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where O, and Q, are generalized coordinates (degrees of freedom) for the axial and
transverse displacement, respectively. (Here du/dx is constant along x, and w = 0 at any
state before buckling.) The generalized coordinate Q, represents the amplitude of the
displacement of the fibers in the shear mode where L is the half-wavelength of the deflection.
Hence, the shear strain is maximum at the position L/2 with respect the half-wavelength.
The generalized coordinate Q, represents the axial strain. _

'Using eqns (2-6) in combination with eqns (7-8), the total potential energy of the
system 18
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where A = D,/Vin which D, is the diameter of the fibers and V;is the fiber volume fraction.
The equilibrium path is found in terms of stress by setting to zero the first variation
(86V = 0) of the potential energy, or for discrete systems V,= 0V/0Q; = 0. Then

P PV,
Oequ = 1-4- =" = _ELQI 5 Q2 =0. (10)
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The equilibrium path represents all the configurations, stable or not, which are in equi-
librium. The path is described in terms of the generalized displacement Q; and the load
parameter A = P/P,,, where P, is the load at the bifurcation point. Assuming the equi-
librium path is stable in the undeformed and unloaded state (Q;, A) =(0,0) and remains
stable along the equilibrium path with increasing load parameter A until a critical point is
reached, the distinct critical point (only one possible branch) is defined setting to zero the
determinant of V= 0°V/0Q,00, (equivalent to the second variation for continuous
systems). Subscripts of ¥ indicate derivatives with respect to the generalized coordinates.
The number of subscripts indicate the order of differentiation. Evaluating the determinant
along the equilibrium path (Q, = 0), the derivatives are
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Since V), = 0, the matrix representing V; is diagonal. Then det(V;)) = V1 V. At a
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critical state det (V))° = V, V| = 0. Since V), = constant, the critical point is found as
V5 = 0. Solving for the critical point Q¢ yields

G n2D?
0= —— - —~ (12)

which substituted into (10) yields the critical stress as
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Note that Rosen’s model is recovered if D,/L « 1. Now that the critical point has been
established, the investigation turns to the stability of the critical point. Using the stability
condition at the critical point ¥;x,| = 0, the direction of the post-buckling path is obtained.
The eigenvector x with components x; was found as

-4

The eigenvector points in the direction of the postcritical path and is orthogonal, at the
critical point, to the fundamental path given by Q5.

Upon obtaining the critical point along the equilibrium path, perturbation techniques
are employed on the equilibrium equations to follow any branching or secondary paths.
Choosing a generalized coordinate in the direction of instability (i.e., if the component Q,
is chosen as the perturbation parameter, the eigenvector component x; # 0), the increments
from the critical state may be described by

0, =0i+q;
A=A+1 (15)-

where
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in which g, is the chosen perturbation parameter. A first derivative with respect to the
perturbation parameter is denoted by ()", a second derivative is denoted by ()@, etc. All
derivatives are evaluated at the critical point. If g, is defined as the perturbation parameter
(s = q1), then the derivatives become ¢{" =1, ¢ =0, ¢ = 0, etc. An adequate per-
turbation parameter s is chosen to follow the secondary path. In the present case, a
convenient choice is s = Q,. Although Q, is unknown at this stage, the path is written in
parametric form as a function of Q,, leading to eqn (15).

The nature of critical point is determined by the contracted first order perturbation
equation evaluated at the critical point (Thompson and Hunt, Section 5.2, 1973 ; Flores
and Godoy, eqn 14, 1992). From the total potential energy for the system and using ()’ to
denote a derivative with respect to the load parameter, we have

Vixi = Vix, +Vyx;, =(L)(0)+(0)(1) =0 (17)

which indicates that the critical point is a bifurcation point (see Flores and Godoy, 1992).
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The type of bifurcation point (asymmetric or symmetric) must now be determined.
Using the total potential energy again, and following the general theory of elastic stability
(Thompson and Hunt, 1973), we compute the coefficient of third order derivatives, defined
as

C= Vijkxixjxk|” = szzszz.XZ =0. (18)

A non-zero value of C would indicate an unstable critical point, while a zero value means
that we have to investigate higher order derivatives to evaluate the stability of the state.
From eqn (17) it follows that we are in the presence of a symmetric bifurcation, and its
stability should be investigated with reference to the fourth order derivatives.

The nature of stability of the symmetric bifurcation point (either stable or unstable) is
determined next using the perturbation equations. Choosing ¢, as the perturbation par-
ameter for a symmetric bifurcation point, the following derivatives are obtained :

2 =0
g =X _ (19)

Following the theory of elastic stability (Thompson and Hunt, 1973), the second order
perturbation expansions in eqn (16) are
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where the auxiliary vectors y and z are defined (Flores and Godoy, 1992) as

Viy;= —V;
Vizi = —ViaXix,. (21)

Since det(V,)° = 0 and ¢, was chosen as the perturbation parameter, the components
¥, and z, are set arbitrarily equal to zero, in order to be able to solve the system (21), while
being consistent with the second of eqns (20).

Using the above derivatives and the total potential energy eqn (9) for the defined
system, the derivatives of the expansion are
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Using the above results for the first and second order derivatives, it is possible to draw
conclusions about the nature of stability of the critical point (Thompson and Hunt, 1973).
Specifically, using the solution for 4®, the secondary path can be approximated using the
perturbation expansion. For most composite materials with a non-linear shear stress-strain
response, the term containing Gj/t; will be significantly larger than the longitudinal
modulus E;. Hence, the derivative 4® will have a negative value indicating that the post-
buckling, secondary path is unstable. A hyperbolic tangent representation of the composite
shear response will always give an unstable secondary path, for the perfect system. In the
theory of elastic stability (Thompson and Hunt, 1973) it is shown that if the perfect system
has an unstable secondary path, the imperfect system is sensitive to imperfections. In this
context, sensitivity means that the actual critical load of the imperfect system is lower than
the critical load of the perfect system (bifurcation). Therefore, the composite is shown to
be sensitive to imperfections in the form of fiber misalignment only if the shear response is
nonlinear. Using eqns (15-16), the complete secondary path up to second order is given in
terms of stress as

2@

o - 2
a~a+2Aq2 (23)

and substituting eqn (13) and the solution for A? into eqn (23) yields
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The second term in eqn (24) represents the contribution of the bending stiffness of the fiber
and it is neglected with respect to the initial shear modulus G,,, assuming that DJL « 1
for any value of V. This assumptions has also been used by Rosen (1965), Wang (1978),
Hahn and Williams (1986), Yeh and Teply (1988). Hence, the secondary path becomes
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represents the shearing strain (shear mode) at x = L/2 in the perfectly aligned fiber
composite.

3. IMPERFECT SYSTEM

In the case of unstable, symmetric bifurcation points, small negative or positive imper-
fections change the behavior from a bifurcation point to a limit point case (Fig. 1). An
unstable, symmetric bifurcation point of the perfect system indicates that the real system is
imperfection sensitive. Hence, initial imperfections, in the form of initial fiber waviness or
misalignment, are expected to significantly reduce the compression strength. An imper-
fection sensitivity analysis, based on total potential energy and the RVE shown in Fig. 2,
is presented next. The assumed imperfection parameter ¢ is the amplitude of the initial fiber
misalignment as shown in Fig. 2.

Beginning with the strain components for the shear mode type of failure, the axial
strain due to an initial deflection of the fibers ¢ is
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The total axial strain is given by eqn (2). Next, we model the influence of the geometric
imperfection as an initial strain field (Godoy, 1996). The true axial strain of the system
becomes ’

Xirue = Bx —Eximp' (28)
Similarly, the true shear strain is given by
dw  dw,,
L P (29)
Discretizing the system with
du
a = Q1
X
Wimp = €08 | 7
X
w= Q,cos (f) (30)

in which Q,, Q, are generalized coordinates and ¢ is the initial amplitude of fiber deflection,
the total potential energy for the imperfect system becomes
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where S; and S, are defined in eqn (11) and S; and S, are given by

G
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In order to obtain an estimate of imperfection sensitivity, the higher order derivatives
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of the expansion must be obtained using the perturbation equation (Thompson and Hunt,
1973). Note also that all derivatives are evaluated at the critical point of the perfect system
in which 0, =0, 0, = Q5. _

A first order approximation for the imperfection sensitivity is given by the 2/3 power
law (Thompson and Hunt, Sect. 8.7, 1973)

AM = A€ +a(e)?

).MQ) 6 2/3
%= ( ) (33)
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where A™ is the maximum of the load-deflection curve A(Q) for any given imperfection ¢,
)M is the second derivative of the incremental load parameter 4 with respect to the
perturbation parameter, evaluated at the limit point. Choosing ¢, as the perturbation
parameter, A is given by
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The coefficient £(3) is the third order derivative with respect to the perturbation parameter
of the perturbation expansion of the imperfection &,
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Using eqn (23), a first order approximation for the imperfection sensitivity (2/3 power
law, Thompson and Hunt, 1973) is obtained in terms of stress as
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Neglecting the second term of eqn (36) as before and noting that E;4°n* « 12G,7L?
for most composite materials with realistic volume fractions, the imperfection sensitivity
relation becomes

1 G3 1/3
0¥ = Guir+ 523G <3EL—8—T§) o (37)

where o = 7e/L represents the initial angle of misalignment for the imperfection system at
a position x = L/2 (Fig. 2). As the misalignment increases, the maximum compressive stress
decreases rapidly. However, it should be noted that perturbation methods are limited due
to their slow convergence at high imperfection magnitudes since all perturbations are taken '
from the bifurcation point, in agreement with the argument presented by Steif (1990).
Hence, a higher order perturbation expansion was developed by Tomblin (1994) in order
to correlate the predictions with experiments. Because of the complexity of higher order
perturbation expansions, a one degree-of-freedom, inextensional model was used. In this
work, we have chosen to use the more general extensional model to obtain a more general
proof of the imperfection sensitivity of the problem.
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4. DISCUSSION

The bifurcation point for the perfect system (no misalignment) yields the critical stress
(eqn 1) as found by Rosen (1965). More importantly, the system has been shown here to
have an unstable post-buckling path. Therefore, compression strength is imperfection
sensitive. Initial imperfections in the form of fiber misalignments are expected to destroy
the bifurcation point and yield a maximum in the compressive stress lower than the
bifurcation point. This result, presented here for the first time, is in contradiction to the
findings of Maewal (1981) who predicted a stable post-buckling path. While Maewal used
linear constitutive relations for axial and shear responses, imperfection sensitivity is made
evident in this work by using the non-linear shear response.

The post-buckling trajectory of the perfect system is shown in Fig. 4. Using a linear
shear response, a stable post-buckling path (shallow) is predicted, in agreement with the
work of Maewal. In this case, initial imperfections in the form of fiber misalignment are
not expected to affect the compressive strength. In contrast, when a non- -linear shear
response is used, the behavior changes from stable to unstable and initial imperfections
are expected to decrease the maximum stress attainable in the composite. The fact that
compression strength is sensitive to misalignment has been experimentally corroborated in
the literature. This work presents the theoretical proof of imperfection sensitivity and
presents the conditions on the material behavior for such a response. Based on this study
we may speculate, for example, that misalignment may not be important in metal matrix
composites (MMC) because of the linear shear stress-strain behavior of MMC.

The critical variables that influence compressive strength are the shear response and
apparent fiber misalignment for the material system. For any given material system, the
shear response should be fitted with a suitable equation, like eqn (5), using experimental
data. Micro-mechanical models and the properties of the fibers and of neat resin cannot be
used because existing micromechanical formulae are derived for linear behavior. Also,
because the sensitivity of compression strength to the initial shear modulus G, 7, micro-
mechanical models, which are not accurate to predict G, are not used in this work.

All compressive strength models in the literature, including this one, are based on an
ideal system of misaligned fibers, all having the same misalignment. Since all these models
are extremely sensitive to fiber misalignment, the magnitude of fiber misalignment mag-
nitude can be viewed as an empirical parameter. In other words, virtually any compressive

2.5
Maewal's result (1981)
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Fig. 4. Post-buckling trajectory of perfect system using linear and non-linear shear response.
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strength model can be validated against experimental data using fiber misalignment as a
fitting parameter, as long as the magnitude of misalignment is not actually measured. In
fact, actual composites do not have a single misalignment but a distribution (see Yurgartis,
1987, Mrse and Piggott, 1990, Yurgartis and Sternstein, 1992, Rai et al., 1992). Statistical
proof that the fiber misalignment distribution can be approximated by a Gaussian dis-
tribution is presented by Tomblin (1994).

Simultaneous measurements of fiber misalignment, compressive strength, and shear
response on the same material have been presented by Tomblin (1994). One objective of
this manuscript is to analytically demonstrate that the postbuckling path of the perfect
system is unstable symmetric. Thus, using only stability arguments, the behavior of the
imperfect system is shown to be imperfection sensitive. Furthermore, it has been shown
that the non-linear shear response eqn (5) must be included in order to obtain consistent
results. Future work will be devoted to applying the stability model in conjunction with a
statistical distribution of misalignment.

5. CONCLUSIONS

Fiber micro-buckling is theoretically proven to be imperfection sensitive due to an
unstable, symmetric bifurcation point. Therefore, fiber misalignment is critical for the
determination of compressive strength. Imperfection sensitivity cannot be detected unless
the elastic non-linear shear response of the composite is incorporated in the formulation.
The non-linearity in the shear stress-strain law were modeled by an equation that is
antisymmetric with respect to the origin. Otherwise, unrealistic unsymmetric bifurcations
are obtained. The initial fiber misalignment, initial shear modulus, and asymptotic shear
response are critical variables in any compressive strength model. Because of limitations of
space, the model is not developed here into a predictive tool for compression strength,
which is presented elsewhere (Barbero and Tomblin, 1996). This paper presents the basis
for such a tool. Specifically, higher order perturbation expansion needs to be used because
the third order expansion used here is not accurate enough for large misalignment angles.
Furthermore, the composite has a distribution of fiber misalignment and not a single
value as modeled here (see Yurgartis, 1987, etc.). However, the limitations of the analysis
presented here do not affect the stability of the post-critical path.
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