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INTRODUCTION

Eo J0 BARBERO ET AL.

STRUCTU'RAL l\IATERIAL BEHAVIOR is dominated by irreversible process
. development, such as d'lma"ge and residual strain release, \vhich reduces

the structur"al integrity and service life.
D,lmage and irrev'ersibledeformation phenomena affect the integrity of

the mclterial, by the creation and coalescence of microcracks, fiber breaks~

fiber matrix'debond, etc. The evolution of internal defects produces struc
tural degradation, with consequent stiffness and strength reduction (Dvorak,
2000). Once microcrack. development reaches the critical state, no further
stress redistribution occurs, and the material rapidly reaches the failure con
dition. (Aboudi, 1991; Pindera, 1992; Herakovich,. 1998; Piggott et al., 2000).

During the last- decade, modeling of dissipative phenomena have received
much attention and several numerical models have been developed, which.
describe in various ways the inelastic response of materials. Continuum
theories in a thermodynamic framework describe material degradation as
stiffness and 'strength reduction by means of microscopic or macroscopic
variables (Chow and Wang, 1987; Murakami, 1988; Chaboche, 1988;

.Ladeveze and Le Dantec, 1992; Voyiadjis and Deliktas, 2000). In particular,
elastoplastic theories describe the slips of the material at the ;microscale,
\vhereas the Continuum Dqmage Mechanics (CDM) provides a macroscopic
representation of the microcrack and void distribution in terms of stiffness
reduction. Contrary to dissipative phenomena, recent experimental obser
vations and procedures have shown the possibility of healing several classes
of materials (Miao et al., 1995; Kessler and White, 2001; Ando et al.,
2002a,b; 'Brown et al., 2002). the healing effects can be caused by chemical,
physical or biological phenomena leading to a progressive reduction of
internal mat~rial defects. Experimental evidence reveals that materials can
be repaired or 'healed in various ways and consequently the structure can be
rehabilitated.

A brief literature review reveals that differe~t healing processes have
been analyzed, mainly from a phenomenological point of view, such as
geological rock densification (Miao and Wang, 1994), autogenous healing.
of concrete or ceramic materials (Jacobsen and Sellevold, 1996; Jacobsen
et al., 1996; Ramm and Biscoping, 1998; Ando, 2002a,b), microcrack
regeneration in the skeleton of a biological system and so on. Numerical
modeling of these processes has not been sufficiently investigated. Different
models related to biological healing behavior for bone remodeling or wound
skin regeneration have been developed for relatively simple cases (Adam,
1999; Simpson, 2000), but to the authors' knowledge, only a constitutive
model for compaction of crushed rock salt has been proposed in a rigorous
thennodynamic framework (Miao et al., 1995)0
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Recently., a nov'el materi~ll processing technique was reported by Kessler&lnd \Vhite (2001)~ White et ,110 (2001), ~lnd Brown et al. (2002), whichdescribes the ability of composite materials with_a polymeric-matrix to heal'llltonomic'llly .. Such materials are able to reduce- material degradation withthe ,lid of a healing agent by means of chemical interactions. Healing processes can be considered opposite to damageo Consequently, the system can berehclbilitated and the integrity of the material is recovered to a certai~ extentoIn polymer-matrix composites, the autonomic healing procedure occursas follows. Healing agents stored in microcapsules are uniformly dispersedin the matrix material. Once a microcrack breaks a microcapsule, thehealing agent is released and distributed by capillary action. The healingagent then cont~:lcts the cat~llyst, which is uniformly distributed in' thematrix, a.nd adhesive bonding takes place. The efficiency of the repairdepends on the density of the catalyst and the microcapsules. Therefore, themicrocr~lcks evolution a.nd the degradation processes can be controlled,. andconsequently, the material is self-repaired. More details about the-techniqueand material characteristic of the healing agent can be found in the literature(Kessler and White, 2001; White et al., 2001; Brown et al., 2002; Barberoand Lonetti, 2003; Barbero et al., 2004).
The main purpose of the present paper is to generalize CDl\II includillg healing processes and consequently Continuum Damage-HealingMechanics (CDHM) is proposed. The model is developed in a consistentthermodynamic fram-ework and is based on the method of internalvariables. The proposed constitutive model is quite general and capableof simulating different healing processes. The constitutive equations areobtained by a phenomenological thermodynamic approach using the methodof internal variables. Then, an application to composite healing behavior isproposed and a numerical model is developed to predict damage andirreversible deformation processes for a self-healing fiber-reinforced lamina.Damage and inelastic mechanisms have been discussed previously andexperimentally valIdated (Barbero and DeVivo, 2001; Barbero and Lonetti,2001, 2002; Lonetti et al., 2003), whereas the coupled healing-damage andirreversible deformations constitutive model is the main contribution ofthis papero The proposed model predicts the distributed 'damage and theunrecoverable deformation in a mesoscale lamina representation, whichrefers to a single lamina. The orthotropic nature- of composite lamina leadsto a tensorial description of the healing variables, which control void andmicrocrackhealing along different directions. An effective damaged-healedconfiguration is introduced, in \vhich the body is considered \vithoutdiscontinuitieso In order to describe the internal variable evolution, differentdissipation potentials for damage, healing, and irreversible deformations(pl<lsticity, residual strain recovery, etc.), are introduced. Coupling among
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v,lrious dissipe:ltion phenomena could be further refined as shown by Abu
AI-Rub and Voyiadjis (2003). In the context of convex analysis, and
sup'ported by experimental observations, different limit thresholds related to
damage, plasticity, and healing domains are derived. One basic assurn.ption
of the Inodel, motivated by experimental observations, is that;.the he,lling
~lgent ,lets' when a sufficiently large microcrack density affects the material.
In the model this occurs when the damage domain reaches the critical
surface and at the same time the healing thermodynamic forces reach the
healing domain. Healing is tracked by means of a. thermodynamic potential
that describes the evolution of healing agent.

The constitutive relationships and evolution equations define a nonlinear
differential problem, which is solved by means of a proper nUIl1erical
algorithm. The main equations are integrated by the Euler-backward
technique, which is a stable numerical procedure to determine the actual
solution by an incremental/iterative method. In particular, an elastic-

. pre·dietor and Damage-healing-plasticity corrector integration scheme is
used to solve the incremental nonlinear constitutive equations.

Damage and plasticity potentials are identified ..by means of simple but
effective procedures described in Barbero and DeVivo (2001), Barbero and
Lonetti (2001, 2002), and Lonetti et al. (2003). These are based on available
data, which can be easily obtained by standard experimental procedures. In
addition, a similar identification procedure is prQ·posed here to identify the
healing po·tential. Due to a lack of experimental data, the effect of allowable
healing values- is investigated by conducting a parametric study. A sensitivity
analysis in terms of healing v~riables is presented in order to show the
suitability of the model to predict m.echanical behavior of self-healing
materi,ll systems. Results are also shown in order to validate the numerical
model with available experimental data for damaged polymer-matrix com
posites. H~aled and not healed cases are discussed in order to ShO\l1 the
cap,lbility of the model to describe the possible evolution of the self-healing
composite system.

THERlVlODYNAMIC FORMU·LATION

The proposed formulation is based on generalized thermodynamics
(Coleman and Gurtin, 1967; Lubliner, 1972), in which internal variables are
introduced in the thermodynamic constitutive .relationships to describe the
inelastic processes at the current material stateo The constitutive equations_.
are thermodynamically consistent with the Clausius-Duhem inequality

. I 0 D) q nn

(1 : 8 - p~1/1 + sT - T · V 1 >0 (1)
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\v'11ere 11 ,1nd c8 are the stress and strain tensors, P, l/f, S, T, and q are mass
densi ty, specific Helmholtz free energy (HFE), specific entropy, temp~ra
ttlre,' clild he,lt flux., respectively. A purely mech,tnicaJ theory and infini
tesimal deform,ltions are assllmed in the p.roposed model. Without loss of
gener~llity the· (ldditive strain decomposition' is considered consistently with
the ~all deformation hypotheses, by which the total deformation strain is
a linear function of both elastic (lnd plastic terms, i.e. s = se + eP• Moreover,
a set of intern~ll v,lri,lbles ~lre introduced -to describe both degradation
,lnd healing .effects

where (D, 8P, H) and (8, p, p,) are the tensorial and scalar variables related
to dalnage (ll), plasticity (p) and healing (/1) mechanisms and ~i with
i - (li, p, h) are the corresponding domain spaces. It is worth noting that
chemical effects related to the healing processes are only introduced from
a mesoscopic point of view by means of internal variables, which describe
the stiffness vclriation during the evolution phenomena without considering
,=lny diffusion process.

The actual thermody'namic state can be described by theHFE, 1fr: ex
. i::sd x;~·p x ~.h --+ ~, which is a function of both observable and internal
v<:lriables

(3)

\vith Be E C being the admissible ela~tic deformation set. Substituting
Equation (3) into Equation (1) and introducing the thermodynamic
associated driving forces, the following constitutiv~equations hold

at/!VP = -p-
o 8tpP' (4)

with vel = v" (yD, y), VP= VP(a, R) and VH = VH(yH, <t», where ais the
stress in the effective configuration and yD, yH are the thermodynamic
forces related to damage and healing, respectivelyo The dissipation potential
S is a positive defined function

s = iVel : ipd + VP : it - Vh : phi> 0
mechanical dissipation

(5)

where the minus sign of the Viz term is due to the undissipative nature of the
healing process.
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The Helmholtz Free Energy is assumed to be'separable as follows

\vhere <P : C x~" 'x :2J1z x ~p ~ lm is the elastic deformation function, which

dep€nds on both damage and healing tensor components; whereas

n': ~ ~ ~ is a scalar function, which expresses the evolution of inelastic

v'lriables. TIle function~ll (j) depends on the actual value of the intern(ll

variables

cP(ee, If, D, H) = ~(e - i') : E(D, H) : (8 - i') (7)

\vhere E is the fourth-order damaged-healed stiffness tensor. The irrevers

ible nature of healing and damage processes leads to a monotonically

increasing evolution function. Without loss of generality, they are expressed

in the following uncoupled .forms

(8)

in which

(9)

The damage and plasticity potentials IT' and np described by Barbero

and Lonetti (2001, 2002), Lonetti etal. (2003), are used in order to obtain a

good correspondence between the numerical an~ experimental data. Next,

in lack of experimental data, a healing potential is assumed which is similar

to." the damage potential but in the corresponding thermodynamic space

(10)

'This expression is motivated by intrinsic conditions of the phenoInenon,

in accordance \vith the experimental ev-idence, which shows that for the

self-healing composite the process is basically primed by the damage
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. evoilition. Future developments are needed in order to completely valid,=lteEqu,ltion (10).
.The material constants (c{{, c~, (1, ell' £.1) introduced in Equations (9),lnd (10) are identified in terms of available data as shown in '~Identificationof M,l~erial Parameters." The complementary laws .related to the dissipation process can be expressed by homogeneous and convex potentials intern1S of the associa.ted thermodynamic forces (Hansen and Schreyer, 1994)

The principle of maximum dissipation in the effective reference framedefines an equilibrium thermodynamic solution, which corresponds toa constrained. optimization problem. The Lagrangian multiplier method(Li\tfl\l) can be used to solve the problem, where the functional

depends on (ip , ill, jJl) which are the Lagrangian multipliers related topiasticity, damage, and healing, respectively. In order to extremize [1, thefollowing necessary conditions must be satisfied

an
---r5 = 0,av

an
--p = 0,av ( 13)

which correspond to the plastic· strain rate, damage, and healing evolutionla\v,s. The kinematic internal variables grow along the direction normal tothe corresponding potential surface

(14)

DAI\tIAGE l\ND HEALING REPRESENTATION

When distributed damage controls the mechanical behavior, manymaterials, including polymer-matrix composites, usually exhibit a quasibrittle macroscopic behavioro For example, experimental observations onpol)lrner=rnatrix cOlnposite prior to failure sho~vV a continuous distributionof microcracks in the matrixo During loading, the total energy of the systemis dissipated mainly into new surface formation, whereas a minor fractionis used to nucleate existing rnicrocracks.
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The healing behavior is generated by.distributed ~lgents, which can be

~lssumed to be uniforlnly distributed in the body. For example, in composite

materials the microencapsulated healing agent is embedded along with a

catalyst into a poly'meric-matrix. The healing occurs when the microcrack

ptlth in' the matrix reaches the microcapsule, and by rupture, the healing

~tgent localfy triggers a chemical polymerization reaction, leading to

microcrack healing. Since the healing agent is continuously dist.ributed, it

c(.ln be '~lnalyticallydescribe·d by a continuous function. The same n10del can

be applied to differellt materials such as crushed rock salt or bone.

D'lmage' and healing phenomena are described at the mesosc,lle by

interntll state variables, which represent microcrack form\~tion and healing,

respecti,,·ely. T\vo sets of tensor- and scalar-valued variables are· introduced

in the constitutive equations. In particular, D and H tensors describe the

area change produced by microcracks and healing evolution, respectively,

and scalar-valued variables is and J-L control the evolution phenomena.

Lacking experimental observations to justify a more complex behavior, the

evolution of the damage and healing surfaces are assumed to be isotropic.

In composite materials, microcracks and voids have preferential growth

.directions which coincide with the material direction·s. Therefore the princi

pal directions of the damage and healing tensors are assumed to coincide

with the material coordinates. In the principal reference frame, they are

expressed by the following equations

3

D = L dilliQ!)ni

;=1

3

H = } : hiHiQ!)nj

;=1

(15)

where Q!) represents the dyadic product; whereas d;, hi, and ni are the

eigenvalues and the eigenvectors of the tensors D--and H,respectively.

Damage _and healing tensors represent the net area change due to threeGO'

dimensional void and microcrack distributions developed during the loading

historyo In the context of continuum mechanics, physical interpretation of

damage and healing can be shown in Figure l~o A representati'/e volume

element. of arbitrary orientation is shown in different configurations
t""'wI

(Co, CDfb CF1)nitial, actual (damaged-healed), and effective, respectively.

lVIoreover, C} and CD1-I represent the effective and damage-healed

configurations free of elastic deformation, respectively. In Figure 1, r
represents the elastic deformation gradient. The defonnation gradients IDH

and tDH describe the following transformations: l.DH: CDH ~ CF and_

of' C* C* h d * h h· 0 °d o

• h
lDH: bI-I ~ F' were IDli an_ IDH _ave t _e eIgenvectors COlnCl Ing W!b..

iii and i!§7, respectively. The deformation of an arbitrary segment dXi to dXi

between damaged-healed and effective configurations is expressed by
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Co CDH CF

F nd4 XDH JidA--~ --~
~

B By
......y y

II
.'J(

CDH
*XDH---...

B·

Y X·
x ~X

Figure 1., Clockwise from top left: undamaged, damaged-healed, effective, effective withoutelastic deformations, damaged-healed without elastic deformation.

introducing a transformation tensor as

,-...."

dXi = lDHdxj, with i = 1,2, 3 (16)

From Nanson's Theorem (Ogden, 1983) specialized to the principal refere
nce system {I'i}, a generic area element is transformed by the following
equations

~ ~ 1 ~ ~ 1 ( -1/2)T( -1/2)ndS ,= "2 dx x dy = 2: (IDH · dx) X (IDH · dy) = det[IDH] IDH IDH. ndS

(17)

where (x) denotes vector product. The area reduction along the principal
directions· can be expressed in terms of the eigenvalues of the Hand D
tensors as

,....,..,
[(1 - t!j)(l +/l;)]nilIS; = 'iiidS; with i = 1,2,3 (18)

Here dj and 11i ,lre the eigenvalues of the damage and healing tensors alon.g
different pianes and define the net area change due to degradation or
healing phenomena. From an irreversible thermodynamic point of view, the
evolution is based on a positi've unilateral variation. From Equation (17)
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(lnd (18), the transformation tensor IDH in the principal reference fr,lme

assumeS the following expression

XDHll ==

XDH~3 =

(1 -(/1)(1 +/11)(I-d3)(1 +/13)

(1 - li1)( 1+ Ill).

(1 - (/1)(1 + /11)(1 - d3)(1 +/13)

(1 - (/2)(1 + h2)

(1 - dl)(l + /11)(1 -d2)(1 + 1'2)

(1 - ,/3)(1 + h3) .

(19)

,...,

The effective stress nrepresents the stress associated with CF by the same

loading related to the CDH configuration and corresponds to a fictitious first
,...",

Piola-Kirchhoff tensor referred to CF :

,....,. [d ]-1 1/2 1/2 -1
(J = et IDH IDH: a: IDH =M : (1 (20)

\vhere ]\;I is the effective damage tensor and corresponds to· the stress tensor
,...""

tr~lnsformationbetween CF and CDH• In view of Equations (19) and (20), Jl4

is ~l di,lgonal fourth-order tensor

1l-1 = diag{nfnr; nfnf; nfnf; Jnfn~nfnf;

Jnfn~nfQf; Jnfn~Qfnf} (21)

\\lith

(22)

\\ihere n is represented in contracted (Barbero, 1999), whereas the effective

stress is

~ 1 all

a\\ = det(IDH) XDH
I1 all = (1 - d\)(l + hd

~ 1 a22
al2 = . ) XDH".,(j22 =

det(IDH -- (1 - d2)(1 + h2)

~ 1 0-33

a33 = det{XDH) XDH
33

a3
3 = (l - d3)(l + 113)
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In vie\v of Equ,ltion (21), and according to the Principle of Equivalent
Elastic Energy (Cordebois and Sidoroff, 1977), the stiffness tensor is defined
by tIle following expression

E(D, H) = J.W : E:M T (24)

or in component form:

o

E13nfnfnfnr
E23nfnfnfnr '
~ ( D H)")E33 n3 Q 3 ..

i,j = 4,6

i,j ~ 1,3

2

o

o

Essnfnfnflnr
2

oo

E44nfnfnfn~
2

oE;; =

, Eij =

Eij==O i.....:.l,3a.ndj=4,6ori=4,6andj= 1,3

(25)

CONSTITUTIVE EQUATIONS

The internal variables used in the therl)1odynamic constitutive equations
are listed in Table 1 \vith their associated driving forceso The Helmholtz Free
Energy potential is expressed by

1 .
''41, - ~ (~ - fJ'P' Q E Q (~ - JJ) -J- ~lr.d ~ - cD~icDd evp(~ //)d')1
't' - 2 ~ ~) Q • \ aJ c:u i ~ 10 1 2 .l\. U / -2 j

+~ c1p:! + [c':c~ exp(JL/c~) - cit /L], (26)
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Table 1fI Observable, kinematic, and conjugate variables.

Internal state variables

Quantity

Strain
Temperature
Damage
Damage evolution
Plastic strain
Hardening
Healing
Healing evolution

Observable
variables

s
T

Kinematic
variables

P
H
~

Thermodynamic
forces

yO
y

Cf

R
yH

4J

whereas ,the thermodynamic forces a,re defined by Equation (4)

(1 = -p ol/f = E : (s - sP)
aae

a= il1- 1 : a

yD = _p a1/l = _!(s _ sPy' (8E). (8 - gP)
aD 2 · aD ·

yH = p :t = ~(8 - sF): (:;): (8 - sF)

R= _p ol/f = _qp
ap

y = -p ~~ = c1· [exp(8/c~) - 1]

4> = p °a1/l = c/; · [exp(J.L/c~) -1]
JL ~

(27)

(28)

(29)

(30)

(31)

(32)

(33)

The healing thermodynamic forces concept can be illustrated for a simple
tensile stress cycle by considering the balance of dissipated energy 0 A generic
stress-strain curve is shown in Figure 2, in which damage and healing
are assumed to increase with increasing stress. The total energy dissipated

------during a cycle is the area OAReE. The recovery energy due to healing
'effects and the dissipation energy due to damage and plasticity are defined

.......-...-.........-.,;:., ~ .

. by areas eDE, BDE, alld OAFE, respectively. The healing phenomena is
generated by internal energy production, which is obtained by spending
chemical energy stored in the healing agent or provided externaily by a
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Figure 2. Stress-strain curve: Elasto-plastic-damage and e/asto-plastic-damage-healing.

sinterization process or biological bone repair~ The healing process increases
the stiffness of the material. In vie\v of Equation (5), for a uniaxial stress

. state, damage and healing energies are dissipated during BCD and CD
paths, respectively and they are mathematically written as

fo il " ["1 1]~D . D· 2
~ - 0 y IIz=odD = ella - 2 + 2(1 _ d)2 > 0

,.... H _ {Iz YH I dH _ ella
2 [1 1] 0

~ - J0 d=const - (1 - d)2 2: - 4(1 - hi <

(34)

----.. -----Eqtlations (34) represent areas BCDE and DCE in \vhich uncoupled damage
and heaiing growih are assumed. Damage energy production ~D describes
material degradation and it is a strictly positive definite function. The heal
ing phenomena generate internal energy production, which is opposite to
the "damage dissipation.

In vie\v of Equations (27)-(33) under the hypothesis of decoupling
between different processes and according to the Clausius-Duhem inequal
ity, the th·ermodynamic dissipation function has to be necessarily positive

sP = (j: i p + R ·P> 0

SD = yd: iJ + y · j > 0

SH = - yh: iI - ¢ · iL < 0



\vhere SP, SD, ,lnd SH are the dissip_ation functions. related to plasticity,
damage, and healing processes, respectively, with ::: = gP + gD + S H being
the total dissip,ltion function. The total dissipation is al\vays positive
becallse he-,lling phenomena are activated only when the magnitude of the
microcrack ,distribution is significant (White et al~,2001) and the efficiency
of the healing Inech,lnism is less than 100%

• A 100% healing e.fficiency
would correspond to perfect healing, where '1.11 damage dissipation would be
recovered (i.eo gD = gH).

i\ccordjng to the method of local state, the evolution laws can be derived
fron1 dissipation potenti~lls, \VllOSe existence is postulated a priori. Damage
,lnd pl,lsticity potentials previously proposed by Barbero and DeVivo
(2001), Barbero and Lonetti (2001, 2002), Lonetti et ale (2003), have shown
good correspondence between experimental data and numerical results.
These' are

fll = (yD: JD : yD)1/2_ y(8) - Yo

fP(a) = gP(t1) =fla l +fj.ch +fllaf +f22~ + 2fl2a la2

+f44ai +f55a~ +f66'ifi - R(p) - Ro (36)

where Yo and Ro are the plasticity and damage thresholds, JD is a fourth
order damage characteristic tensor and fi are material parameters. For
l1ealing, ,In evollltion potential similar to the damage one is proposed

(37)

where 4>0 is the healing threshold and JH is a fourth-order healing tensor.
The previous assumptions will be clarified "Identification of Material
Parameters." From Equation (14), the evolution vectors are assumed to
develop along the normal direction of the corresponding potential surface

r
JRYP

=ill 1 0
~d

o
r n 1

..:~P I}--' J "}) \.I .J7
0/ = L? = A v, VI' g

-1
o

J~Yf

o

o
o

JRYf
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:= ~P

--1
~fll at + j"l + 2j"r2G2 2/66G6

2f22G2 +12 + 2fi2Gl

sym

2/55'05

2/44d4

o

. [. ]"H J..L "H H. ·H
<p =. if = A v. vIII = A

°H=A 1
xrr

-1
Jt{Y(l 0 0

o J~Yf 0

o 0 J~Yf

with ~D,H =
(38)

Inelastic and Healing Domain

The main expressions from previous plasticity and damage formulations
are summarized here (Barbero and DeVivo, 2001; Barbero and Lonetti,
2001, 2002; Lonetti et al., 2003). Damage and plasticity were based on
experimental observations of acoustic emissions, which indicate marked
damage and plasticity threSholds (Liu et al., 1997; Gong et al., 2000). The
initial threshold values are represented by Yo and Ro for damage and
plasticity, respectively. An anisotropic damage criterion for polymeric
composite materials is written in terms of tensoriaf parameters

where, gd : ~!li --* ~+o Substituting Equations (29) and (27) in Equation
(39), the damage domain in the stress space has the same shape of the Tsai
\Vu surface, which is a widely accepted failure surface (Barbero, 1999).
The procedure for identification of the JD and HD tensors is based on
comparison of Equations (39) and (32) with the Tsai-Wu surface. The
plasticity domain is identical to the plasticity potential (second of Equation
(36)), but written in the effective Damage-Healing configuration in order to
recovrer the coupling between ditTerent modes (damage, healing, plasticity)o
In Equation (36), R(p) is the isotropic evolution function andfi are material
parameters that depend on experimental values obtained from testing a



single composite lamina. Analogous to damage processes, a healing domain
is introduced that is similar in expression to" the damage one, but written in
different thermodynamic force space

where JH .and HH are tensor-valued variables that define the healing
sllape surface and ¢(JL) is the healing evolution function (Equation (33)).
The healing surface is "motiv:lted by experimental ev"idence. In particular,
he~lling phenomena start wIlen significant microcrack distribution is
observed. Subsequently, the material is rehabilitated with a finite efficiency
depending on microcapsule and catalyst density. Therefore, t/Jo controls the
begin~ing of healing, and the healing surface defines the limit space related
to possible healing production. Moreover, the analogy with the g" surface is
motivated by experimental observations that show how healing phenomena
depend on microcrack a~d void distribution. Therefore, the proposed model
predicts healing evolution by introducing a healing surface, which is
obviously similar to the 'damage surface. Healing processes start at those
points at which a considerable damage value is observed. In the model this
occurs when the healing thermodynamic forces reach the corresponding

"he,=lling surface.

Evolution Equations

The kinematic evolution laws are derived using "the principle of maximum
dissipation ina consistent and generalized thermodynamic approach.
The solution is obtained by solving a nonlinear system equation using
an incremental, iterative process. For a generic thermodynamic state, the
Kuhn-Tucker Optimality (KTO) conditions must De satisfied'

~(VD) =dgD(VD) =0, gP(VP
) =dgP(VP) =0, gH(VH) =dgH(VH) =0

(41)

Substituting Equations (27)-(33) and (38) in (41), a system of linear
equations in the unknown quantities ill, )...P, and i" is obtained

[A][I] + [b] = 0,

all al2

:~~1 lidl I:l1 l (42)
-.

l~. == a2i /'t-.~

1= l~: J' b = lun Ir..-i-Il

:~: J;.k. ....

a31 a32 b33 J
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\vhere ~i, withj==tl, p, /1, represent the stiffness tensor contributions related
to d~lmtlge, plasticity, and healing mechanisms. Using Equations (24), (2'7)
and (28), the increment,ll stress in the effective configuration can be
expresse'd in the following form

)...,'_1 -I [tiM dM ]-1 1·
d(f = dJ~i : (J' + 1.11/ .: dn = dD: dD + dH: dH : (1 +1'1- : dn,

(45)

where

elM lill1
dJ\rl = dD : dD+ dB : dH. (46)

Substituting Equations (46) and (24) in Equation (45), the incremental
stress-strain relationship in the actual configuration is written as

(47)

\vi th

Ej!dh = Ee; + £'#/

Ee!J - ?i~ • E· "1(1 t,j.P)T - 1Y.l.. • J.Y. -~, elasto-plasticity

( (
d211 dM)

E'~l = lVl: E: dD: ~d + dB : ~h

(
dll1- 1 dM-l ))-ill : : ~d : D + : ~1z : H

_. dD dB damage-healing

(48)

where £j. apd E~l represent the elastoplastic and healing-damage
contributionso

INTEGRATION PROCF.DURE

The solution is ob~ained by an incremental-iterative procedure based on a
,return-mapping algorithm (Ju, 1989; Crisfield, 1991; Luccioni et al., 1996)0
In particular, a predictor-corrector scheme is usedo The initial deformation -.
incre111ent is COl1sidered perfectly elastic or elastic-damaged, so that the
stress \/ariation is a function of the initial elastic-damaged stiffness tensor, as
(fi = n i - 1 + ErL\s. The total deformation increment is divided into an elastic
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~lnd_ ,1 pl(lstic term. Subsequently, the stiffness matrix is transformed by
degradation (:lndjor healing variables. The solution at step n + 1 is subjected
to the follo\ving evolution restrictions for damage, plasticity, and healing
effects

~" > 0

'AP > 0

i lz > 0

i d · g'l ( Y~+ l' Yn+ 1) < 0
,.... 1' P(.-...J R ) < 0A 0 g" 0'11+1, n+l _

': '1 lz( 1'/'1-[ ~ ) < 0
~' 0 g. .4 n+1,0/11+ 1 _

g'1(Y~+l' Yn+l) < 0

gP(an+l, Rn+l) < 0

gil ( Y~L, l/J1l+ 1) < 0

(49)

\vhich correspond to Kuhn-Tucker Optimality conditionsoThe initial
Lagr,lngian Multipliers solution obtained by Equation (42) corresponds to_
a thermodynamic state that does not necessarily satisfy Equation (49).
Therefore,an iterative procedure is needed to solve the nonlinear problem.
Using the constitutive equations, the surface domain at the i + Ith iteration
can be expressed to the first order by Taylor expansion and the nonlinear
system is ·reduced to the following linearized equations

+
gel

uP =0<:)

glz
i+l

(50)

in which ~Ai are the unkn<?wn quantities (see Appendix 1)0 Between the n
and 11 + 1 steps, the kine-maticand thermodynamic forces are updated by the
follo\ving incremental relationships

k+l

d k+l

D Dk k+l - d 8j
·11+1 = 11+1 + I:i.Dn = Dn + I:i.A aD

11

ap k+l
~) _ ~(k) A ~(k+ 1) _ ~)(k) At. P l
lUll+1 - ~1+1 + UGn+l - Gn+l + UA ~.-...J

uti Ii
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Iz k+l
H H k . H k+1 H /zd.r

11+\ = 1/+\ + ~ 11 = 11 + LlA. an
11

k k+l k h/-In+l = tl 1Z+1 + ~J1,/l+1 = Jln+l + ~A
~ ~k _L A ~k+ 1 ~k +;\ '\ dDn+l == 011+1 "T uUIl+1 = 011+1 til\.

_ k k+ 1 _ ,.jJ PPn+l - P12+1 + ~PIZ+l - .f'n+l + ~A

IDENTIFICATION OF lVIATERIAL PARAlVlETERS

.(51 )

The material parameters in the constitutive equations are determined in
terms of experimentally observed material behavior. The identification is
done by solving a nonlinear system of equations obtained by comparing the

, healing domain (Equation (40)) and a classical Tsai-Wu surface (Barbero,
1999) in stress space. The identification of the healing parameters is shown
here, whereas damage and plasticity parameter identification is described by
Lonetti et al. (2003), Barbero and Lonetti (2001, 2002).

As shown by experimental observations, healing starts only when a
significant microcrack distribution occurs in the matrix. Moreover, it is
well known that healing processes are generated by microcrack evoluti~n.
Therefore, the basic idea is to assume a healing surface similar in expression
to the damaged one. The healing potentials described by Equations (40) (:l,nd
(37) involve two characteristic· tensors JH and Hfl that define the· domain
shape and the evolution of kinematic variables (Equation (33)). The healing
scalar function 4> represents isotropic growth of the healing dOIllain, where the
scalar 4>0 corresponds to the initial healing threshold. Damage and healing
surfaces in the corresponding thermodynamic force spaces are shown in
Figure 3, with healing and damage hardening given by (4)0 + 4>, Yo + y).

Identification of the characteristic healing tensors is provided by the
following nonlinear system of equations. Considering a uniaxial ultimate

Figure 3D Schematic healing-damage domain and thresholds~
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stress state for tension/com£ress~n loading (at = Flt,J and substituting
. Equation (30) in (40), with C = [£]-1 the fonowing equations hold

(JH)I12 . ell F2 +(HH. ell F2 )1/2
II:! ) 3 lill ( ) 2 ( ) 3 lj· (1 -:... d I)) (I + Iz Ij I - d I) 1+ h Ij

==1, j==f,C (52)

in \vhich (cPo + 4> == I) is :1ssumed to match the Tsaj-Wu criterion at failure,
t tlnd c stand for tension ~lnd compression, respectively, ((llj,/11j) represent
the damage and healing parameters at ,failure. Equation (52) represents
a nonlinear system from which Jt{ and Ht{ are determined in terms of
experimental data (Fl , d1j , 111j) with j = t, c.

Analogously, for tr,lnsverse tension perpendicular to the fiber orientation,
the following equation holds tlt failure load (0-2 = F2t)

(53)

which provide a relationship between the transverse components J~

and H~ of the characteristic healing tensor. Along the in-plane and out
of-plane shear directions (0-4 = F4 , (15 = F5, 0-6 = F6)~ the healing surface
projected at failure into the stress space leads to the following equations

(54)

in \vhich the components of the integrity tensor are of! = (1 + hi~) and
... j.:! " JU

n8 = (l - djs ) with}= 1,3. Here djs, hj :,., represent the damage and healing at
she'.lr failure. Since shear strength are independent of the shear stress?
Equations (54) have to be sign independento Therefore, the linear terms have
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to be zero
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(55)

\vhich introduce rel'ltionships between the, in-plane a11d. out-of-'plane H
components. Moreover, introducing scalar parameters ;~H with (j = 12,
13, 23), Equation (55) can be ~ritten as

The ~H terms represent the scalar ratio between principal healing
eigen'v'alues. Physically, they represent the availability of healing agent and
rna.thematically, the ultimate shape of the healing domain. The stress
strain relationships at [,lilure in the effective reference frame C DEI is
described by Equation (28). In particular, the shear components ca.n be
\vritten as

with

a6 Gu1t
_ 12

-;::::;- ~ k1"k 1" ,Y6ult "sD "sH

al""OV Gult
5 13

-;::::;- = k l3 k 13 'YSult sD 'sH

a4 Gu1t___ .23
~ -k23 k23
Y4ult sD sH

(58)

12ksD == (1 - dl.~.)(l - d2s),

k.~1 = (1 - dls)(l - d3s),

23ksD = (1 - d2s)(1 - d3s),

k~1 = (l + hls)(l + h2~)

13 ...'ksH = (1 + hls)(l + h3s)

23ksH = (1 + h2s)(l + h3s)

(59)

F or example, k~H with (j = 12, 13, 23) represent the ratio between
da.maged-healed stiffness at failure and damaged (not healed) stiffness
at failure G~ealed/G~amaged. These parameters are related to the density
of microcapsules and cataly'st. t~ulnerical ev~aluation is obtained by silnple
shear tests, which yield the product of healing and damage values
,It failure, simply as the ratio between ultitnate to virgin shear modulus
(Equations (58)). Introducing Equations (59) in Equations (54) the



C()11 t illZllllll Dlli'J1(lge-llealillg 4~feC/l(lJl ics

follo\ving equations hold

J H .13 JH[ 13] C,...."
ttl sH + 33 r~H 55 F 2 = 1
kl~ k 13 r l3 k l3 k13 5sH sH sH sH' sD
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(60)

J H "3 J' H [ "3 ] C~
22'"SH 33 r;H 44 F2 - 1
k23 + k 23 ~3 k23 k 23 4-

sH sH sH sH sD

Finally, Equations (53), (60), and Equation (56) describe a nonlinear system
of equations in the unknown quantities r{U = 12, 13,23) and (H!f, H!!,
Jf§., J~), from which healing characteristic tensors are completely identified
in terms of experimental data.

RESULTS AND DISCUSSION

The identification procedure for damage and plasticity at the mesoscale
levrel requires experimental data based on the single composite lamina
behavior (Barbero and Lonetti, 2001, 2002; Lonetti et al., 2003). The
strength values for different directions (longitudinal, transverse, in-pl~ne/

out-of-plane shear) and the critical damage values yield a nonlinear system
in which the unknown parameters are the daIllage characteristic tensor
components, Jf and Hf. Basically, the same procedure is proposed here to
identify the healing domain. The central assumption'is that the g"-function
has the same ~nalyticalexpression of the damage one. Therefore, the surface
shape is -mainly controlled by healing critical values and the characteristic
tensors JH and HH 0

From the experimental point of view, damage develops into microcracks.
Subsequently, these cracks reach the microcapsules and the healing agent is
released. Numerically, the process ,is described by a healing domain, which
controis the onset of healing. The evolution of such domain is defined by the
normality rule, triggered when the driving thennodynamic healing forces
reach the g" -surface.

Healing and damage are shown schematically in Figure 4, in which t'
with y + Yo = 1 and gil with 1> = 0 represent the damage and healing surfaces
at failure and at the beginning of the process, respectively. The healing
threshold cPo defines when the process starts and it is dependent on the
density' of microcapsllles and catalyst. l\.t[oreover, the healing critica.l
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Healing
produl:tion \\

Figure 4. Healing and damage surfaces.

Table 2. Healing parameters.

Parameters

J~1' J~2
H7,H~
c1,c~,¢

h 1CJ h2c =h3c

T300-5208

O.38S5e-1S, O.3522e-11 .
O.4255e-7, -O.1046e-6
0.15, -O.1e+05 t 0.4

0.1,0.5 .

eigenvalues 111c~ I-z 2", h3c, represent the tnaximum allowable values of healing,
\vhich are to be obtained by experimental procedures. From the experimental
point of vie\v, microcapsule and catalyst density control two different
phenomena: the beginning and the efficiency of the healing process. The
critical healing values and the healing threshold controls both phenomena.
From the numerical point of view, the latter control the beginning of the
process, \vhereas the former defines the maximum size of the healing surface
and the allowable values of the healing tensoro Only .numerical results in
terms of sensitivity analysis are shown in this work, but an experimental
investigation has been initiated (Barbero et al., 2004) to properly define both
values.

Lacking experimental data for the healing process, the model has been
used to· demonstrate the effect of healing- on Carbon-Epoxy T300-5208
(Herakovich, 1998) for which the damage behavior is well documented. The
material parameters determined by the identification procedure described
in --Identification of Nlaterial Parameters" are s~own in Table 20 In Figures
5-7, the solid line represents the actual behavior without healing and the
dotted line the predicted behavior with the healing turned off by setting a
high \tallie of healing threshold 4Joo The material properties are shown in
Table 1. The damage evolution parameters ef, cf,Yo' and damage
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Figure 5. T300-5208 sensitivity of healing vs. healing threshold <Po for an in-plane shearmonotonic !oadin'g test with damage.
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Figure 6. T300-520B sensitivity of healing to healing evolution parameter ~/c1 for an, in-plane shear monotonic loading test with damage.

characteristic tensors JD, H D are identified in terms of available data for
a single lamina as explained in Barbero and Lonetti (2001), using the
material properties reported in the same referenceo Subsequently, the healing
phenomenon is evaluated assuming (c't = O.15,~ = -O.lE5,¢o = 0.4) as
reterence values.
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Figure 7. 7300-5208 sensitivity of healing to healing evolution parameter c~/c~ for an
in-plane shear monotonic loading test with damage.

T11e in-pl(:lne she,:lr stress~str~lin curve, as shown in Figures 5-7, 11ighlights
the stiffness improvement dlie to the healing effects. The sensitivity
to l1ealillg of T300-5208 verSllS the 11ealing thresllold 4>0 is shown in
Figure 5 for an in-plane shear test tInder monotonic loading. The curve
l£:lbeled "no healing" represents the prediction using acttlal materiaJ
property data. It predicts accurately the 'experimental data because the
T300-5208 m::lterial held no healing agent in it. The addition of healing
clea.rly increases the shear stiffness and strength of the materiale The
sensitivity of T300-5208 versus evolution parameter ell is shown in Figure 6.
The sensitivity of T300-5208 versus evolution parameter t1 is shown in
Figure 7. The parameters ('1 and c1 control the evolution (hardening) of the
healing domain. Increasing ell makes it harder to heal the material because
the domain grows rapidly. This translates into less healing in Figure 6. The
absolute value of c~ controls the exponential decay in Equation (10) with
larger absolute values resulting in more healing, as shown in Figure 7.

CONCLUSIONS

Continuum Damage Mechanics has been extended for the first time to
incorporate healing process into what is called Continuum Damage Healing
i\iIechanics (CDHM)o Furthermore, .tl:le theory has .been used to develop a
specific model for fiber-reinforced polymer-matrix composites experiencing



'~lLllnage'lJI~lsticit)i~ ~lnd 11~,11ingu Expressions ~lre gi\'en for the v,lriolls
d()n1~lins, potenti(lls., ~lnd evoilltion equtltions bclsed on insigl1t g'lineq. t'ronl
~xperimental observations. A procedure for identifying the healing param
eters is outlined. The proced'ure for integration of the evolution equations
is given. Fin,ill)~, t11e ~lpplicability of the theory and p,lrticul~lr composite
1110d~1 is demonstr~lted by performing ~l ptlr~lmetric study of the effect of
healing evolution parameters on the shear response of a material for which
tile nonhe,lling response is "veIl kl10\Vn.

£\PPENDIX I

For a generic (i + 1) load step and k iteration, the d,-lm~lge, pltlsticity, ~lnd

he~lling. fllnctions ,It the first tt~rm of the T,lylor expansion are\vritten ,18

(~~l)

Using Equations (27)-(33), the thermodynamic forces (yD, V, 'd, R, yH, </»
can be expressed ~lS a function of internal kinematic variables (D, 8, sP, p,
H~ ft) ,=lS

Dk

YD "'.J (yDk+l yDk) _ 8Y (I'k+l nak)
Ll - i+l - i+l - ~D ui+l - LJi+l

u i+l

yD k H k
+ _a_ (t::(k+l) _ i:(k)) +ay (H~+l _ H~ )

3aP 1+1 1+1 aH 1+1 1+1
i+l . ;+1

k .
1"'...",1 (k+l _k) 8y ( k+l k)

~y - Yi+l - Yi+l, = ~t' 8;+1 - 8i+1
va i+l

(A2)

(A3)

(A4)
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(
k+l k) oR 1\ (k+l k)

l<i-r-l - Ri+1 == '1

J
}. Pi+l - Pi+l

(J 1+1

(i\7)

~loreo"'er, the illcrcn1cntal expressions of the kinematic va.riables using
,Equations (38) ~lre expressed ~lS

a p k

(
';:'P<.k+l) _ "'::l](k) \ _ " '\ P g
G-i+l Gi+l) - UA a~ ,

a. i+1

(~k+l _ ~k ) __ A '\ d
ui+l 0;+1· - UI\.

(
fk' 1) 'k) )

P\ T _ p\ _ -- ..\ .. '\ P
i+l i+1 - til\.

(
,I.k+1 _ Irk ..) __ l\. .... /z
ri+l """'i+l - UJ\.

(AS)

(i\9)

.(AIO)

Finally, .introducing Eqtlations (A8)-(AIO) and (A2)-(A7) into Eqtlations
(i\ 1), a system of equations is obtained, in which ~).i are the llnknown
qU~tntities

(All)

where
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