
INTERNATIONAL JOURNAL FOR NUMERICAL METHODS IN ENGINEERING, VOL. 37, 2445-2470 (1994)

A THREE-DIMENSIONAL LAYER-WISE CONSTANT
S·HEAR ELEMENT FOR GENERAL ANISOTROPIC

SHELL-TYPE STRUCTURES

RAFFAELE .ZINNO

Department of Structural Engineering, University of Calabria, 87030 Arcavacata di Rende (Cosenza), Italy

EVER 1. BARBERO

Department of Mecha.nical and Aerospace Engineering, West Virginia University, Morgantown, WV26506, U.S.A.

SUMMARY

This paper deals with the development of a new three-dimensional element with two-dimensional kinematic
constraints capable of analysing the mechanical behaviour. of the laminated anisotropic shell-type struc­
tures. This element, originally developed for the linear 'analysis of plates, is extended for the linear analysis of
laminated composite shells. The element can represent arbitrarily curved shells with variable number of
layers and thicknesses, including ply drop-off problems. The element was validated in a previous work by the
patch test. All the analytical details necessary to make possible the shell analysis are presented here.
Examples are rel'0rtedto showtlie capability of the element to predict thebehavtOllr of complex structures
and a refined computation of the stresses is carried out hy integrating the equilibrium equations.

1. INTRODU.CTION

Thin and thick shells are po.pular and useful forms of structural components with many
applications in engineering. Particularly, in weight sensitive applications, where 'high strength­
to-weight ratios are needed, the advent of new types of composite materials, makes appropriate
the use of multilayered composite shells. This has led to great interest in the dev.elopment of
adequate theories for mo'delling the behaviour of the general anisotropic shell-type structures.

The solution of such laminated composites having complex geometry, arbitrary loading and
boundary conditions, presents intractable analytical problems and the finite element formulation
provides a convenient method of solution. the classical Love thin shell theory is based on the
Kirchhoff hypotheses. It assumes the laminae to be in the state of plane stress and neglects'the
transverse shears. and normal strain in the thickness direction. Ambartsumyan1 developed
a laminated composite shell theory assuming that the individual lamina is orthotropic and
oriented'in such a way that the principal axes of material symmetry coincide with the principal
co-ordinate of the shell reference surface. Dong and Taylor2 presented an extension of Donnel's
shallow shell theory to thin laminated shells in which, as in the Kirchhoff-Love theory, the
tr~nsverse shear deformation is neglected.

The effects of transverse shear deformation and the magnitude of the errors, inherent to the
basic Kirchhoff-Love theory assumptions are discussed by Koiter. 3 In fact as the shell becomes
thicker, compared to its radii of curvature and in-plane dimensions, the transverse effects become
more pronounced. These effects are very important in the case of laminated composite shells
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because of their low transverse shear moduli compared to their longitudinal moduli. For this
reason, in recent years, attempts have been made to do away with one or more of Kirchhoff's
foregoing assumptions. Reddy4 applied the First-order Shear Deformation Theory (FSDT) to
both single and doubly curved anisotropic shells. Reddy and Chandr;ashekara5 solved both
cylindrical and spherical laminated shell cases accounting for transverse shear deformation, while
Bruno et al.6 studied the 'non-linear b.ehaviour of thick doubly curved composite shells made in
unimodular and bimodular materials. In the FSDT, constant shear rotation is assumed through
the shell thickness. This requires the use of a shear correction coefficient whose accurate
prediction for an anisotropic laminated shell is cumbersome and problem dependent.

To obtain an improvement in the determination of the stress distribution through the
thickness, overcoming the use of the shear correction coefficient and satisfying the traction-free
boundary conditions, higher-order theories have been presented. In particular the third-order
theories are capable of representing a quadratic shear distribution through the thickness of
a homogeneous shell. All third-order theories can be derived from a common set of kinematical
assumptions.7 In general, single-layer laminate theories, especially the FSDT are adequate in
representing global behaviour (e.g. deflections, fundamental frequencies, etc.) but inadequate in
accurately representing local effects, such as interlaminar stress distribution, delaminations, etc.
All single-layer theories are based on one displacement expansion throughout the thickness of the
lamjnate. Consequently,. t,he transverse strains are continuous through the laminate thickness.
Such theories cannot accurately model laminates made of dissimilar material layers 1?ecause as
a-f€Sllltefthe different materi-al praperties, the out-of-planestresscomponents are discontinuous
at the interfaces between layers, thus violating the equilibrium' conditions. Noting this restriction
of the traditional plate and shell theories, several authors8-17 proposed Layer-wise Constant
Shear Theories (LCST). In these theories the distribution of the displacements is continuous
through the thickness of the shell with derivatives with respect to the thickness coordinate that
are not necessarily continuous at the interfaces between layers. The finite element implementation
oftl).ese theories is not simple because they imply a large number of degrees of freedom (d.oJ) per
n·ode.. Moreover, the physical interpretation of the d.oJ. and the large number of the stress
resultants and displacements is not as intuitive as in the single layer theories. Two-dimensional
LCST have not been used for shells because of the complexity of the formulation except for the
case of cylindrical shells.10

A three-dimensional shell element based on the application of two-dimensional kinematic
constraints of the FSDT to a continuum element was developed by Ahmad et al. 18 for the
a~alysis of thick and thin shell structures. They noted that the retention of three degrees of
freedom at each node leads to large stiffness coefficients for relative displacements along an edge
corresponding to the shell thickness. This presents numerical problems and inevitably leads to
ill-conditioned equations when the shell thicknesses become small compared with the other
dimensions of the element. The second factor showed by Ahmad et al. 1S is that of economy. The
use of s'everal nodes across the shell thickness ignores the well known fact, that even for thick
shells the normals to the middle surface remain practically straight after deformation. Thus an
unnecessarily high number of d.oJ has to be carried, involving penalties of computer time.

In previous works Barbero l9,2o developed a new element for the analysis of laminated plates
starting from the formulation of Ahmad et ai.,18 and substituting the assumption of the normals
to the middle surface straight after deformation with the assumptions ofthe LCST. In particular
he noted that with the use of a 3-D element, it is possible to analyse laminated composite shells
overcoming the difficulties linked with the LCST but retaining the precise stress calculation.
Barbero and Zinn021 completed the work in References 19 and 20 developing a procedure for the
refined calculation of the interlaminar stresses along the lines of previous work22,23 and
validating by the patch-test the 3-Dimensional Layer-wise Constant" Shear (3DLCS) element.
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However, all the computations in References 19-21 were performed for plate' problems. Sever~l
extension and modifications of the work prese.nted in References 19-21 are presented .here to
make the analysis of the general shell-type structures possible. First, a surface co-ordinate system
is defined. Next, the kinematics of References 19-21 is modified to allow for the cor.rect evaluation
of the element strain matrix, taking into account the membrane effe.ct. Finally, a procedure for the
refined computations of the shell's interlaminar stresses is developed. The procedure requires
computations of higher-order derivatives of the shape functions. These derivatives are presented
here in the context of the isoparametric formulation of three-dimensional problems.

To overcome the problem shown by Ahmad et al. IS of the unnecessarily high number of d.oJ,
when the 3-D continuum elements are utilized in the analysis of composite laminated structures,
the formulation takes into account the assumption of the incompressibility along the thickness
direction. This assumption is quite valid for a broad class of .problems of moderately thick
laminates. A method is pres~nted that by applying a particular constraint matrix takes into
account the incompressibility of the normals to the middle surface and reduces the number of
global d.oJ. Thus the proposed element has a small number of d.oJ per node and produces results
as accurate as conventional 3-D continuum elements for a large range of problems.

With this element the imposition of the boundary condition, loads, etc., has a very simple
physical interpretation. It is also possible to model problems with variable number of layers (ply
drop-off) and variable thickness because the position of the middle surface is i~relevant. Some
examples are presented to show the capability of the proposed element to produce results as
accurate as 3-D continuum elements overcomillg the problems of ~he ill-col).g.iti()nedeqlultions.

2. FORMULATION OF THE PROBLEM

With reference to Figure 1, a general laminated composite shell with n unidirectionally fibre­
reinforced homogeneous orthotropic layers is examined. The orthotropic axes of symmetry in
each lamina of arbitrary thickness and elastic properties are oriented at an' arbitrary angle with
respect to the surface axes defined in Section 3. The total thickness of the shell is h. Each point of
the shell is defined by .its co-ordinate x, y, z with .respect· to a ·global system of reference.
A displacement-based finite element procedure is employed for the numerical solution in the
context of the total Lagrangian formulation.

Let {u} = {u, V, W}T the displacement of each point of the shell. The equilibrium of the structure
occupying a volume V with boundary av, is represented by the virtual work expression:

f {dE}T {O"} dV = f {du}T{p} dV +f {du}T{q} dA
v v ov

(1)

z y.

o x

Figure 1. Shell geometry
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where {du} are the virtual displacements, {a}is the symmetric Cauchy stress tensor, and {£} is the
linear infinitesimal strain tensor associated with the displacements {u}.

The Cauchy stress tensor components and the infinitesimal strain tensor are related, for the kth
lamina, through the constitutive tensor components C~jrs' The constitutive matrix can be written
with respect to the material directions (1, 2, 3) as

Q~l Q~2 C~3 0 0 0

Q~2 Q~2 C~3 0 0 0

[ilk] = C~3 C~3 C~3 0 0 0

0 0 0 k2Cl4 0 0
(2)

0 0 0 0 k2C~5 0

0 0' 0 0 0 Qi6

Because' of the transverse incompressibility assumption (e~3 .= 0) used in the kinematics, the
inplane components of the constitutive matrix must be replaced by the plane stress reduced
stiffness coefficients Qij,24 while the out of plane coefficients Cij are obtained. from the three­
dimensional elasticity tensor.25 The shear correction coefficient k is included as required by
FSDT (k2 = 5j6).The need to use a shear correction factor reduces as the number of the elements
!~~<?~~_~.t~~thickn~ss of the laminate increases. This can be easily explained for the case of an
isotropic shell as follows. An assemblage of 3DLCS elements through the thickness represents the
parabolic distribution of the shear stress by a layer-wise constant approximation. As the number
of layers increases the error reduces and no shear correction factor is needed. Using this
expression for [fi] and setting e~3 = 0, we can overcome large stiffness coefficients for relative
displacements along an edge corresponding to the shell thickness and then overcome the
numerical problem that can produce ill-conditioned equations when the shell thickness becomes
small compared to the other dimensions in the element.

The constraint· that normals remain perpendicular to the middle surface has been deliberately
omitted to account for shear deformations. Moreover, if we use one element for each lamina
(or cluster of laminae) we omit the constraint that the normals remain straight after deform­
ation, obtaining the Layer-wise Constant Shear model where the rotations of each lamina are
independent.

Using the rotation matrix

cos2 [}k sin2 [}k 0 0 0 2 sin [}k cos [}k

sin2 [}k cos2 [}k 0 0 0 - 2 sin 8kcos [}k

[TkJ ~
0 0 1 0 0 0

0 0 0 cos [}k - sin [}k 0
(3)

0 0 0 sin /}k cos [}k 0

- sin /}k cos [}k sin /}k cos 8k 0 0 0 cos2 [}k _ sin2 [}k

we can obtain the expression of [DkJ written with respect to the surface system of reference

[Dk] = [Tk] - 1 [fik][Tk] (4)

Thus the relationship between stresses and strains with reference to the surface co-ordinate
system and taking into account that the index k can be deleted because each lamina k is here
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considered modelled by one or more 3DLCS elements

{a'} = [D]{E'} (5)

At every point of the shell surface we can erect a normal z' with two orthogonal axes x' and y'
tangent to it on this· surface (Figure 1). It must be noted that in general none of these directions
coincide with those of the curvilinear co-ordinates of the element (e, '1, ,) (see Section 3), although
x', y' are in the e- '1 plane (, = constant). Here and in the following, comma indicates a derivat­
ive with respect to the indicated co-o~dinate.

The strains components of interest are

e~, u:x '

e~, v:y'

0 0
{E'} =

Y~'z' w:y' + v:z'
(6)

Y~'z' w:x' + u:z'

Y~'y' u:y' + v:x '

with the·strain in direction z' neglected so as to be consistent with the shell LCST assumption of
incompressibility of normals. In fact, for a large range of problems we can assume that the
elongation of segments normal to the middle surface is zero during the deformation.

3. FINITE ELEMENT DEVELOPMENT

The displacement {u} = {u, V, W}T inside an element can be written as {u} = [N]{o}, where {o} is
the collection of the nodal {oil that in this formulation is {oil = {Uh Vi, WilT. The interpolation
functions are equal for u, v and w:

!:I= k~l [~i
0

~ ]{3i}N i (7)

0 N i

~
1

0 f!-sX 12 -1
-1 0 1

Ni~

Ni

o 2dof

• 3dof

Figure 2. The 3DLCS element



2450 R. ZINNO AND E. J. BARBERO

where % is the number of the nodes and N i = Ni(~' 11, '). The order of interpolation functions
N i along the two directions on the surface of the shell can be chosen independently of the order
through the thickness. Linear or quadratic interpolation of the displacements (u, v) are commonly
used. The order of approximation in the thickness direction for the displacement w corresponds
to different kinematical assumptions in LeST. A linear variation is used in this paper, but
higher-order approximation functions can be easily implemented (Figure 2).

The linear variation through the thickness of the element presents several advantages:
(a) It reproduces FSDT kinematic assumption when a single element is used to model the

entire thickness of the laminate.
(b) It reproduces LeST kinematic constraints when the element is used to model a single layer

of laminate. It was demonstrated by comparison with exact solutions that the layer-wise
linear distribution is the most efficient one.9 Therefore, more refined approximations
through the thickness (e.g. quadratic, cubic spline) are not usually necessary. However, they
can be easily implemented.

(c) The computational cost is reduced with respect to three-dimensional quadratic finite
elements (20 or 27 node brick elements).

In this paper, the resulting element satisfies the incompressibility condition of normals to the
middle surface of FSDT and 9th~rtheories. Furthermore, the computational cost is significantly
reduced since allpodes through the thickness have the same transverse deflection which can be
representee.! as. a singl~ d.eg:r~e of freedom for each location on the surface of the shell

Using the equations (5) (lnd (1) wherethe termon the left-hand side is the strain energy and the
terms on the right-hand side are the work of the body forces and distributed surface loads, we can
obtain .

f [B'Y{«J}dV= r [N]T{p}dV+f [N]T{q}dA (8)
v Jv BV

where [8'] is the strain-displacement matrix connecting the strains {E'}, written with respect to
the surface co-ordinates, t9 the nodal displacement vector, written with respect to the global
co-ordinate system of reference, as described in equation (10). It is necessary to use the [D'] matrix
instead of

Ni,x 0 .0

0 Ni,y 0

0 0 0
[B] =

0 Ni,z Ni,y
(9)

Ni,z 0 Ni,x

Ni,y Ni,x 0

because the [D] matrix in equation (4) is written with respect to the surface co-ordinate system.
The equilibrium equations for an element are obtained simply replacing in equation (8) the

body volume V by the element volume ~ and the body surface av by the element surface a~.

Using the kinematic equation

{E'} = [B']{o} (10)

and the constitutive equation (5) into the equilibrium equation (8) written with respect to an
element, we obtain the element stiffness matrix as:

[Ke] = r [B']T[D][B'] dv.;
JVe

(11)
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(12)

(13)

The derivatives of the displacements with respect .to the global ~xes (x, Y, z) are obtained in the
standard way as

[

U'X v,x W'X] [U'l; v,l; w,l; ]
U,y V,y W,y = [J] - I U,,, V,,, W,,,

U,z V,z W,z U" v" w"

where the Jacobian matrix is calculated from the co-ordinate definition.21 Now, for every set of
curvilinear co-ordinates, the global displacement derivatives can be obtained numerically. A fur­
ther transformation to surface directions (x', y', z') will allow the strain, and hence the [D'] matrix,
to be evaluated.

First the directions of the surface axes have to be established. The scheme adopted in the
present work for the choice of the surface x'- or Y'-axis is advantageous for the analysis of
fibre-reinforced composites because it facilitates the specification of the fibre-orientation on each
lamina. A vector normal to the surface' = constant can be bound as a vector product of any two
vectors tangent to the surface (Figure 3),

I

X'l;) IX,,, I I Y,l;z,,, - Y,,,z,l; I
{V3}= ~'~ x ~." = :'" z,~=:'~ z,,,

,l; ,,, ,l;Y." ,,,Y,l;

When the·· veetef {V3} is de~fined, it is possible to erect an infinity of mutually per~pendicular

vectors orthogonal to it. For instance, if (i} is the unit vector along the x~axis,we define

(14)

which makes the vector {V2} perpendicular to the plane defined by the direction {V3} and the
x-axis. As {VI} has to be orthogonal to both {V3 } and {V2 }, we have

{VI }={V3 }X{V2 } (15)

The three directions {V1}, {V2} and {V3} are divided by their scalar lengths, giving the unit
vectors {vI}, {v2} and {v3}. If the direction of the x-axis and {V3} coincide, and this scheme
breaks down, the program starts with a unit vector {j} along the y-axis. The unit vectors {v1 },

{V2} and {v3} define the surface axes (x', y', z'). In particular the scheme adopted to make these
vectors is very useful for the analysis of laminated composite shells. In fact, the position of the
element in the space is important only for the definition of {V3}, while {VI} and {V2} are defined

t(:
x·

Figure 3. The surface co-ordinate system
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(17)

(18)

'with respect to the global x- and y-axes. This is convenient for a simple definition of the fibre
orientation angle (), which can be defined uniquely as the angle between the fibre direction and the
x'-axis.

The matrix of unit vectors in directions (x', y', z') is the d~rection cosine matrix,

[~] = [{VI}' {V2}' {V3}] (16)

The global derivatives of the displacements u, v and w, are now transformed to the surface
derivatives of the surface orthogonal displacements by a standard operation

[
:::: :::: ::::] = [0]T [::: ::: :::] [0]

u ,z' V,z' W,z' U,z V,z w,z

From this expression, the components of the [D'] matrix can be found' explicitly:

{~l}

{t'} = [B'] {~:2} , {~;} = J::.1
{OJ} [WI

The matrix [D'] is written with respect to the global co-ordinate system and must multiply the
global displacements to obtairi the stra.ins [i']wiitten with respect to the"'surface co~ordiriate

system.
In order to evaluate the [D'] matrix the following scheme was employed. Let [H] be the

operator .of differentials defined as follows:

0
0 0-ox

0
0 0ax

0
0 0-ox

0
a

0-oy

[H] = 0
0

0- (19)oy

0
a

0-oy

0 0
a

-oz

0 0
a
oz

0 0
a
oz



(21)

(20)
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The linear strains (including 833) can be expressed as

{E} = [A][H][N] {o}

where

1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 1
[A] =

0 0 0 0 0 1 0 1 0

0 0 1 0 0 0 1 0 0

0 1 0 1 0 0 0 0 0

Thus, the matrix [B] can be written as

[B] = [A][H][N] (22)

To obtain [B'] we have to rotate [E] into [E'] by using equation (17), but [B'] must multiply
{o} = {Uh Vj, Wi} T, then it is necessary to divide the terms connected with each displacement to
take into account the membrane effects of the shells.

Piyidjng[H] intQtbr~ep_artsas displayed in' equatjon (19) andmtlltiplying[lI]<aIlq [N]we
can obtain three matrices. The first matrix is connected only with the u displacements, the second
with the v displacements, and the third with the w displacements. Thus, makit:lg the operation (17)
for each of these matrices we can obtain other three matrices [a], [b] and [c]. In these matrices,
for example the terms all, bll and CII are connected with au'lax' in {E'} but all must multiply
the u-displacements, bll the v-displacements, and the CII the w-displacements. Using these three
matrices we can obtain [B'J as follows:

UI

all bll CII
VI

a22 b22 C22
WI

[B']{o} =
0 0 0

a23 + a32 b23 ,+ b32 C23 + C32

(23)

al3 + a31 bl3 + b31 Cl3 + C31
Un

al2 + a21 b l2 + b21 Cl2 + C21
Vn

Wn

The terms a33, b33 and C33 are replaced by zeros due to the incompressibility conditions.
The numerical integration is performed by Gaussian quadrature. A two-point rule suffices in

the' direction, while a minimum of three or four points in both ~ and 11 directions is needed for
parabolic or cubic elements respectively. Reduced integration is used in the ~ and 11 directions for
the shear terms.

4. ASSEMBLY PROCEDURE AND APPLICATION OF THE CONSTRAINTS

The integration of the element stiffness matrix is performed as a standard 18 nodes element with
three degrees of freedom per node (u, v, w) but with the appropriate shape functions N i previously
described.
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The surface transverse deflection w' is constant through the thickness of the shell by the
incompressibility assumption made omitting 833 in equatipn (23). Therefore, we must impose that
for two nodes aligned through the thickness we have only one w' (in the bottom for example). If
this is not done the stiffness matrix will present a singularity and the solution cannot be reached.

With reference to Figure 4, where three 3DLCS elements are assembled to form a laminate, we
have that:

W't = W2 = W3 = w~

For example we can analyse element number 3 in Figure 4 where we have that the two
w'-displacements of element 3 (W3' w~) must be equal to the displacement W't at the bottom node
of element number 1, called master node:

W3 = w~ = W't

Using the direction cosine matrix we can write

(24)

or explicitly riI[9il 0~t

9~l ]rilvi, =9;2 0·~2 0 32 Vi

Wi 8 13 0~3 0~3 Wi

(25)

Using this expression we can write the following constraint matrix (for the example of the third
element in the mesh):

0 0 '0 0 U3

1::I=

V3

0 1 0 0 0
Ut

(26)

- 0f3 - 9~3 013 0~3 0~3
Vt

0~3 9~3 0~3 8~3 0~3
Wt

This expression can be written for all the 18 nodes in the element, connecting each of them to the

z'

tz.w~ u.LV
x,u

II 3dof o 2dof

Figure 4. Scheme of an assembly of 3DLCS elements
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(29)

(28)

.:!,::;ler node on its vertical, obtaining a constraint matrix [A] of dimensions 54 x 63. Out of the
iiitial 54 (18 x 3) d.oJ per element, 36 d.oJ (18 x 2) corresponding to (u, v) remain independent of

:.he master nodes. The 18 w-d.oJ depend of the 27(9 x 3) d.oJ(u, v and w) of the master node. They
also depend of the 36 d.oJ (u, v) of their own element. Thus we have 63 independent' d.oJ
(36 + 27 = 63).

The 54 x 54 standard stiffness' matrix (18 nodes with 3 d.oJ) can be written with respect to the
independent displacements u and v of all the 18 nodes of the element and u, v and w of the master
nodes at the bottom of the shell as follows:

[K e
](63,63) = [A] {63, 54) [Ke

](54, 54) [A](54,63) (27)

The nodes at the bottom of the shells are called master nodes. However, they can be any set of
nodes located at one of the interfaces of the laminate. The location of the master nodes through the
thickn.ess of the laminate does n.ot affect the results.

The" condensation of the redundant degrees of freedom has been easily achieved through the
usual assembly by assigning the same global node number of the master node to all the
w-components of the nodes located on its normal and adding to this node all the contributions of
the element stiffness matrix connected to the global displacements of the master nodes at the
bottom of the shell.

At the end of this condensation we have three degrees of freedom (u, v, w) at the nodes located
on the bottom of the structure and only two degrees of freedom (u, v) for all the other nodes in the
discretization. Thus we can make a strong reduction of the global degrees of freedom and we can
reach' a symmetric, banded, non-singular global stiffness matrix.

The displacement w in all the nodes with two degrees offreedom can be easily obtained after
the solution, using the equation (26). It is possible to show that for the case of the plate analysis,
where the global w are:equal on each vertical, that the application of the constraint matrix [A]
produces"a stiffness matrix of dimensions. 45 x 45. In this case the constraint matrix [A] connects
only the global w-displacements of all the nodes with the w-displacements in the bottom of the
same vertical. In fact, for the plate analysis the u,. v displacements of the master node are not
required as described in References 19-21. In this way [A] has a dimension 54 x 45. Then, during
the assemblage we can give the same global node to all the w-nodes through each vertical, so
eliminating the singularity of the global stiffness matrix.

The technique adopted has the following advantages:

(a) It eliminates the need for complex bookkeeping to identify individual sets of elements
stacked to form a laminate.

(b) It eliminates the need for elements with large number of d.oJ that otherwise result if the
assembly through the thickness is performed a priori. This is particularly useful for the
implementation in commercial FEA codes.26

The loads can be defined in surface co-ordinate or in global co-ordinate system. If they are
defined in surface co-ordinate system, a rotation is necessary to transform them to global
co-ordinates using the full rotation matrix (54 x 54):

{F'} = [0]{F}

If a pressure is applied, the calculation of the loaded area in surface co-ordinate is necessary and
the nodal forces can be obtained by the knowledge of the Jacobian and the element thickness,
using the following relation:

P
x

' ) 1NiP
x

'f
ngp ngp 2

{R} = A [N] Py ' dA = r~l S~l NiPy ' W~r W"s II J lI~r"s T
H

Pz' NiPz'
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(30)

where Pi is the component of the distributed load in the direction i; A is the area of upper, middle
or bottom surface of the 3DLCS element, depending on the position of the loading; TH is the
thickness of the 3DLCS element ofeach Gaussian point (ngp = number of Gaussian points); W is
the weight at each Gaussian point; and' is equal to 1 or - 1 or 0, respectively, when the
distributed loading is on upper, bottom or middle surface. When the nodal forces are calculated,
the previous relation (28) can be adopted.

5. COMPUTATION OF STRESSES

The constitutive equation (5) is used to obtain all components of stress at the reduced Gauss
points. T·he distribution of in-plane stresses ux', (Jy' andux'y' is linear through the thickness. The
distribution of inter-laminar stresses (Jx'z' and (Jy'z' is layer-wise constant. All components of stress
obtained at the integration points can be extrapolated to the nodes using the procedure described
by Cook.27 This is done to facilitate the graphic output using pre- and post-processing package.28

Selective reduced integration is used on the shear-related terms. The 3DLCS element reduces
to FSDT when only one element is used through the thickness. Therefore, the behaviour of the
9-node Lagrangian FSDT element with selective reduced integration, free of shear locking, is also
present in the proposed element when several 3DLCS elements are stacked through the thickness.
Furthermore, Barbero and Reddy22 successfully used selective reduced integration on their LeST
element that has the same kinematic as a stack of 3DLCS elements. As shown by AveriI,29 the
9-node Lagrangian element with selective reduced integration does not exhibit locking as the
plate (or, in this paper, layer) becomes very thin. This is a remarkable advantage of 3DLCS
elements over conventional 3;..D- corttinuumelements with full integration.

The 3DLCS element gives a very good representation of all the stress components except
(Ji without the aspect ratio limitations ofconventional.3-D continuum elements. When transverse
stress ui is needed, either conventional 3-D continuum elements can be used or further post­
processing can be done by using the third equilibrium equation:

oU~'z' o(J;,z' o(Ji,z' I

~+-V+~+Pz=O

Quadratic interlaminar stresses that satisfy the shear boundary conditions .at the top and at
bottom surfaces of the plate are obtained in this work for arbitrarily curved shell laminated
modelled with isoparametric elements. An approximation of the shear stress distribution through
each layer with a quadratic function requires 3n equations for each of the shear stresses
(u~'z" u;'z,), where n is the number of layers. To obtain these 3n equations Chaudhuri23 proposed
that n equations be used to satisfy the n average shear stresses on each layer, two equations be
used to impose vanishing shear stresses at the surface of the plate (top and bottom), n - 1
equations to satisfy the continuity of the shear stresses at the interfaces between layers and the
remaining n - 1 equations be used to compute the jump in (J~,z"z' (or u~'z"z') at each interface.

The average shear stresses «(J~,z" u~'z') on each layer are computed from the constitutive
equations and the displacement field obtained in the FEA.

In this work, the following equilibrium equations

oU~'z' = _ (O(J~,x, + OU~,y,). o(J~,z' = _ (O(J~,y, + O(J~,y,)
oz' ox' oy" oz' ox' oy' (31)

are used to compute (Jx,z"z, and uy'z',z' directly from the FEA approximation for a curved
isoparametric shell element in space. The procedure requires computation of second derivatives
of the displacements (u' , v', w'). In this work, the second derivatives are obtained (Appendix II)
from the shape functions used in the isoparametric formulation.
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The derivatives of displacements are defined with respect to the global axes (x, y, z) but, for the
shell analysis the stresses calculated respect to the surface axes (x', y', z') are needed.
The operator

a aN a2N a2N a2 N
ax ax ax2 axay axoz

[VVN] =
a aN a2N o2N a2N
oy oy ayox oy2 oyoz

(32)

a aN o2N o2N a2N
oz oz ozox azoy az2

contains all the second derivatives that are needed to solve the problem. Then, it is possible to
apply the rule of .the change of basis at this operator to obtain the second derivatives of the
stresses res.pect to the surface axes:

[VVN'] =

o2N
ax,2
o2N

oy'ox'
a2 N

oz'ox'

o2N
ax'oy'
o2N
oy,2

a2 N

oz'oy'

a2 N
ox'oz'
o2N

oy'oz'
a2 N
OZ,2

= [0]~ [VVN] [0] (33)

Using equations (5) and (10) we can write

U';x, ,x' Ni,x'x' 0 0

U;~Y"X' 0 Ni,y'x' 0

0
[Dk

]
0 0 0

{a} = [Dk][B~,]{o}
u;~z"x'

=
0 Ni,z'x' Ni,y'x'

u';z',x' Ni,z'x' 0 Ni,x'x'

U';y',X'
Ni,y'x' Ni,x'x' 0

and similarly

U';X',y' Ni,x'y' 0 0

U;~y' ,y' 0 Ni,y'y' 0

0
[Dk

]
0 0 0

{o} = [Dk][B~,]{o}
u;~z' ,y'

=
0 Ni,z'y' Ni,y'y'

u~~z"Y' Ni,z'y' 0 Ni,x'y'

u';.y',y'
Ni,y'y' Ni,x'y' 0

(34)

(35)

where the matrices [B~,] and_ [B~,] are used for the computation of the second derivatives of
stresses in the same way as the strain-displacement matrix [D'] is used for the computation of
stresses. With the second derivatives of stresses, the parabolic shape of u~'z' and u~'z' through the
thickness respect to the surface axes can be obtained. Then, by the knowledge of the angle
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() between the surface axes· and the material directions (1, 2, 3) (Figure 1), it is possible to calculate
the stresses. in global direction,- which are needed to study the failure or damage of laminated
composite shells.

6. NUMERICAL RESULTS

In this section the formulation obtained above is used in the linear analysis of ply drop-off beams,
rectangular plates and doubly curved shells, to assess the quality of the proposed element and to
display the features of the 3DLCS element in the modelling of general composite laminated
structures. Table I contain a list of the material·properties considered here. Table II contain a list
of the boundary conditions considered in this section.

6~1. Beam drop-off example

To show the capability of the proposed element, the example of a beam with or without the ply
drop-off,30 has been analysed here (Figure 5). The ply drop-off is an important problem in the
structures made of composite materials'. The middle surface is at different location through the
thickness in the thick and in the thin part of the beam. Thus, obtaining an exact solution or
a"finite element solution for these irregular structures is a major problem. The use of the 3DLCS
element overcomes the problem because, in comparison to the two-dimensional plate analysis,
the position of the middle surface is irrelevant for the use of this element, as for tl1~ 3-Ps;QJJtinuUlll
elements. We shift considering a beam without ply droop-off to. ch~ck the results obtained using
the proposed element making a comparison between the analytical solution and the finite element
one. The structure, made in material I (isotropic), is subjected to a·unitary load P applied in the
transverse direction·. The deflection is calculated at two points A and B as shown in Figure 5
together with the dimensions, the labels and the boundary conditions. The Ti1l10shenko beam
theory was used to obtain the analytical solution, adding the bending displacements Wb to the

Table I. Material properties

Material I (isotropic)
E = 29000 Ksi; v = 0·294

Material II
E 1 = 19·2 X 106 psi; E 2 .= E 3 = 1·56 X 106 psi; G12 = G13 = 0·82 X 106 psi

G23 = 0·523 X 106 psi; V12 = V13 = 0·24; V23 = 0·49

Material III
E 1 = 40 psi; E2 = E3 = 1·0 psi; G12 = G13 = G23 = 0·5 psi

V12 = V13 = V23 = 0·25

Table II. Boundary conditions

ss
u = w = 0 for the sides parallel to the x-axis
v = w = 0 for the sides parallel to the y-axis

CC
u = v = w = 0 on all the sides
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Figure 5. Beam ply drop-off example

. pt 3 PI'
pomt A: WI = Wb + Ws = 3El + XGA (X = 5/6)

. 5Pt 3 PI'
pomt B: WI = Wb + Ws = 48El + 2XGA

The results obtained using the analytical and the finite element solution are shown in Table III.
To model the ply drop-off beam, one element (number 2) was removed as displayed in the same

Figure 5. Referring the thick part by the label 2 and the thin part by the label 1 and using the
Timoshenko beam theory we have this expression for the total transverse displacement in the
point A:

Pt~ Pt1t~ 6Pt 2 (Pt~ Pt1( 2 ) pti Pt1
WI = 3E1

2
+ 2E1

2
+ 5GA

2
+ 2E1

2
+ E1

2
·(2 + 3El

1
+ XGA 1

Using this expression, the total transverse displacement is equal to 0·03393". Modelling the
problem using the 3DLCS element we can reach the result equal to 0·034846". It can be noted
that the 3DLCS result is larger than the analytical solution. This is because the analytical solution
assumes that the two middle surfaces coincide, which is not the case of this example.

6.2. Rectangular plate examples

It is well known that all the single layer theories (FSDT, LCST, etc.) are adequate9 , 20,31,32 in
representing global behaviour (deflections, fundamental frequencies, etc.) but only the LeST are
adequate in.representing the shear distribution or other local effects (delamination, etc.). Here we
want to show that the proposed element retains all the positive characteristics of the single layer
theories and is also capable of predicting accurately the stress distribution.

Figure 6 shows the variation of the dimensionless centre deflection w= [wc (E 2h3 )/(qoa4
)]

x 103 vs. the b/a ratio and the a/h ratio of rectangular plates subjected to uniformly distributed
load. The plates are made.in material III and are composed by two (0°/90°) or four (0°/90% °/90°)
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Table III. Comparison between .analytical and 3DLCS so~utions

Point A: Wb = 0·01725" Ws = 0·00053" Wt = 0.01778" W3DLCS = 0·01750"
Point B: Wb = 0·00538" Ws = 0·00026" Wt = 0·00565" W3DLCS = 0·00552"

w

30
2 Layers

4 La:yers

__ a/h = to
__ a./h = tOO

20

fO

2 3 4

---

. b/a.

5

Figure 6. Centre deflections vs. b/a ratio and a/h ratio for a rectangular cross-ply plate under uniform transverse load
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f5 \ , ,
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E,/Ez
0
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Figure 7. Effect of material anisotropy on the dimensionless centre deflections of cross-ply laminates under a uniform
transverse load for different a/h ratios

layers and are subjected to SS boundary conditions~A mesh of3 x 3 x (number of layers) was used
to discretize the structures.

Comparing the results obtained using two layers with those analogous of four layers it should
be observed that the influence of coupling may be extremely relevant. The centre deflection, in
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fact, rapidly reaches the uncoupled solution as the number of layer increases.33 Furthermore,
.when the b/a ratio increases, the dimensionless centre transverse deflection becomes asymptotic,
,with different values for each laminate.

Figure 7 plots the non-dimensional transverse centre deflection w= wc [(E 2h3 )/(qoa4
)] x 103

versus the E1/E 2 ratio of simply supported (88) cross-ply plate made with two or four layers. The
material is the same as material III, except for the value of E1 , varying with the ratio E 1 /E2 •

A mesh of 3 x 3 x (number of layers) was used and a uniformly transverse .9istributed load was
applied on the top surface of the plate. The influence of the shear deformability on the bending is
shown, in the same figure, by the comparison between results relative to both ratios a/h = 100
and a/h = 10. In particular the Classical Plate Theory (simulated by a/h = 100) underpredicts
deflections, while when the number of layers increases the solution tends to the uncoupled
solution.

A moderately thick simply-supported (88) square (t· t) plate made by four laminae
(45°/ - 45°/45°/ - 45°) was analysed to coinpare the shear stress distribution through the
thickness, obtained using both equilIbrium and constitutive equations. The layers are made by
material III and a mesh of 4 x 4 x 4 3DLCS elements was used to discretize all the structure. The
stress Ux'z' is calculated at the point (1/2,0)and the stress uy'z' at the point (0, t/2) by extrapolating
to the:.nodes the stress values calculated ,at the reduced Gauss points.27 The stresses are
adimensionalised by the relation Ui = [(Uih)/(qt)] x 10 (i = x'z', y'z'). The difference between the
results, shown in Figure 8, is very clear and the excellent representation of the shear stresses
oOfainea-ustngtheequilibrium equations· is.demonstrated.

To compare the results obtained using the exact three-dimensional solution of Pagano34, 35

and the analogous one determined using the proposed element, a simply supported (88), square
(I· I) cross-ply (0°/90°/0°) plate under sinusoidal distributed load (q = qo cos [(nx)/t]
cos [(ny)/I]) was analysed. The material adopted is material II. Owing to the symmetry, only
a quarter of the plate was modelled by a 4 x 4 x 3 mesh of 3DLC8 elements (see Figure 9). The
shear stresses are computed at the same points of the previous example, while the relation for the

5432

f.OO ~~----~-----------,

o.00 ........-rn-n-~I"TT"MrTT'MI"TTT1-rr-n"T"TT"l'T'T'T'1"TT'T'1"TTT"1"TTT"1"TTTT'TTTT"iTrr1

o

0.40

0.20

__ Equilibrium equa.tions
0.60 .-••••- Constitutive equa.tions

0.80

2o-t

f.OO
z/h

0.80

0.60

0.40

0.20

o.00 -+-r-~"'I"'T"T....,.,...,r-r-r-T"'T""r'-w-T'"'I'...,........Ft-r~"""r""'P""'~~...,.-.p-"Ir-r""I"'"'t

-2

(a) (b)

Figure 8. Square angle-ply plate under uniform transverse distributed load. Shear stresses distributions obtained using
the constitutive and the equilibrium equations
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Figure 9. Scheme adopted for the calculation of the shear stresses
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Figure 10. Shear stress distributions. Comparison between the three-dimensional exact solution of Pagano34,35 and the
3DLCS solution

adimensionalized values is Ui = (Uih)j(qt). Observing the plots reported in Figure 10 we can say
that the results compare well, especially for (Jy'z'.

6.3. Doubly curved shells

Simply supported (8S) doubly curved shells subjected to point load (case 1) and clamped
doubly curved shells under uniformly transverse (case 2) load are analysed to show the results
making comparisons with the analogous results obtained running the commercial program
NISA II. The structures are made in material I (isotropic). The scheme of the structures, the
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case 3

Qamped: u =v = w =0 on all the sides a = 1
Simply supported: u = w = 0 on the sides parallel to x

v =w =0 on the sides paranel to y

Figure 11. Schemes adopted for the calculation of the central deflections of doubly curved shells

Table IV. Central deflections of doubly curved isotropic
shells vs. Ria ratio: simply supported (SS), unit point load,
alh = 100; exact solution for plate (CPT): Wmax = 0.01159

(Pa2 }/D = 4,3813269, D = (Eh3 )/12(1 - v2»
Ria NISA 3D NISA 2D 3DLCS

1 5·78166E - 2 1·40893E - 1 1·45710£ - 1
2 1·51658£ - 1 2·78430£ - 1 2·86300£ - 1
3 2·63578E - 1 4·16383E.- 1 4·28300£ - 1
4 3·85492E - 1 5·55650E - 1 5·70400£ - 1
5 5·12533E - 1 6·98147£ - 1 7·14650E - 1
10 1·15077 1·46923 1·47520
Plate 4·06331 4·36106 4·39190

Table V. Central deflections of doubly curved isotropic shells
vs. Ria ratio: simply supported (SS), unit point load, alh = 10

Ria

1
2
3
4
5
10
Plate

NISA 3D

1·99103E - 3
3·12546E - 3
3·84640E - 3
4·25647E - 3
4·49418E - 3
4·87014E - 3
5·01545E - 3

NISA 2D

1·98043E - 3
3·37294E - 3
4·15647£ - 3
4·57206E - 3
4·80441E - 3
4·94077E - 3
5·05799E - 3

3DLCS

2·25820E - 3
3·56840£ - 3
4·29650E - 3
4·68010E - 3
4·89570E - 3
5·23420£ - 3
5·4028E - 3
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Table VI. Central deflections of doubly curved isotropic
shells vs. Ria' ratio: ciamped (CC), unit uniformly distributed
load, alh = 100; exact solution for plate (CPT):
Wmax = 0·OOI26(Poa4 )jD = 0·4763133, D = (Eh3 )/12(1 - v2»

Ria NISA 3D NISA.2D 3DLCS

1 1·58882E - 3 1·44643E - 3 1·44760E - 3
2 8·24728E - 3 6·67833E - 3 6·65190E - 3
3 2·08598E - 2 1·74369E - 2 J·72450E - 2
4 3·80322E - 2 3·34819·E - 2 3·30970E - 2
5 5·81030E - 2 5·33332E - 2 5·28820E·- 1
10 1·62102E - 1 1·70116E - 1 1·70910E - 1
Plate 3·68658E· - 1 4·57171E - 1 4·80066E - 1

Table VII. Central deflections of doubly curved isotropic
shells vs. Ria ratio: clamped (CC), unit uniformly distributed

load, alh = 10

Ria

1
2
3
4
5
10
Plate

NISA 3D

1·68276E - 4
3·44046E - 4
4·21006E - 4
4·56534E - 4
4·75061E - 4
5·02076E - 4
5·13700E - 4

NISA 20

1·59774E - 4
3·54020E - 4
4·46281E - 4
4·90600E - 4
5·14460E - 4
5·51391E - 4
5·68437E - 4

30LCS

1·59690E - 4
3·54200E - 4
4·46600E - 4
4·91020E - 4
5·14890E - 4
5·51330E - 4
5·68960E - 4

Table VIII. Central deflections ofdoubly curved laminated composite shells vs.
Ria ratio simply supported (SS) (0°190°10°), unit uniformly distributed load

alh = 10 alh = 100

Ria

1
2
3
4
5
10
Plate

NISA 20
Composite

3·06719E - 6
5·86618E - 6
7·34053E - 6
8·02942E - 6
8·39443E - 6
8·95673E - 6
9·21828E - 6

30LCS

2·30320E - 6
5·72680E - 6
7·42870E - 6
8·27830E - 6
8·74980E - 6
9·52870E - 6
9·98320E - 6

NISA 2D
Composite

4·06942E - 5
1·76640E -4
4·04504E - 4
7·10676E - 4
1·07565E - 3
3·12796E - 3
7·74179E - 3

30LCS

3·84510E - 5
1·74770E - 4
4·00060E - 4
7·02570E - 4
1·06210E - 3
3·09750E - 3
7·76380E - 3

Plate under sinusoidal load: a/h = 100: Pagano: 0·49630E-3; 3DLCS: 0·49673E-3
a/h = 10: Pagano: 6·25400E-6; 3DLCS: 6·4440E-6
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boundary conditions and the loads are reported in Figure 11. The res·ults are reported in Tables
from IV to VII for various Ria ratios and for two ratios of alh.

The elements used in NISA 1128 are individuated in its library by the parameters NISA 3D:
brick elements with 20 nodes, NKTP = 4, NORDR =2 and NISA 2D: two-dimensional thick
and thin shell element with 8 nodes, NKTP = 20, NQRDR = 20.

When the' two-dimensional mesh is ad9pted the simply supported boundary conditions (SS)
are: u = w = t/Jx = 0 on all the sides parallel to the x-axis and v = w = t/J.y= 0 on all the sides
parallel to the y-axis; t/Jx and t/Jy being the rotation along x- and y-axis, respectively. For the plate
cases the exact solution of the Classical Plate Theory is reported36 and is clear that the 3DLCS
solution is the nearest solution when the str~cture is thin and the CPT is valid. Note that, when
the shell is thin the solution obtained using the brick elements of NISA is very different from the
other two solutions.

These denotes the well known effect of the ill-conditioned equations discussed by Ahmad
et al. 18 due to the Gz different from zero. The 3DLCS element, instead, is a solid element but the
condition that Gz is omitted in the equations (6), (9) and (23); overcomes this problem. When the
structure became thick the three solutions are not very different. The 3DLCS element shows that
it is more deformable taking the shear effects into better account. Also the 3DLCS solution is less
~xpensive than..the 3-D c~ntinuum el~ments.

Finally, doubly curved cross-ply (0°190°/0°) shells under SS boundary conditions and uniform­
ly transverse distributed load (case 3), are analysed. Each layer is made in material II, the mesh
adQPled is 4 x 4 x 3 on all the structures. Two-dimensional shell elements for the analysis of
laminated composite structures of the commercial program NISA II are used to model the same
example using a 4 x 4 mesh of eight nodes elements· (NKTP = 32, NORDR = 2). For the
two-dimensional case the same boundary conditions (SS) of the previous case. were adopted.

The comparisons are reported in Table VIII for alh = 10 and alh = 100 and for various Ria
ratios. It is easy to note the good agreement between the results, demonstrating the capability of
the 3DLCS elements to model composite. laminated shell-type structures. In the plate case it is
clear that the proposed element takes better account of the shear deformability. For this case the
comparison with the three-dimensional exact solution ofPag~no, for a sinusoidal distributed
transverse load, is also reported, showing good agreement with the 3DLCS solution. For the
smaller Ria ratios the use of the proposed element takes better account of the influence of the
boundary conditions. In fact, in the two-dimensional model the boundary conditions are on the
boundary of the middle surface and rotations around this boundary is possible. The effect is more
evident for small values of the ratio Ria.

7. CONCLUSIONS

In this paper a continuum-based implementation of layer-wise constant shear theories for general
laminated composite shell-type structure was presented. After the analysis of the single-layer
theories, the LeST, and the 3-D continuum elements, all the positive and negative characteristics
of these formulations were pointed out. Thus, a new 3DLCS element was proposed to retain only
the positive characteristics of the previous analysis' and to avoid the problems of the ill­
conditioned equations of the 3-D continuum elements, the'non precise calculation of the stress
distribution of the' single-layer theories, and thelarge number of d.oJ per node, stress resultants,
and boundary conditions of the two-dimensional LCST. The proposed element has smaller
number of d.o.f and the interpretation of the d.oJ, the stress resultants and the boundary
conditions is intuitive as in the 3-D continuum elements. The element is capable of modelling
problems with variable number of layers and thicknesses. The accuracy of the 3DLCS element
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was demonstrated by standard examples used to evaluate the mechanical behaviour of beams,
plates and shells.
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APPENDIX I

List of symbols

x, y, z g~obal co-ordinates
x', y', z' surface co-ordinates

1, 2, 3 lamina material directions (1 = fibre direction)
e, 1'/,' elemental co-ordinates

N i interpolations functions in global co-ordinates
{u}, {u'} displacement vector in global and surface co-ordinates, respectively

{a i } nodal displacement vector
{a e

} .elemental displacement vector
JV number of nodes in the mesh

{a}; {a'} stress vectors in global and surface co-ordinates, respectively
{E}; {£'} strain vectors in global and surface co-ordinates, respectively

[Cij] three-dimensional stiffness matrix
[QijJ two-dimensional stiffness matrix
[DijJ 3DLCS stitrness matrix

k shear correction factor
£1, £2' £3 Young's moduli in direction 1,2 and 3, respectively

G12 , G13 , G23 shear moduli
v12, V13, V2.3 Poisson coefficients

[TkJ rotation matrix for the generic lamina k
{p} body forces per unit volume
{q} applied surface tractions

[8J, [D'J strain-displacement matrices in global and surface co-ordinates, respec-
tively

[KJ shell stiffness matrix in global co-ordinates
{F} equivalent nodal forces
[JJ Jacobian matrix

{VI}' {V2 }, {V3 } vectors in direction x',y' and z', respectively
{ i }, {j}, {k} unit vectors in direction x, y and z, respectively

{VI}, {V2}, {V3} unit vectors in direction x', y' and z', respectively
[0J mat~x of unit vectors in x', y' and z' direction (rotation matrix)

VVN, VVN' gradient of the gradient of each interpolation function in global and
surface co-ordinates, respectively

[B~I J, [B~, ] matrices of second derivatives of interpolation functions respect x' and y'
co-ordinate, respectively
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~ component of the distributed load in direction i
A area of upper, middle or bottom surface of the 3DLCS element, depending

on the position of the loading
TH thickness of the 3DLCS element at each Gaussian point
W weight at each Gaussian point

ngp number of Gaussian points
[H] operator of differentials
[A] constraint matrix

APPENDIX II

Computation of higher-order derivatives

The compu~tion of the second derivatives of the interpolation functions with respect to the
global co-ordinates involves additional computations.

The· first. order derivatives with respect to the global co-ordinates are related to· those with
respect to the elemental co-ordinate according to

aNi ax ay az -1 aNi aNi
ax ae ae ae ae ae
aNi ax oy az aNi

= [J]-1 aNi
(36)ay a" a" a" Off a"

aNi ax ay oz. aNi aNi
oz ac ac ac a, ac

where the Jacobian [J] is evaluated using the approximation of the geometry.
The second derivative of N i with respect to the elemental co-ordinate (x, y, z) are given by

02Ni a2N i
ae2 ax2
02Ni a2N i
0,,2 ay2 aNi
a2Ni a2N i ax
aC2 az2 aNi

02Ni
= [J1]

a2N i
+ [J2] ay (37)

0"0' ayaz aNi
a2Ni a2Ni az
aeo' axaz
a2Ni a2Ni
oeo" oxay
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Then the second derivative respect to the global co-ordinate are given by

a2Ni a2Ni
aX2 ae2

a2Ni a2Ni

ay2 0112
aNi

a2N i 02Ni ox

az2 0,2 aNi
a2Ni

~ [Jl]-l
a2N i

- [J2]
oy (38)

ayaz 011 a, aNi

a2N i a2N i oz

axaz oea,

a2Ni . 02N j

axoy ae a11
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1 aX az ax az
J 65 = ae a" + a" ae '

a2x a2y a2zJ2 - )2 _
Jf3 = ae211 - ae2' 12 - ae2'

a2x a2y a2zJ2 - )2 _ )2 _
21 - a,,2 ' 22 - a,,2' 23 - a,,2

a2x a2y a2z
J~l = aci '

)2 _ J2 -
32 - a,2' 33 - a,2

a2x a2y a2zJ2 - )2 _ J2 -
41 - a"o" 42 - a"0' ' 43 - a"a,

a2x a2y a2zJ2 - J2 - J~3 = aeac51 - aeo" 52 - aea,'
a2x a2y a2zJ2 - J2 - J2 -

61 - aeo" , '62 - aea,,' 63 - aea"
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