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ABSTRACT: A practical methodology is presented for modeling the damaging behavior
~ of fiber-reinforced, polymer-matrix composite laminae. It accounts for the basic mecha- .
nisms of degradation of properties under mechanical loading and incorporates this knowl
edge into a simple constitutive model in the framework of Continuum Damage Mechanics.
A new expression for the damage surface is proposed, which reduces to the expression of
the Tsai-Wu failure criterion in stress space. Model identification allows us to characterize
the material through a small number of material parameters, all of which are related to ma
terial properties available in the literature. Available experimental results are used to illus
trate the proposed methodology.

KEY WORDS: PMC, FRP, composite, damage, parameter identification, failure~ critical
damage.

1. INTRODUCTION

POLYMER MATRIX COMPOSITE (PMC) are widely used because of their high
strength to weight ratio, resistance to environmental deterioration, lack of in

terference with electromagnetic radiation and so on. Because of the manufactur
ing-induced defects, composites cannot be considered defect free in their virgin
unloaded state. It has been observed that micro-defects and micro-cracks can grow
to a potentially critical size, even in the case of monotonic loading conditions. In
order to fully exploit the potential ofcomposites, it is therefore necessary to model
the development ofdamage. Micro-mechanical and material science based models
have been developed and applied in order to explore the circumstances related to
the damage of either the fibers or the matrix separately [15,24]. Micromechanics
can be used to assemble global response of the material [25-27]. The most signifi
cant limitation of those models resides in the large number of material parameters
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needed to identify the constitutive model and the high computational effort in
volved.

In order to conjugate simplicity of application and accuracy of results, the con
cept ofdistributed damage and the use of formulations based on the thermodynam
ics of continuum media plays a fundarpental role. In this framework, Continuum
Damage Mechanics (CDM) considers damaged materials as a continuum, in spite;
of heterogeneity, micro-cavities, and micro-defects. The response to the loading
conditions is determined on the basis of the constitutive relations between macro
scopic variables (e.g., stress, strain) and internal variables which model, on a mac
roscopic scale, the irreversible changes occurring at the microscopic level.

Therefore, the objective of this paper is the definition, in the framework of
CDM, of a constitutive model for a single lamina of fiber-reinforced PMC in order
to predict the nonlinear behavior due to damage phenomena. At the elementary ply
scale, the fiber-reinforced composite is considered as an ideal homogeneous and
transversely isotropic material. The model is identified by means of a finite num
ber of material parameters, which can be easily determined and are, characteristic
of the material. Furthermore, the parameter identification is done entirely in terms
of available experimental data without need of additional testing.

2. THE DAMAGE TENSOR

Damage phenomena in the matrix consist of cracking, which occurs under ten
sile loading when the strength of the matrix is exceeded. Two stages can be identi
fied. The first stage consists of the initiation and growth of multiple cracking of the
matrix in the direction normal to the load. However, cracks are confined to the
matrix alone and increase only in number~ the average size of cracks is smaller
than the fiber spacing and the damage mode is then characterized as a dispersed
matrix damage. In the second stage, some localization at preferred sites takes
place. When a crack is long enough to strike the interface with a fiber, further
growth may be prevented if the stress at the crack tip is insufficient to break the fi
ber. If the interfacial fiber-matrix strength is low, a diversion of the crack in the fi
ber direction can be observed leading to transverse fiber debonding. Matrix crack
ing is the dominant damage mode when the loading direction is inclined with
respect to the fiber direction. The tip of a crack in the matrix is subject to two dis
placement components: one normal to the fibers and one parallel to them. At an
off-axis angle of 90°, the opening component will be coincident with the total dis
placement and it will induce crack opening in the matrix, leading to transverse fi
ber debonding.

Different damage mechanisms appear in the fibers depending on the type of
stress" compressive or tensile, along the fiber direction. Under tensile stress" the
damage is proportional to the number of broken fibers [23]. Since fibers are mostly
brittle .. a surface crack may grow instantaneously across its cross-section. There-



A CO/lstitutive Mo{le/.for E/astic Danzage in Fiher-Reh~l()rce{l PAle Lal11inae 75

fore, a fiber may break either at the weakest point along its length_ or at the point of
highest stress concentration.

In compression, the damage mechanism appears to be related to fiber micro
buckling [2,29]. If the fibers buckle symmetrically about one another, a transverse
or extensional mode appears, where the matrix alternately deforms in extension
and compression transverse to the fibers. However, the most commonly observed
is the shear mode, where the fibers buckle in phase with one another so that the ma
trix is subject to shearing deformations [7]. Each fiber or fiber bundle buckles un
der different value of local stress depending on the magnitude of the local imper
fections, namely fiber misalignment [28].

Composites with brittle matrices and a relatively weak interfacial bond (such as
glass or aramid fibers in polyester resins) are characterized by extensive
debonding when subject to longitudinal tensile loading [19]. The damage mode is
often described as brush-like; by examining the broken specimen, it is impossible
to identify the point at which the crack initiated, or its path. On the other hand,
when the interface between fibers and matrix .is relatively strong, composites fail
by propagation of a single crack across its s~ction, with little or no longitudinal
debonding. Such a behavior is observed in some carbon/epoxy composites.

A number of theories have been developed to model anisotropic damage states
by means of damage variables ranging from vectors to higher order tensors [13].
Since the stress and the material response ofcomposites are both direction depend
ent, the resulting damage is, in principle, anisotropic [15]. However, the main
modes of damage in composites are fiber breaks, fiber-matrix debond, and matrix
cracking along and/or perpendicular to the fiber direction. Therefore, damage can
be approximated well as orthotropic with orientations coincident with the material
directions. Consequently, in this work, the damage of the material is described by
means of a second-order tensor D, called dal11age tel1sor. The eigenvalues Di de
scribe the net area reduction on the three planes orthogonal to thesrinci2al direc
tion of the tensor D. Similarly, the symmetric tensor 12 = I - D, whose
eigenvalues can be related to the load-carrying area in the same three planes, will
be denoted as the integri(v tensor. Having defined the damage tensor D, the effec
tive stress can be computed as

( 1)

where the fourth-order tensor M is called dCl111Q<.({e effect tensor. The sylnnletric ef
fective stress tensor (J in the effective configuration £nlay be obtained by pushing
back the stress tensor (J" in the damaged configuration [6, I 7] according to

(2)

where the symbol [RJ denotes the product of two second-order tensors defined as
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(A [8] B)C = ACBT. By comparing definitions (1) and (2), the doubly-symmetric
fourth-order damage effect tensor M can be written as

(3)
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The expression of the doubly-symmetric damaged elastic stiffness E follows

from the hypothesis of equivalent elastic energy between the damaged configura
tion £ and the effective one f. Hence, Equation (1) yields

(4)

3. THE CONSTITUTIVE MODEL

3.1 Kinematic and Static Variables

Besides the elastic strain E belonging to the linear space V, let us assume the
second-order symmetric tensor D as kinematic internal variable in order to repre
sent the orthotropic state of damage characterized by micro-cracks and micro-de
fects. The damage tensor belongs to the linear space XI, which however depends
on the limit values Dc of the load-carrying area reduction in the three planes or
thogonal to the principal directions of D.

In the case of unidirectional fiber-reinforced laminae, preferential directions for
damage growth can be determined from a phenomenological point of view. As al
ready pointed out, it may be said that micro-cracks and micro-defects will appear
and develop along the direction of the fibers and along the direction orthogonal to
them; that is parallel to the material principal direction of the lamina. Therefore,
the principal directions of the damage tensor D are assumed to be coincident with
the material directions and constant throughout the damage process. They are sup
posed to be known and do not necessarily coincide with the principal directions of
stress. The eigenvalues D I, D2 and D-:. are representative of the net area reduction in
the three principal material planes, and each of them ranges between 0 and the rele
vant limit value: D j E [0, Drr ], i = 1,2,3.

An additional variable 0 is introduced to identify the evolution of the damage
phenomena. Therefore, the kinematic variables defining the damage constitutive
model are the strain E and the internal variable (x, which groups D and 0:

(5)

The thermodynamic forces conjugate to the kinematic variables are the stress (J"

and the static internal variable Xassociated with the kinematic internal variable a:

(J" E S and X = (Y, y) E X( x 9\ = X' (6)
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where Y is a second-order symmetric tensor belon.ging to the linear space X (, and y
is a scalar variable, respectively. The constitutive equations relating the dual static
and kinematic variables are written in terms of the Helmholtz free energy
'II (E,D,o) =<p(E,D) + neb), which is convex in the elastic strain and in the kine
matic internal variables. The functional <p: D x Xl ~ R is convex in E and D, and 1t:
R~ {+00 }uRis convex in b. The functional <p is related to the elastic deformat~on
but is affected by damage, while the functional1t is related exclusively to damage
evolution. The convex functional 'V reduces to the convex elastic energy <p in the
case of non-damaging materials as

1
q>( E, D) = "2 E . E . E (7)

As far as the potential n is concerned, it is assumed to be a function of the kine
matic damage variable b as follows:

1[(8) = -C1 [8 + C2 exp (~] (8)

CI and C2 are two material constants whose meaning will be clear later on. This is
the simplest equation, with the minimum number of adjustable parameters, that
still captures the experimentally observed behavior and satisfies the convexity re
quirement [see Equation (39)]. Hence, the constitutive equations relating the dual
static and kinematic variables are written as

1
Y = -dn'V(E, D, 0) = -dn<p(E, D) = - - dn(E . E· E)

2
(9)

where 0 > 0 as a result of Equation (20). The static variable Y is expressed as a
function of the strain tensor E in Equation (9) but it can also be written in terms of
the stress tensor (J' as well. Since the stress (J' and the strain E are conjugate
<p(E,D) = (J'. E - <p*«(J',D) and the following statement holds true:

Y = -dD<P(E, D) = dDq>* (0', D) =! dD(E- 1
• 0' . 0') (10)

2
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3.2 Thermodynamic Forces
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In the sequel, the lamina material directions are used as the reference frame. The
damage principal directions are assumed to be coincident with the lamina material
directions throughout the damage process. Then, the damage tensor D is character
ized by its eigenvalues and can be represented as a three-component array [D] =
[D 1,D2,D3]T.

Moreover, each fiber-reinforced composite lamina is characterized by a state of
plane stress, but the principal directions of stress do not necessarily coincide with
the damage directions. In the sequel, contracted notation [3] is used, so that the
stress tensor can be represented in the damage principal frame as a three-compo
nent array [0-] =[cr I,cr2,cr I2] T =[cr 1,cr2,cr6] T.

Then, using Equations ( 1) and (3), the effective stress and strain components be
come

- £""\2
£1 = EI~~I

( I I )

Finally, the components of the static damage variable Y can be derived from
Equation (9) as

( 12)

where Cij and Q i are the components of the effective elastic compliance C =E- 1

and the integrity tensor U respectively.

3.3 The Damage Domain

The irreversible damage process is modelled by assuming the existence of an
admissibility domain G, called dal11age d0l11ain, in the space X' of the static inter
nal variable X = (Y,y). The existence of the damage domain is supported by experi
mental evidence in the case of fibrous composites. For example~ acoustic emis-



sions associated to the nucleation of cracks and defects, were used on
unidirectional fiber-reinforced composites [18,19]. It was shown that only a few
acoustic pulses can be recorded during th~ linear portion of the stress-strain curve.
Beyond the linear regime, acoustic emissions start to accelerate and are accompa
nied by macroscopic nonlinearity and stiffness decrease. Based on these observa
tions, it is assumed that there exists a surface which separates the elastic domain
from the damaging one. The damage criterion, which defines the current damage
surface, can be expressed in terms of a damage functional g: X' ~ Ru {+00 }and a
damage-flow function! X' ~ R u {+oo} such that the damage domain G can be
defined as follows:

The surface of the damage domain can be regarded as the zero level set of the dam
age functional g in the space of the static internal variables, enveloping the locus of
all the states which can be reached without dissipating energy through damage
phenomena. The kinematic i'nternal variable 8 is related to the evolution of the
damage domain during the deformation process. A uniform expansion of g, called
isotroJ]ic ([anlage hardening, is used in this work because (a) there is insufficient
experimental evidence to justify the use of anisotropic hardening, and (b) it re
quires the least number of parameters and consequently the least experimental ef
fort. Introducing the damage multiplier~,and assuming that the damage growth is
stable [10] yields

If the static damage variable X belongs to the interior of the damage domain G,
no damage takes place, the damage multiplier ~ turns out to be zero and the rate a
is zero too. On the other hand, if the static damage variable X is on the frontier of
the damage domain G, then g(X) =0, the damage multiplier can be non-vanishing
and damage phenomena can occur.

The vector a has the direction of an element of sub-differential afof the dam
age-flow function. If the function.f is differentiable at the point X on the frontier,
then the sub-differential coincides with the gradient and the direction of a is
uniquely defined.

In order to completely define the constitutive modeL the expression of the dam
age functional g and the convex damage-tlow j'need to be specified. The following
expressions are proposed here:

A COllstitllti\'e Model.lor Elastic Da/11age ill Fiher-Reil~lorce{l PMC Lllll1illae

G = {X = (Y, y) E X{ x 9\ : g(Y, y) ~ O}

with the complementary conditions

Jl ~ 0 g(X) ~ 0 Jlg(X) = 0

79

( 13)

( 14)

( 15)
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g(x) = g(Y, y) = .Jy : J : Y + )1 H : Y 1- (Y + Yo)

( 16)

f(x) = f(Y, y) = .jy : J : Y - (y + Yo)

with Yo being a material constant representing the initial damage threshold, J is a
fourth-order symmetric tensor and H is a second-order symmetric tensor; their
components being material parameters to be determined from experimental data.
The damage characteristic tensors J and H can be thought of simply as material
constants that define the damage surface. Determination of numerical values for
these material constants from experimental data is a separate task, called model
identification, which is described in detail in the next section (Section 4).

The static damage variable Y can be expressed in terms of the stress tensor 0

and the damaged elastic compliance E-1, as shown in Equation (9). Particularly,
each component of the static damage variable is a quadratic function of the stress
components. Then, by substitution into Equation (16), the damage functional g

can be given as the sum of linear and quadratic terms in the stress components in
the form

- -
g(X) = <.~( rr) = .fijOiO j + jjOi .- (y + Yo) i, j = 1, ... , 6 ( 17)

where]ij and]; are a function of both the damaged compliance tensor and the
damage characteristic tensors. Hence, the proposed damage function reduces to
the expression of the well known Tsai-Wu failure criterion

F.·O·O· + F.o· -I = 0 i,J' = 1, ... ,6
.I~I I J .Ii I

( 18)

which is commonly used to predict failure of fiber-reinforced laminae in terms of
experimental val ues of material strength [3]. The Iinear terms in the stress compo
nents derive from the term ~IH :YI. These terms playa very important role since
they allow us to take into account the different behavior of PMC laminae in tension
and compression. The damage threshold value Yo and the hardening at failure y*
are set so that y* + Yo = 1at failure, thus satisfying the Tsai-Wu criterion at failure.

In summary, the damage surface g(X ) in Equation ( 16) has the shape of a Tsai
Wu surface, which is known to represent composite material failure very well. The
damage-flow!(X ) just retains the convex part of g(X ). By using a damage surface
that resembles the Tsai-Wu surface, many of the observed features are brought into
the model., including (a) different damage rate and threshold in tension and com
pression, (b) directional dependent damage rate and threshold, and (c) coupling
among the various components of stress and thermodynamic forces r:

Note that it is not postulated here that the damage model predicts failure: it only
predicts damage evolution and its effect on stiffness and consequent stress redistri-
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4. MODEL IDENTIFICATION

4.1 The Damage Characteristic Tensors

I
i\

'"

( 19)

(20)

. ( J: Y )D = I·u/yf = 11 -J
Y:J:Y

The damage characteristic tensors J and H define the damage domain, and to
gether with the hardening law, define the initiation, evolution, and ultimately the
fracture of the material. Therefore, the damage domain should resemble well-es
tablished failure criteria for composites, such as the Tsai-Wu failure criterion,
which has been validated extensively with experimental data [3]. Although several
formulations for the damage characteristic tensor J exist in the literature [5,21 ], a
new form for the tensor J is proposed here along with the novel damage character
istic tensor H so that the damage domain is similar to the Tsai-Wu failure surface.
In addition, the formulation results are simple enough to allow us to perform the
parameter identification directly from available lamina strength data.

The principal directions of the damage characteristic tensors are supposed to be

with the complementary conditions ( 15) and the expression ( 16) for the damage
functional g and damage-flow f

The constitutive model introduced in the foregoing discussion implies a number
of material parameters. In all, the initial elastic properties, the damage characteris
tic tensors J and H, the damage threshold Yo' and the hardening parameters CI and
C2 need to be determined for a single fiber-reinforced PMC lamina.

bution. A macrocrack could precipitate failure before the critical damage Dcr is
reached in some cases. For example~ the 90-deg layer in a [0/90/0] laminate loaded
in the O-direction may fail with D2 < D2'" .especially if several layers with the same
orientation are clustered together. However, the O-deg layers will sustain damage
until D1 == D{T [14]. Therefore, the model proposed cannot predict a macrocrack
in the 90-deg layer but it can predict failure in the O-deg layer. However, it is worth
mentioning that layer clustering, where macrocracks occur, is systelnatically
avoided in practice. Consequently, in practical laminates, distributed damage is
observed nearly up to failure.

Finally, the ev~lutiveconstitutive model for damage in fiber-reinforced laminae
can be finally written by assembling the constitutive Equations (9) plus the follow
ing specialized form of the evolution law ( 14):
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coincident \vith the damage principal directions. Therefore, they can be repre
sented in matrix form as

[

lll

[J] = ~

o

o J~J (21 )

Then, the damage functional g and damage-flow / [Equation ( 16)] become

(22)

In order for the damage-flow function/to be convex, the damage characteristic
tensor J needs to be positive definite, or lii > O. The components of the damage
characteristic tensors are to be determined for a single fiber-reinforced lamina by
substitution of Equations (12) into Equations (22). As already pointed out, the
damage function g can be written as the sum of quadratic and linear terms in the
stress components a I' a::! and a6' the former deriving from the term -JY : J :Y and
the latter from the term -JIH :YI. Then, a general procedure allows us to write the
damage function, Equation (22), for different simple states of stress: tension and
compression in the fiber direction, tension in the transverse direction, and inplane
shear. It is then possible to derive the damage characteristic tensors in terms of the
failure strengths of the material, which are known from available experimental
data.

4.1.1 LONGITUDINAL UNIAXIAL LOAD
Let us consider a composite lamina subject to uniaxial load in the fiber direc

tion. The only stress component different from zero is (j I, and using Section 3.2,
Equation (22) becomes

I I CII
HI -6cr I - (Y + Yo) = 0

Q I

(23)

The previous equation has to be satisfied from the onset of damage up to final
failure of the material. Thus, if Fir and Fie denote the tensile and compressive
strength of the fiber-reinforced lamina in the fiber direction, the following rela
tions can be written as

C
IHI-11h =(v*+y)=1I Q6 11 I ()

I'
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(24) ~;
\,.'

(25)

(28)

(27)

(26)

[i;; c-,-, -,
J-,-, -...- F-,-! +

-- Q 2! -

[i;; C-,,., -,
g = J-,-, -; 0':; +

-- Q~ -

As in the previous case, if F2! is the tensile failure strength of the material in the
transverse direction, then

.fiFje + .Ii IFI7· = 1

.tiFt! + .Ii IFI~ = 1

The parameters Q I ! and Q I(' are the critical values of the integrity component Q 1

for longitudinal tensile and compressive loading conditions, respectively (Section
5). In Equations (24), the term y* is representative of the value of the static harden
ing variable y at failure. The right-hand side of Equations (24) can be compared
with the right-hand side of the analogous equations written for the Tsai-Wu failure
criterion:

where the parameter Q 2! is the critical value of the integrity component Q 2 for ten
sile loading in the transverse direction (Section 5). Using Equation (27), the com
ponents J22 can be derived as a function of H2 as

indicating that (y* + Yo) =1. Therefore, Equations (24) can be solved for the com
ponents J II and HI. They will turn out to be functions of the failure strength F I !, Fie
and of the critical values of the integrity Qlt, Q lc given in Section 5.

4.1.2 TRANSVERSE UNIAXIAL LOAD
Let the tiber-reinforced lamina be subject to a transverse uniaxial load, so that

the only stress component different from zero is 0'2. The expression of the damage
surface (22) can be written as

The behavior of a fiber-reinforced lamina will not be examined for transverse



84 EVER J. BARBERO AND LILIANA DE VIVO

compressive loading because the critical value Q 2£, of the integrity component Q 2

would have to be known and no accurate model for its evaluation is available yet. If
Equation (26) could be used for the compressive failure strength F2c in the trans
verse direction, the components 122 and H2 could be determined in a closed form,
as for 1 11 and H I. As will be shown in. the sequel, the component H2 must be related
to the component HI in order for the damage criterion to accurately describe tqe
shear behavior of a fiber-reinforced lamina in material directions.

4.1.3 INPLANE SHEAR LOAD
Let us consider the fiber-reinforced lamina subject to a state of inplane shear, so

that the only stress component different from zero is cr6. In this case Equation (22)
reduces to

g= (29)

I

,I
i,

.j
. -·t

~
i

Similar to the previous cases, if F6 denotes the inplane shear strength of the
lamina, then

HI H2 2C66n") + n") n") n") F6 = (Y* + Yo) = I (30)
Is 2s Is 2s

where Q Is and Q 2s are the critical values of the integrity component Q I, Q 2 for a
state of inplane shear stress. As shown in Section 5, only the value of the product of
ills and Q 2s can be determined, in the form k.\. = Qr.\.Q~.\,. Since the shear re
sponse of a fiber-reinforced lamina in a material direction cannot be dependent on
the sign of the shear stress, the coefficient of the linear term in Equation (30) must
be zero, leading to a relationship between HI and H2, namely

.
i,

. ~

(,
- Q~.\. H HH,., - --.,- I = -/~\. I

Qrs
(31 )

where r,\' =(Q2.,.lQls)2. Then, the component H2 can be written as a function of the
parameter rs , and the same can be done for the component 122 by means of Equa
tion (28). Hence, Equation (30) becomes

(32)
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With 1 11 and HI known from Equation (24) and 122 a function of r s from Equa
tions (28) and (31), Equation (32) can be solved to get the value of the parameter rs•

which is then used to compute 122 and H2• This completes the parameter identifica
tion except for the damage threshold Yo and hardening parameterscl, C2.

5. CRITICAL DAMAGE VALVES

The magnitude of damage at failure DtT for each mode of failure is estimated
from statistical models of the failure process for each type of loading. Refined sta
tistical models can be used to refine the numerical values ofDr" as new knowledge
about the micro-structural damage process is gained. The adopted models reflect
the experience of the authors and the desire for simplicity. If supported by'experi
mental observations, more refined models could be used without introducing any
change in the proposed formulation.

5.1 Critical Damage for Longitudinal Tension

If a lamina is subject to tensile stress in the fiber direction, it is reasonable to as
sume that the matrix carries only a small portion of the applied load and no damage
is expected in the matrix during loading. The ultimate tensile strength of the com
posite lamina can then be accurately predicted by computing the strength of a bun
dle of fibers.

All the fibers are assumed to remain elastic up to failure and to have the same
stiffness. If a Weibull distribution is assumed for the strength of the fibers [23] and
no significant initial fiber damage is assumed, the critical damage D lt for longitu
dinal tensile loading can be computed as the area fraction of broken fibers in the
lamina [14], which turns out to be a function of the Weibull shape modulus 111 as

When a fiber-reinforced lamina is compressed, the predominant damage mode
appears to be fiber micro-buckling [2,29]. However, the buckling load of the fibers
is lower than that of the perfect system because of fiber misalignment, so much that
a small amount of fiber misalignment could cause a large reduction in the buckling
load. For each misalignment angle (1, the composite area-fraction with buckled fi
bers roea), corresponding to fibers with misalignment angle greater than (1, can be
taken as a measure of damage. If the fibers are assumed to have no post-buckling
strength, then the applied stress is redistributed onto the remaining unbuckled fi
bers. which will be carrying a higher effective stress a. The applied stress (j = (j( 1
ro) has a maximum which corresponds to the compressive strength of the compos-

Dlt = 1- exp(-l / In)

5.2 Critical Damage for Longitudinal Compression

(33)
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ite. Therefore, it is possible to compute the critical damage Die for longitudinal
compressive loading as

(34)

I•I
j

.J
1

1.!
,
.~

I
I

I

,
. ~

1
1

where erf(·) is the error function, A the standard deviation of the actual Gaussian
distribution of fiber misalignment, and ucr is the critical misalignment angle at
failure (Equation (23) in Reference [2]). The characteristic misalignment A is de
termined experimentally [28] and the computation of the critical damage f1..cr does
not require any additional experimental data [2].

5.3 Critical Damage for Transverse Tension

Transverse tension can be assumed to be controlled by brittle fracture of the ma
trix. As for the case of longitudinal tension, the brittle loose bundle model is as
sumed. The material is thought of as a large number of matrix links enclosing the
fibers. All the links remain linearly elastic until rupture and have the same stiffness
but random stress values. A simple tl.at distribution can be assumed for the proba
bility of matrix-link failure jJr= I lao' where 0 0 is the strength of the strongest ma
trix-link. In other words, the matrix-links have random values of strength and no
link is stronger than (Jo. Again, the area fraction of broken links represents the de
gree of damage of the lamina and the relevant effective stress can be computed.
The applied stress has a maximum which corresponds to the transverse tensile
strength of the fiber-reinforced lamina. As can be easily derived, the maximum
stress in the bundle of matrix links turns out to be (Jc =(Jo/4 so that the percentage of
links which are broken prior to failure is D2t =0.5. This model was used in Refer
ence [I I] and then applied with remarkable success in predicting the deformation
and rupture of concrete specimens [12].

5.4 Critical Damage for Inplane Shear

Experimental evidence reveals a highly nonlinear behavior for a fiber-rein
forced lamina subject to inplane shear. The damaged shear modulus Gt2 at failure
can be computed as G t::2 = F6 y~1 , where F6 is the failure shear strength of the
lamina and Yll is the ultimate engineering shear strain, both of which can be experi
mentally determined. The value of the damaged inplane shear modulus Gt2 can be
used to derive a measure of the induced damage as follows. The shear stress-strain
law can be written in two equivalent forms:

(35)
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6. THE HARDENING PARAMETERS

~:
l

(38)

(37)

(36)

(39)

1 1 Gt2
ks = Q 1sQ 2s = G-

12

" ~ ('I ( b )1t (u) = - - exp - > 0
(', (',- -

for all the values of the variable b. For the previous relation to be fulfilled, the ma
terial parameters c I, C2 need to have di fferent signs.

The actual values of the hardening parameters are derived by comparison with
experimental data. Since it has been experimentally observed that the nonlinearity
of the behavior of fiber-reinforced PMC laminae is particularly severe in the case

The hardening constants Yo, (.'1 and C2 appear in the Expression (8) of the poten
tialrr from which the hardening variable y is derived. Let us preliminarily note that
the potential1t is assumed to be convex in the kinematic variable b. Therefore, its
second derivative has to be positive:

where (J6 and £6 are the effective stress and strain inplane components .. respec
tively. By substitution of Equation ( 11 ), the previous relation becomes

so that at failure

where the critical value of the product (Q ?\. Q ~ .\' ) has been determined in terms of
the value of the damaged and undamaged inplane shear modulus (Gt2 and G I2 ).

Thus, only the critical value of the product of the integrity parameters QIs and Q 2s

can be determined. This is a consequence of the assumption that the principal di
rections of the second-order damage tensor D remains aligned with the material
principal directions over the entire life of the material. Under these conditions,
shear damage is interpreted as a combination of longitudinal and transverse matrix
cracks, which is supported by experimental observations [4,22]. However, as ex
perimentally observed" most of the damage is in the form of longitudinal cracks, so
that the following must be satisfied.
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of inplane shear response, damage phenomena can be assumed to be very notice
able in this case. The basic idea is to adjust the hardening parameters to predict the
response of fiber-reinforced laminae subject to inplane shear stress by means of
the proposed constitutive model. Therefore, the constitutive model was imple
mented in the case of inplane shear stress (0" I =0"2 =0, 0"6 "# 0) and the model pre
dictions were compared with experimental data.

The parameters Yo, CI and C2 are determined by fitting the experimental shear
stress-strain plot. When this plot is not available, but only the undamaged inplane
shear modulus G I2 and failure inplane shear strength F6 are known, the curve can
be reconstructed using

(40)

which is known to represent shear experimental data very well [1,3,4]. Since ex
perimental values of F6 and G 12 are available in the literature, all the parameters of
the proposed damage evolution model can be completely identified from available
data.

Using the experimental data of Reference [4] for unidirectional Cytec-Fiberite
M30/949 carbon/epoxy, Equation (34) yields Dt:: =0.111 and using Equation (37)

80 .,....--r--......--........---..-----...---....--..,..-~,.....- .....

2

- model shear
o experiment shear

-0- model tensile/100
--6- model transverse

O-t:P&--------......--.......---'-_.....__"'--_-.a.__-'- -4

o

20

60

%-strain
Figure 1. Stress-strain behavior of Cytec-Fiberite M30/949 carbon/epoxy: experimental and
model results.
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Table 1. Material properties and adjusted damage parameters.
l.
'.

k.\. = 0.944. For carbon fibers, the measured Weibull shape modulus is In = 9, result
ing in D1r =0.105 [Equation (33)].·Finally, D2"; = 0.5 from Section 5.3. Then,
Equations (24), (27), and (32) are solved for J II , J22 , HI, H2 and r s [subject to con
dition (38)]. Next, the constitutive model is solved incrementally with an applied
inplane shear strain and the parameters Y(h CI and C2 are adjusted to match the ex
perimental shear stress-strain data. as shown in Figure 1. Material properties as
well as damage parameters are provided in Table 1.

Then'! with fixed values for the damage characteristic tensors J and H, as well as
fixed values for the damage-hardening parameters Yo, Cl, and C2, the model is used
to predict the behavior for other loading conditions. The predicted transverse
stress-strain curve shows nonlinearity and the longitudinal tensile curve seems to
be linear up to failure, as is routinely observed during materials testing. However,
closer examination of the predicted secant stiffness, shown in Figure 2, reveals that
damage takes place in all three modes of loading. A similar comparison for unidi
rectional Cytec-Fiberite M40/948 carbon/epoxy is shown in Figure 3.

Comparison of model and experimental shear results for unidirectional car
bon/epoxy T300/5208 are shown in Figure 4, using data from Reference [9]. Then,
with fixed values for J, H, Yo, C I' and C2, the model is used to predict the behavior of
off-axis samples. Comparison bet\veen otT-axis tests and model predictions for
T300/5208 with various fiber orientations are shown in Figure 5.

Property

£1 [GPa]
£2 [GPa]
G12 [GPa]
'\)12

FH [MPa]
F1c [MPa]
F2t [MPa]
Fs [MPa]
ks
ocr

1t
Dr;
ocr

2t
J11

J22

H1

H2

's
Yo
C1

C2

M30/949

167
8.13
4.41
0.27
3060
1255
35.8
75

0.944
0.105
0.111

0.5
0.952 X 10-15

0.438 X 10-12

25.585 X 10-9

-21.665 X 10-9

0.847
-0.6
0.30

-3.95 X 105

M40/948

228
7.99
4.97

0.292
2358
1462
43.5
90.3

0.908
0.105
0.111

0.5
2.208 X 10-15

0.214 X 10-12

10.503 X 10-9

-8.130 X 10-9

0.774
-0.12
0.10

-3.95 X 105

T300/5208

181
10.3
7.17
0.28
1500

52
68

0.474
0.1061
0.1109
0.500

3.147 X 10-15

0.225 X 10-12

5.303 X 10-12

-4.712 X 10-12

0.888
-0.25
0.045

-4.5 X 105

"
j,.
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Figure 2. Stiffness degradation ofM30/949 carbon/epoxy: experimental and model results.
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Figure 3. Stress-strain behavior of Cytec-Fiberite M40/948 carbon/epoxy: experimental and
model results.
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Figure 5. Off-axis stress-strain behavior of T300/520B carbon/epoxy: experimental and
model results.
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7. CONCLUSIONS

The main advantages of the proposed model are simplicity and consistency with
accepted failure criteria for composites. All parameters of the proposed model can
be identified from available experimental data. The postulated damage surface re
duces to the Tsai-Wu surface in stress space, thus supporting the present model
with the large body of experimental evidence associated to such well known fail
ure criteria. However, when the present model goes far beyond simple failure crite
ria by identifying a damage threshold, hardening parameters for the evolution of
damage, and the critical values of damage for which material failure occurs.
Invariance to coordinate transformation, and full interaction of stress and damage
components in the thermodynamic-force space is achieved without sacrificing
simplicity. Several aspects of the model allow for improvement as new experimen
tal evidence is collected. Namely, the hardening law· could be changed and the crit
ical values of damage at failure could be refined with no change to the proposed
formulation.
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