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ABSTRACT: An analytical formulation is developed for the prediction ofcompression
strength of unidirectional polymer matrix composites. The exact solution ofthe problem
is simplified into an explicit equation for compression strength. Then, a nondimensional
group is identified and used to propose a simple formula for the prediction of compres
sion strength. The final formula can be used in design or to estimate the compression
strength of production parts without performing compression testing. No empirical or
semi-empirical parameters are used. The formula is validated for a broad class of materi
als including a variety ofpolymer matrices reinforced with carbon and glass fibers. Three
parameters are required: the shear stiffness and strength of the composite and the stan
dard deviation offiber misalignment in the composite. All three parameters can be meas
ured by well-established techniques. Data from the literature is used to validate the for
mula.

KEY WORDS: compression strength, unidirectional composite, polymer matrix com
posite, design equation.

1. INTRODUCTION

M ANY MODELS HAVE been proposed trying to improve the prediction of
compression strength of composites first introduced by Rosen [1].

The literature encompasses fiber buckling modes [2], kink-band models
[3], and kink-bands induced by microbuckling [4]. In fiber buckling mod
els, it is assumed that buckling of the fibers initiates a process that leads to
the collapse ofthe material [1]. Rosen's model has been refined with the ad
dition of initial fiber misalignment and non-linear shear stiffness [2]. The
detrimental influence of fiber misalignment has been experimentally dem-
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3. FIBER MISALIGNMENT

An optical technique [13] can be used to measure the misalignment angle of
each fiber in the cross section. The technique consists of cutting the composite at
an angle and measuring the major axis ofthe ellipse fonned by the intersection ofa
cylindrical fiber with the cutting plane. The misalignment angle is computed from
the major axis length, the fiber diameter (which can be measured as the minor axis
ofthe ellipse), and the angle ofthe cutting plane. In this way, adistribution offiber
misalignment is obtained. The distribution was shown to be Gaussian by using the
Cumulative Distribution Function (CDF) plot and the probability plot [14]. There
fore, the probability density (Figure 1) is

where GLr is the initial shear stiffness and 1'" is the shear strength. The coefficients
GLr and 1'" are obtained by fitting the stress-strain experimental data. Complete
polynomial expansions [17] fit the experimental data well but they are not anti
symmetric with respect to the origin. This introduces an artificial asymmetrical bi
furcation during the stability analysis [8]. Asymmetrical bifurcation means that,
because of the shear equation used, a straight fiber would have a preference for
buckling with lateral deflections to one side and not to the other, which is physi
cally unrealistic. Truncated polynomial expansions ofthe hyperbolic tangent pre
serve the anti-symmetry but they do not fit the data correctly for large values of
strain.

For this paper, experimental values of GLr and 1'" were taken from the litera
ture. Experimental data can be obtained by a variety of techniques including the
±45 coupon, 100 off-axis, rail shear, Iosipescu, Arcan, and torsion tests [18,19].
When experimental compression data is compared with model results, the non
linear shear stress-strain curve should be measured for the actual composite being
tested in compression. We purposefully avoided using micromechanical models
based on linear elasticity because the material exhibited non-linear behavior and
because the in-situ properties ofthe matrix are different from the properties ofthe
bulk matrix.

onstrated [5,6]. The experimental evidence suggests that fiber buckling of per
fectly aligned fibers (Ros'en' s model) is an imperfection sensitive problem.
Therefore, small amounts of imperfection (misalignment) could cause large re
ductions in the buckling load, thus the reduction of the compression strength
with respect to Rosen's prediction. Fiber buckling can be shown to be insensi
tive to imperfections ifa linear shear stress-strain law is used for the composite
[7]. However, it has been shown [8] that imperfection sensitivity does occur for
composites with non-linear shear response. The effect of initial shear stiffness
on the compression strength has been studied experimentally [6,9], concluding
that higher initial shear stiffness correlates with higher compression strength.

It has been shown [10-12] that the spacial distribution offiber imperfections
may affect significantly the compression strength of the composite. However,
most fiber buckling models are deterministic with respect to fiber misalign
ment, in the sense that all the fibers are assumed to have a single value of fiber
misalignment. Then, fiber misalignment is taken as an empirical parameter and
it is set to a reasonable value so that the model predictions match the experi
mental data. By performing tests at different temperatures, effectively chang
ing the shear response, Wang [2] shows that after the fiber misalignment is
found empirically (by fitting measured strength data), it can be considered con
stant for a material. However, it is well known that there is not a unique value
for fiber misalignment for all the fibers [13] but a Gaussian distribution ofmis
alignment [14].

The standard deviation is a measure ofthe dispersion, not ofthe expected value ofa
distribution. However, it has been used [15], as a single misalignment value in the
theoretical models. From a purely statistical point of view, the expected value
(mean) ofa distribution is a representative measure ofthe population. However, the
expected value of the fiber misalignment distribution is zero [13]. The expected
value of the half-nonnal distribution has also been used [15], but the predicted val
ues compare reasonably well with experimental data only for a few materials. Con
tinuous damage mechanics (CDM) was used [14] to combine the Gaussian distribu
tion of misalignment with a detenninistic model for compression strength. CDM
predictions compare well with compression strength data for a broad class ofmateri
als.

The objective ofthis work is to develop an explicit equation to predict compres
sion strength ofPolymer Matrix Composites as a function ofmeasurable parame
ters. The formula should not contain empirically adjustable factors and be simple
enough to be used in practice.

2. COMPOSITE SHEAR RESPONSE

't' = 1'" tanh (GLT r)
1'"

1 ( a
2

)f(a) = ~exp-2' -oo<a<oo
Q,,27r 2Q

(1)

(2)

The shear stress-strain response of polymer-matrix composites can be repre
sented [14,16] by

where Q is the standard deviation and a is the continuous random variable, in this
case being equal to the misalignment angle. The Cumulative Distribution Func-
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Then, the standard probability density function is

The following integral, that is needed in the computations,

F(a) = f:
a

!(a')da'

can be readily expressed in terms of the normalized misalignment z as

2 f= '2'F(z) = erf (z) = c exp(-z )dz
.-V1C 0

(5)

(6)

tion gives the probability ofobtaining a value smaller than or equal to some value
a. In terms of the normal distribution, the CDF is given by

(7)

(8)

x~O1 f2 (-x2

)h(x) = 0 v-; exp 20 2 ;

f X=(x) II (_xJ2

)" lE(x) = - - exp - x dx = - 0.
x=O 0. 1C 20. 2 :JT

The expected value of a half normal distribution is

where erf (z) is the error function [22]. The functions!(z) and F(z) are plotted in
Figure 1.

The standard deviation Q of the normal distribution should not be used as a
representative value ofthe population (fibers) because 0 represents a measure
of the dispersion, not a representative value of the population. From a purely
statistical point of view, a single value ofmisalignment that in the average rep
resents the population is the expected value E(a) (or mean). However, the
mean of the misalignment distribution is zero. To resolve this problem, it
should be noted that fiber buckling occurs at the same load for positive or nega
tive misalignment angle. Therefore, it may be useful to convert the symmetric
normal distribution to a half normal. In the half normal distribution, the ran
dom variable is given as x = abs(a), where a is the random variable of the nor
mal distribution. In other words, the half normal distribution represents the
normal distribution without the algebraic sign (negative side gets folded onto
the positive side). Using the new random variable x, the density ofthe halfnor
mal distribution is derived as

(3)

(4)

32

a
z = o..J2

f:(X) !(a')da'

-2-3

where !(a') is the density of the normal distribution [Equation (2)]. Equation (2)
represents the probability that a fiber picked at random in the cross section has a mis
alignment of value a. But more importantly, assuming that the number of fibers in
the cross section is large [20,21], Equation (2) gives the ratio ofthe number offibers
that have a misalignmenta over the total number offibers. By having a large number
offibers in the cross section, there is certainty that a number offibers with misalign
ment a will be found. From the statistical representation, it is not possible to say
which fibers have that particular value of misalignment but it is possible to assert
that a number of them, proportional toj(a), are present in the cross section.

For the cOlnputations, it is convenient to normalize the distribution in terms ofa
new variable z defined as

-1 0 1
normalized misalignment z

Figure 1. Standard probability density function 1(z), and F(z) vs. the normalized misalign
ment angle z.
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However, using the expected value of the half-normal distribution did not lead
to a good correlation with experimental data. This means that the process ofcom
pression failure cannot be modeled simply by averaging the misalignment distri
bution (see Appendix).

4. IMPERFECTION SENSITIVITY EQUATION

The relationship between the buckling stress and the imperfection (misalign
ment) is known in stability theory as the imperfection sensitivity curve. Several
models from the literature can be used to develop this type ofcurve. A determinis
tic model, similar to the one presented by Wang [2] is developed here but using the
representation of the shear response given by Equation (1). Unlike equilibrium
based models that compute the shear strain only at the inflection points ofthe fiber
shape (Figure 2), the shear strain energy ofthe entire RVE is represented in the en
ergy formulation used in this section. The assulnption ofsame misalignment for all
the fibers is implicitly accepted in all models existing in the literature that use a
representation volume element (RVE).

The model presented in this section is based on the principal of total potential
energy and, for simplicity, axial effects are assumed negligible. The potential en
ergy ofan elastic system is the sum ofthe elastic energy stored in the volume Vplus
the work done by the external forces over the surface S

i f EI} f AW = u ..de ..dV - t.ll.dSv 0 IJ IJ S I I

where uij and eij are the components ofthe stress and strain tensors, and Ui are the
displacement components. For the one-dimensional system of Figure 2, where
only the shear energy is considered the potential energy reduces to

w = f~fAf: -cdydAdx - PM

where P is the end load, ~l is the end shortening, 1" and yare the shear stress and
strain, I and A are the length and area ofthe RVE. The end shortening can be com
puted as function ofthe total lateral deflection w, (Figure 2) and the lateral deflection
Wi caused by the imperfection (or waviness). Modeling the shear stress by Equation
(1) we have

() (( )2 ( )2)I Y yOLT P I dw, dw;
W = fJAfo -c u tanh --;:- dydAdx - "2 fo dx - dx dx

Next, we approximate the lateral deflections by

Q

RVE
L

W, = Qcos (~x)

Wi = ecos (~x)

where Qis the amplitude ofthe total lateral deflection ofthe fiber and e is the am
plitude of the imperfection. The amplitude of the lateral deflections can be ex
pressed in terms ofthe shear strain and the misalignment angle at the antinodes of
the wavy shape of the buckled fiber (Figure 2) as

yl
Q= -+e

n

al
e=

n

Figure 2. Representative Volume Element and variables used. Since the total potential energy has been discretized in terms of one degree of
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freedom Q, the equilibrium ofthe system is obtained by setting to zero the deriva
tive ofthe load potential energy with respect to Q, and solving for the load P. Then,
dividing by the area A, we obtain the equilibrium stress aeq as a function of the
shear strain and the misalignment angle
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Figure 3. Equilibrium states for various values of fiber misalignment.
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with GLT and ill as parameters. Typical results are shown in Figure 3 for Glass
Polyester with properties given in Table t.

Ifthe shear-strain plot is linear (i =GLTy) we obtain a stress-strain curve in com
pression described by

., Note that if the shear behavior is assumed to be linear, Equation (10) predicts no
critical value (maximum) ofstress (da/dy ~ 0 for y> 0). On the contrary, by using
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3.5.,
GLT

ing loading ofthe specimen, the applied loada(applied stress times initial fiber area)
is equal to the effective stress times the area of fibers that remain unbuckled

3

2.5

(j =a(a)[l- w(a)] (11)

where 0 s w (a) S 1is the area of the buckled fibers per unit of initial fiber area.
For any value of effective stress, all fibers having more than the corresponding
value of misalignment given in Figure 4 have buckled. The area ofbuckled fibers
w(a) is proportional to the area under the nonnal distribution located beyond the
misalignment angle ±a (Figure 1). Therefore, w(a) is given by

'fti'
D.
~
enen
!...

U)

w(a) = 1- f:
a

/(a')OO' = 2f: /(a')OO' (12)

-10 -5 0 5

Misalignment [degrees]

Figure 4. Imperfection sensitivity plot.

10
taking into account that

f~tX) !(a')da' = 1

6. EXPLICIT FORMULA

Equation (11) has a maximum that corresponds to the maximum stress that can
be applied to the composite, as shown in Figure 5. Therefore, the compression
ostrength of the composite is found as

Since the distribution given in Equation (2) cannot be integrated in closed form
[22], Equation (13) is evaluated numerically. However, it is advantageous to de
velop an explicit formula so that the compression strength can be easily predicted.
The first step in the development ofan explicit formula for compression strength is
to simplify the shear stress-strain law [Equation (1)]. The hyperbolic tangent rep
resentation ofthe shear stress-strain data fits experimental data well [14,23]. Since

where a(a) is given by Equation (9) andf(a') is given by Equation (2). The com
putations were carried out numerically and presented in Table I asac/GI.T numeri
cal. The maximum of Equation (11) given by Equation (13) is a unique value for
the compression strength ofthe composite that incorporates both the imperfection
sensitivity curve (Figure 4) and the distribution of fiber misalignment. Note that
the standard deviation Q is not arbitrarily chosen as a representative value offiber
misalignment for all the fibers but used just as a parameter to describe the actual
distribution. Two alternative models are described in the Appendix.

(13)U c = max [u(a)f:
a

/(a')da']

5. CONTINUUM DAMAGE MODEL

the hyperbolic tangent representation of shear [Equation (1 )], a maximum is
shown in Equation (9) and Figure 3 that corresponds to the compression strength
for a particular angle of misalignment.

The maxima ofthe curves for all misalignment angles (shown in Figure3) rep
resents the imperfection sensitivity curve, as shown in Figure 4 for Glass-Poly
ester (Table 1). This curve represents the compression strength a(a) of a fiber
(and surrounding matrix) as function of its misalignment. For negative values
of misalignment, it suffices to assume that the function is symmetric (a(-a) =

(a(a)) .

The stress carried by a fiber reduces rapidly after reaching its maximum, as il
lustrated in Figure 3, showing that the load carrying capacity ofa buckled fiber is
much lower than the applied load. Several models can be constructed depending of
the assumed load that a fiber carries after buckling. A lower bound can be found as
suming that buckled fibers carries no more load because they have no post
buckling strength.

According to the imperfection sensitivity curve in Figure 4, fibers with large
misalignment buckle under low applied stress. If the post-buckling strength is
assumed to be zero, the applied stress is redistributed onto the remaining, un
buckled fibers, which then carry a higher effective stress a(a). At any time dur-
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The equilibrium state for a given misalignment angle [Equation (9)] becomes

This procedure provides an excellent approximation in the region of interest (1' <
YCR S Ylim), as shown in Figure 6 for Glass-Polyester (Table 1).

Replacing Equation (16) into Equation (I) and taking into account that tanh(2) ~
1. We can write .

495

(18)

(19)

(17)
GiTC ----

2 - 4t'"

2
G LT y 2

T = GLTy - 4T"

2
1'GLT 8--S.L

a(a,Y) = y+a +3(y+a).n

Then, the shear stress-strain law [Equation (1) or Equation (14)] becomes
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FIgure 5.. Applied stress (j as a function ofmisalignment. Loading of the sample proceeds
from left to right, until compression failure at the apex of the plot.

the use ofthe hyperbolic tangent leads to an involved equation for the equilibrium
state [Equation (9)], the hyperbolic tangent is approximated with

Similarly, the imperfection sensitivity is

·4.J2C2a(-8C2a + 31rGLT ) 16C2a ..
a(a)= - --+GLT

31r~-C a(-8C' a + 31rG) 31r2 2 LT

where 1'lim is the value ofshear strain, in the non-linear range, where the two curves
are matched. Since a quadratic polynomial does not fit well a hyperbolic tangent
for large values ofshear strain, the fit must be done up to a value close to the shear
strain in the composite when compression failure occurs [YCR, Equation (26)]. For
most composite materials, including Carbon-Epoxy and Glass-Polyester, the fit
should not extend beyond

Figure 6.. Fit of the hyperbolic tangent with a quadratic polynomial.

t' = GLT1' + C 21'
2

The coefficient C2 is found simply by matching one point on the curve as

t' (G ) GC = -"- tanh --!:L l' . _--!:L2 2 11m
l' lim T " l' lim

T"=2--l' lim G
LT
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or in tenns ofz 1.8

4.J2C2z.J2Q(-8C2z.J2Q + 3nGLT ) 1(£2z .J2Q
.a(z)= . - 3 +GLT (20)

31l ~-C2Z.J2Q( -8C2z.J2Q + 31lGLT ) 1l

Since the integral ofthe normal probability function [Equation (6)] is a tran
scendental equation, it is approximated with a quadratic polynomial. An excel
lent fit is obtained using the interval 0 < a < 3Q . This interval is more than suf
ficient for the purpose at hand. Then, Equation (6) becomes

2

-o-applied stress

-0-quadratic approx.

1.6

1.4....
as

1.2D.

~
tn
tne

0.8...
tn

"'C
.! 0.6
0..
a. 0.4c:(

0.2

0

0 0.5 1 1.5

Normalized misalignment z

Figure 7. Comparison of the appliedstress (j [Equation (22)] anda truncatedpolynomial ex
pansion, for AS4/E7KB.

(22)

(21)F(z) = 1.179643858 z - 0.3455580967 Z2

a(z) = a(z)F(z)

The compression strength is found as the maximum ofthe applied stress

To find the maximum explicitly, Equation (22) is expanded into. a truncated
polynomial. The best approximation, for a broad class ofmaterials, is obtained expand
ing about a = Q (or z = 1/.J2). The applied stress given by Equation (22) and the
truncated polynomial expansion are shown. in Figure 7 for AS4/E7K8 (Table I).
The root ofthe derivative ofa (z )with respect to z is found explicitly. In terms of
misalignment, the root is the misalignment angle ofthe fibers that buckle just prior
to compression failure. Its value is given by .

ber misalignment distribution, the in-plane shear stiffness OLT, and the shear
strength Til' as

a c X a
--= ---
GLl' 24.71 b

_ [1019.011GLl' C;Q3 - 375.3162C~Q4 - 845.7457GZl'C2Q2]
a~ - 2' 2 2 3+ g(282.1113GLT C2Q - 148.1863G LT Q - 132.6943C 2Q )

103961
a = -10979.6 - 8432.03X 2 - 19037.205X - 124.653X 4

- --X 3

64

[

3 3 2 2 2 J- 1
457.3229(72 Q - 660. 77GLT C 2Q - 22.431430 LTC2Q ()

X 2 2 2 23
+ g(161.6881C 2Q - 13S.3753OLTC2Q - 61. 38939 G LT)

+ (12191.07 + 1881.87X2 + 176.286X 3 + 7979.978X)~;2 + 2.356X

(24)

g = .JC2 Q (S. OC2Q - 9. 424778GLT )
2

b = (-7.146x 3
- 41.298X2 + 5.608x),/L + 2. 356X

2

with C2 given by Equation (17). Finally, using Equation (17) and replacing ZCR = aCR /

.J2Q2 [Equation (4)] into Equation (22), we obtain the compression strength ofthe
unidirectional composite, explicitly in terms ofthe standard deviation Q ofthe fl-

+ (10.106X
2 + 34. 594X - 61.389)(x; + 2.356X)
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Equation (24) approxilnates very well the numerical solution of the exact problem
[Equation (13)]. Furthennore, Equation (24) allows us to identify the dimensionless
number X= GLTQ/l'" which indicates that the dimensionless compression strength aJ
GLTcan be modeled in terms ofonly one dimensionless number (Le.,x) instead ofthree
variables (Le., GLT, 7:", and Q)! This observation has significant implications for the ex
perimental characterization ofcompression strength ofcomposite materials. In fact, ex
perimentation can be carried out for various values ofthe dimensionless numberX, with
the results being relevant for any combination ofthe variables that enter in the dimen
sionless number, regardless ofthe specific values ofGLT , 7:" , and Q used in the experi
ment [24]. For example, a full factorial experimental design [25] with three variables
(Le., GLT , l'" , and Q), m = 3 levels ofeach variable, and n =4 replicates requires m3n =

108 experiments. Using the dimensionless number X, with the same number of levels
and replicates, only twelve experiments are required.

Taking into account that the dimensionless compression strength can be mod
eled in terms ofthe dimensionless numberx, the following simple equation is pro
posed

Figure 8. Nondimensional compression strength as a function of the nondimensional
number.

dures give almost identical results, either one can be used to find a and b. The full
factorial design was performed in the following interval of the variables

1210

+ Explicit Fonnula
o Experimental Data

-Approximate Formula
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Additionally, the shear strain at failure is

with t~e dimensionless group X given by

where a = 0.21 and b=- 0.69 are two constants chosen to fit either the numerical solu
tion to the exact problem [Equation (13)] or the explicit equation [Equation (24)].
Note that Equation (27) is not an empirical equation, since no experimental data of
compression strength has been used in its derivation. Equation (27) fits well the values
predicted with explicit formula, as well as experimental data, as it can be observed in
Figure 8.

To find the constants a and b, we constructed a full factorial design with three
levels on the three original variables GLT, 7:", and 0. . This gives n =33 =27 points
for which the dimensionless compression strength was computed using both
Equation (24) and the numerical solution of Equation (13). Since both proce-

with 0. in radians. The interval chosen spans measured properties on a variety of
compo~ites:from fiberglass reinforced polyester to carbon reinforced PEEK. Then,
Equation (27) was fitted to the data by minimizing the nonnalized error

min (t (e; ~i0/)2)

where ej and 0; are the expected [Equation (27)] and observed [Equation (24) or
Equation (13)] values respectively.
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a c = max [a (a)f
a

f(a')da' + 2f: a(a')f(a')da'] (29)

However, assuming that the fibers retain their buckling strength eliminated the
apex from the applied stress vs. angle plot, thus leading to unrealistic results. This
confirms the fact that buckled fibers have negligible post-buckling strength (pre
viously proved by stability theory [8]).

vide bounds to the model presented in Section 5. First, from a purely statistical
point ofview, al) approximation to the compression strength could be proposed as
suming that the contribution to the compression strength ofeach fiber is given by
a(a) [Equation (9)]. Then, the compression strength can be found by adding the
contribution of all the fibers having various misalignment angles, according to
their probability f(a)

(28)a c = f~CX) a(a)f(a)da

However, the weighted probability integral [Equation (28)] leads to unrealisti
cally high values of strength. This is because the probability is higher for angles
close to zero, and these correspond to very high values ofstrength (up to ac = GLT ).

This indicates that in the process of compression failure, there is a catastrophic
propagation of failure at a threshold load below that predicted by Equation (28).
The threshold load is likely to be that given by Equation (13).

Second, an attempt was made to take into account the non-zero post
buckling load carried by the buckled fibers. As a first approximation, it was as
sumed that the post-buckling load would remain constant, and equal to the
buckling load. With this assumption, the compression strength can be found by
adding the contribution ofthe buckled fibers to Equation (11), and looking for
tbemaximum

~
i
~

~

I.1
I
~
~

I

7. CONCLUSIONS

A dimensionless number X = G1.TQ /r" was proposed and shown to control the de
scription of the compression strength behavior. In terms ofthis number, a simple for
mula was proposed to predict the compression strength ofpolymer matrix composites.
The dimensionless number and the formula use only three material parameters that
can be m.easured by well established methodologies: the shear stiffuess and strength of
the composite, and the standard deviation of fiber misalignment. Predicted values
agree closely with experimental compression data from the literature for a broad class
of materials. These include carbon and glass fibers, two Epoxies, a thermoplastic
(PEEK), a Vinyl Ester, and a low cost Polyester. The formula is useful for design and
to estimate the compression strength of composite structures without performing
compression tests. Misalignment distribution ofa production part can be, significantly
different from that of laboratory coupon samples commonly used to establish com
pression strength values. Furthermore, it is very difficult to test compression strength
ofsamples from production parts. This is because ofthe inherent difficulties ofcom
pression testing that make the results dependent of the fixture used, the method of
sample preparation, and the dimensions ofthe sample. On the other hand, shear stiff
ness and strength are readily available for most materials systems or they can be ob
tained using standard testing methods. The misalignment distribution, that is influ
enced by the quality of fabrication, can be measured from sectioned samples from
production parts, using a well established methodology. Finally, it is worth to em
phasize that the formula proposed in this work is. based on mechanics principles
and it does not contain any empirical parameter.

A comparison ofpredicted compression strength with experimental data is pre
sented in Table 1. Predicted values are very close to the experimental data. Two
carbon-Epoxy systems are included. Compression strength (from MIL 17 [26]),
shear properties and misalignment measurements for AS4/E7K8 are listed in [23].
Data for XAS/914C (a prepreg system from Ciba Geigy using AS4 fibers) and
AS4/PEEK is listed in References [15] and [27]. Data for Glass-Polyester and
Glass-Vinyl Ester is from Reference [14].
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APPENDIX

Two alternatives to the model presented in Sectio'n 5 are described next to pro-
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