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esting composite laminates for energy absorbing ability can be accomplished
well with the 64-mm-wide specimen. It is stable, not affected by the edge con­
straints, and yields a comparable SSCS value to that of the tube specimens. The
ease with which th~ 64-mm-wide specimen can undergo off-axis testing. is also
beneficial for investigating the energy absorption characteristics of composites.
Moreover, the flat-plate is more economical for energy absorption laminate
screening because ofthe ease of manufacture and .testing.
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ABSTRACT: A global approximation method to optimize material architecture and
cross-sectional area of new fiber reinforced plastic (FRP) composite beams is presented.
The sections considered are intended for applications in short-span bridges. The beams are
subjected to transverse loading, and the optimization constraints include deflection limit,
material failure, and elastic buckling. Assuming a laminated structure for the pultruded
FRP shapes, experimentally-verified micro/macromechanics models are used to predict
member structural behavior. The design variables include the cross-sectional geometric di­
mensions and the material architecture. The constraint functions are defined through a
global approximation at a number ofdesign points, and the approximate constraint equa­
tions are obtained through multiple linear regressions and are defined as power law func­
tions of the design variables. The proposed method can concurrently optimize the dimen­
sions and material architecture ofa given shape, and as an illustration, a new winged-box
(WB) shape is optimized. The present optimization approach combined with existing
knowledge on FRP shapes can be used to develop various new shapes and to create a new
family of efficient FRP geometries for the civil structural market.

KEY WORDS: deflection, elastic buckling, failure, global approximation, power la\v,
material architecture, pultrusion, FRP shapes, optimization, laminated beam.

1. INTRODUCTION

F IBER-REINFORCED PLASTIC (FRP) beams and columns are increasingly used in
civil engineering structures, because of their favorable properties, such as

light·weight, electromagnetic transparency, noncorrosive, and high energy ab­
sorption. FRP structural shapes are being considered either to replace or comple­
ment the traditional steel, aluminum, wood, and concrete structural members. FRP
shapes are typically manufactured using glass fibers and either polyester or vinyl

·Department of Civil and Environmental Engineering.
··Department ofMechanical and Aerospace Engineering.
tAuthor to whom correspondence should be addressed.

Journal ojCOMPOSITE MATERIALS, Vol. 32, No. 2/1998

0021-9983/98/020177-20 $10.00/0
© 1998 Technomic Publishing Co., Inc.

177



PIZHONG QIAO, JULIO F. DAVALOS AND EVER J. BARBERO Design Optimization ofFiber Reinforced Plastic Composite Shapes 179

ester resins. The shapes are commonly produced by pultrusion, a continuous pro­
cess capable of delivering one to five feet per minute of prismatic thin/thick­
walled members, or by a recently developed vacuum assisted resin transfer mold­
ing process-Seeman Composite Resin Infusion Molding Process (SCRIMP).
With significant recent improvements made in pultrusion manufacturing and the
potential shown by the SCRIMP process, the production of large FRP structural
shapes for construction of bridges and buildings is a reality.

Current FRP structural shapes used in civil engineering are similar to existing
steel shapes~ which were designed by trial-and-error and by market acceptance of
the best shapes over a long period oftime. However, this process mayor may not
apply to FRP shapes. The significant progress made in the quality ofconstituents,
fiber and resin systems, has been incorporated into FRP shapes overthe years, but
the majority of the geometric shapes simply emulate existing steel shapes. Thus,
the concern is that the current and not optimum FRP shapes may not be accepted
by the construction market, because ofthe relatively low performance-to-cost ra­
tio of current sections, and therefore, FRP shapes. may not have the chance to
evolve in the marketplace in a similar way as steel shapes have.

A particularly attractive adva~tage ofFRP composites is the ability to tailor the
material system along with the geometric shape for a given application. The full
potential applications ofcomposites could be realized by concurrently designing
the material system and structural shape to attain a desirable structural behavior.
This advantageous characteristic' ofpultruded FRP composites can be exploited to
overcome controlling constraints, such as deflection limit, material failure, and
critical buckling load. The purpose ofthis paper is to combine existing knowledge
on analysis and design ofFRP shapes with innovative optimization techniques to
fonnulatean optimization procedure for new FRP composite structural shapes.
The important considerations in design and analysis of optimal FRP shapes for
structural applications are discussed, and the present technique can be used t,o de­
velop various new shapes. We envision that by developing optimally designed
sections, the evolution and acceptance time for FRP shapes in the civil infrastruc­
ture market can be accelerated.

Unlike the extensive work reported for laminated composite plates and shells
[1,2], the material architecture and shape optimization of thin-walled and
moderately-thick-walled laminated composite beams is still under investigation
and is less developed. Burnside et al. [3] proposed a design optimization ofan all­
FRP bridge deck; cellular box and stiffened box geometries were optimized with
considerations ofdeflection and buckling in their studies. Morton and Webber [4]
developed a procedure for obtaining an optimal (minimum area) design ofa com­
posite I-beam with regard to structural failure, local buckling, and midspan deflec­
tion; by using an iterative design-and-test strategy combined with heuristic rede­
sign rules and a complex method, they obtained an optimal solution in terms ofa
set of cross-sectional dim·ensions. Davalos, Qiao, and Barbero [5] recently pro­
posed a multiobjective (Inulticriteria) design optimization ofmate.rial architecture
(ply fiber orientations and ply fiber percentages) for pultruded FRP shapes. Awide
flange I-section beam, which is one ofthe most commonly used structural shapes,
was chosen to illustrate the analysis and design optimization; the beam maximum

deflection, buckling resistance, and material failure were considered as multiple
objectives (criteria) in the optimization process. The optimal solutions were ob­
tained through a multiobjective'scheme, and a recommended practical material ar­
chitecture design was proposed, which was used to manufacture and test actual
sections.

In this paper, we present a global approximation method to concurrently opti­
mize the material architecture and cross-sectional area of a new pultruded. FRP
shape. The member is subjected to transverse bending loading, and the optimiza­
tion constraints include deflection limit, material failure, and elastic buckling, all
ofwhich depend on the material system (lay-up) and the cross-sectional geom'etry
(shape) ofthe member. The design variables include the cross-sectional geometric
dimensions and material architecture. The constraint functions are defined
through a global approximation at a number ofdesign points, and the approximate
constraint equations are obtained using multiple linear regressions to generate
power law functions of the design variables. We use statistical tools to assess
goodness-of-fit of the constraint approximations. The overall optimization
scheme is used in conjunction with the commercial program IDESIGN [6] to ob­
tain the optimal solution for the design problem.

2. CHARACTERIZATION OF PLY MATERIAL AND
LAMINATE PROPERTIES

The modeling ofFRP shapes requires several material properties, primarily lon­
gitudinal and transverse moduli and strengths and in-plane shear stiffness and
strength for each layer ofeach panel ofthe cross section. These properties need to
be predicted during the optimization process as functions ofthe design variables.
Most pultruded FRP sections, such as wide-flange, box, and other shapes, consist
typically ofarrangements of flat walls Qr panels. Usually, the reinforcement used
is E-glass fiber, and the resin or matrix is either vinyl ester or polyester. Although
pultruded FRP shapes are not laminated structures in a rigorous sense, they are
pultruded with material architectures that can be simulated as laminated configu­
rations [7]. A typical pultruded section may include the following four types of
layers [8]: (1) Athin layer ofrandomly-oriented chopped fibers (Nexus) placed on
the surface ofthe composite. This is a resin-rich layer primarily used as a protec­
tive coating, and its contribution to the laminate response can be neglected; (2)
Continuous Strand Mats (CSM) of different weights, consisting of continuous
randomly-oriented fibers; (3) Stitched Fabrics (SF) with different angle orienta­
tions, which commonly used 0°/90° and ±45° orientations in practical designs [5];
and (4) Roving layers that contain continuous unidirectional fiber bundles, which
contribute the most to the stiffness and strength of a section.

This study is concerned with the design optimization of material architecture
and dimensions ofFRP shapes, consisting ofE-glass fibers and vinyl ester nlatrix.
The material properties of the constituents (E-glass fiber and vinyl ester matrix)
are considered to be isotropic [8]. The material architecture ofthe component pan­
els includes sets ofcontinuous strand mats (CSM), ±45° stitched fabrics (SF), and
rovings (unidirectional fibers) arranged through the thickness of each panel. A
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Figure 1. Simulation of idealized panel lay-up system for pultruded FRP shapes.
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ymmetric lay-up is considered consisting ofan idealized (3m - 1) number oflay­
~s with mCSM layers, m SF layers, and (m - 1) roving layers, as shown in Figure
,The idealized layer thicknesses ofCSM, SF and roving layers (tCSM, tSF and t r )

Id their corresponding fiber volume fractions [( Vj)CSM, (Vj)SF and (v,,)r] are evalu­
:ed using the information provided by the material producer and pultrusion
lanufacturer (see Reference [8]), and each layer is modeled as a homogeneous,
tlearly elastic, and generally orthotropic material. The ply materials used are
)ecified as 0.229 kg/m2 [3/4 oz/ft2

] CSM, 0.6 kg/m2 [17.7 oz/yd2
] SF, and 227.6

/kg [113 yield (yard/Ib)] roving, which are commercially available' and com­
,only used in pultruded FRPs. The units used in this study are oz for CSM and SF
Id yield for rovings, because these units are widely accepted in manufacturing
Id design. The ply thicknesses (tCSM and tSF) are given in Figure 1, and the fiber
llume fractions for CSM [(JI!)CSM] and SF [(v,,)SF] layers are obtained following
lavaols et aI. [8]. The fiber volume fraction ofa roving layer is assumed as (J-f)r =
50/0 in this study. The total thickness of a panel, t, is defined as

Figure 2. Pane/thickness (t) as function oflay-up number (m) and roving /ayerthickness (tr)'

In this study, the design variables for material architecture are the lay-up
number (m) and roving layer thickness (t,). By knowing' m and I, for a panel ofan
FRP shape, the panel thickness (t), number ofrovings (N,), and the fiber percent­
ages ofSF, CSM, and roving layers can be obtained. The relationship between the
variables m and I, with respect to the panel thicknesses is plotted in Figure 2. Con­
sidering current manufacturing practices, the following' upper and lower bounds
are imposed on the design variables ofmaterial architecture:

(m - 1)(Vj ), t, X 100%
X, = t

(3)

10

x 100%

9876
m

s432

m(Vf )CSMtCSM X 100%,
X CSM = t

(I)t = nlt,\'F + mtcSAtf + (m - I)t,

here, for a given roving layer thickness (t,) and lay-up number (m), the panel
ickness, t, can be computed from Equation (I).
Fora roving layer, the numberofrovings per unit width (mm-lor [in-I ]), Nr , can

~ independently computed by knowing t, and (fJ), as

2S mS 9

0.0508 mm [0.002] in S t, S 17.018 mm [0.67 in]
(4)

here the yield (Y = 227.6 m/kg [113 yard/lb] in this study) and density (pr =
0546 kglmJ [0.092 Ib/in3

] for E-glass fiber) are given by the material producer
ee Reference [8]). The fiber percentages of SF, CSM, and roving layers in a
lDel can be defined as

N r = Yp,(Vj),t, (2)
For pultruded sections, it is not practical to evaluate the ply stiffnesses through

experimental tests, since the material is not produced by lamination lay-up. The
ply stiffnesses can be computed from several fonnulas ofmicromechanics ofcom­
posites [8]. In this study, we compute the ply stiffnesses (Table I) using a micro­
mechanics mo~el for composites with periodic microstructure [9]. Ply strength
values cannot be predicted by standard micromechanics models developed for
aerospace-type composites. A new set ofmicromechanics models, sometimes in-



3.1 Deflection Predictions

3. ANALYSIS OF FRP SHAPES

Foreach panel, a contourcoordinate ofthe middle surface is defined in terms ofthe
vertical coordinate as (Figure 3)

eluding empirical correction factors, have been developed and correlated with ex­
perimental data by Makkapati [10], Sonti [11], and Tomblin [12]. In this study, we
predict first-ply-failure (FPF) based on the ply strengths evaluated from existing
models [10-12].

(6)

(5)
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B; = (-f3I1~-J);, 15; = (all~-J);

where ~ = andn - P;I

y(Sj ) = S; sin l/>; + Y;

A; = (dll~-J);,
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In this study, the response ofFRP shapes in bending is evaluated using the Me­
chanics ofthin-walled Laminated Beams (MLB) model [13]; a formal engineering
approach based on kinematic assumptions consistent with Timoshenko beam the­
ory. MLB can be applied to FRP structural shapes with either open or closed
cross-sections consisting ofassemblies offlat walls; it is suitable for straight FRP
beam-columns with at least one axis ofgeometric symmetry. For each laminated
wall (e.g., a flange or a web), the compliance matrices [a]3x3, [P]3x3, and [£5]3x3 are
obtained from classical lamination theory (eLT) [14]. Incorporating stress resul­
tant assumptions compatible with beam theory without torsion and assuming that
the off-axis plies are balan~ed symmetric (a16 = Pl6 = 0; for most pultruded FRP
sections, the off-axis plies are manufactured with balanced symmetric patterns),
the extensional, bending-extension coupling, bending, and shear stiffnesses of
each panel are expressed as:

where h; ~s the panel width, y; is the location ofthe panel centroid with respect to a
global coordinate x-y, and l/J; is the orientation of the ith panel.

General expressions for the beam stiffness coefficients are derived from the
beam variational problem. Hence, axial (A:), bending-extension coupling (Bx or

Because of the complexity ofcomposite materials, analytical and design tools
developed for members of conventional materials can not always be readily ap­
plied to F~P shapes, and numerical methods, such as finite elements, are often dif­
ficult and expensive to use and require specialized training. Therefore, a compre­
hensive engineering approach for analysis and desig~ ofpultruded FRP shapes has
been developed. The analyses ofFRP beams for elastic, failure, and buckling re­
sponses are briefly discussed next.
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As illustrated in Equation (8), the bending and shear components ofdeflection can
be independently evaluated in MLB.

I

ko's beam theory equilibrium equations. In particular, available expressions for
maximum bending and shear deflections can be used; for example, the maximum
deflection for a 3-point loading of a beam of span L and design load Pis:

3.2 Predictions of Ply Strains and Stresses and First-Ply-Failure

For a beam loaded in the z-y plane (Figure 3), the axial, shear, and bending
stress resultants are Nz, Vy, and My. Then, the middle-surface strains and curvature
of the ith wall are expressed as

(8)
PL3 PL

6. - -- + -~-F----Ii. = Ii. b + • - 48Dy 4K y y

and the stress resultants in the ith wall become

N M V
Ez(S;,Z)= _z + (y(s;)- y,,)-y, Ysz(Spz) = -y-sinq>;

Az Dy K yFy (9)

_ My
X:(Sj,z)= -cos~;

Dyn

A: = LA;b;
;=1

x

z

Figure 3.. Thin-walled panel geometry and contour coordinate.

By), bending (Dx or Dy), and shear (Fx or Fy) stiffnesses that account for the contri­
bution of all the wall panels can be computed as:

The location ofthe neutral axis ofbending (xn orYIl), as shown in Figure 3, can be
:lefined by equating"to zero the beam bending-extension coupling coefficient (B

x
>r By). An explicit expression for the static shear correction factor (Kx or Ky) is de­
'ived from energy equivalence, and the location ofthe shear center is defined in or­
ler to avoid geometric coupling ofbending and torsion. General equations for the
Itatic shear correction factor for various FRP sections are presented in Reference
13]. Displacement and rotation functions can be obtained by solving Timoshen-

FPF = K SF1{(if+ (~2f-(1;2 + (T;2 f] (II)

where KSF is a safety factor greater than one; as an illustration in this study, a value
of 3.0 is used, "to account for uncertainties in modeling, particularly ply strength
values. The in-plane stress components O'J, 0'2, and 'r12 are defined in material coor­
dinates, andX, Y, and S are the corresponding ply strengths, as given, for example,

Ply strains and stresses, through the thickness ofthe ith wall, can be obtained from
Classical Lamination Theory (CLT) [14] using the stress resultants given in Equa­
tions (10). The accuracy ofMLB for deflections and strains has been favorably es­
tablished experimentally and numerically (see Reference [8]).

The Tsai-Hill failure criterion is used to predict the first-ply-failure (FPF) factor
for a given load as

(10)Nz(s;, z) = AiE: + B;X:, Ns:(sp z) = F;y s:

M:(s" z) = B;E: + [jiX:

(7)

"~- • 2Fy = L.J F;b; sm ~;
;=1

n

By = L[A;(v; - y,,)+B;cos~;]b;
;=1

" [- ( _ 2 h;2. 2 )Dy = L A; (Yi - y,,) +-sin fIJI
;=1 12

+ iiilCYI - y" )cos tPl + 751 cos 2 tPJbl
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.IJ Table 1. A value of FPF lower than t.o indicates that first-ply-failure is not of
concern in the design.

3.3 FRPBEAM Computer Program

Based on the modeling assumptions and analytical tools for FRP beams dis­
cussed previously, the computer program FRPBEAM was developed by Qiao, Da­
valos and Barbero [15] to model, analyze and design FRP beams, from the evalua­
tion of ply stiffnesses by micromechanics [9] to the overall beam response by
Mechanics of Laminated Beams (MLB) [13]. As previously verified by a com­
bined experimental and numerical study [8,16], the MLB subroutine can be used
to confidently predict displacements and strains for pultruded FRP beams.

3.4 Elastic Buckling of FRP Shapes

To predict the critical buckling loads and buckling modes, we use in this study
8-node isoparametric layered shell finite elements'with ANSYS [17]. Due to the
relatively low stiffness-to-strength ratio of glass fiber-reinforced pultruded sec­
tions, the cross sections, consisting of thin or moderately thick walls or panels,
usually have large depths, and both local-distorsional and lateral-torsional buck­
ling effects should be considered in design. For compact or closed cross sections,
lateral-torsional buckling may not be critical, but local buckling can be important
particularly for thin-walled sections. We indicate the buckling response using a
buckling load factor (BLF), which is a ratio of the design load, P, to the critical
buckling load, Pcr:

In this study, the objective function represents the cross-sectional area of FRP
shapes, and the minimization of the beam cross-sectional area can be accom­
plished with available unconstrained optimization algorithms. However, the
evaluation of the constraints (deflections, structural failure, critical buckling
loads) can be a difficult problem and a time-consuming effort involving explicit
and/or numerical analyses to define the design space. For a given shape, we define
the geometric constraints based on practical applications [8], and the constituent
materials and lay-up system are defined based on material availability and manu­
facturing limitations, as presented in Section 2.'

The optimization scheme, OPTSHAPE, used in this study is illustrated in Fig­
ure 4. The constraints on deflection limit, first-ply-failure load, and critical buck­
ling load are generated through global approximations using the FRPBEAM pro­
gram [15] and finite element analysis with ANSYS [17]. Then, the beam midspan
deflection (~), first-ply-failure (FPF) factor, and buckling load factor (BLF) are
evaluated at a number of design points (dimensional and material-architecture
variables) and expressed in terms of the design variables through multiple linear
regression analysis (MLRANA) to generate power law expressions. In OPT­
SHAPE, the constraint functions are defined through a global approximation [2],
and they are subsequently refined in an iterative process as the optimization
evolves. The most common global approximation used is the response surface ap­
proach. With this approach, the constraint function is sampled at a number of de­
sign points (a set ofdimensional and material variables), and then an analytical ex­
pression called the response surface (a polynomial) is fitted to the data.
Construction of a response surface often relies heavily on the theory of experi-

4. DESIGN PROBLEM FORMULATION AND
OPTIMIZATION SCHEME

where K SF is a safety factor; as an illustration, a value of KSF = 3.0 is used in this
study. A value ofBLF smaller than 1.0 indicates that buckling is ofno concern. In
this study, the critical buckling load obtained from ANSYS is used in analysis and
optimization, and no effort is made to correlate the critical buckling load to the cor­
responding buckling mode.

In this section, we describe the formulation ofthe design' optimization problem
and the proposed optimization scheme. The optimal design of pultruded FRP
structural shapes is a standard problem of finding a design variable vector b that
will minimize an objective function F(b) subjected to equality constraints, G;(b) =
~ (j = ) to p), and inequal ity constraints, Gi (b) S 0 [i =(p + 1) to m], and with ex­
~licit lower and upper bounds on the design variables given as hi! S hi S bill, for i =
I to n. Figure 4. Optimization scheme of OPTSHAPE.

(12)
P

BLF= K SF p-
cr
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ments and is an iterative process that begins with the assumption ofthe analytical
fonn of the response surface. In this study, we use a multiple linear regression
analysis (MLRANA) to generate the response surface. Then, the approximate
model (the response surface) is used to predict the function at a number ofselected .
test points (a selected set ofdesign variables), and statistical measures are used to
assess the goodness-of-fit, or the accuracy, ofthe response surface. Ifthe fit is not
satisfactory, the process is restarted, and further experiments are made~ or the pos­
tulated model is improved by removing and/or adding terms. Finally, the approxi­
mation model generates a power law as aconstraint function ofdesign variables.

Several design variables should be considered in the optimization ofcomposite
shapes. The geometric cross-sectional variables include the thickness and width,
or height, ofeach panel. The material variables include the lamination sequence, a
variety of resin and fiber systems, fiber orientations, and fiber volume fractions
(Vj). Manufacturing constraints in the pultrusion process should be considered to
eliminate or limit some ofthese variables, such as lamination sequence and fiber
volume fractions. Based on the characterization of ply materials introduced in
Section 2, we assume a (3m - 1) symmetric lay-up system for a given panel ofa

pultruded FRP beam, and the lay-up number m and roving layer thickness t, are
considered as the panel material-architecture design variables. The panel thick­
nesses and the corresponding fiber percentages of roving, CSM and ±45° angle­
ply stitched fabrics can be determined from these two design variables (see Sec­
tion 2). Considering material-architecture variables and dimensional variables, we
proceed to optimize an FRP shape.

In Figure 4, OPTSHAPE consists ofseveral subroutines that perform the analy­
ses ofnew pultruded FRP shapes and define the optimization problem to be solved
with IDESIGN [6], which is used as an optimization program. For specified input
data, the objective and constraint functions are generated by the program OPT­
SHAPE. At each iteration in the design process, updated values ofthe deflections,
first-ply-failure factors (FPF), and buckling load factors (BLF) are computed by
the structural analysis subroutines ofOPTSHAPE to generatethe constraint func­
tions.

As an application, a new winged-box (WB) pultruded FRP shape (Figure 5) is
optimized using the optimization scheme ofFigure 4. The details ofthe optimiza­
tion ofthe winged-box beams are presented in the next section, and a similar pro­
cedure can be applied to optimize other innovative FRP shapes.

s. OPTIMIZATION OF FRP WINGED-BOX (WB) BEAMS

Figure 5. Cross-sectional dimensions and material architecture of winged-box (WB) sec­
tion.

A pultruded FRP Winged-Box (WB) section as a new structural shape has
promising advantages for future applications in civil structures. The main features
of a WB section are: 1) the closed-section geometry provides a higher torsional
stiffness than conventional open-sections; hence, the response of this section to
torsional warping and lateral-torsional buckling can be highly improved; 2) the
double-web configuration. ofthe WB section provides about twice the shear stiff­
ness of a conventional wide-flange (WF) shape; 3) the WB section can provide
better bending stiffness about the weak axis than a box section; 4) the shear-lag and
local buckling effects in the flanges of a WB section are reduced because of the
presence ofthe two stiffening webs. Also, the two webs provide a better stress dis­
tribution between webs and flanges than in a WF section; 5) finally, the wing
flanges can facilitate the connection details to other members, such as columns and
decks or wall panels.

The selected load and span combination is intended for application in short­
span bridges under AASHTO HS 25-44 traffic loading. The optimal design prob­
lem is concerned with simply-supported beams under a midspan concentrated
load. The equivalent maximum transverse load is Py = 53,400 N [12,000 Ib], and
the beam span is L =6.096 m [20.0 ftl. The optimal design ofthe winged-box sec­
tion is a minimization problem of the cross-sectional area with design variables
subjected to inequality constraints. The objective function for the winged-box sec­
tion is the cross-sectional area (as shown in Figure 5 ), defined as:

5.1 Optimal Design Problem Formulation for FRP
Winged-Box (WB) Beams

-------- -- --- - - - -- ---- - --
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A = 2[2(bl + b2 )tf + ht w ] (13) 0.0508 mm [0.002 in] S I if :S 17.0] 8 mm [0.67 in] (see Figure 2)

where as shown in Equation (1), the thicknesses offlanges (If) and webs (Iw) can be
expressed as 2:Smw S9

76.2 mm [3.0 in] S bl S 228.6 mm [9.0 in]

Based on practical considerations, the lower and upper bounds on the design vari­
ables are:

In (F) = a + fJ In (hI) + X In (b2 ) + d In (h) + E In (mf )

+ q, In (t if ) + " In (mw ) + 1] In (trw ) ( 15)

where, F represents the function defining either midspan deflection (A), or BLF,
or FPF, anda,{3,x,~, e,q"" and 1] are unknown constants. Then, the approximate
function ofEquation (15) is used to generate a power law as a constraint function
of design variables:

(21)

FPF = 52.9353h.-O.332328 b;0.2969S7 h-1330647 mj0946984

X t -0. 597288 n,-o. 862306 t -0.466959 < 10
rf w rw - •

If = mflsF + mflcSM + (mf - I)/'f S 19.05 mm [0.75 in] (18)

0.0508 mm [0.002 in] :S I,w S 17.018 mm [0.67 in] (see Figure 2) (17)

t w = mwl SF + mwlCSM + (mw - l)t,w S 19.05 mm [0.75 in] (19)

A = 0.0660 mm [910.8262 in] h~0.39047 b~0.25333 h-2.22212

X m-1.1799S t -O.66389 m-O.8JOSSt-O.41692 < ...!:- (20)
f if w ,w - 800

1. Flange and web panel thicknesses:

Using these limits, the evaluations of deflections (A), first ply failure factors
(FPF), and buckling load factors (BLF) are carried out using the analytical tools in­
troduced in Section 3, for a finite set ofdesign variables. The results of the para­
metric studies are used to generate power functions [Equation (16)] for the con­
straints A, FPF, and BLF.

Four design constraints are considered.

where, 19.05 mm [0.75 in] is the approximate maximum thickness that can be
produced by existing pultrusion technology.

2. Deflection limit (FRPBEAM program):

where, L is the length ofthe beam (= 6.096 m [20.0 ft] in this study), an L/800 is
a limit commonly used in bridge design.

3. Material failure (first-ply-failure by Tsai-Hill Failure criterion, FRPBEAM
program):

(16)

(14)If = mflsF + mflcSM + (mf - 1)/'f

t w = mwtsF + mwtcSM + (mw - l)/,w

F(A, or FPF or BLF) =ahf hf hd
lnit~m~t~w

The subscripts f and wrelate quantities to flange and web panels, respectively; m
is the lay-up number, with (3mf - 1) and (3mw - 1) as the total number oflayers on
flange and web panels, and tif and trw are, respectively, the roving layer thicknesses
on the flange and web panels. The seven design variables ofthe optimization prob­
lem are: bl, h2,.h, mf, trf, mwand trw. The material architectures for the flanges and
webs ofthe WB section are both symmetric but can be different from each other,
because ofdifferences in the lay-up numbers and roving layer thicknesses (Figure
5). The material configurations consist ofrovings (unidirectional fibers), continu­
ous strand mats (CSM), and ±45° angle-ply stitched fabrics (SF) arranged in a
symmetric pattern (see details in Section 2). The optimal thicknesses of flanges
and webs can be obtained from the optimized material architectures (by knowing
mj, lif, mw, and Irw in the optimization process).

A multiple linear regression analysis (MLRANA) is used to generate the ap­
proximate constraint functions in terms of natural logarithms:

50.8 mm [2.0 in] S b2 S 152.4 mm [6.0 in]
4. Finally, elastic buckling analysis (buckling load factor with ANSYS, FE):

304.8 mm [12.0 in] s h s 609.6 mm [24.0 in]

2 S mf S 9

BLF = lI7415b-o.751492bo.02388ho.0626 -0.77724
I. 2 mf

X t -0.434566 m- I. 393682 t -0. 7S 1492 < to
if w rw - (22)
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Values at Optimum PointConstraint Function

Table 3. Deflection (a), FPF and BLF factors at the optimum point.
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22581
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Iteration Number

Figure 6. Cost function (cross-sectional area) history.

Table 2. Evolution of design variables for winged box (WB) beam
for selected iferatlons.

By combining the OPTSHAPE and IDESIGN programs (Figure 4), the opti­
mized solution for the winged-box section is obtained through several iterations
(Figure 6). The optimum design for the cross-sectional geometry and material ar­
chitecture for the winged box (WB) section is given in Table 2, and the constraint
values at the optimum design point are shown in Table 3.

To examine the good.ness-of-fit of the multiple linear regressions [Equation
(15)] for the constraint functions [Equations (20) to (22)], the confidence intervals

Table 4. Predictions at the optimum design point with 90% confidence.

7.772mm
0.509
0.842

Deflection (~)

Material failure (FPF factor)
Buckling (BlF)

90% Confidence Intervals

Constraint Predicted Measure of Lower Upper
Function Optimum Value Standard Deviation Limit Limit

~ 7.772 mm 1.072 mm 6.008 mm 9.535 mm
FPF 0.509 0.0689 0.396 0.622
BlF 0.842 0.0868 0.699 0.985

I
~
d

~
~
~
1

t;
. ~

~
~12 (opt.)10

No. of iterations

97

b1 (mm)
b2 (mm)
h(mm)
m,
t,,(mm)
mw
trw (mm)
A (mm2)

Max. Vio.*
Conv. Parm.**

102.46
79.48

389.99
3.578
8.128
6.865
0.114

26174.1
1.658
1.000

79.17
102.49
459.21
4.601
5.283
8.775
0.119

26247.0
0.0660
3.151

76.20
93.88

547.80
5.354
3.683
9.000
0.117

25633.5
0.0222
0.0707

76.20
80.75

609.60
5.846
2.819
9.000
0.109

24510.9
0.0187
0.0654

*Maximum constraint violation (Max. Vio.) should be nearly zero for feasible design.
**Convergence Parameter (Conv. Parm.) should be nearly zero for optimum design cost.
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Fiber Percentages (%)

Table 5. Fiber percentages of typical layers for the optimum
winged-box (WB) section.

6. CONCLUSIONS

The results presented in this paper indicate that practical optimal solutions for
FRP shapes can be obtained by using the existing knowledge on FRP shapes and
an innovative optimization technique, as described in this study. The global ap­
proximation approach is successful in handling the constraint functions, which are
the most difficult to define in a design optimization process. In this study, the mul­
tiple linear regression constraint equations provide smooth fitting-functions in the

5.2 Results of Winged-Box (WB) Beam Optimization

Based on the results presented in the previous section, the final practical dimen­
sions and detailed material architecture ofthe winged-box (WB) beam are shown
in Figure 7. The materials chosen are commercially available and currently used
by the pultrusion industry. The fiber percentages ofCSM, angle-ply SF, and rov­
ing layers in the optimum WB section are different for flanges and webs, and the
results are listed in Table 5 [computedfrom Equation (3)]. A reanalysis ofthis sec­
tion indicates the following results:,deflection A=7.645 mm [0.301 in](== LI800);
material failure factor (FPF) = 0.393, which takes place in the ±45° angle-ply fab­
ric layer ofthe webs at the junctionwith the flanges; and buckling load factor, BLF
= 0.534, corresponding to local buckling mode of the beam panels. The lay-up
shown in Figure 7 can be used in industry to manufacture thjs potential section,
and therefore, the optimization procedure presented in this paper is a practical tool
to devetop new FRP shapes.

are estimated [18]. In Table 4, we show the predicted values for ~, FPF, and BLF
along withapproximat~ons ofstandard deviations (usually denoted as s); the limits
around the mean (optimum) values for 90%.confidence intervals indicate rela­
tively narrow distributions (about 20°A.) above and below the predicted optImum
values.

As can be observed from the optimization results (Table 3), both the deflection
and elastic buckling constraints are the primary influential factors in the design of
the WB FRP beam, with material failure being less ofa concern for the type ofload
selected in this example.

Layers In Flanges In Webs In the Whole Section

3/4 oz. CSM (XCSM) 2.832 7.282 4.471
17.7 oz. ±45° SF (XSF) 7.140 18.360 11.274
113 yield ravings (X,) 37.400 9.735 27.208
Total 47.372 35.377 42.953
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multi-dimensional design space and are used to define power-law approximations
ofthe constraints as products of the design variables. The analytical tools used to
characterize the structural behavior of FRP shapes provide a vehicle to carry out
the optimization process. It is significant that through this work, a new optimal
shape ofawinged-box section is proposedfor structural applications, and the pres­
ent technique can be used to develop various new shapes. Thus, the present ap­
proach can permit the development of a new family ofefficient FRP geometries
for the civil structural market.
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