .... opposed 10 "'" gon· 
",. 1 to,m in Eq ... ,,,,, (C.!;5) . rllo 11"" .... , !o,u,momon,·." oin·'M".''''O 
,.Io'ion> ., EO ....... '" ... IC,53) . .. ICM) are '" ''''' oo""".~...-..ivo 10 ... ~ ....,.,rsI .. d . Thus,"'" build"" out und ...... ndOr.g oI lomi .. ,. b/o-
!\&,Ior!rom ,ho simplest ca ... 'o '""'0 complca'.-I 011 .... 5!>mo 01 , ho 
o ..... re ........ ',,,Iol 0 ........ " mor. """iall"", """'. "" """ 0<><", 
""0" in pr.<Iico , bOi , ho point I. 'na'.~ oro coolrlouOion. 10 ,ot U/Odo,. 
<landing 01 thO <oncep' 01 10 m"",'. O1ittn ...... Man, of mo CUll. ,.""~ 
'rom ,110 """,men """"". 0' <on. tru<1ing "m"'lO. '",m Iomlno. ,1>0, "",,!h. ,,11'0 .. oto .. 1 p~. a nd tt.O;; ...... , bul _oY' ..... ""'"' or\. 
..".Iion. oI lho prirq>o l ma,."1 doroc<"'" lOla"". 10 on • • non- ... 
" 1>'''. 10 .... lamino' o . .... Mort 90 . °""'<.11 ... " . obo ... m_. 

, , • 



- .......... .. , .. __ ...... 
S,illnesso. lor oIngIo·laje red eonllgunotion. aro I,,,,,,ed In. '0 P"''' 

.icIt 0 "'''''''0 lor &UbMqu.n, do&e....,n. Such Oil" ...... o/IOOld 1>0 
'O<O\lnizablo ;n ' or ... of conc.pI' pr • • <>uoIy """""nlO,od ~'M '-
10 1'rJ. ""'*f .1 plalO. aM .... 11t. N. " . Ia"' .... , .. thol a ... """',,,,"Irio 
about ,,,.~ m_ ..,~."" . .. d"" ... od aM cla_. d. n.n. lam"''''''' 
Mlt1 10m .... U,al oro an'laymm. ' rica.,. a,,"n~""'''' ,h • • m_ ... , . 
!ltc •• ro d • .."ibod . F ... I'y , 10m ... ' " rih. complolO lock 01 mi<ldlo· 
... ~oc •• y",m. 'ry. I.a .. """1", .,0" " 10", ... , .. . . .. dioc..-. F",._ 
Iom .... I ... II>e q<N»lion 01 IomiMe '''''k'''''''''' or...... Rogulo, Iom~ 
oal"" ...... """"1·_ .. 10",",,,0 .• r><! ; teiI""" .. m ....... .... roo<>-
"'I""Hh,,"""ss IaminaO. f ino.,. •• """"IOn_ 1a .. 1no,. 5I;>cking .... 

QUO"'" .. la,,,,, to """"_ ' O;rng """ ''''' ~ 01 hytrriO .. m;"o' .... 

C.7.' 5 Ingl . .... y ....... Conlig" ,ot;'n. 

1 '" ""..,i;\I ... g .... y..-od "'n'~ u "'h"n. Ilea'''' '" 'IriO stdion .'. 
_"'!'ie. spec"'" """"''''!'ie. 5IOn . ... I", """""apic . OM anioo, ropic. 
T", 110"""''''' _ropic """90'.';" """""'. 01 .,.,...00 . ... di$l;"" 
1I'J_ I",m an .nioolropic "Y'" I""" tho ."""' ... poin! 01 viow, but 
do .. ""v, ""'" '''a rour m' po_n' m . ..... 1 propertio. 01 an """"'o;rpic 
"",'ot,,1 NiMd 01 ,h . ... 10' an a"-topic ""," rioo.l 

SI"{I" ''''''topic t~ 
For a ...,gle iooIropic laye< with "",'e<irlI prope<!ie. E OM ", .r><! 

Ur;'kn ... . t. tho 10"' .... ' • .,tt ...... 01 EqIM,ion (C.M ) .. d"". to 

A,, -4 -A 
1 _ I' 

A,, " 'A 

'--, 
8,. 0 

,,' 0,, _ ___ , __ 0 

12(1 - 1'1 

O" . vO 

,e.51) 

A.oo ' E' • .!:.!. A 
2(1 •• ) 2 

0., . 0 

0,. _ 0 

0"", 0 , 
o __ ' _' _ • .!:.!. O 
.. 2'(1 . ,·) 2 

;" ~.,.,,, A .. ",. ""'''"'''"_, oIi11n .... n<! ° 'h~ bon<!ng oIi11n ••• o! _. 
_1OI>i< "yor. Tho ..... 110 .. '0""," _ on", .. II-.. irl-plano strain. 
~ 'ho Iominato mldd(o ",,~o<o •• OOIl-.e , ........ t momo"'" *". 00 only 
Oft 1M 0""'0""00 ~ th. middle "urt""", 

[:: ],[,: ': : l[:~ l 
N 001 - v,, -Y, 2 1., 

(C.58) 

, , • 



-. ..... '---"-.. _. 
(C.5G) 

Thuo. tt>o<. 10 M e<>"P~ I>tl" .. n beMlng ' f>(! . " "n",,,n oj • t.\'IgIo 
_"'I'i< loy .. , Abo note 'Mo ~I rolal .... bolwfll. " _00 D 

,,' D. 12 (C.SO) 

51"",. 5p«~1)1 on~"'",pJc Lay..-

Fo, a linglo "!'Kiml'" O<Iho1ropi< loy., oj ,~ _ _ , I, _ 10 ...... 
obff ....... , a.. giv" ... Equati<>" (C .14). th. III .. "" , • • IAI . . .... " hi , 

A,, _O, ,' 0,,' 
D" " ---;-r 

0,,' 
D,, _ 12 

o " o _ ' 
" ' 2 

[

" [' " ' " 0 [ ' ; 1 t<, ~ "" .... 0 I. 

t< ..,. 0 0 "'" ~:, 

[~l - [::::: : l[~l 
M<y 0 0 D.. .., 

51"",. 0"""'(1)1 O .. "",mpIt: hy" 

, 

IC.e l) 

(C.G2j 

(C.G:l) 

Fo, _ ,,;"glll 11".""'1)' or1holrop<: Ioye, oj 1~<:""",", I, _"" 10m ... 
obff.OOMS, 0 .. giv • • '" Equ"ti<>" (C.2IlJ. tI>o ", O'IN to .tiII . ...... "hI 

, , , 



............ , .. __ ...... 
(C_64) 

A,,"In, ''''0 II "" """,iO>g "",""" .on<llnllond . " onoion , 00 U'lO '0«0 
and mom . '" , •• , b m." .. 

(C_55) 

(C.56) 

Not. '1'10.'. in con""" "' ooo~ an iooI"'!>io Ioyo, and a opeciol)' _"'!>io 
loy ... o" onolono, )o'us de!>end "" ,"um g .. " In .. wol OS "" ' ''on
oIonol str. in, ~"." ,toe ,"""Ian' lII>e.O'ing 10< .. , N", _ on I ... 
• " . nsioo. 1 1I""no, ,~ and , ;, as ..-01 as on , ... sIlN , .... in. "f" . Simi· 
10.." ..... ....,.,... .. ,_.IS ~II 110"..-.:1 "" bo'" .... _ng e""'~'" 'os. 
' . ' nd "",'nd on ' ... ,,,''' "'''''''' ' , <.,. Tnu • • 000. _"-• • ,......,, 
and ... d_two .. oou~ <>cow. 

S/Ilfl/o Itnl_",p/c UY" 

l"o onlj dotoro""o "" ...... n Q oO>g(. goo"",,,'/Y on""~ Ioyor ond 
on . nisotmpic Ioyo, io 'ha' ,,,. 10.0' Ms Iomillo .,tI-.., a ,. dolined 
im"",.11 In e~u.tion (C_ll) wO" ol< ooo.p.ndon! """0,101 p""""rti • • 
_, ... Ut. lI"n. ",11j orthotmpic loy., ••• oltl""",", 0.., delined In 
E_,on (C .29) .... ""'I lour I~n! P"'P"rt;es. Th. Iominot. 
$llI! .. ous a,. 

',. 0<' • 
" 

(C_S?) 

and , ... 10f00 ond """"on' , .. ultan .. 0 ... E"",,'<>na (c .eS) ond (C.66), 

C .7.2 Symmotrlc Laml .. , .. 

• 
, , b . ", .. , ... 
• ~ N>gIo loy., , ... , 11_ ..... mid<h ..,~"" ... in · 

I'Ioro.1I)' "'I"'lI'IOt,,, about tI>o.....- ou~.",,) _ 

, , • 



_ ...... .-...cuo_.. .......... .... 
a_ ..... ot 'h. """'_'1' 01"'- [OJ, .O<I ' .. ....,'""' ...... abooA 

tn. "'_ ..... .,. OI'~. "",N' •. 0. 01'1 .. Dt~ ... " .nolon OO"pin; 
_n .......... 0... 0" .ttO. T" ........ ..,. 01 IO . e· "'. '''''' Impo<" ". 
",oclico l """'''''i'oons. F~ ..... h .. m ....... or. ".;J,.,. ",<>on eas;o. '0 
aM"" . ''''n ... "' ....... wlh _ng·."-" ~"'II. Socond .• ,m· 
""IIi< ... "' ....... do no! "' ••• ,~ '" _or , ..... 'rom 'h."". 
IabIo ""'mI,'" indllCod eonlfaclion. 1M' occur ""'mg cooing '_lOing 
an Olovatod-'ompo" 'uro cum,;, ",oco", Fo, .. amp,". an ...,..,.", ...... i< 
c~ Iomin.to "'" " .. Iold L>P 'ram .. "Mel"., ... ,0,. on 0 1Io, .. Hl 
plato ond 0"""'_ lOp ond boIIom "III> , ... , .... , pia'" "",'ng ~ in 
o lio' pross is sI!own" f igllro C..23 on. , boing ~od 'oom , .. plo'n 
ond , .... I!ot press. WM'. """"k to ... ...", • MIIN, cumo<I III ..... ,. 
como out 0' ,flO <U<1ng procoss onOf y<HI pUt in .... Of ~I lam_ bOo
""N. !1M otHl QIa'" In 0 rIO, I!oI ", ... , ConotQu.n,,,,. OI''''melrio 
.. ", ... , ... ro """""""" 0,"" un .... ..,oela' 00<:\.011 . ....... ,oqu" o. 
"".vmm.trio ... 01;" .... Fo' ... mp,". "..~ Of "'" lu""ticn 01 • ..." .... ,. 
mlgM". '0 ..... 'S 0 ••• , _lei. Out .... flO., coon .. ''''''' on", 0.' 
_: "'us. on """mmotric ... mno .. m ..... ". "sod (0< .... ,"OUI . nywa, !) 
T .... _ •• "" mom." ,_nl.'OIO OI'mmotrio 10m;"", . '" 

["' ['" ' .. '''j[': 1 .... • A,. A"...,. '. 
101.,. A, • ...,...... , ;,. 

(C.68) 

[~ j. [::: :~ ::][: ] 
"'" Oil 0 .. 0 .. "" 

(C.59) 

S_ ... , c .... 01 O'I'''''''olric ... mI .. , ...... ". <1000:_ in ..... 01-
"'''"'II ''''''0<110 • •. ,. 00'" "" ... " 0 ~ ond 0 , .. Equo'ions (C.6I!) a nd 
(C,69) .. 1«0 on dillofom """0. and ..".. wiI' .. on vanisto. 

, 



fa.< ............ , .. __ ...... 

Ev, n • tamino' . ,"," i. mod, sym"","iealy aboot ,"" _ 10 . urloc, 
c.n h>.v. ~ _n OtndO"og and ,,_nl ~ 'h' .. m ..... h.v, 
lOmpo<O'UlO-<tOP'''''''' m." .... ' propo"ios''''' ' ~1ho"""kn ... 
,...",., lI'.d lom .. opphd ("';;01 ""' .... , 0I0I01;:1 .. "m~ "" ''''' P'" 
c-.g I"'go). ,h.n tho pr.m ..... on ",hieh Eq""'ior>< (C.5I) ."" (C.52) 
"no oa_ A ... "" "nil*' . WOe ...... Tho &tiIIn ..... .... I", """. """,. 
p&c.t«t !fro" Or Eq",,''''' (C." I. T"" t, mp. mturo ~mdi. ", rrclu.1y 
<"""I/O' th o ma'. r .. 1 propertie. dittoro nt!y ,hroug" "'" th~1<nroso """. 
1>0".,.. dost"",. , ho <>ng;no l MUM'. oymmo"y 

SyI'trMItIo t. .. ,,,,,!~. w.1t M<llflpl~ '.oUoplo by .... 

Ng<n C·~' .......".,... VIo. 01 . T .... -UI."'" S,...."., .............. 

.. '" """"""' l>,.. .. 

'- ~ .. --- -• ~, . '. • • E,. " • , E, . " • • E,. " • • <,. " • • .. ', , 

, , • 



-. ..... '---"-.. _ . 1BII 

e'I:.1'7":;=~,:\~~':::~',:-,~.~ .. '::,!'."neflI' cue a,. 
'. , , -" 

Th. JoICe and ""'lTHIn' '."""''''.lO u "'. ""~IirHt<l form 

["' 1 ['" '" ° ][" 1 N, • "'r>~ 0 ' : 

N" oO ...... y" 

r
::]· [::::::: [:: ] 
1.1. , 0 0 0", ~ •• 

(C.70) 

(C.71) 

(C.l2) 

.mo, • .,. "" ,..,..""., ""'''' . ... \ , _ An •• '1<1 0" . 0 ., boco.u • • Q! Iho foso 
oo",,_ion 01 Equolion (Col01 . ... opee;ric 10m> ",lflo '" orrd 0 , eon b . 
oom,,.,hat mQ~od . ... u n ""My be v.nfiod by ' '''''''''"'11'''''' ' oimp4o 
• • emple,. ,"",I' lhal no ",,'·e<I • • • ..., 0' -""'101 ~"'g • • i$l •. 

symmelI/< L. ",!,,",I • • w"1t M<Jltlplo Sp«ltfIft Ort""""P!c U>y«' 

B..:. u .. 01 "'. boh ... io",1 . "" """lyIieol oomplieo' '''', 1r<>m ,flo 
sbff ......... , •• A,., D, ... trd 0 .... . ","""0" '" oftoo _ ""',_. 
001 .. v. , flo .. .:;" .-.. Lom ... ' .. oon bo modo -... iIlI _«>pie 
"'''''''' tlro, huo principlll """.riol o rOCl"'" aligned with 'ho 10m .... , . 
a •••. I'!ho Ih;ekno ...... ixa''''''. and '""', ..... , proporti .. 01 "' . Ia ",' na, 
ore Ofmm" ','" l'Ibo<.( 1M mdol,., ""''''''''' 01 "'" lOm.,o' • • lhe", .. no 
COIWling botw., n borrd"'ll and • • "'''''''n . ... gon, .. ' • • • mpie is ....... n 
in T_ C-2. Not, , ,,-, 'ho malOrial prop, >tv . ymm ' ''1 roq"I, .. equa ' 
(O,L. 0' 'ho'"" .. ~ ... ' .. , ... p_ a' I ...... m. dOoIanoo ' 00'. or.l 
too""" ' '10 middle .u~"" •. Thuo , _ , ... art""""" '" ""'''JUr' PfOp ortiH. 

."- - -- """' ..... 
0 " 0, 0 . ~ 

, " " " " " , , " " " " .' " , " " • -, - , , " 0 , " " .' " , 
" 

, , 
" " , 

, , • 



700 ................ _ .. __ 

(a~. 01 Iho layors ~"" 'ho ong .. of ,ho principal m.' ..... ' direction. 10 ,ho 
lamina'O .'0& Il.o· . "'" ,,",,"nta'iDn 01 ncn .. ,Ot) must ... kIontk:ol. 

Tho .. ,.....,... , or.d ".r.dng Slirt .. _ . '0 c:all;uI>.'" 'rom Equo
tiDn (e .551 "ho",in Io<'ho ~" layo' 

(0 .. ". 0 

Tho (a,." ."" 10>01. a,o !Oro. 00 m . .......... " ro' A",. 0, •• • M 
0.. \'li n .... . Aloo. tlto boOOi!>g·o'~""'n «><Jpling lIilhto_il/4 .ro zoro 
bocaUM of Ia ... ina,. oymm. lr)'_ 10 .. '1'''' of ......... ,. ""uk! ",",. Ioro bo 
<.Iod ~ opoc.1Iy ortholn>pi< ",,,, ina" .. " .. tow 10 • ",*,,,,1Iy _n;op;c 
lamina. Howo, or. ~ laminll,. should ""'1Hl ClIUod by . matorilll propOrly 
cII.o,oc,.rit.o""" ... mo """"au ... _, .. " ,. "'" "" . ",1<. bu' _ • • d 
" '" ~""",,,ol . Iom ....... (""'nn [C.7D. Tho _ . o nd "'''mont_ .... 
Ioke 'he form 01 E~".!ioos (C.7!) ond (C.72), r0"Poctivol!". e,cept!tlo1 
A" ~ A" and 0 " ~ 0"" lor • Iomlnalo with "!*,,,,1Iy "" .... topjc Ioy ors. 

" •• ry """'0">0<1 opecjo' 0 ... 0 ' .,mm" ric lart'll .. , .. w~h m"~"" "'*''"'I!" on .... topjc lay . .. OCC"rs ... non Ih . lam ...... fo . 1I 01 ,ho .. mo 
tltlcknoss and ma_1 prq>O<1 ... . ""' 110 ... 'hoir m.)o< pnncipo' m .. triaI 
diroclloon. 01. '110'"'0 0' O' .r.d 00' 10 "'" "mlna,. 0" ' . kll ~,amp". 
0'1110',0'. S .. " la"'Ina' .. a,. 0 .... .-.gu<>, .,.m_rio c","-ply .. '"~ ""'n (roguIo,IHr<:.> .... "'" 10m ...... "'ie~no.". aro ,ho .. mo. oy",_ 
bocau .. b<>'" Iho gooomotty or.d ... o!e'" pr-opo~"'.'" . ,mmotric"""", 
mo "m"'l0 ..- . una , o •• nd < ___ 1"\' boo"u, o tho ......... . d~ 
layo ..... 0' 00' '" <>nO ."","or). A....,pIa .... mp .. 01 0 r. gula, . ym· 
motrie ' '''''''.pl!" Io.m""o _ tItr .. by ... of oquo' ,hie,," ... ond prop • 
• rtlo. io _""' F;gwo C·2S. Tho """ ... , . m"*, ho •• an <>dd nu ...... 
oI loyers to oo' jsfy Iho . ymmotry fOQUiromom b'! _h ~ng tie", .. " 
ben<i"ll and ."on""" is . , ..... ,0<1 (unlo .. 'ho ,"yo,. do..." . 110''''''0 
.. , ..... <iIfIor;o.n , ,., _h co.oo .H.." ... 1y 'hll;~.r loy ........ "' ... .., . 00 ,h. 10m ..... is"", ,.g.""I . 

• _ C·~ ... __ ,.-.... " 
• r,,- .l.Myon d "-\r.''' S,.,... ... c""' . ....... ~ . .. 

, , "' 



-. ..... '---"-.. _ . m 

T"- logic '0 . st>bIi .... "'" vorioos . ,,",.0,.. •• will be ,,,,cod '" _ 
'ra'. 'h. go n. ral ~os. Fi'SO, Q)II_' 'n" . .... slona l ..... "" ..... 

" ..... . L (O,N,. - ,._ ,I (C.741 
,-, 

n ," . .... a ...... &Om ot tho product 0/ ,h. in<iYidtJa.llamino. OJ ,od ,,,-
10m"",. ,n""'"'_" Th"o. ' no on~_wa,. 10 oIlla, • • ,.ro md .. Odu.l .~ 
a,. '0' al 0; 10 be "."">r lor "".m. O. 1o be ... galN. 0J\d oem. pMi!,vo 
50 tOl, "' •• p""""'" with 'ho ... ..,0<11V. ''""'' ' n ...... oum to ZOJ<>. 
F,om 'no e . ", ... k>ns lor , ,,- IrllMl<>m>ed ~miM o/tf .. __ , 0 _. in 
."""b'" IC,29j .• wa("'(~ 0" , 0". 0"" o.d 0 .. ",. pO.I;'-H. fI.,,,o 
-.. .... 01 t<1(jonomotric '"",:I.,os appea' ., ..... powOB. Thus, A" . A" . ..", """ A.., or. pMi!iv._ .... "...." .. ,h. ",,,knot _ _ .... 0/ 
""""". o(w,yo pOOi!;'-. , How.._, O,..od S. ore zoo<> to, 111m ... or;. 
...... ""'. '" 0" . od 00' to "'" 10", ... 1. " '5. r_, ~ , ••• " A,. 0" zom 
to, IIImin.t .. 0' OIIholrop'" 10m .... orientod at oithe, O' 0' go' 10 , ,,-
Iominot . .... ,.., no ""',·",,'on""" ~~ .. ;" •. 

60<0od. _or tho _n~·.Xloooion roupfng Oliff" ...... 

" , .. - , ~ 

BI ~T L. l0 tl>l', - " _' ) lC.15) 
,-, 

~ , 110 <ooo.s.p/y IIIminalO I, sym .... "i: obo'" Ih. middle , url""o in boOh 
",. ,.,101 "'--.0 and !IOO"' ..... . onon 10. Bj.U va lli$/> 

F""'IIv. conoid. , 'ho bonding ., __ 

(C.76) 

Tho v.,,,", p.~' lIIJm, 01 "'" oroduc1 0/ tn. ind;'-id .. , 10m ..... a. _"" 
11\. "''''' (>,; _ z. , 1. s.ca..". 0 ". 0". 0",. 0"" a.. .,. pO .. ;,-, . 
dol",i~ _"" tho 11"<""""'" '.rm ~ pO,I;'-e.OeIini •. 'hon 0 " , 0", 0",. 
aod 0 ... ,. pMi!;,-_,",~, _. 0,. ond OM OI, .. ,a f", IamiM 
p<incipo l "",,,<101 o,,,,,. rty 00. ... ,""", 01 0"' ~"" go- to ,h. lam""o """ 
oroinato ,>0, T"us, 0" arid 0,. .ro ,.ro. so '"' be""ng· .. , ......... 
oouplitlg • • ;., • . ~. " . """0 _ Iovo<l . sy"'_"" """loot. _ " • ." .. -.'·." • ...,n couplinsl no, _g .• " . _ ~g, 

Symmelrlc bml""I~' w./t M<llflpl~ aerlMlliy Onhclroplc b ye .. 

A lom in ... of m <ll'plo gonor-'ly otthot~ loy . .. ,hoI or. ' 1'01 ' 
m""",,,I~ . ,"'ngod about .... mOHo . urioco .,"txt. no """"Ino ... 
(w ••• bo""ng.nd e"' .. """': tI>ot ~. tho Bi .• ", 'or<>, Thor.lo<e. ,110 
1<0..,. . od """""'" "''''11''' .... 0,. IOP'O_'od by EQua'''''' ' IC.I\."l) 0"" 
(C,e9), ,e"l'"'C!tvot,o, Tfloro •• ' t ....... ood 0 . _ .. ,eq ..... ed b6C.'1"", 01 
CO"ping '.tw •• " """"al_ .. on<! shoatlno " rain . ...... ,Ing 10«.""" 
"",,,,,,, .~ . ... , nomool ",,,,,to n,, arid ,_. 0"" ,,,osting ""'mont e"" 
normal """,>1,,_. S""O 00<JP10'ig io .. l::Ion<od I>y I~' A" . A,.. 0 " , a "" 
0,. .. iffn . . ... , ;, •. , both _ , ... _" couplng aod beO<!ir>g· .. ton· 
..,., cou"U"g .. ost 

, , • 



no ..... .......... __ ..... . 

A ~, ",t>o:_ oI,m. <II .. '" symrMt,i< Iomi.",os is !he ngulo, 
.,.".,..."., ~"Il"-pJy '"""'>;>1. {.npr.-i>I' _ au .. Iho "",""'" ,.",i"U 
or • • , + ~ .'1<1 _ fi 10 Iho .... , dI,oct"", 01 ,h. Iomino'. ). &rclllam"" " 
1\0., . o~..,.""'i< ... m .... 01 "'1"" 'INc....... Tho ""'i'e, n' ,"minu 
I\o.v. owodo . ign.oI ,h. ' nglo 01 orien .. lion 0' ,h. princip.' m"~ 
prop.rt ... ""'" Ie..,"" 10 'ho lo",i",I. "" .. , • . g .• I " . ,_ ,, ' • «). Thuo.. 
"" oymmOllf . ,ho,. mLlOl bo on odd numbo, 01 Ioy . .. _ A simple . ... ...".. 
'" a "".e-Ioy .. ed '.'11""" symmetric ot>gle-ply Iominot. is _"n ill Fill
",. C -Ztl. A mor" """",,","'ed " , • ...,,10 01. &I'm_rio Iomina'. " j h 
goMfl>1Iy oMolrop;c loy ... I. IIi .. " ill T.ble C·3. Not. ,h" tho Ioml",. 
""""''''''"' mo'oria' proJl.~Io • . otion"""". ,lid II>O;k . . ..... ro •• 
symmo'ric at>out tho lamina'. middlo OIJ rt""o. 

• 

' ....... C-2e .. .... _ V,, ~.I 

• T"'N·l .,... •• ~, Sy""",'ri< 1<N;t."" U."""'IO 

-. -- =F -- ._-
0 0 0 

• '. " " ~. , , 0 , 0 , 0 , 0, ~. • , ". , ", , .... 0 
• o. " 0, • ~ . • , '. , , , ~. , 

ThO ,""'m'''tiO"O<I co""ing tho' ......... A •• ,A",. D", olld D,. 
..... on , ~'" 10.01 "" """,,,,,,' rio .nlk--P/l' lamina'.. Tn _ 
__ a con bo .no ..... '0 bo Ia'go" Wlron N. 3 01>11 low ... N "" 
_h thlo c .... 01 "min.>.t •••• i .... ) OM _'''''''0 ill propottion to ,IN 
ao N inc_..,. I' " Jon .. ' SocIion 4.4.04 [C·1J). Act",, ' Iy. in Iho.,· 
P"....",. IOf lho ",..-..ion.1 . '1<1 " ,<Iirrg . 1iII ....... ..... " od D.,. 

" "' .• _ ~>a .• ),( ... -z._.1 (C .71) ,., 

, , • 



-. ... .. '---"-.. _. 111'1 

" ,'" " o,. ~ l ",, (0,. )"'('. - ., _, 1 (C.1~J ,. , 
OIMouOly, A,. 000 0" a,o OOJmf.'" ,.,"' • .,. a~._;no oign$ "'-" .. 

10,J •• • - (O, .)~, (C.79) 

..... on t>o ...... Iudood Trom Eq"'''''' (C.34I , ThuO, k>' """y·loy.,O<I 

.ymm.,,1o: •• -pty Io",ina,u , 1M ......... o! ~, •. A,.. 0 ".''''' 0", ClIn 
be q"h omal ,"on oornp.o.-.d k>!too 0",", ",."" 0 .. '_Tt..", 

l'I"""n tho " ~NlOya·p,o .. n' .dvom.go "' • .", B, -. ..... '" "I'm .... 
tty is "",,_,od In .dd,.", to "'" low A". ~ .. , 0",. 000 0 ,.,. ""'ny' 
"'I"'.od oy",,,, . trlc .nglo·p" .. ",ina'", con oH ... 'igr1l1icanl. p<aO'Io:a1ly 
_ .... goooo oirnpIiloa' ..... 0,. ,..,.". mar. g"""''''' 10", ... , . .. ed· 
doIioo , oymmohl:: anglo·pIy .. min .... offo, mar. sh •• , OIiftn ... ,"'n do 
lit. """plot ....... ply "min.t~., .., .,. """" """" oIIon How. vOl. 
"",,~o o! tho .~oct'" A,., A,.. 0". 000 0 .. on 1M "",;'-_1 d .... 
oT prohlemo b.;no con.de,,,,, by an """"ot or doo9\o, is .... ntill! be· 
c."'" .... n ....... U A,. or 0 " mig" CO""" "'Il"!;co.nlIy dlTOfOnI re· 
.".,.,.. t ..... ',om ..... 10 ...... h 'ho .. """n ... .. a ..... e'ly '."'. 
Only m ""' .lIJation 1fI'he<0 A, •. A"" 0 ,.. ood 0,. ar ••• oct" ,.'" , a n 
'My t>o igno<O<I _ T"n"" t~, 0< ... Iy .... 

C,7.!) " n'loym rnot'lo L.o.,'._ 
8ymm."\1 .,. lit. mo.t.,iIl! p"",.rtio>o.cd go<>m"''Y .boLl! tM 10m;· 

na'. "'_ .......... onon dl ..... 10 '" ",0<1 <O<IPIkIo boolw ... bending 
. 00 • • 1""",,,. aod tho ,."'" .,." bendin!i OU, OItvOle<l·W,mperoI<J"O <"'
;no In F9>r< C·23. _ " ", many plr;oiCO' _IiOa,;u,.. '" Iomina,Od 
composMo m.,_10 r.quI<o """lImmot'io: "mina' •• '" ochio,. II,"" do-
09> ,.qunmon,", For •• am",.. 00"" lor", 01 """""o-.g;o __ .... 'Y to 
rna .... jot turbifto 10" blade. Mill Ftf. ,· ..... _ ".o-.g a oomplo, "",Id . 
... a 'u""..- ... amplo. ~ "'0 sh.o, .. itt".,.. o' a laminato mado ", I.minae 
,."., "n;,;o.-octiDnal _", m"ot boo """'_. on. way to a,~ Io,. 'his to · 
q....." . n' ;o 10 pooitK>n "'y.,. at oom • • n~ to .... "minal ...... Tc 
. .. y within woigh' aod CO&! fOGU" .......... o.n ovon numb&.- '" """" ,.",.,. 
ft'I~ boo noo .... 'Y at OIlon'otion. tM., .hM.,. f""" 10,., to IoVO' .•. g .. 
(. n i_ n l . ~ i' «). Tn_rok>ro. oymmot'Y !\bout !he "'''''''. ,,"~IKO .. 
doOlro)'od, ond tl"le ~.h •• iof.1 eho,o.ctor"'ico '" the Iominal. ,,"n be 
........ ntio ... oha<>gor:l'rom 11"10 oym"'",,,, OUO. AlIh<>ugh 11"10 . .. "",10 
10m"",' ... "'" ""mmOl"', .;o . nl"', mm.hl:: ~ '1"10 middlo ""~. 
000 ce rtain ,"illn ... """plilio:,a,"",,,'''' poOSiblo, 

.o.ntloymmo,'Yo!. "minalo r.quI, .. It) .y"""atry a bout tl"le mUk 
OOJ~"'o ot _"'0'.., (',0., ooooIoOt. a p. ' '" tqu."_lI"Ockn ... ,""'"'"0, ono 
..,..,. <lsIaoco abo,o 'n o mUk ....-loco aOO !he oIho, ~ sa"", _.oc. 
_,.. " ... _ """"""'J , "Il! (21..,..a kind ola 'I/w.,..,r", """'" im_ 
ago '" on. m."'rioi ",.",.,,_ [~. 'n 'a ... ..... onI>o'r<>pio ",atarla l 
I""\'on;.- (0

1
1."" oy",,,,,,'rIc. bu1 m. o~m .. ,,,", 01 m • .. m ..... pm. 

C",,' ... ,~"" d"""I/oM,,,, no/ oymm."" about' ,h • ..- _au. 
T ...... orion'.tio" " .,o , . , _"'"'" hom O' 10 00' (0' Ifioo ...... J 0' from 

, , • 



no ............ , .. __ ...... 

~ n to - « l" m;"o, _ 110 abou' ,h. Iominoto , ·.,isl 1Ieca .... , flo 
(a~L.'""''' .Vm"'., ..... b.~.I.".;O" OOOP""Q •• ~ 

,,",I..,.mm.trk: Ioml"., .. m .... .. v. an .v.n numOor 01 lay ... I a<J-

;.c.m lam .... . ..., .. n ,'. mating.;g". '" ,~. PMc\:>ot m., ..... 1 prop. 
' ''1" 0....,1io •• ",.n .. ..,.." '" Ih. lo",ino!O .. _ ~ oo,oc"'" Iomino. do 
"'" flo"" ... ""u;.g ••. ,hen !h. nu_ 0/ loy ... _ no' be . v.n. 

Th •• tilln . ..... 01 on ."'''ymmet,i<; 10", ... ,. 0/ "niooln;rpi< .. mi ... 
do '"'" oirrrpIiIy I",,,, 100M p' ... n!ed .. Eq,,",-I;o.,o lC.!;.:!) and (C.5<). 
_ .. or , 0 •• conseq .... ..,. ~f ."'isymmOl'Y 0/ mol . .. 1 p'<>pOnio. 01 
""'".",., onholr<>pio Ia""",. but . y",m,'f)' 0/ Iho ir thick . ...... !fIo 
"" ... , .. . .. ....,., oo"",",Q ,,01"" .. ", •. 

" "'0" LIQ,oI,l'.-', _,) ,., 
10 oa .. y _ "' ... 'on) _ . '''". Equallon (C ,34), 

(O ,oI ... · - (O .. t." 

(C.BO) 

(C.ll) 

ond "Y"" *l'mm"'"" about tho middlo . urio.,. ...... oqual 'hrlroo.,. aod 
no",," tho .. me • • kIo 01 11>0 1/OOf1I. trk: '0"" mu liplying (a,oI. , Simo"rl)'. 
A,. I. ,""' . 0 io th o bood·o..;., ooup\:oy .. iftno .. 0,. 

" 1 ... " 0,." 3 .... (0,01.( .. - > • • ,) ,., 
(C.II2) 

,-,"u_ ' 9"0, Equa'"", (C.U11 1roIdo • • nd tiro !>'"""'O"., , . "" mui;POy"y 
(0 ,,10 10 ,h • ..,ma to, '''''' .. y ... ..,.",,,,_tric.bout ,h. _ ... rl0C4. 
Tile ,,=ed~ ' ''''"",""g "P\lIie. AI"" k>! 0,., 

Th. t>e<d'.g-t,t'n""'" Ct><JpIing Ojtlnesoes, B~ . vOr)' lOr <IiII._ 
010_ of on.r..,.mm . trlc "m]no, ... 01 g ..... ., _n;rpi< .. m"" • . and . 
.. loct. no 11""""" '0,,' __ "0 • ..... Olh., ,ho. in til. f""""''''Il_' 
and """".n' , •• ulan'., 

(C.II3) 

(C.84) 

, , • 



-. ..... '---"-.. _. n, 

TM 1H'!pOM 01 'M ,.~ 01 'his _ is '" <liseU" ,w<> On· 
p<>rIar< < ...... 01 ann.ymm .. .., .. mina,O$. ' .. an'isym_'" C/'OK~ 
lam;no,. and",. aMiII'mm_ a~~ Io,.,;no, • . ~_ .... ;no,. is 
_ m""" in ~Ic.. b .. be'" lid<! 10 _ lur4om_.' "_,","dng 
01 how "mioolO.II<I"".o. 

AnI/.r"' ...... ',., Cm ... PIy L .... rJlI .... 

"'n an,joymmelric « o_ pIy "'m.,ate co ..... , 01 on ""en """,bo, 01 
OIIho!mp;c .. m ....... 10 on .. <h "'hot "ih p,o.elp.al m.'. ,io' dr oo''''''. 
an"",,",g.' 0" on(! DO' '0"" .. m .......... .. in ,Ito .rnplo "''''1'\0 
'" F;gu.. C·21 , ... moro <0"'1>1""'0<1 ••• mplt is !T>'on in TO"'" C-4 
(" .... tM odjocon' Ioy_ <10 "'" a"'ayo havo ' M ooq.....,. 0", on on 
00' . '''on 0'. "0·1· S..,.. ""'''''' ' "" not ". '0 A, •. "',.. D,.,'!'tO 0,. 
(boo"" .. boll; ,Ito C,. and 0 ... ,., "'''0 I", -" ........ ). bo' <10 ~ .. o 
II<Indinll'-o"on."'" coupi ng. Fo,'" oamo , •• oon. B, . and 8 .. oro zo"'. 
Mo,,,,,,,, ... B" a nd B ....... ,. ro, but B" . B" a,. no! N«I. Tnu", tM 
oo",,~g is _~ th., "'. 1<>",_.,., """".n' , • • • '. n,".", 

[ ::l - [~:~:: [:~ l ' ['; ' - :" :Jr:: l 
N" 00""'1" OOO~., 

(C.e5) 

["' 1 ['" " "J['; 1 ['" ' .. "J[" 1 M., - 0 -0"0', .0" 0,,,, 0 .. 

M" OOOT~, ooo .. ~., 

(C .DE) 

A t~Ia' '"JiSl'mm~~'" OtCO&--/ll)' laml""lfI is de'''"'' 10 .... 
.. 'II .... &II 01 fqu.l lhic~ ..... ,., is common _.u .. 01 .rnpliclty 01 
I.brie>.' .. n A£ ..... ~ 01 "y ... ina ....... , ... bonding· . .. on&iGn 
o.",,~g .,j'n ... B" oan "" """~" '" _Oh 7.",. 

' 9'<0 C·" lJn_ V;'" 01 
• T""'l>~~" .... _ne C<o< • .Ay C.".,.. .. 

, , • 
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-. ..... '---"-.. _ . n , 

1 "- 1<>«:4 0<"<1 momon' .. stolan", lor on an!;symmelr", Bogle?!, 
1o",,,,,,,. o!O 

[" 1 [" '" , ][,: 1 [' "" [' 1 N, ~ A"..." 0 , ; + 0 0 B .. 'Y 

N" 0 Q A..., f., 6 '0 e,. 0 ~., 

(c.en 

["' 1 [ ' " ,,][,: 1 ['" '" '][' ] ..... _ 00 e ... , +0" 0,, 0., 

"'" B,. s.. Q Y:y Q 0 0.. ' " 

11>0 beoding_.",.n"'" <O\Olting _n ...... B,. 000 B,. eon too Yown 
to gO 10 ,oro • • ,~ . nu_ 01 "'y ... ., '~o Iomin"~ 0:, ... _ tor • (;,,·d 
10",,,,,, .. tJ>Io~ .... 

C.7.4 Un" mrnol,k: Lomlnol • • 

Unoytnmo"", '" "","ym"",',,,, '" " y""".bio ... m .... ' .. 0,. ".,. ....,., 
go .... , <" .. 01 " min.l' •. Lock of o,mmOlry , an occu, b, design .. ., 
delibofOt./f OOOOInrctiny . 10",;"'1. lhot io ..." oymm. 'rio . bout ,ho ",id· 
<10 ""r1trco_ Or. a .,.m .. OIhc Io",In . .. could too bo ;tr bo., ouIll*<'od In 
.. ",,,,.10 _'ing lrom ono . ide so I!roI the .... Iiny .... 'm.' lI'a--.. 
aofirr\> "" I'. tempt<.tur.-<f..,._n' .... " ... ' .. _. ,00d0,. ,,,-
"mina'. ""sy",m,"'" W. \O j l M.,~ . <!dr ... ""sym .... r'" "mina' .. 
_ mulip'. iI<rIJ<O!>ic, -",,"J)/ 0~00""P"', go .... '" ,""00",,,,"', .0<1 
anioolr","" .. Y .... 

For th o 9000"" eo ... 01 mul;p1o isotrop'" "y .... 0' _knoo .. , . 0<1 
",.,orio, P"'P",ti .. E, . nd ", . ' ''- • • "' n""""I, bor>dO>g .. ,ton. "" co upl· 
"'9. ""d bonding .. ill"" .... a,o lliVon by Eq",,",n IC .5S) .. h. ,,' n 

" , IQ,,). -~ 
, + ., 

" , 1 _ v, 
(C.u~) 

No _ .. , '-Inn '" tho .. lIfn ..... .. __ w~on I, io .rt.~ .. ry. 
lira' ... ooopIiny bot......, befl<in<l 00<1 . . .. ""'" un be 00""00<1 I>'f 
""",,,,mot"" .".ngtmon\ .b<><rI I ... m_ o.u~"". 01 _"'PiC "" _ 
""" ""'. , .... ""11 .. ",, p"'p"MS ."" p<>SSib~ {bU' no! <>OCKSan!y) drI_ 
! ... ", _ •. Thoo. ooopI"'II _n bonding .nd .. t'''''n io 
""'" ", ... lI of molorio! ""hot"'!" b,t ,.!he, of Iom""l. h ............ ity; 
tho, " . • ""mbirut,",n of boIh IJO<Imolr'" and mo,.riII' p",!,.~,.o. 1"-
10"", ,nd momo", ..... ton", ... 

, , • 



1M ..... ....... , .. __ ...... 

[
'] ['" ' " , ] [,: ] ['" On ° ][' 1 N, • A"A " 0 " + 6 .,6" 0 "" 

• N" 0 0 ...,.. T., 0 0 6.. ~'" 

(C.OO) 

[",] ['" '" ° ]r':] [0" 0" ° ],, ] "\ • B" B" 0 " + 0" D" ° .. 
U. , OOB .. 1;' 000 .. ,,, 

UnS"/mmeUIc ",",in" •• *"" "'"~" ..,eclO'.,. o"",,,,ropIc Iov.", ca n 
bo ohown 10 ha>. , ... to",o a nd momon< ,""""",. in Equa'"",s (e.go) 
ond IC .G') "'" ",",h ~.'.n! "n. Bu ' and O,z kO", A". 6 , , . and 0, ,. 
' ."-""0,,,. Tho, is. '". , ..... no .h~,·o"onsioo coopi ng """'" 00f 

on, t>ond_'",,", ",,,,,i"~ ' 0'",' , "" tho "",LIDo" 01 p_"'" " ith ... k;nd 

oIlomin.' ion is _ "' • • _ .. " ith"'"""", Ioy. rs. 
Una,,,,,,. ,,", .. ..,;.,.Ie. w;,to ,"ulip. \IO""," ' ~ o~floI~ "" ' " '" 

with m" liplo oo,"",ropIc lay"", ... ,. !ore. ond mom"'" ,_n" no 
""" 0 .... tho" EQ .. lion. (C .53)'nd (C.S04I . >'II oIi11n'_' ar" "' ... "'. 
HOr>e<r. conl i~u,,"Ons " til 0_' 01 H,o"" I.., laminu aro much more 
<WIieu . '0 0""'1" . mo" <o",;Qu,. t".,. will> .( ... , mu'''''' "'trwiO "'ye<t 
or mul,,10 opocIo ly orthol"'!'i< 10, ... 

C.7.S Stoooking.Soquorro. tl<rtotlo", 

T ... monn. , 01 "",,,bno • .,minol . ..... __ 01 -'klual 10,0< 
H'd " ..... p""4>ol ....... 1 p....-rI'y _.,""' • •• 00 .,.. .... """'''"'0 
&<>quo""" could be qu~o inv."'od H<>w<ovo , . 1_.1,0 . 01 pon ....... 
p",.mOlo",.ro ~od in • • implo. <»r<> •• 1."""0 by .... oj ,h. 
lolbowng "" kino·Hqu. ""o .. rmino'<>!w. For~, l~ ... t. '"iek" ... 
loy.,,) 10";"01 ... voiIh . 1 10m .... 01 'ho .. m. moloriol, • lioing ollh • 
.. y . ... and '" .~ _nto''''''' ... W; ...... Jo, ... "",Io.IO",!j()'145,_ Not. ""', 
only !he orinoip.1 ..... t.'101 <li"d"", .. io"latOns n_ bo 11'>." &Io"g wl h 
• """ <If ..... lam"" 'h_".nd ",", .. 101 i.tafl'y <III ... " , Iomna, .. 
coLM .. ","00 " lh ,~. "" .. " Ia,Oft, 1.0 .• IIPOW·,4S1. F .. "'"g ulo, 
(Ia, . .. do noI "a vo "'" .. m. '"1:"-1 lam"',., . 0 nota' lo" <If layo< thie." ..... mu>I ... op._ ", ,h. P,.v_ ..... 'ion. '0, . '.m ..... 
!Oilgoir'~S;,J '" IO' O "!j()' 021'~S' 0 31J in addolion "' • noI. 01 ...... ma"._ 
riol. Finoly. 10' oymmo,,,,, Iom_ In. 10m ... '. with lull ~rIic.tion 
(IJ 'lgo'I~ S'r'S'i9O', o'J oon bo '"p'.M"'"" .... (O',QO'I. 5'1._ Of 

(O'I !j() 'I~5'J.,.," 11)'.00'/.5'10. "mu'ipI. lam"",. occu, . , ..... M m. 
a"9l*. tho" _"'ip", at. US<rd", d.~ .. ..... ""mh .. .. -"JOh rn"~ipIo 
"'y.~ .•. g_. (0',0',0',90'190' ) · 10;<0021. tl oeq"er<:es .. lamino •• ,. t,.,...,"". ' '''n ,_ m""ipIo-.ioyo" Mquo"" ... ro O~_d""h. sub-

, , • 



-. ... .. '---"-.. _. ,.. 
so ... 10 __ ,. tho nu_ of _ 00"'" '<\HI'Oio •• , •. g .• ,ho ,opr_ 
..... _ . [O·, \IO'"I.S·...,.,9O""1.5· 1 ~ IQ'It/C)'145'1, ~ on. loy .. 10 O<I""~ 
."i ' "Ii "'" m_ ."~ac •. 'h •• a bo, 10 .,.. ovo' tn. ""II loy .. , '.g .. 
(O'IVO·IO"I ~ IO· .W'1 •. F ... Iy. ~ .~ ,~. _ ..... a", "'*'_ '" ,~. 
__ g ""'Iuo""" o/'ioWfi an<! no imptica'''''''' aI .ymm~try . ,,,,,,,,,tod 
_..,.. • • fltO_ • • , 0 -... "", ean ooV ""'trig" iIy "" 10 .... ,..,. "'"" . 
"ub",",,1 f .. "_ to ir-<Iic>-,. oomplo" Of \01.0 1 opoci .,otion k>< .mp~ · 
oio. . _g .. [O'JIj()O,~5'1 - 4S· ,Q',VO°Jr. L ... no syrnmolry Of ,.p • • ted Of· 

qoofIN io d. siuH:I_ lnio "",.bon io used .. do~ '" Iom;o"'" fbo ,· 
",;,.to.".,.;l """,paoito " _ur .. ",,..;6<;. _ 

C.7.6 e .lonced Lamin. t .. 

AI """"" 'ho wot<! .... lanc ... 10 omt>lg..,... anQ not ""' .. ~"'., ,n. 
oommon m. ""ing in p"""'" k>< • "''''nced laml<l. ,. io. '"""""" .. 
"'""" a ll """,,'_'~ic_ lam ..... at . ngIK ij Qttwr tho" 0' ond VO' to 
tI>o ,.1.,,,,,,,. ""is occur on~ ;., ± ~ poirs , 1M indMduol _ e and _ 9 
toy" ... "'" "'" no< .... "~ • .,..,.n' to one. "'~.'- IJo'. oJ .. ,hat bo~ 
.need 1.>",""', •• "'. "",<>ired '0 be oymm.1li<: about ,ho I.>m .... ' . m idch 
,," ~..,.. "" ""'to must b. n." _ a 10m .... and 'wo _ Q 10m .... 10.- • • ch 
± ~ p";r. TM be'-"'~I _ _ . 0""" '" • bol.need 10",1001 • • ' . tt.of 
"" ... , ...... ""'" oouping _ . not "-'ioI. "'" doe. bending-.""""",,, 
oouplng • • "'. Ho"", .. . bord· ... '" ~ <10M""", (se" "'" .... u! 
'" be";""'" 00"" .... in F9.r'. C-2Q Of' _ 777) .• I~ ~ 00" be 
..... 1' I .... """"be, or .. 6 p"" is h;gh~. 5 .. Jon .. 10< ' urt ..... 
e<>rnmont, co r"',·",infO!_ COIIIpoH. Io"'n.t. '.,minolo>g1 [C-71 

A h~rld inm ... /o is. mixt"'o of two 0 ' mo,o """ orio l _yst. m. to 
to"" 0 Iam;"a' •. Fe< .. o mplo. WIIII"'.·4!>O"I' 10m ..... a,. " .. d 10t h 
K .... IIu ... G~4!>O"'I lam,,- to ~,.,.'o ..tog_'o,body fon.;. to, "'" IlooHng 
7", AnQ 767, I'Ioto thot th. two ~""'" in tho h"o ~.rom fypN 01 
Iominao mu'" _. romp"tiblo ClUng cordtion. ;" 001<, 10 ""hlo, •• 
,""",,,,,,100 10 m .... ' • . Thu, •• 1"""",, dotl._ lobo, ">''''.''' .'0 Ont O 
m~ed in Iryb<id lam ino",", no! "'"".,. ,,"O,e'" mIItrix ..,.".",5 ca n b. 
m~ed. lin .. omplo 01 0 g,opoNo_ ,y lam ... " , ,u'roIIndod "'" loy.,. 
'" boron-.p<l' Y could be _on._ ~t.5"'vo;. . ... At hrst gtan,,-. , ... 
10m"",,, ", ;ght . _, to b. quosl-<solrop;c (iSOi,* "' .,,0no.Onal 
_""oso0--1I>o .. me ;0 al in-pta" O dQction.-bUl "'" in be'-g 
__ o-otl, 1oooIy n01 a """"tion '" ma'orlaJ isoIrop,o , PIOrI<o 'M 
1""11:< ·q" .. n . How • •• ,. '~Io lam .... , ... ""I ~""'-_rop" beea" .. th. 
10m""'. , "ho"~ 0' ,~o co""' 0"111'10, """.""ion fo , a ",4 Iomm.to. 
oro of "'" dII. , . n' m.,_1 _yol. m • . S ... Jon " ' Mo<lum n '" Com· _0 1.I.>1.,'d, lor • "'.". oo"",lot. dolio , ion 01 • q"""'Ioo'ropic Iomi
,.., •• nd « .. " _ ... t. [C,, ] 000 _ . .. __ on libor· .. O>I<><eed 
co"""",~o Iominoto to ,mir'!oloVl IC.7I-

, , • 
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Appendix D 

ELEMENTS OF 
DESIGN PHILOSOPHY 

0.1 INTRODUCTION 

Many m uo • ., tM .ppondix "0'0 ",iN<! proviously b"y Henry 
P .. H>OIU [O_ t 1....:1 (0 ·2). and I MVO • • po n.;..;t """" 11>0", In 11'*"1. , 00-
toi_ 0-.0 .."". 01 m1 ""'" Ir"~"",_,_ and o,~"""',_ P.tro».; 
_pllHi>oa 'NI' .ai.",. 01 past """""'0' play on _1.0.,.,. impo"'''' 
wlO ., ,'''' ' ''- OoSign . ' new .. ruclu"", T~u • • olW;;.,g .,..... ~ist .. i<t. 
<II actualla"'", ylOkIs valuot>to inI.rmolioo on how 1<1 ._Io,.~ mod· 
0Iy ,n. dK9> P'OOO" 1<1 "",""t " " ... VOl"'.. 1.10<_"" .. ..".;,.g 
_ I .... ' ... hould .100 .Iu • • 01 "" 10 "'" <Ia"l/OfS 01 doojgnjnv 10,," 
ou, 'Y ... . -. POIroooIJ [0- •. ~_ 1811[ "" .. "' • • """ 

""allure "na1l'0I$ 10 .. taov a. MOndoV-mGtnWlg q"""tttlaCl<lng: 
d,'-9> 10 ""' .. 01<10 1<1 """hWlg, Ho ...... ' . 'ho Oo>!go ong., • • , 
mu .. do _ . , thon ""V coach, 'or ~. is ",p<><!od '0 ";n ... " 
II"mo ho pia, • . TNI' is 0 "'ugh tL<SIg nmoo' ..-Ioon ono m .... k. an 
.n. n moan 0 "'... And .. tie" <101 • • , 000''", 01 ono can hope is 
'" ona~20 th' lI"mo I..,. ond loam I""" ,100 "' .... k •• .., ""', 'h.,. .,. "50 likol)< '" be ,_ ' od 1he n • • 1 lim. out, · 
Th. Gom. F.., f<>< oI"""u .. 1 .ngin .... 10 ""'\ '" tho HMO T""""," 

Narrowa 6ridgo Ioib-o n • ., Tacoma. Wuntngloo , Thotlim """ bu n 
""""'" 10 ;o""m ... 1>10 c",i ."gOoo.""~ .. LIdo"to.nd "'h."' ..... ' w" 
mad&. Viewing IIIat r'm" th. '"'" ,9_ "'''.'0' ",chod on my "'0'" 
Tfte 11, .. _go 01 tn . lim 10 'M' "'- "'""'" ...... ' . d "Hi . nd ,,~h 
~"'-i"""""g .m~_ "",' ''''' <IO¢I< (",O"g ,,~ " 1M do>\II ctaSl>ed into 
' "' ".' or. Soch aorod)'nomlcaly o,c~od """00 _ no' ~,oviou.rv b.on 
_"" .u .. ,,_ ~ r ... _ ....... Il" 0011>.,. "10" 11""" 
oly, _ muot be .'_1)< """"" .. wh. n . ""'pok"ioy p<OViousIy """ • 
.... IUI 00" 'IIn< '0 0009>0 'With ~iconr cI\a_ in dim. n""",. Of 

ma1 ...... '-"'_ 1""''''''''' ., ............. , ...... nl (i,. ,. pt>..;olo) ,.w.-. 
mocl>on""" '" modoo e.:on ohow up . nd ' . UM mojot problomo_ Mo •• 
c • •• "iot .. " . 01 """"",,0' I ..... , . .. ovoiW>" " v.';""'" '0 "'" . nd 
qu~e " "'''''''''' • . _gil "'" all ,.i .. ,o. IIl<t caPtured on 1;Im. 

., 

, , • 



1M _"' ..... _ ......... 

T"- mosI """,hie and _IIfOOS .. "'" ..... , lailt". i. tlIa, 01 1"
Wolld T,odo C.n't< Tw;n Tow . .. OK., '"01 ".,. 0Iruci< oy to"""""Iy
ing _0 761 .ire"'" _ "lh Jo' '''''",,0 ,h. uWO' I~ 01 • • ch 
..... '- 101001 '" ,,,. _ 10 ;" , ,,,, ... !Id h . ..... n ,,,. ,"""",,1'" of It\a, 
<0"",«I1y artacl< .nd , ,,- _ .. quont 001._ o'!he huil<l;"g., ond m.ny 
_on """,hod i.. on toloviWn. T"- <ollaf> ... ..... ,,"uoed by pm_ 
11'000, 1Ioo,·by·fIoor bu;;kinO of th • • ructu"" ",H ' "olumn. trW-,od 
in 'u ," t>y mol;-,g of ,"- co ..... " • ., ''''' ~;'",o~ .... ....- '""''' 'hoi 
11>0"" coIum". could no Ionll'" suppor'I .... weigh, '" "' . floor , a bo •• tho 
ow," ""iI<. ,on. '''''n .... ooIum .... o.low ..... Of"'. :<>nO bu;;klod 
suc:e.oo. 1y -...uso 'hey ........ unablo '0 w. hSl&"" , ,,- ct,tnami<: _0 
,_ 'h. ""laj>CJng Il00,,, 0 00,," 'MM. 01 cou, .. , "" .... mlgN "'" .,,,,-
1If" thoo hin To ...... coIo_.s. """"turnt 'ailll,. Of as . 1.iIu" of ,,,-
do. ptOO .... . ut, c ... ,It. 'ho T";" Tow ... ""' ...... , a ",""'","ol la. 
e ... l>ecau ... '" "" _"'" Ih .. wos "'" oonoid. rod in Ih. dosign ~os. 
V ... do.;ghing. Id ~g '0 bo ablo '" ",ithmnd . u<h. _lot. 
"""'''''''' .... _. is 1"'_. "'" """.'" con_u_ .... ,. u" .. oid· 
. ... , Th. I" Wid<>g """,Id _ .... ....,. !l.v. on ''''''~ .,pt"""'. 
and .... I ·protoct«l ,,,uctu,.t f,.m. a . woO as I." windo ... , nus, Po· 
!!O$It;i !_ t"" ' ....... 0..-"'" ~ ""Oly ,_ k>I vOf\' til_lIS 
!>eYo, " lI"in bolng hu;n (0.4] , 

W. ,, ~, do" "., thoo .... tw. '" on~it1g do$;gn and ItOw 10 "';f-
t."",isto I lrom _ """'. 01 design, TIHon, , ,,. " or ..... app.-oochH 
'"""'9" 'h • • go. '0 . " .. ring IJOOd d. sign •• r. oQi ... od. ~''' . Mw 
I.w". play . n undonlable rolo '" both un<IerSl&ndWtg . nd irt'lpf<lVing <10 • 
.y. ",acti<. io e,,",N<Io.,od. FinoI)-. idoo"'iIy;,, ~ AI poaoibIo fallu ro modo . 
fo, a "',",,!W. is omphaoizod "" ""in<,! . ... Mlal '" d6Mgn 

D.2 WHAT fS EIIGItlEERItl G OEStGN1 

Th. objoc1i<o of . ng;noo rin<l <looign is 10 anlie pa" AI """"",10 toiJ· 
ur .. ond t lHon to _ gn a 90ins! t"-m in tile erootio" 01 a oIruct .. ro '" 
__ Qb,oiou.ly . VOU con' p_ont $O_h itlg trom CIIua;"g do",a~ 
"""' .. VOU k .. w ..-t"" ';01 Thus. «>line . .. m .... bo qu I. _gi", tiv. 
obooJt V.M, m~hI ""WOn 10 • "'''''' uro '" dovie. <lUring ... "'1, . .. ",ie. 
toI • • o..-.'~kinl!' "" • • "'"" _". "'""", COn 0<I1y """00 .. tho ,,,,.Ii
nood of ." OI<1",.t r. iIoJ,. BV .... ~ lor poosiblo f.ikn rno<Io>o, • do. """ ... , io "'" being po_io6c. ho'. boitlg ro.~".ibIo l 

Oooign is • Io,m of boh .. .". modJi<.arion. And. YOu mLlOl know tho 
boMV;'" _ . you con m<><Wy ~. n",t is .•• .,,,ctu,al dto.v- mLlOl 
1><1 inlima'oly t.mitio, with OIruclU ,oI ona'Y'" aJ>d ho ..... ",,:lUM. b.h ••• 
'" ord.r 10 r.'_fIy oontrof Of ovon approach tho <losign p""' .... H. 
m .. 01 be oNe 10 m<><lilt "'" """'u,.t ""hov;", In oro... '0 make ,,,
"''''''ur'' """"' •• """in ~" _ '" .,...11)' .'0<0_ '" torms '" 
.... ongth. otiIfn .... . II<! Iif. 

E"'blish'no .. _ .. <!o>igo I."",. cot.,,,, is • ""'."". ",,,,,-, yo! !un-
(lam. "lal '0 m. doll91 ""-""'*- r". """''''0'' 01 dKign I."",. " ",.ria 10 
mU<l> mo'. """"p .... tod o nd ""'<>ivod th. n ju .. ,,,- "-. 01 9">$1 f~"". 
'" • _,,, otruo'ut.t . Iom. "' 0 .. 0 .... .... moot ask _ ,,,- ott""'_ 

, , 



, .,on.- "',."",,", 

·_. or Do .... __ ,.., 

, tie 'x,,"." 01 ,h.t opec;r" dosIgn? 
can"", !uIt~ ..,..,.. dHign 
• ""'-, ... ho,. dto9>t<l • 

, ,,ructu" c.n~ do .. 

, 

""' 0'''''' ",_ ..... 

..,....,t\.lF.) 
"p t)..1 C.M-.g 80_ Do,;gn ................. 

, , .,. 



... -"' ..... _ ......... 
Wo can IP ,h<OlJgh 'M' ....... ,in<! ell proIllom ' ''''1\'''' 10, mon, ""._ ..,v<"" ... ..,." "' I"- _ <leS>gn _m.,.. oookI bo 

" p'0_ (0' Nell ell tMm . 1M mo .. common dNige r.qui,. m.,., •• ro 
0.<".._ "' """'. ma nn", In 'ON'" 0( OIronglh, """"" . • M W . . .... 
tho,. oro m • ...,. otller ".u • • os W<I~. WlHIthor !ho m.to ria' .... co,r<>do. 
10, "0"",,". Who' '', ~ ~ I. prnvdo 'ho 1""1"" ."u",oo or ju., , .. "P' 
poooiI •• OIJH<:io nt conduc!iltiry . • 0Id 00 on. T .. ro "'. ","ny. ""ny d;t!e,_ 

typo. ell , ..... 'h., "'" "'" 0 .. ,""''''. to po~o'm . 
Fo;!uro haS rna", "' 000;";' or .... "" ... 600. In tho cortto" 0( 'M 

.... UOluro' de""n prO< .... . n. """' ..... n"'g iO ,J>a, fa ......... "'* irIabiIIty 
01 II,. ot,"",,,,, 10 p.oolom> up ., it. dooign 'OGulr.""", •. T"" .. '*'Iu'" 
monts con be o.p,o_ .;mpliohcdy in torm. 0' "'" "'iIowir>ll l\.<lcliono l 
'-'oK, oorno boyond , ..... ,n,.., ",,~. 

I. ' ' 'OfIIIlh _ II,. ma,. riol ..... 1 "''' limb 01 ",rHO 0< .,.In """ co""'" 
be 0. 00«"'" wit""," mod"ro 

2 ... iI'"..... _ ,ho .. ,uct",. Io'iI bo d .. 9-' to dBlOIm a t;pfIO i " 
.""""'" or ""'hop. b . lim, .., to • ~ dotorma' oo ,.~_,.;. 
t>ra'ing .. e . .... "" '" buclding. 

3 . 110 _ tn. 5IIUcIuro migl:!! "" ••• "IIocifted ><tfll"' .w. "PO" 
4. ' '''171' - "'" 5IIUcIuro mIghlMV<O " ob""rb "I'Oci!"" .""",n" 0( 

''''111' ana"~ , ...... '.0<1"'00' 
~. W<liIJN - tho OItIJ<1u," "'1g/11 r.. ... '0 "Oi9h ..... ,r.o,n • opo¢IIed 

"moo", (0' tit . oonIig<G.,oo ., be " ( ... """ dosign 
&. GO<I - I"- otruct uro migh' ..... ., co", _ ""'n a 'I"'<~IOd._ 

or 0 .... a coof ...... ' oo!hot wo,,," in r<O<'f "' .. , 'oopocl muot b. "'" 
""~ n od 

7 . monu!&<ru'ir>II _ ~ tit •• Uucturo cannot b. buil. I"-n ' ho «>n(;lIu ra· 
t"", is """""00101>10 

~ "- 0' ""' or _~" ""oI;n cm..;" c on"'" be mo' . "-' 'M ~ 
is. to ..... 00ld tM .... uctur. mull b. ~liIlno<l to moot tho toqu;"· 
mon .... T ........ 01;0 is on ~""'''o pr<>eo .. """" .... ...;tIt . ... 1\' ... ood 
,~"",,,;r;e, 'o......".ll\o .u"''''''' 0' (. lIur. 01 . .. ruct ure. A. de· 
Oign o<t" I'" mUSl be """on",, nied b, on ova ""' t"," p<Ogrom 10 ........ 
tI>o " ,""'. ro'. <"-,ad .. lslic. ,eIa,,,. 1o • ..,h 01 ..... goolo .nd ,h. p",. 
gr . .. t" ... rd ..... '.d oo '" If>o 11'>1"'. "OC" '~1\', •• ,~ Of I"-_IS 
Of ~ emoM "u" 0. cJoorft ,,*lirroabM ~nd 'oarMy m .... ..,....,... 
0lIl . ....... thoy .'" ,." acfliovob" in any OI'ocilic ....... 

U._. '''''''''''01 <>Mig""', mtu'l)' 0,11« prof .. ..,,,". '" quooi· 
p<Of.~ .. ", eal thomH "'" <>Mign..... Fo, ... mplo •• rcllitoclo oro 
• .., ...... _ •• do.y.,,,,. T~ o' ",.in co"",,'n. oro 10, .. a nd. '0 ..".,0 
"'ten!. f""",ion f!o·Ne\ler. "",hl"", •• ro "'" able "' coouo' 'he po" 
(O""On<O 0' _ lor or IMO otrt.oCt", .. """bent1\' '0 ovoO:! .. ruct ura l 
f.b. ~h • ...,.. oomman .... son 10, Io",su l . ogoin" orchil"". ,."lrm <). 
To c""tto! ond 0_" ..... OIructUl", orcl"lto<U must "_'10 "ruelu",1 
~ .. '" pollorm ,!>is " ,""'ura' dooign taol<. All •• ~oo '0 .,..., 
"ru1o' Ie ,no <!im inio), ;"g ",n"" oj tM . rmtocru .. , or9n_. i.o" . oembi
.... 1Ion 01 ' M ~I_ 01 on .ren"""" .nd 0" .n\lln .. , 

, , 



· _. or Do .... __ flO' 

I am ".~1Iy !amilia, .ih how .,""' .... , ..... lysis is..- .. d 
•• iJod in on • • ,<1>010<1"', wmeulum Th ... <:00'_ a , ... _ 10 
"- !a .. n ... .. ..,...;, 0«10, 110m lho t>.>"'" 10 tho . d ••• _ , How"" . 
... on II>O<I\Ih • • c~ ... .... cou .... had lho p""'''''' _ ·10-.1 """'" 
a • • pi'. ,"lu .... , """, • .,odont . ... ... 00_10 ...... (~. 'h'" <:00 .... 
io pro<MIy "' ...... Ofdorf Th., is, Ii,., 1M . dllan<:od CO" .... , IIHIn tho 
io' .. modiol. 0,,""", aM Ii .. .,. , • • b..., """<u. QIw"ust/ • • ,uoMa l 
, ,,"Iy'" i> "", , . !<"rdod ... ""po .... "' .. It>o1 cume",u.,1 Will> ouch , n 
attiludo on "'" "." 01 "'" .",hiw . .. I.outy. ""'"' V",duo' •• 01. no! 

.... 'ed '" ',,"in~ ,ho ,." .... 1. 1<00 ....... ,. """""".nd "'"IOI",.I .""~ 
y .... MI ~ .010 io bui5din\l ... I ... ,,,,,lUI • . S""h LIIIi",,"na,", Im_.,. 
and ',"~Io oiIu.'~. ",;gh' . . ... _ _ , • . 

Artiol •. in ... "I<\N, commoteiol U .... , do,.;gn ."worlo.. odn rlisir>g 
Ia_. "0_ w~h '.0 _ OO"".'n _0 ap"..1 '" ,ho _""f. O'/fl. *"'*""''''"... ..... 0 ... ( •. TI'IOy • ..,w won ''''' u .. 0' co"". vo,""'"_ 
oilH OM 01'\'100, and <>pOn """". '" "",k. "' • • ,"e,k ..,.. <:aIChinO. 

0 .... dosign ... undo ....... ho", •• ,"'" """ .... Is dra". 0'" , .. 
!>um.n fom\ ..... ..,.. to to'" .<t<.ntago 01 'ho' bel>:>vio! to 0'''', • 
oru""", ~ ,.""~_ Mo_ . colo, . t'Id to""", plsy ;",po,""" «>Ito . ... lh.o-
"""'. Not. ,hoi • • thoi< ..ct;,.;6e, .... ~""~I;'., noI qu • • tila, .... in no-
'",._ In Iho limi, .ny""" h.1'!dt with "" •• d . .. n.edle , ."" .oc~rs <an 
0' •• " . ... _t>IO dI . .... SO'ely 01 .... dI . ... is """n _.:"" On • 
...... "' ...... , ron moot """,,s ) 1iI& -.""" & dieM .. os imp~ do-
00>0<11 A '" .. ,., "" might PIa ... oxposod . j>I" '" "'" a natomy. but 
I.t>al "",u.';'n ""0"" only . mbora ...... " 10! not ll, 

In """''''''. " ",clLllal ong_~ """ oro <Iostgno~ om~ _"'~ ",'''. ,.l-<>n." boNd "" me<h.>ni$I;" " .. .....,....... bel". ", 

malOrIo' _". 
o .. "« ....... ' ......... 
o WUCIIJ .... 

T"" Q"'I'I1U'iV. ","""' 10 a"" tho "'OCr.ilnl$!" ""t~""" ., •• no 
pa, .... in U .... ", ...... '1.1ds i<wo/v<>g <10"", lox""" in _ bI.""h •• 01 
O<I\JltfO""g ""_ "no'>900" Q .... I'I1 ... , .... "lations."" " ,ot) o.sIgn 
01 .,lVCIu, .. ""luo • • <Iooign ... noly'" """'.r. w."!Wndod in ;.,j'll,ti . .. 
<;piinal)' a<IiY iio. and " ....... ud in mal_I . . ..... Iy ... , <Iosign, .nd 
oo"",IVCI,,,,_ (lb. ..... cha o!/" c. n b& mad. in ''''' ~ ", ... 01<.0 
'" ll<I;'ilio. to <Iooctbo """,oono who dosigno _ie •• 

0.3 PHllDSOPHli:S OVER lHE AGES 
OF IfOW TO ENSURE SAFE DESIGNS 

Govorom. " .. 0' 00<0My a"" 11>0 P'A>"< ho • •• !w.y. "-... «><><ernod 
"", _ who dosign and l>Ioild 0Iruc:tlJ ... to! P'A>"< 0< ~.,. UH 1>0 
""'" "".pon." 'o, th •• <>ctio>n. 10 . .... ~Ii(;o. , _ .10 . nt .. "... do· 
N to , .nd IMn no """ ;" .&Id 'M~nsib"!I. Tho, holding· .. _ • .,.. 
prooo .. migh' h.o. .. ~ omo.t "'u , ,"""""t'Id Y" '" all" -MIh tho 
[lobylon"," CocIo 01 Hommu ,.bi: 

, , • 



... -"' ..... _ ......... 
'1 a _ !Ju~ ~ fIou .. lor 0 .... n and do not ""'~ /Is 

con,."."Jcn 1Iml • • nd 1M _ .. /tIch h~", _ <X>IIap.so.nd 

Ca" , , .. doam 01, .. O"'n" OI m. """ ... '''I~' SM_ r.. 
pul '" _' • . 

1/ . co .... rn. _m 01,,,,, """ 01 "'" own« 01 rn~ ""_, IfNI)' 
""" p<A '" dHm Q .an 01 '"'" _. 

If ~ CO"". ",. _,h of ........ olin. 0"-< '" 1M MU ... ". 
oM' gN' '" ' ''" 0 _ 0/ .". _ 0 ..... 0/ oq .. 1 vd", 

1/ ~ do""", pro".".,. "" ""of """"'" ..... ,_ I """",,,. d. 
ort<l_._ ho did "'" m. k. Ill. _ which h. built lit ... rt<I • 
co"",_. h. _" _ ,ho _ ..m:h -.,,- fro .. hOI ."'" 
propeny. 

" • bu_ t>uitI • """ .. /0, .... n on<! do "'" ""'~ ~. "",
S!n/cOOn m_ ,h. '~m.n l' ,00 , .. a, Ill. in, II .. " b<-. _ _ 
,Yongl"." , .... ah ' hl$ • • pon ... • ro· 1. p. al-

l.'.,., "' on .... hmo •• 1I , .. ian bridgo bu_ .. aod dooOg "'''' hud· 
_ .,ill> th.~ I.mi_ "odo, a brillg. tiler dosjgMd justo. tho lifo! ',an", 
wen1 ""e, !he b,<I<,/o. non, f ... bridgo l . iIod, , .. 00;_ .00 hOI Iom ilj
... .. u.. 11r •• '" dIo 'n ""',. 'oc<>'" ,." •• ~h. 1~Ml.) , d • .;gn. ... oo 
co,,"" ' .nlo lor o lailf<t _go """, fIiooo. Lawio ~h.n. SOYio' R~r"l 
\WIfe -.._ ''''''' 'hoir uni-v.tsiIy _rS1;P~,. I., mo,."" 
r>Ign "$pOll" '" cIIa'gH 01 ;,np.-OPO' <10091 '!\an <>«;uI'Ie<I onde, 'M 
0,",', HO ..... ,.,. "' ... I . ... Y" '" ago. C_ .. ,,~. bur .. "" .... 
vmo /\ad ,...".,.,dllli"t "" convonl"" ''''' C<I"ntrf. v.rious ann .. ' com· 
putor ,y .. omo 10< lh. Y2K <ho.geo-;., "0 '0 ''''luirod 10 bo in u.. air GO 
""" 01 1M" "" . .. at _'IJhI on Jl 0..,0"'''''' 1m . • "' ..... ~ 
~y 01 ... _'0 _ '!JOin .. If"," vmo _, do tfloi, i<>t» _.IIy. Incidentty. ""'hing ltappo_ on •• y 01 ' M 1IigII1S. Rooc.nI 
",actio. 01 ,-,,,,,,, tion I", laiur. '0 ~ and!Mld .. t. " "",uro._· 
.ro~ "". too. " lim~od to monot. ry OOmo_ "nd 100. 01 prol . .. _I ~· 
eo ..... ra,ho, '''''n!h. p''''''"" ·an ey. fo,." oyo' ph"""Phy. 

D .• THE ROLE OF PAST FAILUR ES IN 
UNDERSTANDING liND ' WPROVINO DESlGN PRACTICE 

SWdylng ond puOkiritlg OIrtJCturol le""",o 10 oduootio",,1 '0 • • • n· 
~ .... .., , .. , '~'Y don' _ , "'" ",iOIoko. of 'h o~ "'. doc • ..., .... 
Cool"""",. sad: 11 you.;.n '0 """'101 tt>o lui"" . olody "'. pur, Ion' 
do*, (""~Iulty) ronIrolin~ !h. lu'u,o? I",,' lal ' ''' 01 ~. 'ho po"? 
F.iIu,. 10 how wo '000 Ou< i ..... _ho, 10< "'''''''''0. or "" , .. po"""",1 
IHI"".", 01 indiv"'u.", Tho, is, ,.., .... m lrom lei""o' u.. lHIhIr.ioraI no'.ro 01 •• lrue ..... 01 _1::0 ..... , • ",,""in ,anoo 01 OIrtJCt,,,' 000 
~ng P ....... t."', O"Wdo ,!\a' to ",,", Wt _' ~ """1 . no ... "'\'INrIg 
al>ot.O tM """"u,. 0< do,n, As .. "'''..,.,.. .. doo9>s "00 <Inigo c..-.;_ 'n" w",,,"d in ,he PO" 10 !tWo,. 10'110' , lallor. , /c, m ......... 
'han .... p,..,.,LICly too • • bull," som . pol",,,,,,,, oncou"'. , . Ial lu .. 
modo , ... ,,... in,,"_ 10 In. """"uro bOIo'o,~", w •• "'" . , .... (I, • .• 
1>01 i/OYOming) Io>r prwiouo .. 11>01"10,. Thus, moroty fookin!lo,.oo om· 
utating on o.~ "''''''.rol dulgn t..e._ ~ ... 0 """"0001"'. ~LI1 ••. 

, , • 



. _. or Do .... __ "'" 

' '''pol,U.,; ~. _~...",. bey<>nd _ w.' ,w ,..rull)/bJil belor. "ill 
""",.doy _ '" ,,""~, Historical,,". ooc:h . "rapoIa'ion ...... ' ..... lOr .. 
hav. ,~y. ~ _ or Io'. r ,_ Soction D .G). 

D • ...., ho, "." do,a, _lca' d iolinc!ion ''''''' _ "'" . WIIor ... 
copying "",.",' ""rio ., , .... "'" is c'~'J1y pIo g.rism (_" .. ",""",II 
mu .... ongin.'. ",h.rw'" i has no value ,,_, ... "ont.mation). "'king 
o,j-'O""'!1' 01 tIM ch .. act. ristic . of 0""''''' ' L>C"" 1MIy buill . Ir",,!ur .. ;, 
onIj 0.,,,,,.'I0I'l _ . W& lOry ufIO" ..... _ 01 p"",&n ._;"""" 01 
OIh.~ 10 lend conI"'"". to our <Ieoign. Only wh.n w. "loa,,," .,,_ 
,II. '""II" 01 ",,, Ioos o.olgn voridbloo do we .ncounI., ,~. Un!",· ,.""'ott, tho, _ IeS>on .1""' __ • us. 

D .... 1 do Hoyn"nd C,,",*, Fottg'" F.U ..... 

Most str""," ,aI 'ailur .. ore ",. "",ti< oUCh a. U .. ","""u 01 'M 
~ish d. H.,i iand Comot il!UlnOf ,h.t "",od"","" u, to I.<fg"" ......... in 
.00000n .. ., ,h. " J1y 19500'> n .. CGmOlt had.,.,. 01 ,h. ' u t "' . ... . . 
a.d 'u .... _ (to t",,"'to pasMJlIIOf oomfo" a' high .110000&). ond. 01 
oou,", ' ""''''' '1' •• J1y " I, .... ,t ," .... \10 ... i 'um_ out • • """!1"""' 
. ombination. Tw" c..m ... . ",,,,,",, '0' in m lly unol<J>lajn,"" ", .. "n, in 
Ito. ' r.J Iv«> Y"'" ot .. ",io. (b.tw"" ,g52 ond ' III>-' "'-'""9 "" ioh j _ 
OIh., c..m ... ",uh,"" I", ro .. on.lII>, WOl. 1.InderoIood) (0 ·51. A, , ..... 
"",ny ~o<I _!1' o! oom. ""tu," or "" ... n ... oigo ''fOr. flow--
....... " t ........ in' ... tigalion inek>iir>g ''''~''g a 'allen Com .. 110m n 
"""IY \11'''''' 0 .... _ pon 01 the Ty"IM' '''n S .... nU, 11M iSIlInd 01 
Elba (_. N.poIeon wu ~,"" no< .. h.n tIM c..m . .. now) 
"" . 'ig~t t,,,,,, Ro ..... 10 l.On<O>n '*<I to tIM diS<»v ..... '~.I rol~"" "to" ... 
iniIiated ot 'ho only slightly ""'"""" ",,.0'" 01 tIM ro<"ogu\;I , PO>MngO< 
Modo .... "", olno' wInOowo ("""~ 10,,, on/y IighI>f ro""' ''''''l ... tIM 
fu .. I'1/0. M'/ ooginoor know. 10 "-' ",,,,,,-" or 0 "rHO ",,,,,. n!lO · 
tion ' ~ .... bod io "yo onough {"""'. p . . .. n!l'" ";ndow 00'''''''' ' '' ~u •• 
,ou nded. not 0I>0'l'. u w. 1 ItO .ointOl'C4Od, buO piIoI" windo ..... !!avo oI>o'p 
oo,no" will> 11 • • '<)' " inlo .«<mom . , ound thom). Tha, <lo,k iniIi.o.lion pita 
11>0 cyclio IDodXtg of th. 1""""9< {which .... gradually p, • ....-iced nhor 
...... "'" .. lot. oruloing oU udo was ,ood\fld ond In,n grod""-lly <lop, ..... 
... ,I.<od . . .... F>Io-n. bso • • 11._ in p,_,.'ion lor "' ttdOng in ••• 11 
h;ghl. IMno. .. . _ ..... "" n unotr. _ ,_' .... ) _ to ;do .. j~ 

c",ion 0' '.';Vue " '1.1<0. Alter ,1M cr.c~_ -.om. Iorgo .no~ ... tho 
plaM In" Ofa," "" n~' Ella . , • • lus.rago ""pk>tIod ... ,It . ",ugh_. 
10 ..... 11M imp""t 01 a"';n . nd 01 , no-..-po' Of! ",o .. ilI Tho "" . 
• Ull • ...,. 01 hu;guo ,. 10" lor OireIO" .... tl1 . th. mo 01 N.vi Shut.'. (Oio 
".1 no", . _ _ _ t Shut. """'""-Y, ond h . ... nod no. ."",.tt .. g;. 
"'""ing CII"''' ., !So HovilllP.ndj _'" "",,01 No High .... y [0 ·61 !hat w ... 

, .... ~ ........... "' .... ..". .. -,. .... .- ~ . ...... ,.,., ..... ,yt..,OOj.'", 
, ....... ""'" 10---' . ..,. " ... , .. ~."., "'-"" ,0·"1-.. __ ._,-........ .. -. .... ..... -..... .. -....-. 
, _ ... _ r __ I. "' .. ~~ __ .~ _ .......... '" ,_ .. 
.......,. . ..,_ ... __ .......... __ ._ .. __ Tt, ..... · 

- ~ ... "" ...... . _ .. .......... "" .... OR <it .,. ..... 

, , 



,.!iiU- ~ ;~ ;HH ·I!oU:i.li!~ ~ ~ iE,,'", 'I 
~ . ~ ~'_!!:~q~ll~~i~ ~ ; '1- ~ :; 

i~='" !e~ ~~~i:t~llllH ~ • 1 I " ~;I: 
j "" ""'I" "!"" ! I ! 1 .'" I, !"~j ';:tll.- ~~'11 ~lr,E ~ ~ ~ ;ill-\ 

. ~!;s) l::!~!:-"," , £ '- !~i ; I" ~ $ ~t . i ~f 
i ' .!! ~ ~li"~ "I ' ~', ~ ~ ~ II. -~ -N 

IIi> '5 j;i;jall1. I i!li i' 
-38l-! ~] "E g> .; . J!~~ I ~l!~~ t 
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~ ~~"~l " :!i-.U · e"!l·'f~~f I' ',~.! '$ "~lf. W - -3 -~ ;0- ll· I" ., . .E ~ ~ 
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I ~j~~:2 ci 1;~U~utn_i~; ~ ~ ~ !& 



. _. or Do .... __ "'" 

",,",,"'II Ots. ",h. b<JiO<fmg .... aod on . arch~<t<' did _ .... "'" M"'ic: .. 
01 . "'",,"or.1 onok>w' 1".lII<h ono' """uro 10< "oOMS.'" 01'" ""' • • 
P'O)o<:tOI. on "" 'no .rchNO<I io at "'u"_ ""'" .uiOlAo tallo.M ,n. bLJIdng 
Oon'",CIQf did _ .... "'" pr. _ ",.,.riolo '" I .. p,",,'_ "'""". 
II>on ,1>0 buikkl, io., fa"" u""," K can be ."own """ "'" dosiIl ' was 
~._"' "'. a_ oj ,ho ,d .... _ In ,ho, ..... nI . .... """"'u r1lI . "ll_ 10 
<IN"Y ., '" .1. 

n ... -designed . ". p. nded w.lkw. y. do!>jc'od '" Figooo D·2 loa· 
tu"'; a ';";10 long co"'",,,ouov. nioal oupport <Od ' rom ,.., bonom 01 tho 
"",,ond-Il<>o r w.iI<w"l' ~ b ... ", \t.rou~h tho 100""-1100, .... Ikw.y 
support bu.., and on ~ to fa"'en to ,h. "," iog ,..,.. ., """"" '" Figur. 
0-:"1. n". W's"" ,hlt<l·,_ w.lk ... ", bet~·""" U1 , >fIOOtId. , od lourth· 
IlOO< ... , _,0. T .. !hrn-1IOOr .... "' .... y On "'" 011>0' .... 01 'h . . ........ 
"' FiG" "" D·2 .. ,.",.ned ~U, ., u.. <>Oi iog ... ~h v.rIieol ,uppon rods. 
TI>o original worl;inv dor.w....,. ....... P1_,od by ,h. "'''''''u,.1 . 0giMers 

. od ",b"'i1Iod r:'";;';~;~':'j"~.~';~~'~'~'j'~-~~~~'t.j.~';'i';':'l';'~';OO~'; '"". pl or 'tjO<:I, bol <>01 ThO- •• -oulll ' ........ ' . ... . 
01 ,h. coni"""'" 

"'0"0 . 

• • 

_" .......... ..,. H .... 

A.o._ ",8 ... 

Foguo. 0-3 ",at! _, ,,, .. ,, .,\'Waf< """On "" .... 
(Mot Iot., _ _ .. .. (D ·711 

, , 



- -"' ..... _ ......... 
TM k. y ..... Os.m.., Os 1"- m .. ning .nd sv>~""nce 0/ II,. word 

........ "od"I' Tho d1ctiona'Y do,.,f"", 0/ ·,....10'" as • \1"", ,. [O-.tlJ: 

, . (,.". ' .. 0) 10 view. or 100, 81, '1II'in 
2. 10"'" 1>0< ' on: ,10 .. " "'<O$I)K' 
3 to '."'*">'''' tt>ouvtlt. spM<:II, or _ ""', m.ko 0' 1Ii'>'''' ... rv.~.' 
~. to ... "';no or 10_, OI>*<fie.ry to 1o$I)K' I'''''''''", 01 • . ) 'orm"y 
5. to gOt. ", 10';'" , ';hc. ,_.nd ... ", .. ion 0' (a r.c4nt -. 01<;,) 
6 . '0 rooxo min.: SI>K,,,,,,'1y to ..... m;". ju<kiolly (. Iowor 00U<t'. 

_it.ion) 
7. '0 II<> OlIO' (ioMOno, 8 O<bjoct. Ole,) . g ..... 8. in "00,- '" ,...it.lion 

"'" "~",~n, inOood.ny .. ,""'" in<Iivi<tuol, ""'u'" lhink!hot H .. ...,.u .. 1 
""'IJW'Ioo" . . . .... 0<1' • '- !/"I', ,h • • ' My """"" Orw. , M<! to i:lel'l1ity 
. ny '' ''u,. 0/ tho ""nt_ol. ohop ""'''''11' v... m¢1 '"U". pn» 
10m. '.9.,' ."10,,,,,, of 'h, b.""ng eod<. or. ""'''''',' ,.iu,. in """"". 
",-nco .. ~~ <IeIinillon. 4 .nd 5. Po,n,o. Iho _ " ",I oog""''' ~. d 
;",.<>dod 10 oWjecl Iho .~. in ' M s/qI dr.,,~ '0 .... bIe .n.'· 
yOiS on<! ...... ' ..... ,"" .. _ I. ono<king .... build ing """".;0-
Io' ions. _ """ , """ 0/ 'M' J/Ct/riy too. pIllco 'Of'M """' .... y . upporl ')'$''''' ' 0.. It>O ..,1<* I«>k w.o" r.af ..... no! ...... pn>perl)'. Thus, ' ''0 
hlu .... "~n' was 11<1 ••• nd l fo iled wit" 11>0 "'.0 0/ 114 OyH along 
_ mo,. !han 200 "'iurod (.nd m. ny of 'M 200 w.r1I maimed) 

~ ltHI .. ",ct" ro l ~ngin • • ro wore "", ,.~ to 'ow"',,' ,h. ,""'...e
tol. ohop d ...... but wore 4dvioood to .,.. 'h, word 'l'OViowed' by 'h.~ 
. "orn. yo, 'hon 111, qu_ woufd 1>0: _, ~ _ . n ... wod' 
mHn? Clearly. ,h •• truo,"",' .n~ .. dO "'" do ",ho, 'h.y ".,. 
o!>Iigod to do ..o<»«IO--.g 10 thoir 0,.,_,,1_. Of o1h~ ( ... ",.Iy <hOC' ,h. ''-gn' lI'IornoghIy '0' .,r<>rs .nd b<rIIdlng codo comp ianc.l. 0Ih· 
. .. , .. 01." tho """',oolOr oM Ih • .,""" .... , """,mOd Ih. SlruC! ur. 1 
engir>o ... hod critical!! ... 1Ir. Wd ,h. roalll,lOS ,,,,,,,,,,,,,,od by In. 0/1<>0 

""' .... "'IIS and d.od "" 0I>j00' to lh. ,opIooo""nl 0' '''0 IoOg r-o<f .. ';u. """ 
ohort ... !Wo. Th .. , 11>0 m;';I'11"", .. lalion 01 'h o ""rd ' , .. 10_ led di· 
'od!)' ,. '"'!Ii< 10 •• of ,",H OM injU"" . 

L. r. ,..;,-" ".,. .. <>=.Kfod "",;"g ' ho bujding <IMign P"'<", !h>1 
led Up 10 11>. <olaf- BuiIdO--.g _ , ,"" ..... <onhDI do.yo a"" ..... '.! 
J usl t-.auso """, .. n. d,_o n ",,,, Ol '~ 0I . 1>W:Jing on. p;.,;. 01 
_, """",1 m .. n 1/,,, b".l1in9 Iur. boon dMii/Ilodr Wholl> ... drawirlg 
is . do""" do!>endos "" 1"- ed._ 0' ailor" oIlh. 1>0_. To a n 
arlisl. a <hwirlg on • piKo of po.,.' I. a ~ I>oeou .. ~ I:>of<.s rIgI>t 
. nd no OOn""" i'" peoplo . To on ''''htoct, 0 driI'~;"g 00 0 pieCo 0/ 
_ I, . dos9> ooeo ..... i ""' ... r>,I1' ,nd "- ""n p, .... "' . '0 ' clo nt. 
To a bu ld"'" <OIIU."", •• ",a",ng OIl a pI9o. 0/ paP't' io. do,;;,. boo
c.,... f ""' ''' I'i\IIt ~nd n. c.n uo. ~., lI<IiId a b<riking, Ho .... or. to a 

, , 



. _. or Do .... __ "'" 

... uetu,al.~n ..... mo.. pioO<* 01 """*, .. i,h . " ........ on ~;. essen
!I.I)' ", "ni<>gI/I»! 0., " _ , .",_ Wgioo .... _ To engo-. . """,. 
lure ,_eo . _ la, t>oyood ,he a nOslk; aSpKI 01 how ..,m"~"" _ 
Siruclu,.1 .n~B . ,. conc .. _ wllh 10.<1>, ."ossa. <IolOl'mal<>os. 
lIN, .... aru., "'u s co"<,.,." ,,,lon., . nod a myriad 01 "'hor ' ochoa l 
11<' .... ;,. to .. ' '''I .. t o la, more tn". dr.wing ...... 01 beyood tho od· 
ucotlonal bKklJ'Ou" 01 .nOsl • .• rcNl<oclo, ... conlraQafs. 1 ,h., sIa,.· 
mon' ...... IOmown., protonl""". 100 bad, boca .... ir. _oil' t",". 
P,olo_ •• " 0 licon_ lo p<lrIorm <:<I"'in "' ... . nd _ ,,~00ut , flo 
kon .. ""ono' do ,flo wor1<l Yu . orcM_ oro "'0..-, .... <1 '''y do 
"dooIgn' l>Uildngo. 00' "'" OIructu,.1 ~opoct' ot "'" bujl<ling muot b . eo ,_ 
tlliod oy a k ... od Plot • ...,....1 ,,""'tural .r>gk1_ 

n. ",uelu,olongfto .... <>bv""oIy o" rIooI<o<I " .. lad 'MI tn . ""
!ood on IhO a._l>UiII boo, ,,,",-,,,,,",o-.g ,flo lourth_I"", walk".y w . .... " . 
wI\a1lhy I>od do-oigno<l Ih. ""M' O!;'" 10 ""'" ("". n 111 .. Dngitlal .... 
..... ~" " (D·7N. T ..... , 'h • ., .. "'k ~ 1>00","" tho Iourth 
,""",;., ,"a rnodiIi.d """vn _ul<llU undo' "",;g., 10.<10 . .o.otu>lIy • • h. 
_ c!oo9o did ..... to oI,nd up undo< _g. I.A tho. <Inigo 
""'do. n I .. " ....-. n avoOdod Iho akyw ••• ~"'. n w' _ &'9 h .. vy 
_ P.,,,,,,,. I",,,, pon 10 po;nt in th. puilding .tt., mo • ...,...h "". 
comtorlobly "",,plod "",",g. I ... " .... Thn' ,I> . ~;,n (tho obilrly 
01 ,h. Hango. 01 ,h. bacI<·1O-_k w. __ ...... 1 ooeriono to coN)' load) 

..... _ icion! i. ol .. ,!rom ,h • • k. 1cII 01 tho lo ilu" in Figure D· •. lflo 
_ rod. ""'ich held ,h. woigh' 01 _ w . ........ y. _ ply puled "" <>I.fIo 
llango. 01 1110 10uriM loo, S<J!IPOII beam _au.., "'" t~. "" .. Id not 
,ony tha, mucII k>ad 

n o Uollonal Buo-oau ot Slo"&rds ;".,..,;g.tion I .... tid "'" 0"*'11" 
blamo lot 11>0 ctN~ (boUlU .. Iha l is "'" ._Iund .... ). but 'h. y d • • fIy 
"""" yod Ih. """" ",.1 .nw"'o" ••• b-oaring tho ... in , • ..., noi;r;1o!y 
(D·n SLrl»equently. U>o otrucluhOi .ngino". 1<>01 th • • "-I""""; Plol .... 
oional lie ...... OtI'.Iinuoly ...... """ <>Ilh . """"1 .... 1 .ngI ..... on , flo 
"""" ',. , .. ,,0<1" ....... d of '''''''0.0<1" io tautly ",Me. I""" ""'" ... wy . .... 
TfIo l word <1>0""" <Ii<! no' a llo .. I~o . "",,,,,.1 ..-900." 10 0_ .. .. 

i 
~.o-<Vr "''''-'' " .... ,.,. 

"""'. ,--. ..,. 
',"' '" 0_' Up, " H .... r""" P.- 0.. From Bo. EiN m 

1_''''''''-' • ., .. IO-1JJ 

, , 
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D.5 FAilURE MDDES IN DESIGN 

l~. "'~ or PO.5t>~ _ . 01 var'ouS I.""r' """"". lor . dosign "" • 
... iIIu .. ratod by .s. ollll<l oim plo I<>ad-<lotorrnalion curvo lor" a """",.r • . 
W. _ .. 'flO' "", ... 1 (O<1ualtv ""'ny) """""S oIlaiklr. aro """,,1bIo 
and .tt • .,p, to u .... ~.nd ,oo c ir""","'"" • • undo< ,.,,~~ u<n """'" 
m9>t ~ 111 • • 'rue ...... I ...... v;O', r ... _ po oI" ... Ioad-<lolomr .oo. 
"UN' tor a . Imple "rIJ<lU<. in Figuo'. D·5 io doI.tmotod by ..... ("",,blo) 
oIiIt .... <~._.~. 01 th • .". -
,. rial .nd "ruetu ro, . . .... . ••• n P L 
tit. v.rio •• MM,"'. I "" ... ,. Iha, 
"""., du'in g Iooding 01 'M """,. 
Me I"""" a o, ' .g" M n91 t>u<l<JioO 
... ont.)_ 01 cou ... , """'I'd;lloront 
_ and "'''.'''.'101> •• ro __ 
"I)' 10 pOnra, ,h. b.~ .. ;o, 01 • " 
oornplo. structur. wit~ o,,"o_nd· 
inIIIv many dIt.,,", __ 0""0_ FI9u" 0 ·$ 1.0.10-001.,."._ Cuovo 
!lo<I "u_o. Ho_ . '0 _,.,. .,. . $ ",," $""","," 

,h" "'"~ 0111>0 doooigo proc_. w. 
"""".ntrato 0<\ 001)' "". "fI .... nlaw. load. P. and OM "prosentativ. 
dolo ..... ';.,. 0< do_Ion • .'., in Figure 0-5, 

n . -."'" '" 'Ir. """" . I .... , •• ,,~"". ''''''0 11>0 CON. ~om 'M 
.,.;gin Iwho" ,~. "rucI"" io ,g Io. dod .' ' J) 10 too PO" at whicll fai .... 

, , • 



. _. or Do .... __ "'" 

""" ... In """'0 moON<. <Iopen<Is on the 'YPfI and modeol la;u, • . 1M 
'1'''' is .stlc Of plastic. Th . modo is on, 01 

I . fi.cI"r. bo<," ," 0/ ~igI1 01 ...... 0< 

2 . ..... b. ,ry 01 Ill. 0111";"'" 
• buo • • ng 
• 1<>rK>rIo1 ,,<lability 
• umd)' .. ...,., in&lal>i<ty .' J tAto;,.... 1.0 .. OI' enqt" _r <>""'" 100""'0 '" 

•. other lailuro modo. whato, . r !t>O')' might .,., 

YofIic""'r !.iluro ........ or modo <>«urs '"'" .. I~ •• lfUclu'" ;0 100_ 
.k><>g ~olCod-dolorm.tion CUI'I' . 

"'f'I'Y l>iIu" """'" a,,»OS<iI>1O '" oM t~. ""'~-dOIo<""t"" """. 
01 t~. "OUC"". 00 ",. ny I." " OCOO'""" ' If p<l$$bit wlh • I ... <IIOlo'n 
",~o..,. t""t~ In F..,., .. D·G. n . 1 io, 10< va"'ooo 00 ' M dKOyn 01 • 
otruc1mo. ditiOfOn' !.'u" m<>dH ean ,,"u, WI>ot~ .. pl.oS11c b. , ,,,,,, 
OCOur. ," "'" dopo_ on ' M 10 • • 1 01 ......... " I.",. !o ,t>. Iood 
«ct>iovo<l. B",,1<1ing coo occur in 1ho oIo.tlc .. 0\10 '" in 1ho plostlc IO n\lO 
01 '~o Iood·do_I"" .,., ..... ", .. can ""'ny Mh .. fo i,,,. modo •. 

no koy '0 "",co..rut 0",,",0"""9 ~ ;0 to _,ry .hd LM\doo~ 
01000 on t~o vo""u, .. <>dH In w111c~ the ""\OoIu,, co n 1..01. Only I~." 
"';111 , .... , Inl"" ...... ion ar. wo . DIo to de~ .!II' .... '.ilur. ! All., . 1. , 
wo a,. "'" .......... "' . I.;luro modo '1Ia' oouid """'. thon "'. "II • ..,. 
mo,""tty 10 ••• ~ ""'" 01 ou, I.lure """' .... ,1<., ... "~ the,."". ' _ngo< 
the . "UC1u" __ " .. ,ho' lust mig/1l .,., 11.0 0<11l111 ,.iIu" modo '" ' M 

. ~/ 
'----, 

,LA.,.., ,."', ... --~ """u"" 

... 0'"'''''''' 0' '''' ' '''''' ..""-.,,_ .......... -" .. -
r;gu ... 0.. $""", Of .... 0 ""'*'" .......... r_..-. 

R ........ '" WM ... r M, O«u '" .... ~-Ootorn>o""" C_ 

, , • 



01. _"' ..... _ ......... 

OIruetu' • . 

,no OI'uet"tO "'''''''1. 
.... uetu ... , ",,,,,b. ,. 0< 

" 

• lrain 
;"g. ,.. , 

I~. I 

, . 

At . ,,, ... PO"". tho dttkHm" ... "'1g/1' 1",;0;09 'OCI". ", ,h. <looigt1 
,.tho, ,ha" tho ... ~ "-9>"'. ,. Ou,. _"'" . ... yo m • • n {,.ct,,,. ! 

" 

• 

........ 0· ' loao·[)o!"""._ C ..... .". _ . 

, , • 
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ArKllho, I.ilultl m""ho .~ is Clnp 0' OI" P fUpMe. C,_ Is ,ho 
<ha .act ... ,n" 01 a malt",,1 ,.;." ;,,0, .. _ dolo,,,,,,,,,,, ..ndo< <0'''''''' 
...... 'Oil" tlm •. C_ ,,,,,,uro 10 .... <.,.,ac, .... " 01 a """orlol ""''''" 
M. """ "",,00 _ _ "" .,100 unde, """"""I ." ....... " , ..... .-.;1 ,n ," '''''''u_ .t a " ' . K .... 1 bolow , ho .,,"'" strgogth , S""" _vio, .. 
typical 01 moOl p"'_" _ •• """ .......... undo, . r..a'od to...,.,_ 
"turoo, Fo, " ,,,,,,,,10, ~ .... . uppo<! coblo. 0' r<><Is . " mo" 01 • m. ,.ria l 
!ltal croops, th. , lor omol k>.od.,h. w' 9>! W .. FigIJ" D·8 ,,;I _, lot 

""me 'i'I'l. ond th'n """. H the 
' '''''U"' 01 Io ... nn~ I'ho <101100· 
rion 01 ".igI1t W) is """'opt.blo, 
tho. ,h . .. 01!1'1 is aecoplObl • . II 
11>0 <lt11er;1;o." io ""I """,.or.blo. 
11>0 'I' .. ~m l. iIs bo"" ... 01 ~x· 
c • ...". _marion ~ the load 

W Is " 1;11 0""""". I~' e."" .... """P 'or • ",,;w, , .-.;I _ ..... -
M , , lowin g ,h. w. 1g/>t 10 tal 

D.G SU",MART REMARKS 

Fy... O-t __ 01. ~ m .... 
.. _ ot. "'._ .... C,_ 

I otrorVY "nco urage, ov. n implor ...... , .... , 10 _",""", otoov 
Henry PoI.-ro ~ P.~ c . ... lIi.>Ioo.. 01 E"", ~nd J<.<Ig-
mont .. E"~ ID·2J 10 bo.bIe '" begin ., pot .,'" "' ___ .ogi. 
,..,.'"'It "'~fC"'" (M y. "" .... 10 .... m Ooou' ",,1\01 ""","' .,.g;tI.' rIn~ "'''''001'', is') w~ ho ov.., _ bucking 01 .,,,.<lOral . lo ,,,,n .. 
• , all _ , w. musl "'OOV IlW<Iirlg boo,." .,,,,,".,,. can .O<! h ••• 
tailed ill' bu<kling (or """'0 0_' la,m 01 in.,.biIItI'l "' .oughoUl tho __ 
,.rio, ,ha' _ h.v. o"ornp<od '0 ""011/11 .0olU .00 .. 19 """".!<IS, Or>ly 
ill' OIoo,;ng whO! .... ~ • • opocioll,t wi .... H . .... p«io<k. 1Iy '0 
bo n~ in ,~inH<ing .",!y ... , "" ..... Ila!>o 10 ovoid I.~ ,"" 
All. , 01, tho pur",," 01 . nlJino. ';"g .... go io ., "<><Iloi,,,. ! A_ 
mos! ..,!oblo slOOV _ ion is r .''''''"' .... _ book. To EnginHr is 
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