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SUMMARY

This paper presents a finite element formulation for the buckling mode interaction analysis of structures
modelled as plate assemblies. The main assumptions are linear elasticity, a linear fundamental path, the
existence of distinct critical states that are coincident or near coincident, and a coupled path arising from
a linear combination of modal displacements due to interaction. The formulation adopted is known as the
W -formulation, in which the energy is written in terms of a sliding set of incremental co-ordinates measured
with respect to the fundamental path. The energy is then expressed with respect to a reduced modal
co-ordinate basis and the coupled solution arising from interaction is computed. An example of a fibre-
reinforced composite I-beam subjected to axial compression illustrates the procedure. The results are
compared to a simplified model developed by the authors. Also, an imperfection sensitivity analysis is
performed.
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1. INTRODUCTION

Structural beams and columns formed by thin-walled elements display complex forms of buck-
ling. Flanges may buckle locally and the column may buckle globally at loads that are close or
even coincident. Coincidence of buckling loads may be due to particular operating conditions or
the result of structural optimization.!'> When two or more modes of buckling correspond to
loads that are close or coincident, interaction between the modes may lead to post-buckling
behaviour quite different from the post-buckling behaviour of the participating modes. This has
been observed for shells, thin-walled columns made of both isotropic materials® and fibre-
reinforced composite materials.* In the latter paper, the authors present experimental results of
buckling strength of I-columns up to 30 per cent lower than single-mode (local or Euler)
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predictions. From experimental observations, they conclude that the observed reduction is
caused by modal interaction. Numerical results presented here show that modal interaction
occurs, and that imperfection sensitivity of the column buckling load is only noticed when modal
interaction is included. '

In this work, it is assumed that the material behaves linearly until buckling occurs and during
the initial stages of post-buckling. This has been documented experimentally for fibre-reinforced
composite columns by Barbero and Tomblin* and Vakiener et. al.® and for lateral-distortional
buckling of beams by Mottram,® etc. Therefore, the general theory of elastic stability for discrete
~ systems” constitutes an appropriate framework for the study of post-buckling behaviour with the
aid of finite element discretization. Such a theory provides a similar understanding of critical
loads as those obtained by Euler and Timoshenko, but it differs in that the general theory allows
to study post-critical states, also accounting for imperfection sensitivity of the critical loads. This
approach has been used by Flores and Godoy?® for post-buckling analysis of shells of revolution
showing isolated mode behaviour.

The determination of critical loads by eigenvalue analysis as well as the study of limit point
behaviour using continuation methods, in the context of finite element discretizations, are
common practice today. In this work, perturbation techniques are used to classify the nature of
the bifurcation points and to follow the initial post-buckling path. Furthermore, interaction
between three modes emerging from bifurcation points, two of which are close or coincident, is
studied to identify tertiary paths emerging from the secondary paths. The tertiary paths may be
quite different from the secondary paths identified by an isolated mode analysis, thus revealing
a different kind of imperfection sensitivity of the structure.

The literature on mode interaction in discrete systems includes the works of Chilver,® Chilver
and Jones,'® Thompson and Supple,!! Swanson and Croll,'> Walker,'® Reis,'4 Reis and
Roorda,'* !¢ Maaskant,'” and Maaskant and Roorda.!® Special problems that may arise while
using continuation methods, as identified by Supple,'® have motivated the use of perturbation
techniques. The finite strip method was used by Graves Smith and Sridharan,?° Sridharan and
Graves Smith,?! Benito and Sridharan,?? 2 Sridharan and Ali,*>*3 Sridharan and Peng,2® and
Mollmann and Goltermann,?” while finite elements were used by Casciaro et. al.28

The finite element method was chosen in our work because of its superior versatility to model
complex boundary conditions and because it automatically accounts for the problem of wave
modulation.?® Analytical methods were used by Koiter and Pignataro*° for stiffened panels and
by Kolakowski! =33 to study trapezoidal columns. Applications of mode interaction analysis to
fibre-reinforced composite structures can be found in the work of Stoll** and Sridharan and
Starnes.>* Since we are primarily interested in applications to fibre reinforced composite columns,
a shear deformable finite element is used to model the structure as an assembly of plate elements.

2. EQUILIBRIUM PATH IN MODAL SPACE

The total potential energy V of a discrete or discretized system is a non-linear functional that may
be written in terms of the generalized co-ordinates of the system denoted here by Q; (usually nodal
displacements). If the strain-displacement relations of the problem are assumed to be quadratic
(the strains depend of the square of displacements), then the energy V results quadratic in Q;.
Following Croll and Walker, ¢ it is convenient to split the energy V into terms that are constant,
linear, quadratic, etc., in the displacements Q. This leads to an expression of the form (Reference
36 equation (7.38)).

V=AV,+ V.0 + %VijQin + %ViijinQk + Q%VijleinQsz (1)
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where i, j, k,I =1, ..., N, N being the number of degrees of freedom of the system. The Vo, Vi,
V. etc., are the coefficients in equation (1), but it can be shown that they are also the derivatives
of V with respect to Q; evaluated at the equilibrium state. Thus, equation (1) can be interpreted as
a Taylor expansion of V in terms of Q;. The nodal displacements can be written as

0:i=AQf +q; , 2

where g; are the incremental displacements and QF is the response in the linear fundamental path
for unit value of the load parameter A. Introduction of equation (2) into equation (1) results in the
so-called W-energy which, after neglecting terms independent of ¢; and terms with non-linear
contribution from QF, can be written (see Reference 36, equation (7.86)) as

W=Wyq + %Wij‘hqi + %Wijquiqjqk + ﬁWijuq."IijQI 3
where
W=V Wij = I7:'1' + AViijll:

. . . . 4
Wi =Vip + AVijuQF, Wi = Vi

The same approach (W -formulation) has been used in the same context (finite elements) by Mau
and Gallagher®” and Gallagher.*® For a critical state, we are interested in following the post-
buckling path using perturbation techniques. We select a suitable generalized co-ordinate as
perturbation parameter (say q;) and we express the load A and the remaining generalized
co-ordinates g; (i # 1) as :

A=A+ ADC, +3APCqT + - -

e )
q4:=4q;

where superscripts (1)C and (2)C are first- and second-order derivatives with respect to the

perturbation parameter g;, evaluated at the critical state. The condition of critical stability state is

g +397%1 + -

v+ AVQi1x;=0 (6)
The solution of equation (6) is a set of N eigenvalues, which we will denote as A" (the superscript
will identify the mode to which we are referring), and eigenvectors x", for n =1, .. ., N. These
modes are orthogonal to each other, so that
xj-xF=0, n#m Q)]
but they also satisfy
[V Qi 1XTXE = Omn ®

We next assume that there is a set of three eigenvalues with two of them being relatively close, or

-even coincident. We will refer to these three eigenvalues A" (for n = 1, 2, 3) as active, in the sense

that they play a crucial role in the interactive buckling process. The remaining N — 3 eigenvalues
(for n =4, ..., N) are passive and they play no role in the analysis.

As an approximation, we could think of a linear combination of the three modes that may be
sufficient to reflect mode interaction. This can be given as

gi=xi¢ + x?& + x1E5 )

where i = 1, . .., N and &, are modal amplitudes (i.e. scalars). Substituting equation (9) into the
W expression, equation (3), after some manipulation, and keeping only up to fourth order terms,
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we get
1 F i 4 N F 1 P
W= ﬁ(Vij + AV 00)aiq; + §(Vijk + AV i.uQ1)9:49;9x + m( ijk1)9i 999 (10
Hence, the energy W can be written as
1 s 1 F)1- Sl 8 1 V S ot U U 7
W = 55“@5:(/\ - A+ g(viﬂc + AVijlel )xix5xks&elu + :ﬁ( i) Xixixexi &6 E.E, (1)

becoming a function of &, x§, and s, t, u, v = 1, 2, 3. The complete equilibrium path could be
traced if we calculate the mode amplitudes &,. In other words, we have constructed a basis of
vectors (the three modes x3) to express the admissible configuration of the system and particularly
the equilibrium path, and we now seek to find how these amplitudes change with the evolving
path.

At this stage, there are still three unknowns: the values of £;. At an equilibrium state, W must be
stationary with respect to all possible variations of the generalized co-ordinates g;, but the
variations are written in terms of the &;. Thus,

oW [&, A]
0%s

for s =1, 2, 3 or else, from equation (11)
W.o=0=[A—A),]1¢& + (V0N xixixi1EE + BV pa)xixixixi168.L,  (13)

Expanding equation (13), we now get three cubic non-linear equations

=W,=0 (12)

(A — ALE, + AMIER £ 24M12E, 8, + AM2E] + 24113885 4+ 24723885 + A133ES

+ BU1E} 4 3B1122¢, 5 4+ 3B YL, + B1ME

+ B1333¢] + 3B113%¢,¢3 + 3B 1L,

+3B'223¢3¢, + 3B1233¢,¢] + 6B1123¢, 5,85 = 0 (14)
(A — A& + APIED + 242128,8, + AP228] 4+ 242138185 + 24773008 + AP93E)

+ B¢} + 382122, 4+ 3B YL, + BPE

B 1 3B 8 + 3B,

+3B2223¢3¢; + 3B2233¢,8] + 6BX1 2,585 =0 (15)
(A= AEs + A3+ 243128,8, + AP2E] 4 243738185 + 24°30085 + AFE)

+ B3111g3 4 3B3122¢,¢F 4 3B3112ER¢, + BA?P2ES

+ B333¢3 + 3B¥193¢, &3 + 3B33%¢1L,

+ 3833628, + 3BSIE,88 + 681 P Loty = 0 (16
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where

A = %(Vijk + Avijlef)x?x.’ixz (17)

tuv __ 1Y) St LUV
B = g VijuXixjxpx

Thus, we now have three cubic equations (14)+16) in three unknowns (¢;, ¢, and ¢&;), that along
with the load A describe a four dimensional equilibrium path. By designating the three interacting
modes as global, primary local, and secondary local, one can use only the global and primary
local mode to graphically represent the post buckling paths of the system.

In the present work, the loads are assumed to be conservative. The potential of the external
loads is linear in Q; and plays a role only in the determination of the fundamental path (equation
(2)). All the interacting modes occur in the post-critical state. Since the critical state is assumed to
be a bifurcation point, all the modes are orthogonal to the load vector.

3. SHEAR DEFORMABLE FINITE ELEMENT
Following a first-order shear deformation theory, the displacement field is
u(x, y, 2) = uo(x, y) — 26,
v(x, y, 2) = vo(x, y) — 20, (18)
- w(x, ¥, 2) = wo(x, y)

where 6, and 0, are the average rotations of a line initially perpendicular to the middle surface of
the plate (Figure 1). Within each element these displacements can be expressed with respect to
nodal unknowns with the aid of the shape functions N; as

N
(ua v, w, ox’ By, 02) = Z Ni(ui, Vi, Wi, Bx,«a ey,»a ezi) (19)
i=1

where N is the number of nodes in the finite element. A nine node Lagrangean element has been
adopted in this work. For each node, it is convenient to write the vector of unknowns as

{qi} = {ui U Wi ox.- 0}'1‘ ezi}T (20
v,y
Oy
wW,Z
6, O«

Figure 1. Finite element notation
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The strains are written as the summation of a linear plus a non-linear part, leading to

( U x \ f U.zx + W,zx\
Uy u,zy + W,2y
Uy, +0v, 2w w,,
— 0y ) 0
B=feo)+ e} ={ —0, >+5< 0 ) @
—0,,— 0, 0
—-w,—0, 0
w,—0, 0
AL R U
where
{e} = {ex & Yy Kx Ky Kxy Vyz Vox ez}T (22)

and &,, &,, and y,, are the in-plane strains, k,, k, and k., are the curvatures, y,, and y,, are the
out-of-plane shear strains and 6, is the in-plane rotation. Note that equation (21) contains not
simply the von-Karman equations, but also the terms dv/0x and du/dy are included as in the work
of Benito and Sridharan.22-2® These additional terms are necessary to represent correctly the
non-linearities at the junction of flange and web of prismatic columns, mainly for the modal
interaction analysis.

Using FE notation,?® the matrix [B,] results from the Mindlin—Reissner assumptions.*® The
matrix [B,] is a function of the nodal displacements, i.e. [B;(q)]. Following Zienkiewicz and
Taylor3® we can write the non-linear part of the strains as

{e1} =3[A4106]1 = [B1(9)1{q} (23)

where the matrices [4] and [0] are still a function of the nodal displacements. The matrix [6] can
be written as [] = [G] {g} with the matrix [G] constructed in a similar way to Zienkiewicz and
Taylor (Reference 39 Section 8.3, Vol. 2). Taking the variation of equation (23) it is possible to
write d{e,} = [A]1[G]d{g}. Therefore, it follows that [2B;] = [4] [G]. On the other hand, the
matrix [4(q)] can be written as the product of two matrices, the first containing the derivatives of
the shape functions and the second the nodal displacements, as

C 0 Nie Nix 0 7
N, O 0 N,
0 0 N,, N,
v Nl ey 00 0
0o 0 0 0
0 {g¢ 0 0
[A@@)]=]| O 0 0 0 (24)
0 0 {q O
0 0 0 0 o o o (@
0 0 0 0 1
0 0 0 0
0 0o o o |
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The total potential energy W of the plate subjected to in-plane and transverse loading can now be
written as ‘

w =3 [T e - A e

The load vector { f} is assumed to be incremented by a single load factor A. The stress vector {c }
is in this case

{o} ={Nx N, Ny Mx M, M, Q, O, M.}" (26)

where N,, N, and N,, are the in-plane stress resultants, M,, M, and M,, are the moment
resultants, Q, and Q, are the out-of-plane shear stress resultants and M, is the in-plane moment.
For the case of a plate made of laminated composite material, the constitutive law is

r N, \ Ay Ays Ae Biy Bia By O 0 07 ( e, \
N, Ay, Az; Aze Bia- Bay Bye O 0 0 ¢,
N,, A6 Aze Aeés Bis Bag Bes O 0 0 Vxy
M, By By, Bys Dyy Dy; Dy O 0 0 Kx
< M, > = | By Biy; Bys Dy; Dy Dy O 0 0 < Ky s (27)
M., Bi6 Bizs Bes Dis D¢ Dés O 0 0 Kxy
o 0 0 0 0 0 0 Ay Ags O] »=
| AQ; ] 0 0 0 0 0 0 Ay Ass O Ve
: 0o 0 0 0 0 0 0 o0 c*f\")

where, 4;;, B;; and D;; are the plate stiffness properties as computed using the Classical
Lamination Theory*!4? and C* is a very small number compared to the stiffness values, that
corresponds to in-plane rotation 6,.43

Materials with non-vanishing bending-extension coupling terms B;; are modelled here
with an approximate linear fundamental path. The limitations of this approach are being
investigated.*4

4. STABILITY OF THE DISCRETIZED SYSTEM

As a first step, the linear fundamental path {QF} should be obtained. The stiffness matrix [K,] is
needed, and can be formulated following Zienkiewicz and Taylor.>® Solving the equilibrium
equations with respect to {QF}, we determine the pre-buckling solution. The second step is the
detection of the critical states along the fundamental path. For this reason, it is necessary to
compute the geometric stiffness matrix [K,]. This can be done following Zienkiewicz and Taylor
(1991). The critical states, i.c. the critical loads A€ and the corresponding eigenvectors {x}, are
determined solving the classical eigenvalue problem.

Next, attention is given to the study of the post critical path passing through the bifurcation
point. First, we must determine whether the bifurcation is symmetric or asymmetric. For that, it is
necessary to compute the matrix [D,(x)] contracted by the eigenvector {x}. This can be written
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in terms of finite element matrices as
(i1 = [ {[2B46) ¥ [CTTBo + 203,91 ()

+ [2B;(x)]" [C1[Bo + 2AB1(Q")]
+ [Bo + 2AB;(@7)]T[C1[2B:(x)]} dv (28)

where 8, is the Kroneker delta, with values §; = 1,ifi = j,and é; = 0, if i # j. The matrix [2B}(5))]
can be computed from [2B; ] = [4][G] if in the second matrix of equation (24) instead of {q}, we
insert a vector containing unit value in the jth row and zeros in the rest.

" The coefficient C may now be computed as

C = {x}T[D:1()]1{x} 29
If C = 0, the critical state is a symmetric bifurcation; while for C # 0 the bifurcation is asymmet-
ric. To follow the post buckling path, a perturbation analysis is carried out from the critical state.
The variables g; and A are expanded in terms of a perturbation parameter q,, as indicated in
equation (5). For symmetric bifurcation, the slope AC of the post-buckling path at the

bifurcation point vanishes, and {g‘V€} = {x}. As a next step, the {g'®“} coefficients in equation
(5) are computed from

[K:1{g?C} = — [Dy(x)1{x}I° (30)

where [Kr] = [Ko] + A[K,] is the tangential stiffness matrix at the critical state. The value of
one of the components in the vector of the second derivatives of the displacements has to be
chosen (ie. ¢’ = 0 if the perturbation parameter is q,). Finally, the curvature of the post-
buckling path at the bifurcation point results in

APC — _ {x}T[D,(x, x)] {x} + 3{x}"[D1(x)] {g®¥}
3{x}T[K.1{x}

The matrix [D,(x, x)] contracted by the {x} eigenvector can be computed from

€3]

[D:(x,x)] = L {[2B1(5,))]" [C1[2B1(x)] {x} + 2[2B1(x)1"[C][2B1(x)]} dv (32)

The coefficients 4™ (equation (17)) of the quadratic terms in the equilibrium equations are related
to the contracted matrix [D;(x)] in the following manner:

A% = 3xi[Dy (x5)]xk (33)

But since the contracted matrix [D;(x)] is a function of the load parameter A (equation (28)), we -
can write

A =5 x${[E1(x5)] + ALE>(x))]}xk Y

where

[E:(x)] = j{[ZBl(é)]T [C1[Bo]{x} + [2B1(x)]"[C][Bo] + [Bo1" [C]1[2B:(x)]} dv
(35)
[E2(0)] = j{[ZB 19T [CI[2B1(g")1{x} + [2B, ()17 [C1[2B1(¢")]

+ [2B,(¢")]"[C][2B1(x)]} dv
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or

A™ = F" + AG™ (36)
where

F* = 3x1E, (x5)xi

37
G = 43 B ()t D

The coefficients B’ (equation (17)) of the cubic terms in the equilibrium equations are related to
the contracted matrix [D,(x, y)] in the following manner:

B = §xi[D,(x5, xk)1x7 (38)
Note that the energy terms are symmetric in the sense that
‘ Astu — Ams —_ Aust

(39)
Bstuv — Btuvs —_ Buvst = Bvstu

and hence the necessary computations can be reduced. Finally, the three equilibrium equations
(14)+(16) reduce to three non-linear equations

(A — A)6u & + A™E 8, + B8, =0 (40)

where s, t, u,v = 1, 2, 3. These equations are then solved by numerical or perturbation techniques.

The imperfection sensitivity of the system can be investigated by using the imperfection
parameters &;, if it is assumed that the system has an imperfection of the same shape as the
corresponding eigenmode, the amplitude of which is ;. The equilibrium equations for the
imperfect case of three interacting modes become

(A - As)éstét + Asmétéu + Bmwétfuév = AE: 41)

where s, t,u, v = 1, 2, 3. Usually, the imperfection sensitivity is studied for various values of ; and
E,, that correspond to the global and primary local mode, while &; (that corresponds to the
secondary local mode) is set to zero. Equation (41) can be solved using numerical techniques such
as Newton—-Raphson.

5. NUMERICAL RESULTS

To illustrate the numerical procedure, we consider a composite I-column. The geometry of the
column is defined by b = 6 in; h = 6 in, and L = 100 in. The material properties for the flanges
with reference to equation (27) are: 4;; = 893 500 1b/in; A,, = 343000 Ib/in; A;, = 130800 Ib/in;
Age = 113600 1b/in; Dy; = 4289 1b in; Dy, = 2029 Ib in; Dy, = 807-3 1b in; Dgs = 641-5 1b in,
Ags = Ass = 94670 1b/in; and A,s = As, = 0. For the web the material properties are
Ayy = 893500 Ib/in; A5, = 343000 Ib/in; A,, = 130800 Ib/in; A¢¢ = 113600 Ib/in; D;; = 4090 Ib in;
D,, =1863 1b in; Dy, =7316 Ib in; Dgs = 5961 1b in, Ass = Ass =94670 1b/in; and
Ass = Asq = 0. The column is discretized to 45 elements as shown in the mesh in Figure 2. The
boundary conditions applied to the FE model are simply supported ends where the rotation
about the weak axis of the cross section is free. Hence, a global mode (Euler) is expected to occur
about the weak axis.




478 E.J. BARBERO, L. A. GODOY AND I. G. RAFTOYIANNIS

%

1 1T J T I T ] I J X
T I I A—>
1 T 1T T T T 7

Figure 2. Finite element mesh for the I-column

5.1. Perfect system

The model is first solved for pre-buckling displacements, and the eigenvalue problem
is then formulated. As a result, the critical buckling loads and the associated eigenmodes are
determined. A selected number of critical loads that are the eigenvalues of the buckling problem
are shown in Table I. A mode number is assigned to each eigenvalue with reference to Figure 3.
Figure 3 contains schematics of the modal shapes associated with the eigenvalues presented in
Table I. Each mode is represented by the cross-sectional modal deformation at the x = L/2, the
lateral deformation of the longitudinal axis passing through the centroid for the entire length of
the column, and the lateral deformation of the right tip of the top flange for the entire length as
well.

The lowest eigenvalue (Mode # 1242 in Table I) corresponds to the primary local buck-
ling mode, and is A’ = 27323 Ib. The associated eigenmode x! can be seen in Figures 3 and 4.
Both the flanges rotate and the web bends with eight waves along the length of the column. An
isolated mode post-buckling analysis shows that the secondary equilibrium path for the primary
local mode is stable symmetric (Figure 5) and the curvature is found to be* AP¢ = — 172182
1b/in?.

The global mode x? (Euler about weak axis) is next identified from Figure 3 (Mode # 1246).
The cross-section remains undeformed but the whole beam buckles with one wave in the global
sense. The critical load is A2 = — 29761 1b (Table I). The post-buckling path has found to be also
stable symmetric and the curvature is computed as AP’ = — 211 1b/in? that is a low value,
compared to the one of the local post buckling path.

The secondary local mode, that combined with the other two will produce interaction and will
change the stable post buckling behaviour of the I-beam into an unstable path, is next selected.
The third mode will have a flange waviness, with no web distortion. From Figure 3, we see that
there is a mode that may be suitable to interact with the two modes already selected. The chosen
one (Mode # 1241) corresponds to a critical load A® = — 142923 Ib, that is very close to the

*A subscript indicates a mode number
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Table I. Critical modes and corresponding
critical loads for the pultruded I-column

Mode Critical Load
1231 — 193994-50
1232 — 19135423
1233 — 189244-32
1234 — 171 387-39
1235 — 17540549
1236 — 174 63660
1237 — 196 773-89
1238 — 198 689-01
1239 — 179 645-15
1240 — 16045893
1241 — 142923-56
1242 — 2732360
1243 — 27461-80
1244 — 29048-20
1245 —29432-43
1246 —29761-56
1247 — 3169891
1248 — 33527-09
1249 — 14277019
1250 — 3657263
1251 — 12913471
1252 — 12292203
1253 — 40905-58
1254 — 36342:64
1255 — 44 589-87
1256 — 55340-84
1257 — 38960-76
1258 —60111-63
1259 —40119-62
1260 — 42739-29
1261 — 43760-90
1262 — 47486-69
1263 — 117812:37
1264 — 131 584-77
1265 — 115168-30
1266 ‘ — 128 59497

value of the third load in the simplified model analysis of Godoy et al.**> The post critical path is
also stable symmetric.

Next, the eigenvectors of the three selected modes are normalized according to equation (8),
where the highest components are: 4.48 for the global mode x*, 1-6755 for the primary local mode
x2, and 1-369 for the secondary local mode x3. The coefficients F*“, G** and B**” in equations
(37)—(38) (where s, t, u, v = 1, 2, 3) of the three equilibrium equations (40) in modal space, are then
computed. The numerical values of the interaction coefficients that are different from zero are:
F113 = _ 3956, F123 = _ 56284, F?23 = —1590-2, F333 = — 7082, G'!3= —1-558x1073,
G123 =5931x 1074, G*?3 = — 1768 x 1073, G333 = —0-15673, B!'!! =2701272, B'!!? =

— 2500, B1122 = 64993, B''33 = 1839560, B'?2%2 = — 2106, B'?3% = 7681, B???2 = 174216,
B?233 = 230266 and B3333 = 15007 517. Hence, the following equilibrium equations are defined
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Figure 3. Modal shapes for the I-column

and can be solved for specified values of the load parameter A:

L

gVAYAYs
/N

1249

1246

12350

(A +27323)¢; — (7912 4 0:003116A)&,; &5 — (112568 — 0-0011862A)&, &5 + 270 1272¢3
— 7500&3¢, + 194979¢,£3 + 5518 680&,E3 + 23043¢,¢3 — 210663 =0

(A + 29761)¢, — (11256:8 — 0-0011862A)¢; &5 — (3180-4 + 0-003536A)¢, &5 — 2500&3
+194979E3¢, + 690798¢,¢3 — 631-8¢,¢3 + 1742163 + 230438, 63 =0

(A + 142923)¢5 — (3956 + 0-001558A)¢% — (112568 — 0-0011862A)¢, &,
— (1590-2 + 0-001768A)¢3 — (708-2 + 0-15673A)¢3 + 15007517¢3
+ 5518680¢£2¢; + 690798E3¢5 + 4608688585 =0

(42)
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Figure 4. Schematics of the three interacting modes
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Figure 5. Equilibrium path projection on A-¢; plane (local)

Notice that by keeping the coefficients B!!!!, B2222 and B3333, while setting all the rest equal to
zero, we retrieve the equilibrium equations corresponding to the secondary post buckling path for
the isolated mode case. In order to study possible interaction between the modes, we see that the
coefficients which couple all three modes are of significant importance.

- Next, in order to determine the tertiary (coupled) path, we expect the system to experience loss
of stability. According to the mode interaction theory, the tertiary path will be branching from the
lower secondary path, which corresponds to the primary local mode. Hence, selecting &, as
perturbation parameter we can write

A=A+ ADE +FAPE
& =¢P + 898 + 3¢9 43)

&= &0+ C08 + 198
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Figure 6. Equilibrium path projection on A-¢, plane (global)

Since we are following the secondary path, we can directly set ¢ =0 and ¢ =0. The
bifurcation on the secondary path is then computed by simultaneously solving the isolated path
equilibrium equation, that is

A +27323 4270127282 =0 44)

and the stability determinant equation |W ;| =0 (i, j = 1, 2, 3), in terms of the reduced energy
W (equation (11)). Hence, we get A = — 29950-1 and ¢ = 0-031182. The first-order perturba-
tion coefficients are given by A = — 7255; ¢V = 683-3 and ¢ = 2:03, and the second-order
coefficients are A® = 3-57 x 10'%; ¢ = 2:28 x 10° and ¢ = 2:03 x 10°.

Since, A < 0 and all ¢; > 0, we see that on the tertiary path A—¢,, the load-carrying capacity
decreases (loss of stability) for increasing &, . The secondary local and global paths, the bifurcation
on the secondary local, and the emerging tertiary paths are shown in Figure 5 (projection on the
A-¢, plane, &, being the amplitude of the local mode) and in Figure 6 (projection in the A-¢,
plane, &, being the amplitude of the global mode).

The non-linear path resulting from the analysis of the imperfect system is also shown. The
tertiary path in A—¢; plane seems to fall abruptly. However, the path really is contained in the
A-¢, plane with shallow slope indicative of mild imperfection sensitivity. Point A was labeled on
both path to aid in the interpretation of Figure 6.

For comparison, we can use the results of a simplified model*> based on a three-parameter Ritz
discretization of the problem. The critical loads that correspond to primary local mode (bending
of the web and rotation of the flanges), global buckling (Euler) about the weak axis, and
secondary local mode (bending of the flanges only) are AS = — 30021-9 Ibs, AS = — 286337 Ib,
and AS = — 142422:6 1b. The three interacting eigenmodes have been normalized, and the
highest components are: 4-5 for the global mode x!, 0968 for the primary local mode x%, and
1-369 for the secondary local mode x3. The difference in the local mode normalization component
is due to the amplitude modulation (observed in the FE analysis but lacking in the simplified
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Figure 7. Comparison between simple and FE model (equilibrium path projection on A—¢,, global)

model) and to slight bending of the flanges in the FE analysis, that the simplified model cannot
account for.

Using the energy terms computed in the simplified model analysis, we recalculate equation (42).
The numerical values of the non-zero coefficients are: F!13 =21, F23 =45409-8, G!13 =
—5981x1073 B!'!'!'! =328740-8, B'!22 =452183, B33 =2096787-9, B??22=175092,
B*?33 = 1624162, and B3333 = 12196 023. Hence, the equilibrium equations (40) can be solved
using the perturbation scheme (43). As a result, we get A® = — 304649 and &° = 0:074635.
The first-order perturbation coefficients are given by A" = —48735, ¢\ =1701 and
&P = — 07849, and the second-order coefficients are A® = 2:03 x 10%; ¢? = 1-37x 107 and
&® = 633 x 10°. We see that the bifurcation load A, as well as the amplitude ¢, have different
values than the ones in FE model. Also, the perturbation coefficients of the simplified model are of
smaller magnitude than the ones of the FE model. The differences are due to the different
normalization components. The FE and the simplified model agree in that the load on the tertiary
path A-¢; decreases for increasing &£,;. The projection of the tertiary path A—¢, is plotted in
Figure 7 for the FE model and the simplified model, when keeping the cubic terms. The projection
of the tertiary path on the A-&; plane is plotted in Figure 8.

It is worth mentioning that other modes with shape similar to mode 1241 have been chosen as
third interacting mode along with 1242 and 1246, and the interaction analysis gives the same
bifurcation point (A®, ¢{), and similar tertiary path. This means that interaction depends
exclusively on the two primary modes. The third mode needs to be considered because first order
field is insufficient to trigger interaction.

5.2. Imperfect system

We now consider the I-column having in the unloaded state an initial imperfection similar to
the one of the buckled mode shapes, global or local. The amplitude is defined by the imperfection
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Figure 8. Comparison between simple and FE model (equilibrium path projection on A—¢3, secondary local)

parameter . Then, the equilibrium equations (41) hold for the imperfect system and are
expressed in the modal space. Introduction of the imperfection parameters into equation (41)
destroys the primary bifurcation (intersection of primary equilibrium path and secondary path
corresponding to the primary local mode). The primary equilibrium path remains stable, but
becomes non-trivial. On the other hand, the secondary bifurcation (intersection of the secondary
and tertiary path) ‘slides’ to a new position characterized by larger displacements and lower load.
Hence, the load-carrying capacity of the imperfect system is reduced compared to the one of the
perfect system.

The three equilibrium equations (41) are solved by the Newton—Raphson technique and the
non-linear path is shown in Figures S and 6 along with the results of the perfect system analysis.
Note that in the A—¢,; plane (local buckling) the non-linear path seems to stop on the tertiary
path. In fact, the non-linear path turns into the A—¢, plane that corresponds to global buckling.

The maximum loads on the non-linear imperfect paths for varying value of imperfection are
used to construct the imperfection sensitivity curves shown in Figure 9. Here, &, is a local mode
imperfection, while &, is a global mode imperfection. The imperfection sensitivity curves shown in
Figure 9 show that the I-column has low imperfection sensitivity, i.e. for a significantly imperfect
column, the reduction on the carrying capacity is about 30 per cent. Hence, the system experien-
ces loss of stability when the load reaches a specific value, but small imperfections do not
significantly affect this value. For example, one can recall that shells experience significant drop
on load carrying capacity for small imperfection amplitudes.

6. CONCLUSIONS

A numerical procedure based on the finite element method and perturbation technidues was
developed for post-buckling analysis of structures modelled as plate assemblies. The effect of three
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Figure 9. Imperfection sensitivity curves

interacting modes on the post-buckling behaviour was accounted by studying the equilibrium
paths in the reduced modal space of active co-ordinates. While the perturbation approach
requires computation of fourth-order derivatives of the potential energy, an efficient algorithm
was developed by taking advantage of contracted matrices.

A further simplification was obtained by studying the active co-ordinates related to the three
interacting modes only. The resulting three non-linear equations describe the complete behaviour
of the system in the vicinity of the equilibrium paths. These equations were conveniently solved by
perturbation techniques for the perfect paths. For the imperfection analysis, a Newton—Raphson
technique was used taking advantage of the knowledge of the perfect primary, secondary, and
tertiary paths, the latter arising from mode interaction.

By using a finite element discretization as plate assemblies, all buckling modes (local and
global) as well wave amplitude modulation are automatically taken into account. A fibre-
reinforced composite column was analysed and the result favourably agree with the results of
a simplified model. While all the isolated mode secondary paths were found to be stable, the
column was found to be imperfection sensitive once mode interaction was acknowledged.
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APPENDIX

total potential energy

coefficients of V

number of degrees of freedom

generalized displacements

incremental generalized displacements

linear fundamental path for a unit load
incremental total potential energy

load parameter

critical load

coefficients in the perturbation expansion of the load, slope and curva-
ture, respectively '
coefficients in the perturbation expansion of the incremental displace-
ments

eigenmodes

critical loads

Kroneker symbol

amplitude of the interacting modes
continuous displacement field

in-plane displacements

rotations of the normal line

strain vector

linear strain vector

non-linear strain vector

in-plane strains

curvatures

shear strains

linear strain—displacement matrix

non-linear strain—displacement matrix

shape functions

load vector

stress vector

in-plane stress resultants

moment resultants

out-of-plane stress resultants

torsional moment

plate stiffnesses

rotation stiffness

geometric stiffness matrix

nature of the critical state

intermediate calculation matrices

tangent stiffness matrix

amplitude of the imperfection in mode 7’
coeflicients of the perturbation expansion of ¢;
coefficients of the perturbation expansion of A in the imperfection
sensitivity model. A is the critical load.
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