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Equations (1) and (2) should have appeared as

3

Di == L dini Q9 ni
i=l

(1)

where Q9 denotes the dyad product of tensors [25], ni are the orthogonal principal
directions, which in the proposed model coincide with the fiber, matrix, and thickness
directions, di are the eigenvalues of the D tensor, which represents the damaged area ratio
along the ni directions. The dual variable of the damage tensor is the integrity tensor Q,
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2 Erratum

which represents the undamaged area ratio. By the spectral decomposition theorem [11],
the integrity tensor in the principal direction assumes the following form

n

Q i = L Wi(ni ® ni)
i=l

(2)

the effective cand
'ri\\b."".n ... "", root theorem

Q=,JI-D.
area reduction must

it is possible to define Hooke's law in the

=:: [L\F]

The use of damage and integrity tensors describes a malPPln~~i.~~~I;

damaged c configurations by a linear operator f, as! : c --* C.
[11], a unique transformation connects the damage
The integrity tensor is always symmetric and "t"\'"'('1T1"Je'_·""·"C"LJ'~. '.,,",.,,,,,,.,... -7'''",'',''--~

be positive definite during damage evolution [2].
Eq~ation (6) should have appeared as

By the energy equivalence
effective cand damaged c

Equation (28) should
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ABSTRACT: A constitutive model for fiber-reinforced composite materials with
damage and unrecoverable deformation, which for the first time accounts for
interlaminar damage, is presented. The formulation is based on Continuous Damage
Mechanics coupled with Classical Plasticity Theory in a consistent thermodynamic
framework using internal state variables. In-plane damage and novel formulation of
interlaminar damage are included in order to describe the main failure modes of
laminates structures. A novel implementation of the constitutive model into a finite
element formulation incorporating geometric nonlinearity is presented. The model
uses a small number of adjustable parameters,. which are identified from available
experimental data. Comparisons with experimental data for composite laminates
under torsion loading are shown to validate the model for interlaminar damage.
Coupled material and geometrical nonlinear analysis with simultaneous in-plane and
interlaminar damage is demonstrated. The effect of warping on interlaminar damage
is shown to be significant.

KEY WORDS: damage, polymer, composite, plasticity, identification, torsion,
warping, interlaminar

INTRODUCTION

THE NONLINEAR RESPONSE of engineering materials can be described by irreversible
thermodynamics, which accounts for energy dissipation due to micromechanical

change in the microstructures. The behavior of fiber-reinforced polymer matrix composite
material is dominated ."by the heterogeneity of the material. Therefore, prediction of
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damage states and inelastic processes (yield) under multiaxialloading is complex in nature.
The main damage modes can be attributed to fiber breaks, matrix cracking, fiber/matrix
debonding, and so on, all of which decrease the integrity of the material. In order to
predict the inelastic behavior and the damage modes, several approaches
have been developed [1-5]. Continuous Damage Mechanics considers a measure of
damage microcracks and voids area, randomly distributed in a representative
volume element (RVE), affecting the material by a reduction of the material stiffness.
The damage formulation introduced in [6] for in-plane damage, is extended here
for interlaminar damage considering the general 3-D behavior of a composite laminate.
The damage surface and the potential function are generalized in order to compute the
interlaminar quantities. A new procedure is developed for model identification; namely to
identify the through-the-thickness damage domain coefficients H3 and J33 using
interlaminar shear strength data F4 and Fs. Furthermore, the 3D damage/plasticity
model is complemented with geometrical nonlinearity in order to simulate the
experimentally observed behavior under large rotations and deflections.

The model is defined by a coupled elasto-plasticjdamage formulation, which accounts
for stiffness reduction and unrecoverable deformations (yield). The formulation makes
the use of the effective configuration and a second order damage tensor. Damage
and unrecoverable deformation domains are expressed in the thermodynamic force
space and in the effective stress, respectively. A return-mapping algorithm scheme is
generalized in order to integrate the rate equations for both damage and unrecoverable
deformation [7]. Computations are performed in conjunction with a finite element
formulation, which accounts for damage, unrecoverable deformation, and geometric non­
linearity.

Predictions of in-plane damage only were already validated for different laminates in
[6,23,24]. In order to validate the model for interlaminar damage effects, comparison with
experimental data [8] under torque loading are presented. The analysis is performed for
coupled material and geometrynonlinearities, by using a corotational approach. The
interlaminar effects are highlighted in order to show the differences between the in-plane
and interlaminar damage contributions.

where J is the Jacobian and the tensor F relates the current damaged configuration and the
corresponding fictitious undamaged one. In this way, the effective stress components
assume the following expressions
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51
where I denotes the dyad product of tensors [25], ni are the orthogonal principal
directions, which in the proposed model coincide with the fiber, matrix, and
thickness directions, d; are the eigenvalues of the D tensor, which represents the
damaged area ratio along· the n; directions. The dual variable of the damage tensor is the
integrity tensor 0 which represents the undamaged area ratio. By the spectral
decomposition theorem [11], the integrity tensor in ..the principal direction assumes the
following form

The use of damage and integrity tensors describes a mapping between the effective and
damaged configurations by a linear operator f, as!: c -+ c. By the square root theorem
[11], a unique transformation connects the damage and integrity tensor 0 = JI-D. The
integrity tensor is always sYIllIIletric and positive, because the net area reduction must be
positive definite during damage evolution [2].

In order to have a symmetric effective stress tensor, avoiding formulating the
constitutive model asCosserat or micropolar continua, a symmetrization technique is
used [12,13]. Using Nanson's formula [12], which relates the current and the effective
surface area in a symmetrization form, it is possible to derive the relationship between the
effective stress and the actual stress tensor by equilibrium equivalence as

(2)

(3)

~
0; = t'Wi(n;1n;)

i=1 I

u = J- 1[F(I/2)]TO"[F(I/2)]

P. LONEITI ET AL.1486

THEORETICAL FORMULATION

A continuum damage mechanics model for an orthotropic lamina, accounting for
interlaminar effects, is derived in this section and assembled into a laminate model. A
second order damage tensor D is used to represent damage following Kachanov­
Rabotnov'sapproach [9,10]. Lamina experimental results evidence different damage
modes and evolution for longitudinal, transverse, and shear loading [26]. In addition,
shear loading leads to longitudinal and mostly transverse damctge [27-29]. Therefore, it is
assumed that damage is orthotropic and that the principal directions of damage are
aligned with the material coordinates. Then, the second order damage tensor· can be
represented in the principal system, as ..

_ 1 0"33

0"33 = (F11 F 22F 33) F330"33 = (1 - d3)

_ _' 1 []1/2 [ 1/2_ _ _ a12
0"12 - /T'f " T'f .,.. 'I. F11 0"12 F22] - 0"21 - ----

_ 1 0"11

O"ll = (F11 F 22F 33) F11O"11 = (1 - d1)

_ 1 0"22
0"22 = F220"22 = ---

(F11 F 22F 33) (l - d2)
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while, in the principal reference system, the diagonal components of the tensor F
reduces to

Lagrange minimization· method.[15], by· which the following expressions describe the
development of the inelastic effects

In this way, by Equations (1)-(5), a fourth order tensor M, called effective damage
tensor, can be introduced, in order to define a linear operator, which relates the stress and
the strain in the actual and damaged configurations respectively, in the following form [13]

al (g

U= M-1(Dp= (JI -I5jJI _D)-lu e.=M(D)ee = (JI -DjJI -D)se (6)

l0~rllt. (A&rf»"'c;:: A'e t?>"" !t.. (A-~1?)c. -:. Ac..'B-r
By the energy equivalence hypothesis [12-14], it is possible to define Hooke's law in the

effective c and damaged c configuration as

(j = Ee(D)ee

DAMAGE AND UNRECOVERABLE DEFORMATION

where i d, ip are the damage and unrecoverable-deformation multipliers respectively. The
unrecoverable-deformation (yield) domain gP and damage-potential function rare
defined in the next section.

(10)

jJ = f.,p8g
P

8R

8= i
d8fd

8y

8P = i p8gP
CJij

iJ = i
d8fd

8Y

An anisotropic damage criterion expressed in tensorial form, introducing fourth and
second order tensors, J and H is used as in [6]. It defines a multiaxiallimit surface in the
thermodynamic force space Y that bounds the damage domain. The damage evolution is
defined by a damage potential nonassociate to the damage surface and by an isotropic
hardening law. The damage surface is

(5)

(7)

(l - d l )(1 - d2)

(l - d3)

u = Ee(D)ee

(1 - dl)(l - d3) F33 =
(1 - dz)

(1 - d2)(l - d3) F22 =
(1- dl )

Fll =

where 1/I(e, D,p,~) is the Helmholtz free energy and (u, Y, R, y) are the thermodynamic
forces associated to the internal state variables (eD, p, ~). It is worth noting that in this
paper the second order tensor Y includes the Y33 component, which represents the energy
release rate for the interlaminar shear damage.

The evolution of the internal variables can be defined by using the Legendre-Fenchel
transformation of the dissipation potential, the principle of maximum entropy, and

where an over-bar indicates that the quantity is evaluated in the effective configuration
and the subscript e denotes quantities in the elastic domain.

The constitutive equations are derived by thermodynamic principles and complemen­
tary laws. The expression of the Helmholtz function given in [6] assumes an additive
decomposition into stored elastic energy terms and additional terms related to the
evolution of the internal parameters. In order to satisfy the Clausius-Duhem inequality
the following thermodynamic state laws can be obtained

where (i = 1,2 ... 6), Ro is the unrecoverable-deformation energy threshold. A Tsai-Wu
criterion shape is chosen for Equation (14) because of its ability to represent different

(14)

(12)

(13)

(11) ..

gP =jijUiUj +jiUi - (R(P) + Ro);

fd = (Yij. JijhkYhk)I/2 -Y(~) - Yo

y(~) = ct[exp(~/cg) - 1]

where

gd = (Yij. JijhkYhk)I/2+(IHij. Yijl)l/2-y(~) - Yo

The J and H tensors are determined by available data on a single composite lamina,
while the adjustable parameters c1 and 4. are determined by using the experimental in­
plane shear strength-strain data.

Unrecoverable-deformation (yield) evolution is modeled by classical plasticity
formulation [16]. An associate flow rule is assumed in the effective stress space, coupling
plasticity and damage e(fects. The unrecoverable-deformation surface is a function of the
thermodynamic forces in the effective configuration (u, R). Therefore, the unrecoverable­
deformation (yield) surface, which accounts for interlaminar terms, is

and the potential function is

(8)

(9)
R = -qp
y = ct[exp(~/cg) - 1]

u = E(D)(e-eP)

1 8E(D)
Y = 2(e-eP)aiJ(e-eP)

complemented by the evolution equations assumed in [6] as follows
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behavior among the different load paths in stress space. The coefficients fi assume the
following form

Introducing Equation (8}-(9) into Equation (18) and solving for the scalar parameters
i d and ipwe obtain

The parameters Fi are the strength values in tension, compression, in-plane, and out-of­
plane shear for a single composite lamina. These values are tabulated in literature, or they
can be easily obtained following standardized test methods [18-20].

I I I I I 1II =---; h =---; fil =--; 122 =--;
Fit Flc F 2t F2c FltFle F2tF2c

1 I I 0.5
144 = F2 ; 155 = 1;'2; 166 = F2 ; 112 ~ (F F F F )"-

4 r 5 6 It Ie 2t 2c

(15)

Ad -

({ [agP M-I &1 M-I agP + agP aRagP] [agJ aY]e + [agJ ay M-I agP][agP M-I &1]e}/
aa aeP aa aR ap aR ay ae ayaeP aa aa ae

{[
alf aYaid agd ayald][agP M- I&1 M- IagP agP aR agp]
aYaD aD + ay a~ ay aa aeP aa + aR ap aR

_[agP~[M-I ]aid] [agJ ayM- IagP]})aa aD a aD ayaePoa
CONSTITUtIVE EQUATIONS i p =

The evolution equations can be obtained by the flow Equations (10), where damage and
unrecoverable deformation multipliers are expressed as

The incremental stress-strain relations for damage and unrecoverable deformation
evolution can be obtained from Equation (10). By using the additive decomposition
hypothesis [21], which splits the total strain rate into elastic and plastic contributions, the
rate stress assumes the following expression

1 l
iF = (; < As >, gP = 0

, gP < 0

I /
id=(I<Bi>, g"=O

(17)

0, If < 0

where <.. > denote the positive part, Lis a scalar and AfB~epresent fourth order non­
linear operators, which relate the evolution of inelastic effects to the total deformation
rate. In order to characterize the A and B tensors, thy consistency condition
(gJ = If = O;gp = gP = 0), for both plasticity and damage must be used, leading to the
following system of nonlinear equations

A~ _ [agd ayaid agd ayald] [agP M- IOcr] [a.igP~ [M-Ia] aid] [agd aY]
ayaD aD + ay a~ ay au ae + aa aD aD ay ae

B'= [agP M-1 Ocr M- IagP agP aR agP] [agd aY] [agd ay M- IagP] [agP M-1 Ocr]
(J(j aeP (J(j + aR ap aR ay ae +. ayaeP (Jij au ae

(20)

({
_[agd ayald agJ ayald][agP M-IOcr]. [agP ~[M-Ia]ald][agd ay] o}/

ay aD aD + ay a~ ay au ae e+ au aD aD ay ae e

{[
agJ ayaid agd ay aid] [agP M-Iaa M- 1 agP agP aR agP]
ay aD aD + ay a~ ay oa aeP oa + aR ap aR

_[agP~[M-I ]ald][agJ ay M-I agP]}) (19)
oa aD a aD ay aeP (J(j

It is worth noting that Equation (16) can be expressed symbolically in the form

if = Fpdi (21)

where Eepdis a nonlinear operator, since it depends on the direction of e and the
current state represented by thermodynamic forces (Y, a, y, R) or by the kinematic
variables (D,eP,~,p). The nonlinear problem is solved by a return-mapping algorithm
[17]. In particular, using an incremental form, dAd and dAP are defined so that the
state defined by (Y + d Y, a+ da, y + dy, R+ dR) lies in the damage and unrecover­
able deformation surfaces, at least in a first approximation. The elasto-plastic damaged

Introducing the Equations (19) in Equations (17) the A and B tensors can be uniquely
determined as

(16)

(18)

c1 = Ocre+-~eP + Ocr iJae aeP aD

gd = alf y+ agt~y=O ~ =0ay ay

gP=agPu+agPR=O gP=O
aa aR
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stiffness, at the current increment, can be determined directly by the use of Equation
(16),(17) as

where S is the area in the x 1-x2 plane, and V = [S x t], with t total thickness of the
laminate.

To predict the stiffness reduction and the increment of unrecoverable-deformations, an
incremental step-by-step analysis is adopted [22]. For an increment of load, Equation (25)
becomes

. ao-. ao-l . ao-l f-t .
a =-e+--Ae+--Be=Eepde D > 0

ae aeP L aD L " -

where ~::: A/dg-~~ !A .B:;:. 6' ~f~Y

(22)

i aT/'ludV - is NT /'lqdS - t /'l/ = 0 (26)

FINITE ELEMENT FORMULATION

While the first two terms in Equation (22) are the classical terms for plasticity, the third
term describes the stiffness reduction due to an increment of damage.

A displacement-based finite element formulation is used. The body of a laminate is
represented by a series of layers with different thickness and orientations. Two reference
systems, global (Xi, i = 1..3) and material (eJ, i =1..3) are used. The local reference axis el is
aligned with the fibers direction, e3 points through the thickness of the laminate, and e2
lays on the midsurface of the layer and is perpendicular to el and e3 (e2 =e3 x el)'

The geometry is discretized by three-dimensional composite elements. The material non­
linearity is tracked at each integration point, for which damage and unrecoverable
deformation are recovered. An isoparametric formulation is adopted. The displacement
field varies linearly over the thickness and quadratically in the plane of the element. The
quadratic element has 16 nodes. In order to reduce computational costs related to
conventional solid element, a single three-dimensional element includes several laminae by
adopting a number of integration points depending on the lay-up and thickness of layers.
The computations were performed by inserting the proposed material model into the FE
code LUSAS™.

Considering a body B, in which the internal stresses a, the distributed load q, and the
concentrated loads f constitute an equilibrated system, applying an arbitrary virtual
displacement pattern ou* compatible with the internal strain oe*, the principle of virtual
displacement can be written as

where dO' represents the stress tensor increment for damage and unrecoverable­
deformation evolution. The constitutive relation can be taken in the form of Equation
(21), for which the tangent stiffness at each integration point level is defined by the
following expressions

(27)

(28)

(29)

eP 2: 0

D2: 0, eP ~ 0

iJ ~ 0, eP 2: 0

D~ 0, eP ~ 0

D,

[Kepd] =i [aTE"pdB]dV

[/'IF]= is NT/'lqdS+N

[E(D)(I-±A)+:±aJ
[E(D)+:±BJ
[E(D)(1-±A)]
[E(D)]D, sP ~ 0

c Pd =

Substituting Equation (27) into Equation (26), we get

[Kepd][d/} = [dF]

!&
where the stiffness matrix and the load vector are

(23)eepd - [E(D) (1 -~A)+ ao- ~ oJ- L aDL

where nf is the number of the concentrated loads. Introducing the shape functions Nand
nodal displacement d and using the finite element discretization process, Equation (24)
becomes

nf

{ oe*TO'dV - { 8u*TqdS - L8uTfi = 0
iv is i=l l

/jd
T(i BTudV - is NTqdS - / ) = 0,

(24)

(25)

In order to describe the behavior of a laminate under torsion test, a nonlinear analysis is
performed for both material and geometrical effects using a corotation approach. The
strains are expressed with respect to a follower frame, which is fixed to the element and
rotates with it in 3-D space. In this way, rotations (mainly emanating from rigid body
motion) and stretches can be treated independently. The geometric nonlinearity is
incorporated via the rotation of the local system. Small strains are assumed and
engineering stress and strain measures are appropriate in this formulation. The
formulation separates the rotations from the stretches using the polar decomposition
theorem and it allows the use of linear elements within a corotational framework. The
proposed damage and unrecoverable deformation evolution are incorporated into a finite
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element program (LUSAS) using an User Material Subroutine. The incremental form of
the governing equation can be written as

by using Equations (8),(9) in terms of the kinematic quantities (D,e eP) and the damage
and unrecoverable-deformation multipliers as

NUMERICAL IMPLEMENTATION

where du is the incremental displacement, Kt£ is the nqnlinear material tangent stiffness
matrix, KZL is nonlinear geometrical contribution, and dF is out balance force.

[K~ + K~L][dU] = dF (30)
k+l k _ aYl

k
k+l k aYl

k
k+l k aYl

k
(k+l) (k»)

(Y;+1 - Y;+I) - aD ;+1 (Di+1 - D;+I) +--ae i+l (e;+1 - e;+I) + aeP ;+1 ef+l - ef+l

(J1':i1- J1'+I) = aYl
k

-dAd
a~ ;+1

(
-dk+l) _ -dk») _ M-I ( (k+l) _ (k»)
U;+I Ui+1 - Ui+1 Ui+1

Damage and unrecoverable-deformation are monitored at the Gauss integration points.
In order to accurately integrate numerically the rate equations, an algorithm for coupled
damage and unrecoverable-deformations is developed, as follows. First, compute the
strain and stress increment de, dU in the local coordinate system for each lamina at each
gauss point

k+l k _ aRl
k

P(Ri+1 - Ri+1) - - -dA
ap i+l

( (k+l) (k) ) _ [ k+1 k auIk (k+l) (k») auIk k+l k]Ui+1 - Ui+1 - E(D)(e;+1 - eHI ) + aeP i+l ef+l - ef+l + aD ;+1 (Di+1 - Di+1)

where the subscript (i + 1) indicates load step, while superscript (k) represent the iteration
number. The thermodynamic forces (Y, y, R) and the effective stress a, can be expressed

The evolution of the damage and unrecoverable-deformation variables is subjected to
the return-mapping algorithm. In this way, the damage and unrecoverable-deformation
domains are linearized to the first order as

gd ?: 0 gP ?: 0 Damage and U.D. evolution (32)

~ <0 gP ?: 0 U.D. evolution (33)

~?: 0 gP < 0 Damage evolution (34)

~ <0 gP <,0 Elastic behavior (35)

where the Tk is a coordinate matrix transformation [18]. Subscripts L, G, indicate local
and global coordinates, respectively. An elastic predictor and inelastic corrector scheme is
used to determine the effect of a small strain increment de. In this way the initial
increment is purely elastic. The damage and unrecoverable-deformations are evaluated in
order to check if the inelastic effects grow. Four different conditions define all possible
cases

In the general case when,damage and unrecoverable-deformations grow, Equations (37)
are functions dAd and d)..P only, leading to linear system that can be solved easily. The last
step is to check if the damage state variables D; have reached the critical values D;CR.

When a damage component exceeds the critical value, it signals the appearance of a
macro-crack. Therefore, the damage component is set to nearly one (D; = 1) to enforce
total reduction of stiffness at the Gauss point.

(D~+1 _ D~ ) = dAdajdlk (~k+l) _ ef<.k») = d).pagPl
k

1+1 1+1 a1:" i+l 1+1 1+1 8Y i+l

MODEL I1lENTIFICATION

(37)

The model uses a number of internal parameters that are explicitly related to the
experimental material properties. The damage domain is defined by a fourth and second
order tensor J and H respectively, while damage evolution, which is assumed to be
isotropic, is expressed by an exponential function depending of two constants c1and 4..
The idea is to compare the Tsai-Wu criteria with the damage domain in the effective stress
space, obtaining a linear system, with solutions that characterize uniquely the J and H
tensors. The in-plane coefficients JI1 , J22, HI and H2 are directly related to in-plane
material properties (Eb E2' G12, Fib FIc, F2b F2c, F6) through equations described in [6].
Interlaminar damage is represented by the coefficients J33 and H3, and their relationship to
available material properties is introduced next.

For an interlaminar stress state only, the damage surface gd in thermodynamic-force
space Y is given by Equation (11), which can be written explicitly in terms of stress
by using Equation (8). In stress space, gd has the shape of the Tsai-Wu failure surface.
For the undamaged material y = 0, and gd is smaller than the Tsai-Wu surface. At failure
y* +Y = 1, and gd coincides in shape and magnitude with the Tsai-Wu surface. When

(31)

(36)

[de]L= Tk[de]G; [dU]L= Tk[dU]G

agdlk agdlk l

~ ~ t/+l + ay (Y - yA-d +-a (Y - Y7+1)
i+l Y i+1

agPl
k

. agPl
k

..
gP ~ t:+l + ~ (a - a7+1) + aR (R - R7+1)

CJU ;+1 ;+1



where Q Is, Q2s, Q3s, are the critical values of integrity at interlaminar shear failure in the
longitudinal, transverse, and thickness direction, respectively. Since the shear strength
values are independent on the sign of the shear stress (a4 =F4 or a 4 =- F4, and a 5 =F5 or
as =-Fs), the linear terms of Equations (38), (39), must be zero, leading to the following
conditions
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3800
11043'
5700
4200
0.24
1220
610
45
65
70
70

3876
2864
29

250
80
10

Glass/Epoxy
(V,=70%)

··t3130
10800
5200
7100
0.29
2100
1080
80
72
70
70

2258
3083

20
122
25
2.5

932
370
42
35
50
50

2700
1299

16
100
36
6

Property

E1 (MPa) undamaged
E2 (MPa) undamaged
G12 (MPa) undamaged
G13 (MPa) undamaged
V12 undamaged
F1t (MPa)
F1c (MPa)
F2t (MPa)
F4 (MPa)
Fs (MPa)
Fs (MPa)
G12 (GPa) damaged
G13 (GPa) damaged
Numer of plies
Length (mm) L
Width (mm) w
Thickness (mm) t

lnterlaminar Damage

which are the ratio between the damaged and the undamaged shear modulus for
interlaminar shear, and substituting in Equations (38), (39), the following relationships hold

,
(38)

(39)

P. LONETII ET AL.

all = a22 = a12 = al3 = 0

all = a22 = a12 = a23 = 0

J22 J 33 2C44 F2
~+4""-2-2 4 +
Q 2s Q 3s Q 2J·Q3s

JII J33 2C55 p2
4"" + 4"" -2-2- 5 +Q

1s
Q

3s
Q IsQ 3s

a23 :f::. F4 ,

al3 :f::. F5,

1496

only interlaminar stresses are present, gd at failure reduces to

and

I ~ ~I 1M ~I-y-+~ =0 and -y-+~ =0
Q2s Q 3s Q Is Q 3s

(40) J22 r I3 J33 2C44 2
kS + kS rS kS F4 = (y + Yo) = 1

23 23 23 23

(43)
Solving Equation (40) for H 2 and H 3 we obtain

Q~23
H2 = --y- H3 = -r; H3

Q
3s

H3 = - Q~s HI = -r~3HI
Qis

(41)

J11rY3 ~ 2C55 p2 = (y + Yo) = 1
-+SSkS 5

kY3 k 13 r 13 13

In this way, the coefficients (J33 , H3, r~3, ";3) can be obtained by solving the linear
system defined by Equations (41) and (43). The only experimental data required are the
interlaminar shear strength F4 and Fs and the damaged shear moduli G* 13 and G*23 at
imminent interlaminar failure, as shown in Table 1 from [8]. This completes the
identification of the J and H tensors required for the definition of the damage domain.

where the r~ variables, (with i=23,13) represent the ratio between the integrity values
along the transverse/thickness and thickness/fiber directions, resPectively. From experi­
mental observations, the value r1 3 is constrained to be less than 1, because of lower
through-the-thickness strength than longitudinal (fiber) strength. Introducing the auxiliary
parameters kf defined as

('43)t (QirQ~s) = G23 /G23

M3t (QisQ~s) = Gi3/GI3

(42)

NUMERICAL RESULTS AND DISCUSSION

The model results are :now validated with experimental data available in the literature
[8]. Predictions of in-plane damage only were already validated for different laminates in
[6,23,24]. Interlaminar damage of a composite laminate is now investigated under torque
loading conditions. The analysis is performed for three different polymeric matrix
composite laminates. The available data are shown in Table 1 for different materials. The
internal parameters shown in Table 2 define the shape of the damage and unrecoverable­
deformation surfaces and the relative potentials. The in-plane and out-of-plane
components of J and H tensors, which describ~ the shape of the damage evolution, and
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I0.5310e-2 0.1897e-2 0.1312ge-2

0.226 0.287e-1 0.3358
0.2009 0.534e-1 0.2144
0.6810e-1 0.2571e-1 0.1951e-1

-0.1445e-1 -0.807e-2 -0.152ge-1
0.592e-1 0.8018e-2 0.1803e-1
0.866 0.434 0.682
0.866 0.434 0.681
0.212 0.314 0.781
0.8703 0.311 0.924
4.105 0.992 1.179

Table 2. Model parameters determined explicitly from values in Table 1.

Glass/Epoxy Carbon/Epoxy Glass/Epoxy
(V,= 52%) (V, = 620k) (V,=700k)Property

J11

J22

J33

H1

H2

H3

k13

k12
s

(.12
s

(.13
s

(.23
s
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Table 3. Adjustable parameters. Figure 1. Adjusting in-plane behavior only (ci, c~, YO) with in-plane shear stress-strain data.

Property
Glass/Epoxy carbon/Epoxy

(V,=52%) rJ,=62%)
Glass/Epoxy

(V,=700k)

1'2' t13' rf3' which express the ratio between damage on different planes, are used to write
the model equations in a concise form. These are not adjustable model parameters since
their values are univocally determined in terms of the available material constants F II, FIe,
F2/, F2c, and F6• They are computed explicitly in terms of the values in Table 1 using
Equations (41) and (43).

The parameters ct, c~, and Yo describe the evolution of the damage surface during a
load increment. In particular ct, 4 define the damage hardening law y(8) which is related
to the damage increment. The damage threshold Yo represents the initial size of the
damage surface. The values of the adjustable variables are identified (Table 2) using the in­
plane shear stress-strain curve of a single composite lamina (Figure I). The shear stress­
strain curve for unidirectional polymer-matrix composites can be determined by a shear
test as described in ASTM D5379, or from GI2 and F6 data using the hyperbolic tangent
approximation described in [17,22].

A mesh sensitivity analysis was performed in order to choose an economic, yet accurate
discretization. Rectangular samples were modeled by using the mesh shown in Figure 2.
The length, width and thickness of the rectangular samples, 'denoted as L, wand t,
respectively, are shown in Table 1. The end section displacements were fixed, but the
longitudinal displacement is free to warp the section.

In order to show the effect of the interlaminar damage," the FEM case is first run
with in-plane damage only (I.P.D), and then analysis is repeated with interlaminar
damage.

Experimental data of torque versus twist-angle and acoustic emission counts for Glass/
Epoxy (Vf =52%

), are shown in Figure 3. The model yields good agreement with
the experimental data'and the interlaminar contributions are valuable. The curve labeled

Figure 2. Mesh of the rectangular laminate under torque loading and detail of the 3-D layered isoparametric
solid element.

"in-plane only" is obtained by turning off the interlaminar damage d3. At the initial stages
of the torque loading, the contribution of interlaminar damage is small and both
prediction curves, "full-damage" and "in-plane only" are virtually identical. But
for higher twist angle above 50°, interlaminar damage becomes important and the
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"in-plane only" prediction (dashed line) over-predicts the torque load drastically. Because
of the aspect ratio wit = 6 of the cross-section is high, warping is important, which leads to
high interlaminar damage. In agreement with the model results, acoustic emissions are
lower for the first part, and then increase rapidly [8].

Experimental data and model predictions for Carbon/Epoxy samples (~l= 62%) with
aspect ratio w/t=4.88 are shown in Figure 4. Due to the lower aspect ratio, which ensure
low values of interlaminar stresses, the difference between "ftIlI damage" and "in-plane
only" is less pronounced than in Figure 3 and any differences occur for larger twist angle,
after 60°. This is consistent with the lower AE count reported [8].

Experimental data and model predictions for Glass/Epoxy (~r= 70%
) samples with

aspect ratio wit = 8 are shown in Figure 5. The coupling behavior between the in-plane
and interlaminar damage becomes important for small twist angle. Also, A.E. counts are

I
I~

significant at lower values of the twist angle and increase proportionally until a complete
damaged condition [81

Evolution of in-plane ~~1llage.12,~~.~interlaminar damage d3 with increasing twist angle
are shown in Figur~,§.~~~,~e~!~~~~r:papage.is significant, reaching close to the 50% of the
in-plane value. As sh~'Y~ip'F'j~~~'~Jt.~.~?alllage evolution curve reaches an asymptotic
value, which correspon?st?~l.!7~~~~~1:'~alllage>va]ue

As shown in [8],high:/g.i~~1-a.~~7~~§pit;l~:'~grs.i~,1l)oadingcondition produce additional
nonnal stresses, whic~:;~~::~pp~~~~-~()~rJCl.~~~r~r~~ietion. In order to further validate the
model, axial stress (a{l)"~~~ss;~~1l.~~ft~t.\.Vi~~i-1)~:,~~e--;~(l,mpleforvarious values of the twist
angle are shown in' FiguJf~(,~~9:;~{'9~;,~tJj.~ii-t}::tJ:¢¢·~illl.a~~rials.The normal stresses are evaluated
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A constitutive model is presented and implemented in a finite element formulation,
in order to predict the damage evolution of a composite material laminate with in­
plane and interIaminar damage. The theoretical model includes coupled damage and

on the surface, at the midspan of the sample. All the curves pass through a zero
longitudinal stress point, which separate the tension and compression zones. The
comparison shows good agreement between the predicted and experimental results for the
three materials.
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