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abstract

A methodology for determination of material parameters for the progressive damage analysis (PDA) model
implemented in Abaqus is presented. The methodology is based on fitting PDA model results to available
experimental data. The applicability of the PDA model is studied by comparison to a broad set of ex-
perimental data for E-Glass Epoxy laminates, as well as contrasting PDA with ply discount results.Also,
sensitivity of the Abaqus PDA model to h- and p-refinement is studied.
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1 Introduction

Prediction of damage initiation and accumulation in polymer matrix, laminated composites is of great interest
for the design, production, certification, and monitoring of an increasingly large variety of structures. It is
also a complex and difficult topic. Only matrix cracking due to transverse tensile and shear deformations is
considered in this manuscript. Matrix cracking is normally the first mode of damage. If left unmitigated,
it often leads to other modes such as delamination and, due to load redistribution, may even lead to fiber
failure of adjacent laminas.

The earliest, simplest and least accurate modeling technique to address matrix damage is perhaps the
ply discount method [1, Section 7.3.1]. Ply discount is used here as a baseline for contrasting predictions
obtained with the progressive damage analysis (PDA) method implemented in AbaqusTM3 [?]. Although
many other models exist [2–12], etc., and several plugins are available [13, 14], this manuscript focuses on
the PDA model available in Abaqus. This is because of the broad availability of Abaqus, while plugins are
not free, and the remaining models available in the literature are for the most part not readily available to
be used in conjunction with commercial FEA environments.

Therefore, the objective of this manuscript is to propose a methodology to determine values for the
material parameters required by the Abaqus PDA model. In this work, the values for the parameters are
found using available experimental data and a rational procedure. Once values are found, the PDA model is
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applied for predicting other, independent results, and conclusions are drawn about the applicability of the
PDA model. This study focuses on E-Glass Epoxy Laminates.

2 Progressive Damage Analysis (PDA)

The Abaqus PDA model is a generalization of the approach proposed by Camanho and Davila [15]. It
requires linearly elastic behavior of the undamaged material and is used in combination with Hashin’s
damage initiation criteria [16].

2.1 Damage Initiation

In Abaqus [?] the onset of damage is detected by the Hashin and Rotem damage initiation criteria [16] in
terms of apparent (nominal, Cauchy) stresses σ, which is calculated by the FEA code. Damage initiation
refers to the onset of degradation at a material point. The criterion considers four different damage initiation
mechanisms, which are assumed to be uncoupled, as follows
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where σij are the components of the stress tensor; F1t, F1c, are the tensile and compressive strengths in
the fiber direction; F2t, F2c, are the tensile and compressive strengths in the matrix direction; F6, F4, are the
longitudinal and transverse shear strengths, and α determines the contribution of the shear stress to the fiber
tensile criterion. To obtain the model proposed by Hashin and Rotem [16] we set α = 0 and F4 = 1/2 F2C .
Furthermore, Fft, Ffc, Fmt, Fmc, are indexes that indicate whether a damage initiation criterion in a damage
mode has been satisfied or not. Damage initiation occurs when any of the indexes exceeds 1.0.

The effect of damage is taken into account by reducing the values of stiffness coefficients [?, Section
21.3.1] as follows

σ = C : ε (5)

where : represents a tensor double contraction and the damaged stiffness is given by

C =

 (1− df )E1/∆ (1− df )(1− dm)ν21E1/∆ 0
(1− df )(1− dm)ν12E2/∆ (1− dm)E2/∆ 0

0 0 (1− ds)G12

 (6)

∆ = 1− (1− df )(1− dm)ν12ν21

ds = 1− (1− dtf )(1− dcf )(1− dtm)(1− dcm) (7)
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where σ is the apparent stress, ε is the strain, C is the damaged stiffness matrix, E1, E2, are the moduli in the
fiber direction and perpendicular to the fibers, respectively, G12 is the inplane shear modulus, ν12, ν21, are the
inplane and Poisson’s ratios, and dtf , d

c
f , d

t
m, d

c
m, ds, are damage variables for fiber, matrix, and shear damage

modes, in tension and compression, respectively. Note that the shear damage variable is not independent
but given by (7) in terms of the remaining damage variables.

The damage variables dtf , d
c
f , d

t
m, d

c
m, that characterize fiber and matrix damage in tension and compres-

sion correspond to the four damage initiation modes (1–4). At any time, each material point is either in
tension or compression. Therefore, the four damage variables reduce to two variables [?, Section 21.3.2] as
follows

df =

{
dtf if σ11 ≥ 0

dcf if σ11 < 0
(8)

and

dm =

{
dtm if σ22 ≥ 0
dcm if σ22 < 0

(9)

The six values of strength, F1t, F1c, F2t, F2c, F6, F4, are material properties that must be provided by the
user. Due to differences between testing and application conditions, as well as in-situ effects [1, Section 7.2.1],
the strength values measured by standard methods may not predict damage initiation accurately. Therefore,
in this work, the values of strength are found by correlating model results to laminate experimental data.

The same equations (1–4) are used as damage evolution criteria by introducing effective stresses (10) in
lieu of nominal stress. The relation between the effective stress σ̃ and the apparent stress σ is computed [17,
(8.64)] as

σ̃ = M−1 : σ (10)

Abaqus PDA uses the model proposed by Matzenmiller et al. [18] to compute the degradation of the stiffness
matrix coefficients. Therefore, the damage effect tensor in Voigt notation is given as

M−1 =

(1− df )−1 0 0
0 (1− dm)−1 0
0 0 (1− ds)−1

 (11)

Prior to damage initiation, the damage effect tensor M−1 is equal to the identity matrix, so σ̃ = σ.
Once damage initiation and evolution has occurred for at least one mode, the damage effect tensor becomes
significant in the criteria for damage initiation of other modes. When df = 0 and dm = ds = 1, equation
(11) represents the degradation scheme of the ply discount method.

3 Damage Evolution

Once any of the damage initiation criteria (1–4) is satisfied, further loading will cause degradation of material
stiffness coefficients. The evolution of the damage variable employs the critical energy release rates Gc

i , which
are material properties, with i=ft,fc,mt,mc, corresponding to the four damage modes: fiber tension, fiber
compression, matrix tension, and matrix compression, respectively. Therefore, in addition to six values of
strength, four values of critical ERR must be provided, each one corresponding to the area of the triangle
OAC shown in Fig. 1. This contrasts with other models where both onset and evolution of damage are
predicted in terms of critical ERR only [19].

Normally, the constitutive model is expressed in terms of stress-strain equations. When the material
exhibits strain-softening behavior, as shown in Fig. 1, such formulation results in strong mesh dependency.
In Abaqus, to alleviate the mesh dependency in the PDA constitutive model, a characteristic length is
introduced into the formulation. For membranes and shells the characteristic length Lc is computed as the
square root of the area of the reference surface of the element. Using the characteristic length, the stress-
strain constitutive model is transformed into the stress-displacement constitutive model illustrated in Fig.
1.
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The evolution of each damage variable is governed by an equivalent displacement δeq. In this way, each
damage mode is represented as a 1D stress-displacement problem (Fig. 1) even though the stress and strain
fields of the actual problem are 3D. The equivalent displacement for each mode is expressed in terms of
the components corresponding to the effective stress components used in the initiation criterion for each
damage mode. The equivalent displacement and stress for each of the four damage modes are defined as
follows [?, Section 21.3.3]
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where 〈〉 represents the Macaulay operator, which is defined as 〈η〉 = 1
2 (η + |η|) for every η ∈ <.

For each mode, the damage variable controls the reduction of the stiffness coefficients, and may assume
values between zero (undamaged state) and one (fully damage state). The damage variable for a particular
mode is derived using Fig. 1 and given by given by

d =
δCeq(δeq − δ0eq)

δeq(δCeq − δ0eq)
(16)

where δCeq is the maximum value of δeq at point C in Fig. 1, for each mode.
Values of interlaminar critical energy release rates Gc reported in the literature are not directly applicable

as input to Abaqus PDA because the damage addressed by PDA is intralaminar, not interlaminar. Also,
the PDA model computes equivalent 1D energy release rates as the area under the curve on Fig. 1, not 3D
energy release rates, which are defined as

G = −∂U
∂A

(17)

where the strain energy U is a 3D function of ε, and A is the crack area. Furthermore, in PDA, there is no
identifiable crack but rather an equivalent reduction of stiffness. Therefore, the crack area A is not known
and the ERR cannot be computed as in (17), but in terms of equivalent 1D stress and displacement (14).
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4 Ply Discount

The ply discount method was used to compare to PDA results. The Hashin damage initiation criteria was
implemented in a user subroutine based on (1–4), using nominal stress.

For damage evolution, the ply discount method simply reduces to zero the stiffness of the lamina that
reaches the damage onset, except in the fiber direction which is left unchanged. In order to prevent conver-
gence problems, the secant stiffness (6) is reduced using df = 0, dm = ds = 0.999, abruptly as soon as the
Hashin damage initiation criteria (3) has been met.

Then, the stress is calculated with (5), where ε is total strain. In Abaqus, εi = εi−1 + ∆εi, where i is
the current step. If damage has not initiated, the damage initiation criteria is evaluated for the recently
calculated values of stress to decide whether or not the damage initiation criteria has been met. In ply
discount, damage evolution is sudden and abrupt, occurring simultaneously with damage initiation.

5 Experimental

Changes in the normalized longitudinal Young’s modulus and Poisson’s ratio with respect to the applied
strain, measured experimentally and reported in the literature, were used to compare with the Progressive
Damage Analysis and the Ply Discount methodology. The laminate stacking sequences reported by Varna
et al. in [20] and [21], shown in Table 1, were considered. The dimensions of the specimens are 20 mm wide
with a free length of 110 mm. The ply properties for the laminates are listed in Table 2.

All laminates were subjected to axial deformation εx, which coincides with ε11 in the 0◦ laminas. None of
the laminas in these laminates is subjected to fiber modes (1–2) or matrix compression (4). The 90◦ laminas
in laminates #1 and #5 are subjected to pure traction and no shear, so damage initiation is controlled
by the parameter F2t. Therefore, the laminate experimental data for laminate #1 (Fig. 2(a)) was chosen
to determine the insitu value of F2t, which is reported in Table 3. This value is 100% higher than the
UD strength reported in Table 2. When the insitu value is used to predict initiation for laminate #5, the
predicted first ply failure (FPF) strain is 22.4% higher than the observed experimental data (Fig. 3(a)). The
difference is due to insitu effect, because the damage initiation criteria used in Abaqus does not account for
insitu effect.

6 Methodology

All the laminates considered for the study are symmetric and balanced. Therefore a quarter of the specimen
was used for the analysis using symmetry b.c. and applying a uniform strain via imposed displacements on
one end of the specimen. A longitudinal displacement of 1.1 mm was applied to reach a strain of 2%. Abaqus
S8R elements were used for most of the study but the convergence study also considered S4R elements.

The value of apparent energy release rate Gc
mt was obtained simultaneously with the value of F2t to

provide a best fit with the PDA model to the experimental modulus data for the laminate #1 (Fig. 2(a)).
Laminate #1 was chosen because only F2t and Gc

mt are active. The experimental data and the fitted PDA
model results are shown in Fig. 2(a).

Since numerical minimization algorithms only find local minima, it is important to first find a good guess
for the adjustable parameters F2t and Gc

mt. For this, 804 simulations were performed with random values of
the parameters in the interval 1.5 < Gc

mt < 30.5 kJ/m2 and 21 < F2t < 141 MPa. The results are visualized
in Figs. 4 and 5. The error was calculated using the usual formula

Error =
1

N

√√√√ N∑
i=1

(
E

Ẽ

∣∣∣∣Abaqus

ε=εi

− E

Ẽ

∣∣∣∣exp
ε=εi

)2

(18)

where E and Ẽ now stand for the laminate longitudinal elastic modulus, damaged and intact respectively,
and N is the number of experimental data points. Nineteen experimental data points are reported by Varna
et al. [21].

Note that the shallow contour of error vs. Gc
mt in Fig. 4 may explain the great dispersion of values

reported in the literature. In Fig. 4, a broad range of Gc
mt (10 to 30 kJ/m2 in this case), seem to adjust more
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or less well the experimental degradation rate of modulus in Fig. 2(a). If the response measured (modulus)
is weakly sensitive to the parameter of interest (Gc

mt), the experimental values of the parameter will have
large scatter. Nevertheless, by adjusting simultaneously both parameters, F2t and Gc

mt, the minimization
algorithm described next is able to converge to a global minimum.

From Figs. 4 and 5, it can be seen that a good choice for initial guess is Gc
mt = 12 kJ/m2 and

F2t = 80 MPa. Next, a MATLAB R©script was executed to look for the minimum error (18), by repeatedly
executing Abaqus with parameters varying as per the Simplex method [22]. The converged values of F2t and
Gc

mt are reported in Table 3.
According to (3), a combination of F2t and F6 determines the damage onset for off-axis plies. Since

the values of F2t and Gc
mt are already set, it only remains to adjust the insitu value of F6, which is done

by minimizing the error using the modulus data for laminate #8 because this is the laminate where the
cracking laminas experience the most shear. Since Abaqus PDA uses the Hashin damage initiation criterion,
equation (3) is active, F2t is fixed and only F6 can vary. A preliminary estimation of the error was obtained
on 112 simulations by using random numbers in the range 27.5 < F6 < 93 MPa. Varna et al. reported 13
experimental values [20, Fig. 13]. The error versus the longitudinal shear strength F6 is presented in Fig.
6. From this plot, the initial guess value for the search was chosen to be F6 = 49 MPa. Once again, the
MATLAB script was used to find the minimum error, at which point the converged value of F6 is found and
reported in Table 3.

7 Model Assessment

7.1 Comparison between PDA and Experimental Data

In this section we compare modulus and Poisson’s ratio predicted with PDA vs. experimental data for the
nine laminates listed in Table 1. Note that the modulus vs. strain data of laminate #1 was used previously
to find values for F2t and Gc

mt, and that only the damage initiation in laminate #8 was relevant in finding
F6. Since the remaining data has not been used to adjust the PDA parameters, it can be used for assessing
the quality of the predictions.

The longitudinal modulus and Poisson’s ratio for the nine laminates are compared with experimental
data in Figs. 2 and 7–13. Figure 2(a) merely states the fact that F2t and Gc

mt were adjusted using the data
for this laminate. Figure 2(b) is a new result as it was not used to fit any parameters. It shows that the
laminate Poisson’s ratio is predicted well by the model.

As long as the cracking lamina is a 90◦ lamina (Figs. 3 and 7–9), PDA predictions are quite good, because
both the insitu F2t and Gc

mt are adjusted using a cracking 90◦ lamina. Even when the cracking lamina is at
70◦ with respect to the load direction, the cracks propagate predominantly under mode I, so the predictions
of modulus is good (Fig. 10(a)).

However, cracking lamina under significant shear (Figs. 11–13) are not modeled well by PDA. This may
be the result of the shear damage variable ds not being an independent variable in the model. In fact, for the
experimental data available, all the remaining modes of damage are absent. Substituting dtf = dcf = dcm = 0

in (7) yields ds = dtm. That is, the reduction of shear modulus G12 represented by ds is modeled as being
equal to the reduction of transverse modulus E2. This contrast with other models in the literature that use
independent variables for ds and dtm [23], etc. In fact, analytical computation of the reduction of stiffness after
solving the equations of elasticity for a cracked laminate in [19, (23)] for laminate #8 yields a constant ratio
ds/d

t
m = 0.69 from crack initiation to saturation crack density. In contrast, the PDA ratio is ds/d

t
m = 1.0.

Note that the data for laminate #8 was used to adjust F6, an thus damage initiation is predicted
accurately in Fig. 12(a), but Gc

mt was adjusted with laminate #1, and it cannot be readjusted with laminate
#8, so the damage evolution is not predicted accurately.

7.2 Insitu Strength

Since the values of F2t and F6 reported in Table 3 were calculated to match laminate data, the values
obtained are insitu values. To highlight the error incurred when using unidirectional (UD) lamina strength
values rather than insitu values, a comparison is presented on Table 4 between the First Ply Failure (FPF)
strain calculated with Abaqus and the FPF strain calculated using an online laminate analysis software
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(cadec-online.com) with and without insitu correction of the UD strength values. The UD strength values
(without insitu correction) were back calculated using [1, (7.42)] in terms of the insitu values reported in
Table 3 and assuming the transition thickness of the E-glass-epoxy material is 0.6 mm [24]. The Abaqus
results are found to be in good agreement with the FPF values calculated using insitu strength into the
Hashin damage initiation criterion implemented in the laminate analysis software [25]. However, as shown
in column 4 of Table 4, the FPF strain is grossly underestimated if the insitu correction is neglected.

7.3 Convergence

In this section we assess the sensitivity of the Abaqus PDA model to h- and p-refinement, realized by mesh
refinement and by changing the element type, respectively. Note that the specimen is subjected to a uniform
state of membrane strain, so h-refinement should not be necessary to converge on a stress field, unless the
constitutive model is mesh dependent.

However, the mesh convergence study reveals mesh dependency, as shown in Fig. 14. Before first ply
failure (FPF), the force-displacement response is independent of the number of elements used in the mesh.
After FPF, the force-displacement response diverge, revealing mesh dependency.

With n=140, asymptotic behavior at large strains is reached when the damage in the 90◦ lamina is fully
developed. At this stage the laminate modulus reduces to one third of the undamaged value, as shown in
Fig. 15. Also in Fig. 15, it can be seen that for an applied laminate strain εx = 2.2%, the 0◦ lamina fails
due to fiber tension, which is consistent with the fibers used in the laminates.

Modulus vs. strain for the [02/904]S laminate #1 are reported in Fig. 15. It can be seen that the model
predictions are affected by the element type. Recall that the material parameters F2t, F6, G

c
mt, were adjusted

using quadratic elements (S8R). Reduced integration (S8R5) yields identical results, but when the element
is changed to linear (S4,S4R), the model predictions are significantly different, overestimating the modulus
reduction.

8 Conclusions

A novel methodology is proposed to determine the material parameters, namely insitu strength F2t, F6, and
critical ERR Gc

mt, using laminate experimental data. It is observed that PDA predictions are good for
mode I matrix cracking but deficient for mixed mode matrix cracking including shear (laminates #7, #8,
and #9). Also, the PDA model is not very sensitive to changes in the value of critical ERR, as shown by
the shallow relationship of model error vs. critical ERR. This may explain the large dispersion of values
reported in the litarature for the intra and interlaminar ERR. Compared to PDA, the ply discount method
severely overestimates the stiffness changes and leads to large errors in the prediction of energy dissipation
(toughness). However the asymptotic values of modulus reduction are reasonably accurate. Using PDA, all
FPF predictions are reasonably good as long as the ply thickness of the cracked lamina are similar (4 plies
in most of this study). However, a 20% insitu effect is shown when n=8 if the values of strength are not
readjusted for insitu effect taking into account the change in thickness from 4 to 8 plies.

When the fiber tension, fiber compression, and matrix compression are not active, which is normally the
case due to the high strength of the fibers and sudden brittle failure in compression, the PDA shear damage
is equal to the PDA transverse tensile damage. Such constraint is likely responsible for the poor prediction
shown when the cracking ply is subjected to shear. The present study used E-glass laminates to identify
the PDA parameters because the reduction of laminate modulus due to transverse matrix damage in carbon
fiber laminates is very small on account of the high modulus of the fibers. Therefore, it is unlikely that the
proposed methodology would be applicable to carbon fiber laminates since the parameter identification relies
on modulus vs. strain data. On the other hand, other models in the literature that are based on measurable
state variables, such as crack density, can be identified using crack density, which is significant regardless of
the fiber modulus.
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Figure 1: Equivalent stress versus equivalent displacement for a linearly softening material.

(a) Normalized modulus vs. applied strain. (b) Normalized Poisson’s ratio vs. applied strain.

Figure 2: Laminate #1 with LSS [02/904]S .
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(a) Normalized modulus vs. applied strain. (b) Normalized Poisson’s ratio vs. applied strain.

Figure 3: Laminate #5 with LSS [0/908/01/2]S .

Figure 4: Error vs. Gc
mt.
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Figure 5: Error vs. F2t.

Figure 6: Error vs. F6.
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(a) Normalized modulus vs. applied strain. (b) Normalized Poisson’s ratio vs. applied strain.

Figure 7: Laminate #2 with LSS [±15/904]S .

(a) Normalized modulus vs. applied strain. (b) Normalized Poisson’s ratio vs. applied strain.

Figure 8: Laminate #3 with LSS [±30/904]S .
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(a) Normalized modulus vs. applied strain. (b) Normalized Poisson’s ratio vs. applied strain.

Figure 9: Laminate #4 with LSS [±40/904]S .

(a) Normalized modulus vs. applied strain. (b) Normalized Poisson’s ratio vs. applied strain.

Figure 10: Laminate #6 with LSS [0/± 70/01/2]S .
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(a) Normalized modulus vs. applied strain. (b) Normalized Poisson’s ratio vs. applied strain.

Figure 11: Laminate #7 with LSS [0/± 55/01/2]S .

(a) Normalized modulus vs. applied strain. (b) Normalized Poisson’s ratio vs. applied strain.

Figure 12: Laminate #8 with LSS [0/± 404/01/2]S .
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(a) Normalized modulus vs. applied strain. (b) Normalized Poisson’s ratio vs. applied strain.

Figure 13: Laminate #9 with LSS [0/± 25/01/2]S .
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Figure 14: Force vs. displacement for laminate #8 using different elements. The elastic line goes through
the origin (not shown).
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Figure 15: Normalized modulus vs. applied strain for laminate #8 using different types of elements (Ẽx =
68.22 GPa).
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Table 1: Laminates considered in this study.

LSS Source
1 [02/904]S [21, Figs. 7]
2 [±15/904]S [21, Figs. 8]
3 [±30/904]S [21, Figs. 9]
4 [±40/904]S [21, Figs. 10]
5 [0/908/01/2]S [20, Figs. 1,6,7]
6 [0/± 70/01/2]S [20, Figs. 2,9,10]
7 [0/± 55/01/2]S [20, Figs. 3,11,12]
8 [0/± 40/01/2]S [20, Figs. 13,14]
9 [0/± 25/01/2]S [20, Figs. 15,16]

Table 2: Unidirectional ply properties for glass/epoxy Fiberite HyE 9082Af. See Table 3 for insitu strengths.

Property Units Value Source
E1 [GPa] 44.7 [20]
E2 [GPa] 12.7 [20]
G12 [GPa] 5.8 [20]
G23 [GPa] 4.5 [19]
ν12 [GPa] 0.297 [20]
α1 [µε/K] 8.42 [26]
α2 [µε/K] 18.42 [20]
∆T [K] -99 [20]
F1t [MPa] 1020 [17]
F2t [MPa] 40 [17]
F1c [MPa] 620 [17]
F2c [MPa] 140 [17]
F6 [MPa] 60 [17]
ply thickness [mm] 0.144 [21]
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